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Problem 25 (4 Points). Given an uncountable regular cardinal x, compute the
order-type of (L, <p[ (Lx % Ly)).

Problem 26. Let x be an uncountable regular cardinal.

(a) The cardinal x is weakly Mahlo if the set of all regular cardinals smaller
than k is a stationary subset of .
(b) The cardinal k is Mahlo if the set of all inaccessible cardinals smaller than

K is a stationary subset of k.

(1) (2 Points) Show that a cardinal is Mahlo if and only if it is inaccessible and
weakly Mahlo.
(2) (2 Points) Show that (x is Mahlo)® holds for all weakly Mahlo cardinals .
(3) (2 Points) Prove that the following statements are equivalent:
(i) The theory ZFC + ”there is a strongly inaccessible cardinal ” is incon-
sistent.
(ii) The theory ZEC+"there is a weakly Mahlo cardinal” is consistent rel-

ative to the theory ZFC + " there is a strongly inaccessible cardinal ”.

Problem 27. Given non-empty sets M and N with M C N, welet M < N ("M

is an elementary submodel of N”) denote the statement that
Sat(M,a, k) +— Sat(N,a,k)

holds for all £ € Fml and all functions a : n — M with n < w.

(1) (The Tarski—Vaught-Test, 2 Points) Prove that the following statements are
equivalent for all sets ) # M C N:
(a) M < N.
(b) Ifi,n <w, k € Fml, a: n — M and y € N with Sat(N,al, k), then

there is z € M with Sat(M,al, k).

(2) (Elementary Chains, 2 Points) Let A € Lim and let (M, | @ < A) be
a sequence of non-empty sets with M, =< Mp for all & < f < A Set
M =U{M, | a < A}. Prove that M, < M holds for all o < A.

Problem 28. (1) (2 Points) Given an uncountable regular cardinal x and a
cardinal > &, construct a sequence (M, | o < k) of subsets of H(6) such
that the following statements hold for all g < k:
(a) ke Mg, B< MgNk €k and |My| < k.



(b) If & < B, then M, C Mg and M, = Mg < H(6).
(c) If B € Lim, then Mg = |J{M, | a < 8}.
(Hint: Use Theorem 1.3.12 and Problem 27).

(2) (4 Points) Assume V = L. Let C be a closed unbounded subset of ®; and

let S be a stationary subset of ¥;. Prove that there is an o € Ord with

(ZFC™ + 7R, ezists ”)P» and = € C'N S (Hint: Use the first part of the

exercise and Theorem 3.3.1).

Please hand in your solutions on Monday, May 20, before the lecture.



