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Problem 41 (6 Points). Let M be a transitive model of ZFC, let x be an uncount-
able regular cardinal in M, let P € M be a partial order that satisfies the x-chain
condition in M and let G be P-generic over M. Show that every stationary subset
of k in M is stationary in M[G] (Hint: Pick 0,7 € M* with the property that ¢
is a closed unbounded subset of x in M[G] and 7¢ : Kk — & is the monotone enu-
meration of ¢ in M[G]. Use the name o and the k-chain condition to find a closed
unbounded subset C of x in M and a condition p € G with (p I “C C o”)M).

Problem 42. Given a non-principal ultrafilter & on w, we define Py to be the
partial order whose conditions are pairs p = (sp, A,) such that s, : n, — w is a

strictly increasing function with n, < w and A, € U and whose ordering is given by
p<p,q < sqCsp, N A, CA; N Vk €dom(s,)\ dom(sq) sp(k) € Aq.

(1) (3 Points) Show that P satisfies the countable chain condition.
Let M be a transitive model of ZFC, let & be a non-principal ultrafilter on w in M
and let G be IP’ZJ/Y[ -generic over M.
(2) (3 Points) Show that s¢ = U{s, | p € G} is a strictly increasing function
with domain w.

(3) (4 Points) Prove that

U = {AePw)NM |ran(sg) \ A is finite}.

Problem 43. Let ¢(vg,...,v,) be an Lc-formula, let P be a partial order and let

p be a condition in P. Prove the following statements:

(1) (2 Points) If g, ...,00,70,...,Tn € V¥ with
P 900, 0n) A GCo=To A ... A On=1Tn,

then p IF} (70, . .., 7).

(2) (Mazimality Principle, 4 Points) If 79, ..., 7,_1 € V¥ with the property that
p k5 32 (2,70, ..., Tn—1) holds, then there is o € V¥ with the property
that p Ik} ¢(o, 70, ..., Tn—1) holds (Hint: Set

D = {q¢<pp]| Jpe VP qlrp (P, 70y -y Tro1)}-

Let {(aq | @ < A) enumerate a maximal antichain in D and pick a sequence
(pa € VB | a0 < X) with an IF5 ©(pasTos -+ Tno1) for every a < A. Use

these sequences to construct a name o with the desired properties).
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Problem 44 (20 Bonus Points). Let B = (B, <, A,V,0,1,” ) be a complete boolean
algebra and let B* denote the corresponding partial order (see Problem 39). By
induction on the structure of Le-formulas, we define [p(70,...,7-1)]p € B for
every Le-formula ¢(vg, ..., vp—1) and 7o, ..., Th_1 € VE .

(i) By simultaneous induction on the well-founded relation ”a € tc(b)”, we define
["roemn” s = sup{rA["r0o=p" ]| (p,7) € 11}
B

and
[ro=m"Ts = A ' VI"per Iz | (p7) € 1)
(11) [[_'90(7—07"'77—"*1)]]13 = [[90(7-07"'77—71*1)}]]%3'
(111) [[gOo(To,...,Tnfl) A 901(7’0,.“,7'”,1)]]]3; == [[(po(To,...,Tnfl)]]]B A [[Lpl(To,...,Tn71)ﬂ]B.
(iv) [Bz o(z,70, ., ma-1)]s = supg{[p(p, 70, -, Ta-1)]s | p€ V' }.

(1) Prove that the equivalence

plge ©(10, -, Tho1) <= p <[e(10,.-,Tn-1)]B

holds for every Lc-formula p(vo, ..., Vn—1), 70, -, Tn-1 € VB and p € B*.
(2) Prove that VB is full, i.e. for every Le-formula ¢(vg,...,v,) and all
Ty Tno1 € VB there is 0 € VB" with

[Bx p(z, 70, ,Tn=1)]B = [(o, 70, Tn-1)]B-

(3) Prove that the following statements hold for all 79, 71,7 € VB,
(@) ["o=7"]s = 1.
b)) ["=n"]g = ["n=70" J&.
© ["ro=n"]p-["n=n"]s <
(A ["oen"lg-["m=n"]s < ["en” s
e ["en"p-["m=n"]s <

(4) Prove that [(Extensionality)]z = 1.

(5) Given a Xp-formula ¢(vg,...,v,—1), prove that
@(ao, ey an_1) A d [[gp(&o, R 7dn—1)]]B =1
holds for all ag, ..., Gn_1.

(6) Given 7 € VB, we have

[?’7€O0rd” [ = sup{[r =ad]s | @ € Ord}.
B

(7) Prove that [(Infinity)]s = 1.
(8) Prove that [ ¢ Jg = 1 whenever ¢ is an axiom of ZFC.

Please hand in your solutions on Monday, June 24, before the lecture.



