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Exercise 1. (2 points) Let α, β ∈ N
n
0 be multiindeces. Put β ≤ α, if βi ≤ αi for all

i = 1, . . . , n. Let α! := α1! · · ·αn! and

(

α

β

)

=
α!

β!(α− β)!
, β ≤ α.

Let Ω ⊂ R
n be open and f, g ∈ C∞(Ω). Show that

Dα(fg) =
∑

β≤α

(

α

β

)

(

Dβf
) (

Dα−βg
)

.

Exercise 2. (2 points) Let

P =
∑

|α|≤k

aα(x)D
α and Q =

∑

|β|≤m

bβ(x)D
β.

be differential operators in an open subset Ω ⊂ R
n with aα, bβ ∈ C∞(Ω) for all α and β.

Let
p(x, ξ) =

∑

|α|≤k

aα(x)ξ
α and q(x, ξ) =

∑

|β|≤m

bβ(x)ξ
β, x ∈ Ω, ξ ∈ R

n,

be the symbols of P and Q, respectively. Show that the symbol r(x, ξ) of P ◦ Q is given
by

r(x, ξ) =
∑

|γ|≤k

i|γ|

γ!
D

γ
ξ p(x, ξ) ·D

γ
xq(x, ξ).

Exercise 3. (3 points) Let M be a manifold and E, F → M complex vector bundles. Let

D : Γ(M,E) → Γ(M,F )

be a differential operator of order m ∈ N0. Let p ∈ M, ξ ∈ T ⋆
pM, e ∈ Ep. Choose f ∈

C∞
c (M), s ∈ Γ(M,E) such that f(p) = 0, df |p = ξ, s(p) = e. Show that the principal

symbol σD of D is given by

σD(p, ξ)e =
im

m!
D(fms)(p).

Exercise 4. (3 points) Compute the principal symbols of the operators d : Λp(M) →
Λp+1(M) and

∆ = d⋆d : C∞(M) → C∞(M).


