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Introduction

Intersection problems of formal schemes, parametrized by a locally proﬁnite set such as the Qp points of some variety, are quite common in arithmetic geometry. The aim of this article is to show
that, under fairly general assumptions, such intersection numbers vary locally constantly with the
parameter. The result applies in the context of the Arithmetic Fundamental Lemma (AFL) of W.
Zhang and contributes to its recent proof over Qp , cf. [8]. In fact, this is the main motivation for
our work and the article can be read as an appendix to [8]. Our result might also prove useful
in related situations; for example, it similarly applies in the context of the Arithmetic Transfer
Conjectures of [4, §10–§12].
Recall that the proof of the AFL in [8] relies on global methods and that there already is a
local constancy result, [8, Theorem 5.5], which is needed to approximate Qp -parameters by Qparameters. However, it is only stated for the dense open of so-called strongly regular semi-simple
elements and, consequently, the AFL is proved with this additional restriction. Our result yields
the local constancy for all regular semi-simple elements and removes the restriction. We brieﬂy
formulate this corollary, but refer to [8] for most of its notation; only the intersection number
Int(g) will come up in this article and we provide full details in Section 4.
Corollary 1.1 (to [8, Theorem 15.1] and Corollary 4.4). The AFL holds for F0 = Qp and p ≥ n.
In other words, for γ ∈ Sn (F0 ) regular semi-simple with match g ∈ U (Vn )(F0 ),
∂Orb(γ, 1Sn (OF0 ) ) = −Int(g) · log q.
Let us now describe the contents of the paper. The ﬁrst aim, achieved in Section 2, is to deﬁne
the product MS := S × M of a proﬁnite set S and a locally noetherian formal scheme M. It is
obtained by gluing the aﬃne formal schemes Spf C(S, A), where Spf A ⊆ M is open aﬃne and
C(S, A) the adic ring of continuous maps from S to A. A family of closed formal subschemes of
M parametrized by S is then, by deﬁnition, simply a closed formal subscheme of MS .
In Section 3, we consider several such families Z1 , . . . , Zr ⊆ MS and assume that M lies over the
formal spectrum of a complete discrete valuation ring, f : M → Spf W . Consider the following
conditions:
(Z1) Each OZi is a perfect complex. By deﬁnition this means that it is, when viewed in the
derived category of OMS -modules, locally on MS represented by a ﬁnite complex of ﬁnite
free modules, see [7, Tag 0BCJ].
(Z2) Each OZi is flat over S in the following sense. Let Ms ⊂ MS denote the ﬁber above s ∈ S.
It is the closed formal subscheme corresponding to the evaluation-in-s maps C(S, A) → A
on rings. Then, for all such s and all j ≥ 1, we demand
OMS

Torj

(OZi , OMs ) = 0.
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(Z3) Each ﬁber Zs of the intersection Z := Z1 ∩ . . . ∩ Zr is a proper scheme over Spec W and
the function s 7→ Zs is locally constant. By our ﬁber criterion, see Corollary 2.9, this is
equivalent to the seemingly stronger statement that there exist a covering S = ∪i Ui and
schemes Zi ⊆ M which are proper over Spec W such that Ui ×S Z = (Zi )Ui .
We assume that (Z1) and (Z3) hold. Then the ﬁber-wise intersection number
Int(s) := χ(OZ1,s ⊗LOM · · · ⊗LOM OZr,s )
X
(−1)i lenW Ri f∗ OZ1,s ⊗LOM · · · ⊗LOM OZr,s ∈ Z
:=

(1.1)

i

is deﬁned and we are interested in its variation in s. On the other hand, we can directly study
the complex
K := OZ1 ⊗LOM · · · ⊗LOM OZr .
S

S

It is perfect by (Z1) and we may consider the Euler-Poincaré characteristics χ(Ks ) of its ﬁbers
Ks := K ⊗LOM OMs , s ∈ S. We prove in Proposition 3.2 that χ(Ks ) is automatically locally
S
constant. The key observation here, which was explained to us by P. Scholze, is that the schemes
(Zi )Ui from (Z3) are coherent. This implies that the cohomology sheaves of K are ﬁnitely presented
OZ1 ∩...∩Zr -modules and hence locally constant over S.
The quantities Int(s) and χ(Ks ) agree if also (Z2) holds. Note that the equality cannot be expected
in general since the formation of Ks involves a derived base change, but the ﬁbers of the cycles
Zi,s are taken in the plain sense; see Example 3.5. The following is our main result in the general
setting.
Theorem 1.2. Let f : M → Spf W and Z1 , . . . , Zr ⊆ MS satisfy (Z1), (Z2) and (Z3) as above.
Then the function Int(s) is locally constant on S.
Section 4 is devoted to its application in the context of the AFL. We deﬁne the family versions
of the AFL intersection problem and check the conditions of the theorem: (Z1) and (Z2) can be
veriﬁed since the relevant cycles are only of two very speciﬁc types, namely divisors or translates
of a constant family. (Z3) is essentially known, though not explicit in the literature, so we included
it as Lemma 4.3.
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Formal schemes and profinite sets

The aim of this section is to deﬁne the product MS := S × M of a proﬁnite set S and a locally
noetherian formal scheme M and to prove some properties of this construction. We begin by
examining the relevant rings.
For a proﬁnite set S and a ring A, we denote by LC(S, A) the ring of locally constant functions
from S to A. It can also be described as follows. After choosing a presentation S = limi Si of S
as a ﬁltered inverse limit of ﬁnite sets Si (see [7, Tag
Q 08ZY]), we get LC(S, A) = colimi LC(Si , A)
where the i-th term identiﬁes with the product s∈Si A. Note that this colimit is also ﬁltered
and that all its transition maps are ﬂat. We similarly deﬁne LC(S, M ) for any A-module M and
obtain a similar description LC(S, M ) = colimi LC(Si , M ).
Lemma 2.1. (1) The natural map induces an identification LC(S, A) ⊗A M = LC(S, M ).
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(2) The map A → LC(S, A) is flat, and so are the evaluation maps for s ∈ S,
LC(S, A) → A, f 7→ f (s).
Proof. Statement (1) is clearly true for S ﬁnite. Recall that the ⊗-product and colimits commute
and that ﬁltered colimits are exact. So the general case of (1) follows by taking the colimit over all
isomorphisms LC(Si , A) ⊗A M ∼
= LC(Si , M ). Statment (2) also follows from the ﬁnite case, but
by applying Lemma 2.2 below. We isolate this argument since we are going to use it again.
Lemma 2.2. Let B = colimi Bi be a filtered colimit of rings Bi along flat transition maps. Let
φ : B → C be a ring homomorphism such that all restrictions φ|Bi are flat. Then the natural maps
Bi → B as well as φ are flat.
Proof. For ﬁxed i, the set {j | j ≥ i} is also ﬁltered and B = colimj Bj . Using that that the ⊗product and colimits commute and that ﬁltered colimits are exact, we see that B ⊗Bi − is an exact
functor. In order to prove the ﬂatness of φ, we recall that it is enough to show TorB
1 (C, B/J) = 0
for all finitely generated ideals J ⊆ B. Any such ideal is of the form Ji B for some i and some ﬁnitely
generated ideal Ji ⊆ Bi . Furthermore, the just established ﬂatness implies that J = B ⊗Bi Ji . It
follows that C ⊗B (J → B) = C ⊗Bi (Ji → Bi ) is injective.
From now on we assume that A is noetherian and adic with ideal of deﬁnition I. We denote by
C(S, A) the ring of continuous maps from S to A. We similarly deﬁne C(S, M ) whenever M is
an I-adically complete A-module. It follows directly from the deﬁnitions that these coincide with
the I-adic completions of LC(S, A) and LC(S, M ), respectively. Then both C(S, A) and C(S, M )
are themselves I-adically complete because I is ﬁnitely generated, see [7, Tag 05GG].
Proposition 2.3. Let A and S be as above.
β

α

(1) If M → N → P is an exact sequence of finitely generated A-modules, then the sequence
C(S, M ) → C(S, N ) → C(S, P ) is also exact.
(2) For a finitely generated A-module M , the natural map C(S, A) ⊗A M → C(S, M ) is an
isomorphism.
(3) The maps A → C(S, A) and LC(S, A) → C(S, A) are flat.
Proof. We prove (1). Let n : S → N be a continuous map such that β(n) = 0. Then n takes
values in Im(α) and we need to show that it can be lifted to a continuous map S → M . By
Artin-Rees, the subspace topology on Im(α) is the I-adic one, so n ∈ C(S, Im(α)). The map
LC(S, M ) → LC(S, Im(α)) is surjective and so by [7, Tag 0315], the map on I-adic completions
C(S, M ) → C(S, Im(α)) is surjective as well. It follows that a lift exists.
To prove (2), we choose an exact sequence 0 → Q → Ar → M → 0 and obtain a commutative
diagram with exact rows
C(S, A) ⊗A Q

0

∨
> C(S, Q)

> C(S, A) ⊗A Ar
w
w
w
w
w
> C(S, Ar )

> C(S, A) ⊗A M

>0

∨
> C(S, M )

> 0.

The middle vertical equality implies that the right vertical arrow is surjective. Repeating the
argument for Q instead of M shows that the left vertical arrow is also surjective. By a diagram
chase, the right vertical arrow is then also injective.
We now come to (3). The ﬂatness of A → C(S, A) follows from (1) and (2) and the fact that
it can be checked on ﬁnitely generated A-modules. The same argument shows ﬂatness of all the
maps LC(Si , A) → C(S, A) and we conclude by applying Lemma 2.2.
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Recall that a ring is coherent if each of its ﬁnitely generated ideals is ﬁnitely presented, see
[7, Tag 05CV]. All our rings LC(Si , A) are coherent (even noetherian) since we assumed A to be
so. It follows that LC(S, A) is also coherent, since this property is stable under taking ﬁltered
colimits along ﬂat transition maps.
Corollary 2.4. Let A and S be as above and let J ⊆ A be an open ideal. Then C(S, A)/JC(S, A)
is isomorphic to LC(S, A/J). In particular, it is a coherent ring.
Proof. By part (3) of Proposition 2.3, JC(S, A) = C(S, A)⊗A J. By part (2), C(S, A)/(C(S, A)⊗A
J) = C(S, A/J) which equals LC(S, A/J).
The ring C(S, A) is itself an adic ring with ideal of deﬁnition IC(S, A) = C(S, I) and we consider
its formal spectrum (Spf A)S := Spf C(S, A) as an aﬃne formal scheme in the sense of EGA, i.e. as
a locally topologically ringed space, see [1, Déﬁnition 10.1.2]. Note that |(Spf A)S | = S×| Spf A| on
the level of topological spaces. The next lemma shows that this product description is compatible
with the formation of rings of sections.
Lemma 2.5. Let A and S be as above and let f ∈ A be any. Then the natural map
\
−1 ])
C(S,\
A)[f −1 ] → C(S, A[f
c denotes I-adic completion.
is an isomorphism, where (·)
Proof. Both sides are I-adically complete, so it is enough to check this modulo I n for every n. On
the left hand side, we get C(S,\
A)[f −1 ]/I n = C(S, A)/I n [f −1 ] which equals LC(S, A/I n )[f −1 ] by
\
−1 ])/I n = LC(S, A[f −1 ]/I n )
Corollary 2.4. On the right hand side, the same corollary yields C(S, A[f
and the claim follows.
Definition 2.6. For M a locally noetherian formal scheme, we denote by MS the formal scheme
obtained by gluing all (Spf A)S , for Spf A ⊆ M open aﬃne, according to Lemma 2.5.
We have |MS | = S × |M| on underlying topological spaces and the construction is functorial in
both M and S. Two special cases are the projection map MS → M and the inclusion of ﬁber
maps Ms ֒→ MS for s ∈ S, which are closed immersions. The projection map is ﬂat in general by
Proposition 2.3 (3). The ﬁber inclusions are only ﬂat in special situations, e.g. if M is a scheme,
in which case we may apply 2.1 (2).
In preparation for the next result, we now make some remarks concerning closed formal subschemes. By deﬁnition, a closed immersion ι : Z → MS is a morphism of formal schemes such
that |ι| : |Z| → |MS | is a closed immersion and ι−1 : OMS → ι∗ OZ a surjection of sheaves of
topological rings. The latter is supposed to mean that OZ also carries the quotient topology.1 As
OZ is separated, the kernel of ι−1 is then a closed ideal sheaf of OMS . Every morphism of aﬃne
formal schemes is induced from a map on global sections, see [1, Proposition 10.2.2], so ι is locally
isomorphic to maps of the form Spf C(S, A)/J → Spf C(S, A) with J a closed ideal of C(S, A).
Conversely, this yields a local description of closed immersions.
Remark 2.7. It would be great to know if every ﬁnitely generated ideal J ⊆ C(S, A) is closed.
Let us ﬁx an ideal sheaf of deﬁnition I ⊆ OMS ; existence is guaranteed since we assumed M to be
locally noetherian. Then an ideal sheaf J ⊆ OMS is closed if and only if J = limn J /(J ∩ I n ).
Moreover, J deﬁnes a closed formal subscheme (i.e. the image of a closed immersion) if and only
if each quotient J /(J ∩ I n ) is a quasi-coherent ideal sheaf of OMS /I n . In other words, the closed
formal subschemes of MS are precisely the compatible families of closed subschemes of the V (I n ).
Proposition 2.8. Let Z ⊆ MS be a closed formal subscheme.
1 For

example, Spf Zp → Spec Zp is not a closed immersion.
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(1) Z is determined by all its fibers Zs in the following sense. If Z ′ ⊆ MS is another closed
formal subscheme such that Zs ⊆ Zs′ for all s, then Z ⊆ Z ′ .
(2) Z is a scheme if and only if each fiber Zs is a scheme.
(3) If Z is a quasi-compact scheme that is locally defined by finitely many equations, then it is
locally constant. By this we mean that there exist an open covering S = ∪i Ui and schemes
Zi ⊆ M such that Ui ×S Z = ZUi for all i.
Proof. All three statements reduce to the aﬃne case M = Spf A. Let Z = Spf C(S, A)/J with J
closed.
For statement (1), say Z ′ = Spf C(S, A)/J ′ with J ′ closed and ﬁx some ideal of deﬁnition I ⊂ A.
The quotients C(S, A)/C(S, I n ) identify with LC(S, A/I n ). Its elements are locally constant, so
the ﬁber-wise inclusions Zs ⊆ Zs′ imply J ′ /(J ′ ∩ C(S, I n )) ⊆ J/(J ∩ C(S, I n )). Taking the inverse
limit over n and using that both J and J ′ are closed, the inclusion J ′ ⊆ J follows.
For the non-trivial direction of (2), denote by Js ⊆ A the deﬁning ideal of Zs and assume that all
Js are open. We need to show that J is open.
For every point s, there exist g1 , . . . , gm ∈ J such that their values in s generate an open ideal
I := (g1 (s), . . . , gm (s)). By continuity of the gi , there is an open neighborhood U of s such that
(gi − gi (s))|U ∈ C(U, I 2 ) ∀i.
In particular, all gi |U lie in C(U, J ∩ I) and the gi (s′ ) generate I for all s′ ∈ U by the usual
Nakayama Lemma. Modulo each power I n , the gi are locally constant and so we obtain C(U, I) ⊆
C(U, J + I n ). Since J is closed, ∩n (J + I n ) = J and hence C(U, I) ⊆ C(U, J). Finally, varying
s, ﬁnitely many such U cover S and the claim follows.
We prove (3). If Z is a scheme, then it is contained in Spec LC(S, A/I n ) for n large enough. If
it is moreover deﬁned by ﬁnitely many equations, then it has to be locally constant since these
functions are locally constant modulo I n .
Corollary 2.9 (Fiber Criterion). Let Z ⊆ MS be a closed formal subscheme such that all fibers
Zs are schemes and such that the function s 7→ Zs is locally constant. Then Z is locally constant.
In particular, the equivalence claimed in the definition of (Z3) holds.
Proof. By Proposition 2.8 (2), Z is itself a scheme. Shrinking S, we may assume that Z := Zs is
constant. Then Z and ZS have the same ﬁbers and thus agree by (1) of the same proposition.

3

Intersection numbers in families

The aim of this section is to prove the local constancy of intersection numbers in proﬁnite families.
Let W be a complete DVR and f : M → Spf W a locally noetherian formal scheme.
Definition 3.1. Let K ∈ D(M) be a perfect complex such that all H j (K) are supported on
some closed formal subscheme Z ⊆ M that is a proper scheme over Spec W . Then we deﬁne the
Euler-Poincaré characteristic of K as
X
χ(K) :=
(−1)i lenW Ri f∗ K.
i∈Z

Let S denote a proﬁnite set and let fS : MS → (Spf W )S be the induced map. We denote the
ﬁber over s ∈ S by Ms ֒→ MS . For a perfect complex K ∈ D(MS ), we set Ks := OMs ⊗LOM K.
S

Proposition 3.2. Let K ∈ D(MS ) be a perfect complex such that all H j (K) are supported on
ZS for some closed formal subscheme Z ⊆ M that is a proper scheme over Spec W . Then the
fiber-wise Euler-Poincaré characteristic s 7→ χ(Ks ) is locally constant.
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Proof. We begin by showing that all H j (K) are ﬁnitely presented OZS -modules. This is a local
property, so we may assume that we are in the following aﬃne situation. Let M = Spf A,
Z = Spec A/J with J open, B := C(S, A) and let K be represented by a ﬁnite complex of ﬁnite
free B-modules K • with JH j (K • ) = 0 for all j.
The ﬁrst observation is that the cohomology groups of K • ⊗B B/J are ﬁnitely presented over
B/J. Indeed, B/J is a coherent ring by Corollary 2.4 and so all terms K j ⊗B B/J are coherent
B/J-modules. It is then a general fact that the cohomology is also coherent:
Lemma 3.3. Let R be a ring and L• a complex of coherent R-modules. Then the cohomology
groups H j (L• ) are also coherent.
Proof. We denote the diﬀerentials on L• by d• and consider the short exact sequences
0 → ker(dj ) → Lj → Im(dj ) → 0 and
0 → Im(dj−1 ) → ker(dj ) → H j (L• ) → 0.
Then Im(dj ) is a coherent R-module since it is a ﬁnitely generated submodule of the coherent
module Lj+1 . It follows that ker(dj ) is ﬁnitely generated since it is the kernel of a surjection of
ﬁnitely presented modules. As ker(dj ) is also a submodule of Lj , which is coherent, it is itself
coherent. The second exact sequence then implies that H j (L• ) is coherent as well.
In order to understand the H j (K • ) themselves, we now consider the Tor-to-Hypertor spectral
sequence (see [7, Tag 061Z]) with E2 -page
E2j,i = ToriB (H j (K • ), B/J) → H i+j (K • ⊗B B/J).
It converges since its support lies in a strip of the form (i, j) ∈ (−∞, 0] × [a, b]. The boundary
exact sequences take the form
M j → H j (K • ) → H j (K • ⊗B B/J) → N j → 0,
where M j and N j are computed from terms ToriB (H k (K • ), B/J) with k > j. By induction,
starting with j ≫ 0, we can assume that all H k (K • ) with k > j are coherent B/J-modules.
Since A is noetherian, A/J has a resolution by ﬁnite free A-modules, say P • → A/J. By Proposition 2.3, A → B is ﬂat and so B ⊗A P • → B/J is a resolution by ﬁnite free B-modules. Then,
for k > j, P • ⊗A H k (K • ) is a complex of coherent B/J-modules whose cohomology groups are
the ToriB (H k (K • ), B/J). By Lemma 3.3, these are coherent as well. It follows that the M j and
N j , and ﬁnally H j (K), are coherent B/J-modules. In particular, they are ﬁnitely presented.
Coming back to our original global setting, we have now established that all H j (K) are ﬁnitely
presented OZS -modules. It follows that there exists a projection to a ﬁnite set S → S0 such that
all H j (K) are obtained by pullback from ZS0 . Replacing S by its ﬁbers over S0 , we may assume
H j (K) = OZS ⊗OZ F j for certain coherent OZ -modules F j . As ZS is separated, we may compute
RfS,∗ H j (K) with Čech cohomology from any aﬃne cover. In particular, we are free to choose an
aﬃne open cover of ZS of the form US = {Ui,S } for U = {Ui } an open aﬃne cover of Z. Then,
for the corresponding Čech complexes,
Cˇ• (US , H j (K)) = LC(S, W/π n ) ⊗W/πn Cˇ• (U, F j ),
where π ∈ W is a uniformizer and n is such that π n OZ = 0. The ﬂatness of W/π n → LC(S, W/π n )
from Lemma 2.1 (2) then implies that Ri fS,∗ H j (K) = LC(S, W/π n ) ⊗W/πn Ri f∗ F j . Moreover,
the ﬂatness of the evaluation maps LC(S, W/π n ) → W/π n , ϕ 7→ ϕ(s) implies the base change
isomorphism
(RfS,∗ H j (K))s ∼
= Rf∗ (H j (K)s ) = Rf∗ F j .
We now consider the cohomology-to-hypercohomology spectral sequence that computes Ri+j fS,∗ K
from all Ri fS,∗ H j (K). Its existence implies both that all Ri+j fS,∗ K are ﬁnitely presented
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LC(S, W/π n )-modules, hence locally constant over S, and that base change at the level of complexes holds,
(3.1)
(RfS,∗ K)s ∼
= Rf∗ (Ks ).
The local constancy of the Euler-Poincaré characteristic follows.
Theorem 3.4. Let Z1 , . . . , Zr ⊆ MS be closed formal subschemes that satisfy (Z1), (Z2) and
(Z3) from the introduction. Then the fiber intersection number

Int : S −→ Z, s 7−→ χ OZ1,s ⊗LOM · · · ⊗LOM OZr,s .
is locally constant on S.
Proof. Shrinking S and by (Z3), we can assume Z1 ∩ . . . ∩ Zr = ZS for some scheme Z ⊆ M that
is proper over Spec W . We set
K := OZ1 ⊗LOM · · · ⊗LOM OZr ,
S

S

which is a perfect complex by (Z1). The H j (K) have support on ZS and it follows that s 7→ χ(Ks )
is locally constant by Proposition 3.2. All that is left to show is that
Ks ∼
= OZ1,s ⊗LOMs · · · ⊗LOMs OZr,s .
But it is formal that
Ks ∼
=





OZ1 ⊗LOM OMs ⊗LOMs · · · ⊗LOMs OZr ⊗LOM OMs .
S

S

This follows e.g. from [7, Tag 08YU] or by a direct veriﬁcation after choosing free resolutions of
the OZi locally. Using the ﬂatness assumption (Z2), we see that actually


OZi ⊗LOM OMs ∼
= OZi ⊗OMS OMs
S

and the proof is completed.
Example 3.5. We would like to illustrate the necessity of (Z2) in the context of the theorem. Let
W = Zp , set M = Spf W and S = pZp . Set Z1 = V (f ) where f : S → Zp is the inclusion map.
This deﬁnes a Cartier divisor since f is not a zero divisor in C(S, Zp ). In particular, it satisﬁes
(Z1). Another Cartier divisor is given by Z2 := V (p). We ﬁnd that Z1 and Z2 also satisfy (Z3)
since Z1 ∩ Z2 = (Spec Zp /p)S . The cohomology of K := OZ1 ⊗LOM OZ2 is LC(S, Zp /p) in degrees
S
0 and −1. The ﬁber-wise Euler-Poincaré characteristic χ(Ks ) is then constantly 0. However, Z1
is not ﬂat over S at 0 and, indeed,
∼
OZ1,s=0 ⊗LOM OZ2,s=0 = Zp ⊗L
Zp Zp /p = Zp /p
has Euler-Poincaré characteristic 1.

4

Application to the AFL

Recall that there are two variants of the AFL: For the group version, a “diagonal” cycle is intersected with a translate; for the semi-Lie algebra version, a diagonal cycle is intersected with a
translate and a so-called KR-divisor. It is the local constancy in the slightly more complicated
semi-Lie algebra setting that is needed in Zhang’s proof of the AFL and this is the main result of
this last section. The local constancy for the group version will be a special case, to be found at
the very end.
Let F/F0 be an unramiﬁed quadratic extension of p-adic local ﬁelds with Galois conjugation σ and
let F̆ be the completion of a maximal unramiﬁed extension of F . We denote the corresponding
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rings of integers by OF0 ⊂ OF ⊂ OF̆ and denote the residue ﬁeld of F̆ by F. The following
deﬁnitions are taken directly from [8, §3.1].
(1) A hermitian OF -module over T , where T is an Spf OF̆ -scheme, is a triple (X, ι, λ) of the
following kind. X is a supersingular strict formal OF0 -module over T , ι : OF → End(X) an OF action and λ : X ∼
= X ∨ a principal polarization such that λ ◦ ι(a) = ι(σa)∨ λ. The OF -action
yields a decomposition Lie X = L0 ⊕ L1 , where L0 (resp. L1 ) is the eigenspace on which OF acts
naturally (resp. via composition with σ). The locally constant pair (rkOT L0 , rkOT L1 ) is called
the signature of (X, ι, λ).
(2) For each n, we ﬁx a hermitian OF -module Xn = (Xn , ιXn , λXn ) of signature (1, n − 1), the
so-called framing object. We also ﬁx hermitian OF -modules E and E of signatures (1, 0) and (0, 1),
respectively, over F. Then there is an isogeny Xn → E × En−1 and
Vn := Hom0F (E, Xn )
is an n-dimensional hermitian F -vector space, the space of so-called special homomorphisms. The
group of self-quasi-isogenies Gn := Aut(Xn , ιXn , λXn ) acts unitarily on Vn and identiﬁes Gn with
U (Vn )(F0 ).
(3) We let Nn denote the formal scheme over Spf OF̆ whose T -valued points are quadruples
(X, ι, λ, ρ) up to isomorphism, where (X, ι, λ) is a hermitian OF -module over T and ρ a quasiisogeny of height 0 to the framing object over the special ﬁber T := F ⊗OF̆ T ,
ρ : (X, ι, λ) ×T T → (Xn , ιXn , λXn ) ×Spec F T .
It is locally formally of ﬁnite type and formally smooth of relative dimension n − 1 over Spf OF̆ .
We henceforth ﬁx some n ≥ 2 and drop the index “n”.
(4) Let E be the unique deformation of E over Spf OF̆ . For u ∈ V , we denote by Z(u) ⊆ N
the closed formal subscheme of points (X, ι, λ, ρ) with the property that the quasi-homomorphism
ρ−1 u : E ×Spec F T → X ×T T lifts to a homomorphism E ×Spf OF̆ T → X. By [2, Proposition 3.5],
this is a relative Cartier divisor over Spf OF̆ if u 6= 0, the so-called KR-divisor of u.
(5) A pair (g, u) ∈ G × V is regular semi-simple if {g i u}i≥0 generates V as F -vector space. For
regular semi-simple (g, u), we consider the following intersection number from [8, Equation (3.9)],

(4.1)
Int(g, u) := χ O∆ ⊗LOM O(id×g)∆ ⊗LOM OZ(u)×Spf O N .
F̆

Here ∆ ⊂ M := N ×Spf OF̆ N is the diagonal. Finiteness of this number is implied by two properties. First, O∆ and OZ(u) are perfect complexes. This follows immediately from the regularity
of M. Second, the schematic intersection ∆ ∩ (id × g)∆ ∩ (Z(u) ×Spf OF̆ N ) is a proper scheme
over Spec OF̆ , see e.g. [3, Lemma 6.1].
Theorem 4.1. The intersection number Int(g, u) is a locally constant function on the regular
semi-simple elements (G × V )rs .
Proof. We would like to apply Theorem 3.4 from the previous section. So let S be a proﬁnite
set and (g, u) : S → (G × V )rs a continuous map. We ﬁrst deﬁne the family versions of the three
cycles in the deﬁnition of Int(g, u). These will be closed formal subschemes of MS .
(6) The ﬁrst cycle is the diagonal in MS = NS ×(Spf OF̆ )S NS . It agrees with the base change ∆S .
Since MS → M is ﬂat (Proposition 2.3), ∆S satisﬁes the two conditions (Z1) and (Z2).
(7) We deﬁne the second cycle as translate (id × g)∆S . To this end, we now explain how g
induces an automorphism of NS : This formal scheme represents the functor which takes an OF̆ algebra R in which p is nilpotent to the set of isomorphism classes of tuples (X, ι, λ, ρ, t) of
a point (X, ι, λ, ρ) ∈ N (Spec R) and an OF̆ -algebra map t : C(S, OF̆ ) → R. (Continuity of t
is automatic since it factors over some LC(S, OF̆ /pn ).) The map g deﬁnes a quasi-isogeny of
X ×Spec F LC(S, F) which can be described as follows. After multiplying by a power of p, we may
assume that g(s) is an isogeny for all s ∈ S. On each truncation X[pm ], g then deﬁnes a locally
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constant family of endomorphisms. These are compatible and deﬁne g over LC(S, F). Denoting
by t := 1F ⊗OF̆ t the special ﬁber of t, the automorphism of NS is now given by composition in
ρ as usual, g(X, ι, λ, ρ, t) := (X, ι, λ, (Spec t)∗ (g) ◦ ρ, t). The cycle (id × g)∆S again satisﬁes (Z1)
and (Z2), since both these properties are stable under automorphisms over (Spf OF̆ )S .
(8) We deﬁne the third cycle as the product Z(u)×(Spf OF̆ )S NS , where Z(u) ⊂ NS is the family version of the usual KR-divisors. To deﬁne the latter, observe that u deﬁnes a quasi-homomorphism
E ×Spec F Spec LC(S, F) → X ×Spec F Spec LC(S, F)
just as g did in (7). By [6, Proposition 2.9], there is a closed formal subscheme Z(u) ⊆ NS
parametrizing those tuples (X, ι, λ, ρ, t) such that ρ−1 (Spec t)∗ (u) lifts to a homomorphism of
p-divisible groups E ×Spf OF̆ R → X.
Lemma 4.2. Let u : S → V \ {0} be a continuous map. Then Z(u) ⊂ NS is a Cartier divisor
which is flat over S. In particular, Z(u) ×(Spf OF̆ )S NS satisfies (Z1) and (Z2).
Proof. This is a local statement, so we prove that the intersection Z(u) ∩ US has the claimed
properties, for U := Spf A ⊆ N any aﬃne open. Let I ⊂ A be an ideal of deﬁnition. For each
m ≥ 1, A/I m is a discrete ring in which p is nilpotent and we set Um := Spec A/I m . Denoting
the universal p-divisible group over N by X ,

HomOF E ×Spf OF̆ Um , X ×N Um ⊂ V
is an open subgroup. So we may modify u to make it locally constant without changing Z(u) ∩
(Um )S . Using the relation C(S, A)/I m = LC(S, A/I m ), it follows from the original result of
Kudla-Rapoport [2, Proposition 3.5] that Z(u) ∩ (Um )S is locally deﬁned by one equation. Taking
the inverse limit over m shows that Z(u) is locally deﬁned by a single equation. It is nowhere
a zero-divisor since all the ﬁbers Z(u)s = Z(u(s)) are Cartier divisors. This last argument also
shows the ﬂatness over S.
Set Z(g, u) := ∆S ∩ (id × g)∆S ∩ (Z(u) ×(Spf OF̆ )S NS ) for the following.
Lemma 4.3. The fiber-wise intersection Z(g, u)s is locally constant. In particular, the three cycles
from (6)–(8) satisfy (Z3).
Proof. We already know that each Z(g, u)s is a proper scheme (see (5) above), so Z(g, u) is itself
a scheme by Proposition 2.8 (2). Moreover, it is locally deﬁned by ﬁnitely many equations since
this is true for each of the three individual cycles. By Proposition 2.8 (3), all that is left to check
is its quasi-compactness. This is a statement about the maximal contained reduced subscheme
only. It reduces further to checking the local constancy of the F-points Z(g, u)s (F) since Nred is
locally of ﬁnite type over Spec F. We use covariant relative Dieudonné theory (i.e. for strict formal
OF0 -modules) to prove this. More details on Dieudonné theory in this context may be found in
[2, §2; 3, §2; 5].
Let (N, τ ) be the F0 -isocrystal of (X, ιX , λX ), which is 2n-dimensional F̆ -vector spaces together
with an F0 -linear Frobenius τ , a polarization λ : N × N → F̆ and an additional F -action ι. The
latter makes it into a free rank n module over F ⊗F0 F̆ . By Dieudonné lattice, we mean a self-dual
OF ⊗OF0 OF̆ -lattice M ⊂ N that is stable under the Frobenius τ , the Verschiebung πτ −1 (π
some ﬁxed uniformizer of OF0 ) and has OF acting with signature (1, n − 1) on its Lie algebra
M/(πτ −1 M ). These lattices are in bijection with N (F). The choice of an OF ⊗OF0 OF̆ -generator
m of the Dieudonné lattice of E deﬁnes an embedding V ֒→ N, v 7→ v(m) and we identify V
with its image. The embedding is G-equivariant, isometric up to a scalar in OF̆× and such that
M ∈ Z(v)(F) if and only if v ∈ M .
Identifying the diagonal ∆ with N , we see that Z(g, u)s (F) is in bijection with g(s)-stable
Dieudonné lattices that contain u(s). In particular, Z(g, u)s = ∅ if g(s) does not have integral characteristic polynomial and the locus of such s is open and closed. We may hence assume
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g(s) to have integral characteristic polynomial for all s. Then L(s) := OF [g(s)]u(s) is a locally
constant family of lattices (by deﬁnition of regular semi-simpleness) and we may assume it to be
constant, say constantly L. Any Dieudonné lattice M ∈ Z(g, u)s (F) then satisﬁes L̆ ⊂ M ⊂ L̆∨ ,
where L̆ = (OF ⊗OF0 OF̆ ) · L and where L̆∨ is the dual OF̆ -lattice. The condition of being g(s)stable then only depends on the class of g(s) in End(V ) modulo Hom(L∨ , L) and this class is
locally constant. The lemma follows.
Summing up, we deﬁned three families of cycles that satisfy both (Z1), (Z2) and whose ﬁbers over
S are precisely the cycles from the deﬁnition of Int(g, u). By Lemma 4.3, they also satisfy (Z3)
and an application of Theorem 3.4 ﬁnishes the proof of Theorem 4.1.
(9) For the group version of the AFL, we ﬁx some u0 such that (u0 , u0 ) = 1, where ( , ) is the
hermitian form on V . Let us call g ∈ G regular semi-simple if (g, u0 ) is regular semi-simple in the
previous sense. For such g, we set Int(g) := Int(g, u0 ), which is the relevant intersection number,
see [8, §3]. We immediately obtain the
Corollary 4.4. The group version intersection number Int(g) is locally constant on Grs .
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