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Singular Homology or Counting Holes

We denote by

Ay ::{(to,...,tk)ERk+1|t;20, Zti:].}

the standard n-simplex. Its i-th face is F; := AN {t; = 0} ~ Ay_1.
Let X be a topological space. A singular n-simplex in X is a continuous
map o: Ayx — X. Let K be a field, and

Sk(X) := Sk(X, K) := K-vector space with basis all k-simplices in X.

The boundary map 9k : Sk(X) — Sk—1(X) is defined by

k(o) == Z(—l)ia|l-_; for a singular simplex o,
i=0

extended by linearity.
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Singular Homology or Counting Holes
One checks that 0k 0 k41 = 0, hence we get a (chain) complex

295 (X) s 5 (X) 29 B 51 (X) 2 sy(X) — 0,
and the k-th singular homology of X (with coefficients in K) is defined as
Hi(X) := Hi(X, K) := ker Ox/im 041, i€ N.

The k-th Betti number of X is
bi(X) :=dimg Hk(X, Q).
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Singular Homology or Counting Holes
One checks that 0k 0 k41 = 0, hence we get a (chain) complex

SO g (X)) 2 5 (X) 2 2 5 () 2 So(X) — 0,
and the k-th singular homology of X (with coefficients in K) is defined as
Hi(X) := Hk(X, K) := ker Ok /im Ok41, 7€ N.

The k-th Betti number of X is
bi(X) := dimg Hk(X, Q).

The k-th Betti number bi(X) counts the “k-dimensional holes” in X.

> bo(X) = number of (path) connected components of X
» For the n-dimensional sphere S”, n > 0, we have

m_ | 1, ifi=0o0ri=n
bi(5") = { 0, otherwise
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De Rham Cohomology

Consider the vector field

viR2\ {0} = R? (x,y)+~— (

f:R2\ {0} — R with v = grad f = (

Y
X2+y2’

of of

X
X2 _|_y2 :
Is v a gradient field, i.e., does there exists a smooth function

Ox? Oy

)?
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De Rham Cohomology

Consider the vector field

viR2\ {0} 5 R% (x,y) (—y,x).

X2+y2 X2+y2

Is v a gradient field, i.e., does there exists a smooth function
f: R?\ {0} — R with v = grad f = (2£, 9£)? A necessary condition is

Ox? Oy
v _ v
dy  Ox’

which is satisfied by v. On R? this condition is also sufficient. However,
our v is not a gradient field. In other words, the differential form

w = vidx + vody

is closed, i.e., dw = 8"1dy/\dx+ Gedx Ndy = (92 — 6"1)dx/\dy 0,
but not exact, i.e., there is no f with w =df = a'rdx—&— fdy
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De Rham Cohomology

Let M be a smooth manifold of dimension m. Denote by £}, the vector
bundle of smooth differential p-forms on M. Then there is a derivation
d: &y — 5,’\'71 called exterior derivative satisfying d od = 0, hence we
have a (cochain) complex

d d d d
Emi0— &Y el S Sk Sttt gm0
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De Rham Cohomology

Let M be a smooth manifold of dimension m. Denote by £y, the vector
bundle of smooth differential p-forms on M. Then there is a derivation
d: &P — EPF called exterior derivative satisfying d od = 0, hence we
have a (cochain) complex

Ey:0— &y el 4 gp dyeptl gm0
We define the p-th de Rham cohomology of M by
HP(M) := HP(E}) = ker(EF, —%5 £2F1) /im (€77 45 €P)).
The de Rham Theorem states that it is dual to singular homology:

HP(M) = Hp(M,R)*.
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Mayer-Vietoris Sequence

Let M be covered by two open subsets M = U U V. Then there is a
short exact sequence of differential forms

0 EL(M) B P (U) @ ER,(V) S ER(UN V) — 0,
where p(w) = (w|U,w|V) and (e, B) = BlUNV —a|UN V.
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Mayer-Vietoris Sequence

Let M be covered by two open subsets M = U U V. Then there is a
short exact sequence of differential forms

0 EL(M) B P (U) @ ER,(V) S ER(UN V) — 0,

where p(w) = (w|U,w|V) and §(c, B) = BlUNV —alUN V.

Every short exact sequence induces a long exact sequence in cohomology,
hence we have an exact sequence

oo HP(M) B HP(U) @ HP(V) S HP(U N V) — HPH (M) = - -

from which e.g. the cohomology of the sphere 5" can be computed.
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For a subset S C C[Xy,..., X,] we set

Z(S):={xeC"|Vf eS: f(x)=0}.

Any such X = Z(S5) C C" is called a (complex affine) algebraic veriety
Hilbert's Basis Theorem: We can choose S to be finite.
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Algebraic Geometry
For a subset S C C[Xy,..., X,] we set
Z(S):={xeC"|Vf eS: f(x)=0}.
Any such X = Z(S5) C C" is called a (complex affine) algebraic veriety.
Hilbert's Basis Theorem: We can choose S to be finite.

Basic Notions:
» vanishing ideal /(X) := {f € C[X4,..., X,] | ¥x € X: f(x) = 0}.
» coordinate ring C[X] := C[Xy, ..., X;]/I(X).
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Algebraic Geometry
For a subset S C C[Xy,..., X,] we set

Z(S):={xeC"|Vf eS: f(x)=0}.
Any such X = Z(S5) C C" is called a (complex affine) algebraic veriety.

Hilbert's Basis Theorem: We can choose S to be finite.

Basic Notions:
» vanishing ideal /(X) := {f € C[Xq,...,X,]|Vx € X: f(x) = 0}.
» coordinate ring C[X] := C[Xq, ..., X,]/1(X).

Hilbert's Nullstellensatz:
I(Z(5)) = V(S).

There is an inclusion-reversing one-to-one correspondence between
varieties X C C" and radical ideals | C C[X1, ..., X,] given by

X=2() & [I=IX).
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Kahler Differentials
Let Q}< denote the module of Kahler differentials of C[X], i.e., the

C[X]-module generated by symbols df, f € C[X], subject to the relations
d(Af +g) =Adf +dg, AeC, f,geC[X] (linearity),
d(fg) = fdg + gdf, f,g € C[X] (Leibniz' rule).

There is a natural derivation d: C[X] — QX%. Setting Q% := A" Q}, this
extends to the algebraic de Rham complex

Q% 0—CX]-Hak 5 Lop et 4
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Kahler Differentials
Let Q; denote the module of Kahler differentials of C[X], i.e., the

C[X]-module generated by symbols df, f € C[X], subject to the relations
d(Af +g)=XMdf +dg, A eC,f,geC[X] (linearity),
d(fg) = fdg + gdf, f,g € C[X] (Leibniz' rule).

There is a natural derivation d: C[X] — Q). Setting Q% := AP Q%, this
extends to the algebraic de Rham complex

Q% 0—CX]-Hak 5 Lop et 4

Example: For X = C", the module Q%, = @D, C[Xq, ..., Xn]dX; is free,
hence each p-form w on C” can be uniquely written as

w = Z w,-h,,,,,-de,-l VANV dX,'p. (1)

i< <ip
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Kahler Differentials

Let Q; denote the module of Kahler differentials of C[X], i.e., the
C[X]-module generated by symbols df, f € C[X], subject to the relations

d(Af +g) =Adf +dg, AeC, f,geC[X] (linearity),
d(fg) = fdg + gdf, f,g € C[X] (Leibniz' rule).

There is a natural derivation d: C[X] — Q). Setting Q% := AP Q%, this
extends to the algebraic de Rham complex

Q% 0—CX]-Hak 5 Lop et 4

Example: For X = C", the module Q%, = @D, C[Xq, ..., Xn]dX; is free,
hence each p-form w on C” can be uniquely written as

w = Z w,-h,,,,,-de,-l VANV dX,'p. (1)

i< <ip

A p-form on X C C" can still be written as in (1), but not uniquely.
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defined as

Algebraic De Rham Cohomology

HER(X) = HP(Q%).

Now let X be smooth. The algebraic de Rham Cohomology of X is
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Algebraic Geometry

defined as

Algebraic De Rham Cohomology

Now let X be smooth. The algebraic de Rham Cohomology of X is

HER (X) == HP (%)
Grothendieck’'s de Rham Theorem states that

HER (X) = Hy(X,C)".
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Algebraic De Rham Cohomology

Now let X be smooth. The algebraic de Rham Cohomology of X is
defined as
Hir (X) := HP(Q%).

Grothendieck’'s de Rham Theorem states that
HER (X) = Hy(X,C)".

Examples:

>
C-1, ifp=0
P ny __ )
Hir(C") = { 0, otherwise.
» Let f € C[X1]. For X =C\ Z(f) =C\ {¢1,...,C(q} we have

HgR(X) = @i(c dXy /(X1 = (), ifp=1
0, otherwise.
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Computational Algebraic Geometry

Consider the following algorithmic problem:

#BETTIg

Given a first-order formula in the theory of ordered fields over R defining

a semialgebraic set S in R”, compute the topological Betti-numbers
bo(S), ..., ba(S).

u]
o)
I

i
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Computational Algebraic Geometry

Consider the following algorithmic problem:

#BETTIg

Given a first-order formula in the theory of ordered fields over R defining
a semialgebraic set S in R”, compute the topological Betti-numbers
bo(S), ..., ba(S).

The best known algorithms solving #BETTIR run in double exponential
time in the size of the formula (Collin's CAD, 1975).

Can one solve #BETTIR in single exponential time?

Question J
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Computational Algebraic Geometry

Consider the following algorithmic problem:

#BETTIg

Given a first-order formula in the theory of ordered fields over R defining
a semialgebraic set S in R”, compute the topological Betti-numbers
bo(S), - .., ba(S).

The best known algorithms solving #BETTIr run in double exponential
time in the size of the formula (Collin's CAD, 1975).

Can one solve #BETTIR in single exponential time?

Question J

State of the art: For fixed £ one can compute the Betti numbers
bo(S), - .., be(S) in single exponential time (Basu, 2006).
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What about the corresponding problem over C? More specifically, we
consider the following problem:

#BETTI¢

Given polynomials fi,. .., f, € C[X,..., X,] with common zero set
X =2Z(f,...,f) in C", compute the Betti-numbers by(X), ..., bon(X).
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Complex Varieties 1

What about the corresponding problem over C? More specifically, we
consider the following problem:

#BETTI¢

Given polynomials fi,. .., f, € C[X,..., X,] with common zero set
X =2Z(f,...,f) in C", compute the Betti-numbers by(X), ..., bon(X).

By considering X C R?", one can apply the real algorithm and solve

#BETTIc in double exponential time d?° , where d is a bound on the
degrees of the f;.
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Complex Varieties 1

What about the corresponding problem over C? More specifically, we
consider the following problem:

#BETTI¢

Given polynomials fi,. .., f, € C[X,..., X,] with common zero set
X =Z(fi,...,f) in C", compute the Betti-numbers by(X), ..., ban(X).

By considering X C R2", one can apply the real algorithm and solve

#BETTIc in double exponential time d?° , where d is a bound on the
degrees of the f;.

However, of particular interest are algebraic algorithms using only the
field structure of C (no "<"). These may be applicable to other fields
(characteristic > 0, p-adic, ...).
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Previous results:

» There are algorithms computing the cohomology of the complement
C"\ X of an affine variety X (Oaku/Takayama 1999, Walther 2000).

» They can be used to compute the cohomology of a projective variety
(Walther 2001).
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Complex Varieties 2

Previous results:

» There are algorithms computing the cohomology of the complement
C"\ X of an affine variety X (Oaku/Takayama 1999, Walther 2000).

» They can be used to compute the cohomology of a projective variety
(Walther 2001).

These algorithms use Grobner bases for algebraic D-modules.
Unfortunately, Grobner bases are inherently double exponential
(Mayr/Meyer 1982).
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Recent results:

» One can count the connected components (bg(X)) of an algebraic
variety X in parallel polynomial time. Similarly for the irreducible
components (Biirgisser, S. 2009).
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Complex Varieties 3

Recent results:

» One can count the connected components (bg(X)) of an algebraic
variety X in parallel polynomial time. Similarly for the irreducible
components (Biirgisser, S. 2009).

» One can compute defining equations for the components within the
same time bounds (S. 2010).
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Complex Varieties 3

Recent results:

» One can count the connected components (by(X)) of an algebraic
variety X in parallel polynomial time. Similarly for the irreducible
components (Biirgisser, S. 2009).

» One can compute defining equations for the components within the
same time bounds (S. 2010).

» If the input polynomials have coefficients in Z, then computing
bk (X) for fixed k > 0 is PSPACE-complete (S. 2007).
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Complex Varieties 3

Recent results:

» One can count the connected components (by(X)) of an algebraic
variety X in parallel polynomial time. Similarly for the irreducible
components (Biirgisser, S. 2009).

» One can compute defining equations for the components within the
same time bounds (S. 2010).

» If the input polynomials have coefficients in Z, then computing
bk (X) for fixed k > 0 is PSPACE-complete (S. 2007).

» One can compute all Betti numbers by(X), ..., ban(X) of a smooth
projective variety X in parallel polynomial time (S. 2009).
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Complex Varieties 3

Recent results:

>

One can count the connected components (bo(X)) of an algebraic
variety X in parallel polynomial time. Similarly for the irreducible
components (Biirgisser, S. 2009).

One can compute defining equations for the components within the
same time bounds (S. 2010).

If the input polynomials have coefficients in Z, then computing

bk (X) for fixed k > 0 is PSPACE-complete (S. 2007).

One can compute all Betti numbers bg(X), ..., bap(X) of a smooth
projective variety X in parallel polynomial time (S. 2009).

Each cohomology class in H3 (X) can be represented by a
differential form of single exponential degree (S. 2011/2012).
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Complex Varieties 3

Recent results:

>

The

One can count the connected components (bo(X)) of an algebraic
variety X in parallel polynomial time. Similarly for the irreducible
components (Biirgisser, S. 2009).

One can compute defining equations for the components within the
same time bounds (S. 2010).

If the input polynomials have coefficients in Z, then computing
bk (X) for fixed k > 0 is PSPACE-complete (S. 2007).

One can compute all Betti numbers bg(X), ..., bap(X) of a smooth
projective variety X in parallel polynomial time (S. 2009).

Each cohomology class in H3 (X) can be represented by a
differential form of single exponential degree (S. 2011/2012).

computational model here is that of (uniform) families of algebraic

circuits over C. The parallel time corresponds to the depth, and the
sequential time to the size of the circuits.
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Let k be a field.

Given fi,...,f, € k[X1,...,X,], how does one test if Z(fi,
Hilbert's Nullstellensatz:

AR

Z(f,... ) =0 < g ek[Xy,.... Xa]: > gfi=1 (2
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Effective Nullstellensitze

Hilbert's Nullstellensatz
Let k be a field.

Given f,...,f, € k[X1,..., Xs], how does one test if Zi(f1,...,f;) # 07

Hilbert's Nullstellensatz:

Z(A,... f)=0 < g eklX,.... X]: > gfi=1 (2

> Note that, if deg gif; < D, then (2) is a linear system of (")

D-+n

) variables.
n

equations in r
» In particular, any bound on the degrees of the g; in terms of deg f;
and n proves that this problem is decidable (for k = Q, say).

» Efficient algorithms for linear algebra immediately imply, that the
problem can be solved in polynomial time in r(D+”) (parallel time

O(log® r(°1™)). ’

n
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Effective Nullstellensatze
Effective Nullstellensatze give bounds on the degrees of the g; in terms of
deg f; =: d;. Set d := max;{d;} and p:= min{r,n}. Assume n > 2.
» Macaulay (?), Herman (1926), Masser/Wiistholz (1983): Double
exponential bound in n.
» Brownawell (1987) For k = C:

deg gi < nud" + pd.
> Kollar (1988): If dy > --- > d, > 3, then
deggifi < dl to d,u—ldh

» Caniglia/Galligo/Heintz (1989), Fitchas/Galligo (1990),
Sabia/Solerno (1993), Dubé (1993): Similar results with more
elementary proofs.

» Sombra (1997), Krick/Sabia/Solerno (1997): Bound in terms of
intrinsic degree.

» Sombra (1999): Sparse version.

Ein/Lazarsfeld (1999): Geometric version.

S. (2009): Completely elementary proof of Kollar's_bound for.r = 2.

vy
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Theorem (Jelonek 2005)

Let X C k" be a subvariety of dimension m > 1 and degree D, and let
fi,...,f. be polynomials of degrees d; > 1 without common zeros in X.
Then there exist g; € k[X] such that 1 =" gifi on X and

Dd; - - - d, if r<m,
deg(higi) < { 2Ddy - -+ dm_1d, — 1 otherwise.
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Effective Nullstellensatze

Theorem (Jelonek 2005)

Let X C k" be a subvariety of dimension m > 1 and degree D, and let
fi,...,f. be polynomials of degrees d; > 1 without common zeros in X.
Then there exist g; € k[X] such that 1 =" gifi on X and

Ddy - - - d, if r<m,
o) <
deg(higi) < { 2Dd; - - dm_1d, — 1 otherwise.

Theorem (Kollar 1998)

Let X1,..., X, C k" be subvarieties with XiN---NX.=0. Then there
exist f; € 1(X;) such that

Zf,- =1 and degf; < (n+1)HdegX,-.
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Counting Connected Components

We will explain some ideas underlying the algorithm of

Theorem (Biirgisser/S. 2007)

Given polynomials fi, ..., f, of degree < d defining the variety X C C",
one can compute the number by(X) of connected components of X in

sequential time d°"") and parallel time (nlog d)°M.

The algorithm uses the zeroth cohomology HIg (X).
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Counting Connected Components
We will explain some ideas underlying the algorithm of

Theorem (Biirgisser/S. 2007)

Given polynomials fi, ..., f, of degree < d defining the variety X C C",
one can compute the number by(X) of connected components of X in
sequential time d°") and parallel time (nlog d)°®.

The algorithm uses the zeroth cohomology HI;(X). We have
H3R(X) = {f € C[X]|df =0} = {f € C[X]|f locally constant}.

As a consequence, the following Theorem holds also in the singular case.

Proposition
An algebraic variety X C C" has dim H; (X) connected components. J
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Counting Connected Components

Squarefree Regular Chains

Using an algorithm of Szanté (1999), which decomposes /(X) into
radical ideals described by squarefree regular chains, one can prove

Theorem

Let fi,...,f, be polynomials of degree < d defining the variety X C C"
of dimension m. Then for any § € N the two vector spaces

{f € l(X)| degf <6}

and
{f e C[X]|df =0 and degf < ¢}

are solution sets of linear systems of equations of size 5O gO(n*(n—m))

Furthermore, given the f; 3and 6§, one can compute these systems in
sequential time 59" d®(m(n=m)) and parallel time (nlog(d&))©™).
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Counting Connected Components
:

Let deg(HJ% (X)) be the minimal § > 0 such that each f € HJ;(X) has
degf < 6.

Effective Bounds for the Zeroth Cohomology

Proposition

Let X C C" be a variety of dimension m and degree D. Then

deg(HiR (X)) < D™
The proof uses Jelonek's effective Nullstellensatz
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Counting Connected Components

Effective Bounds for the Zeroth Cohomology

Let deg(HJ% (X)) be the minimal § > 0 such that each f € HJ;(X) has
degf < 6.

Proposition
Let X C C" be a variety of dimension m and degree D. Then

deg(HIz (X)) < D™

The proof uses Jelonek’s effective Nullstellensatz very similarly as in the
proof of

Proposition

Let X C C" be a variety of dimension m and degree D. Then

n+1

D2
4 .

deg(Hgr(X)) <

Remark. In the case m = n — 1 we can drop the factor n+ 1.
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Effective Bounds for the Zeroth Cohomology
Proof of the last bound. Let X = Z; U---U Z;, Z; the connected
components, and D; := deg Z;. Since I(X) (; 1(Z:), the Chinese
Remainder Theorem implies
CIX] = C[X4, ..., Xl /I(X HC[Z]
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Counting Connected Components

Effective Bounds for the Zeroth Cohomology

Proof of the last bound. Let X = Z; U---U Z;, Z; the connected
components, and D; := deg Z;. Since I(X) (; 1(Z:), the Chinese
Remainder Theorem implies

C[X] = C[X4, ..., X,/ 1(X H(C[Z]

We have a corresponding mcsoi ey, ..., e € C[X], i.e.,
> e?
» 1:el+..._|_et’

> Vi: e; = e + f with orthogonal idempotents implies e = 0 or f = 0.

= e, ejeg =0 for i # j,
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Counting Connected Components

Effective Bounds for the Zeroth Cohomology

Proof of the last bound. Let X = Z; U---U Z;, Z; the connected
components, and D; := deg Z;. Since I(X) (; 1(Z:), the Chinese
Remainder Theorem implies

C[X] = C[X4, ..., X,/ 1(X H(C[Z]

We have a corresponding mcsoi ey, ..., e € C[X], i.e.,

> e? = ¢, e =0 for i # j,
> 1l=¢e + - -+ e,

> Vi: e = e+ f with orthogonal idempotents implies e =0 or f = 0.

o 1 on Z,
"1 0 on X\Z.

Here,

Then: er,..., e is a basis of HI;(X).
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Effective Bounds for the Zeroth Cohomology

Let i <j. Since ZiN Z; = (0, from Kollar's effective NS for arbitrary
ideals we obtain ¢;; € I(Z;), pji € 1(Z}) such that
deg(p;j), deg(y;i) < (n+1)D;iD;

and ¢ +¢ji = L.
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Effective Bounds for the Zeroth Cohomology
Let i < j. Since Z;N Z; = (), from Kolldr's effective NS for arbitrary
ideals we obtain ¢;; € I(Z;), pji € 1(Z}) such that
deg(pjj), deg(wji) < (n+1)D;iD; and ;i + pji = 1.

Now the desired idempotents can be defined as

& ::H(p,-j forall 1< <t
i#j
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Effective Bounds for the Zeroth Cohomology
Let i < j. Since Z;N Z; = (), from Kolldr's effective NS for arbitrary
ideals we obtain ¢;; € I(Z;), pji € 1(Z}) such that
deg(pjj), deg(wji) < (n+1)D;iD; and ;i + pji = 1.

Now the desired idempotents can be defined as

& ::H(p,-j forall 1< <t
i#j

Their degrees satisfy

dege; < (n+1)D; Y D;=(n+1)D;(D—D;) < (n+1)(D/2)*. O
i#j
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Example (derived from Masser, Philippon, and Brownawell)
The last bound is tight up to the factor of n+ 1. Consider
Zy = Z(X, XoX§ 1 -1), Z = Z2(X X8 - X{), X:=ZzuUuz CC

The Z; are the connected components of X, and D = deg X = 2d. Now
let e1, & € C[Xy, Xz, X3] be the mcsoi and § := max{deg e;,deg e }.
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Counting Connected Components

Example (derived from Masser, Philippon, and Brownawell)
The last bound is tight up to the factor of n+ 1. Consider
Zy = Z(X, XoX§ 1 -1), Z = Z2(X X8 - X{), X:=ZzuUuz CC

The Z; are the connected components of X, and D = deg X = 2d. Now
let e1, & € C[X1, X2, X3] be the mcsoi and § := max{deg el,deg e}
On the projective closure X = Z1 U Z5 we have with E; = X0 e(X/Xo)

E1—|-E2:X(;S onX, Ei=0o0onZ, E =0o0nZ,
Hence X{ € I(Z1) + I(Z2) = (F1, F2, F3), where
Fi=X, FR=XX{"1-X{, FBR=xX{"1-Xx5

= X0=0 in C[Xo,...,Xs]/(F1,Fa F3, X3 — 1) ~ C[Xo]/(XE),
= 0>d>=D%/4
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Smooth Projective Case

Theorem (S. 2009)

Given homogeneous fi,. .., f, € C[Xo, ..., X,] with deg f; < d, one can
test whether X := Z(f1,...,f,) CP" is smooth and if so, compute the
Betti numbers by(X), . .., ban(X) in sequential time d°"") and parallel
time (nlog d)°®).

The proof uses algebraic de Rham cohomology for projective varieties, for
which one needs sheaf and hypercohomology.
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Smooth Projective Case

Theorem (S. 2009)

Given homogeneous fi, ..., f, € C[Xo, ..., X,] with deg f; < d, one can
test whether X := Z(fy,...,f,) CP" is smooth and if so, compute the
Betti numbers by(X), ..., bon(X) in sequential time d(") and parallel
time (nlog d)°®).

The proof uses algebraic de Rham cohomology for projective varieties, for
which one needs sheaf and hypercohomology.

How to define H3, (X) for a projective variety X C P"?

Problem: The are not enough globally defined differential forms, e.g.,
every globally defined regular function on X is constant!
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Hypercohomology

Idea: cover X with open affine subsets X = U;’;o U; and do patchwork.
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Hypercohomology

Idea: cover X with open affine subsets X = U;"ZO U; and do patchwork.
sequence reads

Example: m=dim X =1, i.e., X = Uy U U;. The Mayer-Vietoris

0 s HO(X) = HO(Up) @ HO(Us) 55 HO(Up 1 Us) —

S HMX) B HY(U) @ HY(Uy) & HM(Up 1 Ur) —
— H*(X) — 0.




Effective de Rham Cohomology
Higher Betti Numbers

Smooth Projective Case

Hypercohomology
Idea: cover X with open affine subsets X = U;"ZO U; and do patchwork.
Example: m=dimX =1, i.e., X = Uy U U;. The Mayer-Vietoris
sequence reads
0 0 0 T
0—~H (X)—)H (Uo)EBH (U1)—>H (UoﬂUl)—>
S HYX) B HY(Uo) @ HY(UL) & HY(Us N Uy) —
— H*(X) — 0.
Then we have
HO(X) ~ ker &°,
HY(X) =~ ker p @ im p ~ coker §° @ ker §',
H?(X) ~ coker §*.

Recall that 6'(a, ) = B|Us N Uy — a|Up N Us.
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Definition of Hypercohomology
Denote by Q% the sheaf of algebraic differential p-forms on X, i.e.,

Q% (U) = Qe for an open affine U C X.

Let & :== {U;|0 < i < s} an open cover of X and for 0 < jp < ---ig <s
set U; Ui, N ---NUj,. Define

0viq "=

CPa:=CPIU,Q%) = P %

ip<++-<lg

forall p,q>0.

Io Iq
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Definition of Hypercohomology
Denote by Q% the sheaf of algebraic differential p-forms on X, i.e.,

Q% (U) = Q¢ for an open affine U C X.

Let & :== {U;|0 < i < s} an open cover of X and for 0 < jp < ---ig <s
set U; Ui, N ---NUj,. Define

0viq "=

CP9 = CPIU,Q%) = @ Q% (U...i;) forall p,g>0.

ip<++-<lg

We have the exterior differential d: CP9 — CP™1.9 and the Cech
differential §: CP9 — CP-9*! defined by

q+1
(0(w))ig-igur -= Z(—1)”0.1,.0.__TV“.l.qul|U,-O...,-q+1 for w = (wp...;,) € C°.

Thendod=0,60d=0,anddod =Jdod, ie, C** is a double complex.
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Definition of Hypercohomology 2

Define the total complex

Tk = totk(C**)
with the differential

— @ cP9

p+q=k

dot: TF - THI’ (Wp,q)erq:k = (d‘*’pflﬁq + (_1)p5wpaq71)p+q:k+l
The sign is needed to ensure d*°t o d*°* = 0.
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Definition of Hypercohomology 2

Define the total complex

Tk = totk (c**) @ crPa

p+q=k

with the differential
d'ot: TH — THH, (Wp,q)p+q=k + (dwp—1,4 + (_1)p5wpaq71)p+q:k+l'
The sign is needed to ensure d*°t o d*°* = 0.

The algebraic de Rham cohomology of X is defined as the cohomology

H3R(X) := H*(T*, d"").
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Definition of Hypercohomology 3

Back to the case m = 1. Then the double complex looks like

C[Up] = CO1 d

— M QU01
d d
ClUp] ® C[U4] = C°° S Ea N =Qu, ®Qu,



Effective de Rham Cohomology
Higher Betti Numbers

Smooth Projective Case

Definition of Hypercohomology 3

Back to the case m = 1. Then the double complex looks like

ClUp] = €O —4 > cli=Q,,

| |

ClUp] ® C[U4] = C°° S Ea N Quy @ Qu,

Hence
H3r(X) = {(f,g)|f = g on Uy, df =dg =0},

Hir(X) = {(f, @, B) | df = B — a on Un}/(C[Uo] + C[U4]) & imd,
Hir(X) = Quy, /dC[Uo1] + Qu, + Qu,-
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Castelnuovo-Mumford Regularity

Let X C P” be smooth, and let Ox(1) be the very ample line bundle of
the embedding. For a coherent sheaf F on X put F(k) := F @ Ox(k).

The coherent sheaf F on X is called k-regular iff
H'(X,F(k—i))=0 forall i>D0.
Castelnuovo-Mumford regularity reg (F) := inf{k € Z | F k-regular}.

The required degree bounds are provided by the following theorem.

Theorem (S. 2009)

Let X C IP" be a smooth irreducible projective variety of dimension m
and degree D. Let e := n — m be the codimension of X. Then

reg (%)
reg (Ox)

p(em+1)D for p>0,

<
< e(D-1).
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Smooth Affine Case

Notation. deg(fdXy A---AdX;)=degf +p, fecC[Xy...,X]
deg(H5R (X)) := min{d| each class in H{;(X) can be represented by a
p-form of degree < 4}.

Theorem (S. 2011/2012)

Let X C C" be a smooth m-dimensional variety of degree D.
(i) Then
deg(HgR(X)) < 22pm+6m+2p2pm+6m+1 D4pm+10m+1 + Dm+1
= ( pD)O(Pm)_
(i) f m=n—1and D > 3, then

deg(HPR (X)) < (p+1)(D + 1)(2D" + D)P*! = pOpn).




Effective de Rham Cohomology
Higher Betti Numbers
Smooth Affine Case

Hypersurface Complement

Our proof uses the following previously known special case. Let
f e C[Xy,...,X,] and U :=C"\ Z(f), which is a smooth affine variety.
Its coordinate ring is the localization

ClXe, ..., Xalr = {%|g€(C[X1,...,X,,],s€N}.

Theorem (Dimca/Deligne 1990)
Each class in Hfz (U) can be represented by a differential p-form

af/fP  with dega = p(degf + 1).
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Gysin Sequence

The main tool in our proof for the hypersurface case is the Gysin
sequence.

Lemma

Let Y be an irreducible smooth variety and X C Y a smooth
hypersurface. Then there is an exact sequence

oo = HR(Y) = Hig(Y'\ X) £ ng_{l(x) - Hé’;l(y) —
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Gysin Sequence

The main tool in our proof for the hypersurface case is the Gysin
sequence.

Lemma

Let Y be an irreducible smooth variety and X C Y a smooth
hypersurface. Then there is an exact sequence

Res
- = HER (V) = HER (YA X) =5 HERH(X) — HEZH(Y) -

Corollary

For a smooth hypersurface X C C" the residue map
Res: HPL(C"\ X) = HEH(X)

is an isomorphism for all p > 0.
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Effective Gysin Sequence

Let A:=C[Xy,...,X,] and X := Z(f) smooth, where f € A'is
squarefree. Then the relevant coordinate rings are

C[C"\ X] = Ar

and B :=C[X] = A/(f).
Furthermore, D := deg X = degf.
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Effective Gysin Sequence

Let A:=C[Xy,...,X,] and X := Z(f) smooth, where f € A'is
squarefree. Then the relevant coordinate rings are

C[C"\ X] =Ar and B:=C[X]=A/(f).
Furthermore, D := deg X = degf.

Theorem
Let D > 3,p > 0. The residue map

Res: H?.(Ar) — HPZ'(B)

is induced by a map Q5 — Qb ' which takes a p-form w = £ to a
(p — 1)-form of degree at most

(2D" + D)*(degw + sD).
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Example

Consider the case n=1. Then f = Hf(X - ¢j) € C[X].
Partial fraction decomposition implies that Hi; (C \ Z(f)) has the basis

dX
1<i<d.
x—¢ ==
The mcsoi
=1Ix -G/ ]G -¢r1<i<d
J# JF#i

is a basis of H3R(Z(f)). We have

Res: Hx(C\ Z(F)) — Ho%R(2(F)), fdx > ZRes< (£)er,
i=1

where Res¢, denotes the classical residue at (; of a meromorphic function,
i.e., the coefficient of (X — ¢;)~! in the Laurent expansion around ¢;.
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Proof for Higher Codimension

The proof of the bound for arbitrary smooth affine varieties also proves
an effective Gysing sequence for the case of a codimension 2 complete
intersection of a very special type.

Furthermore, we make Cech cohomology, hypercohomology, and local
cohomology effective. ..

Why not make the whole of algebraic geometry effective...?
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Thank you! J

DA
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