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Abstract

Martin’s Axiom and applications, iterated forcing, forcing Martin’s axiom, adding var-
ious types of generic reals.

1 Introduction

2 MARTIN’S axiom

2.1 The definition

We have produced several different models of set theory by the forcing method. Take a
forcing partial order (P, <, 1) in a ground model M. Then take an M-generic filter G on
P. Infinitary combinatorics in the new model M[G] is determined by the combinatorics of
P in the ground model M. In particular it is important to control the collections of dense
subsets and antichains in P.

Recall
Definition 1. Let M be a ground model and (P,<,1p) € M be a forcing.

a) DC Pis dense in Piff Vpe PIqge Dq< p.

b) A filter G on P is M-generic iff DG+ 0 for every D € M which is dense in P.

If M[G] is an extension of M by an M-generic filter we call M[G] a generic extension.
We can define genericity for arbitrary collections of dense sets:

Definition 2. Let (P, <,1p) be a forcing and D € X be any set. Then a filter G on P is
D-generic iff DNG+0 for every D € D which is dense in P.

For any countable D we obtain the existence of generic filters just like in the case of
ground models.

Theorem 3. Let (P, <, 1p) be a partial order, let D be countable, and let p € P. Then
there is a D-generic filter G on P with p€ G.



2 SECTION 2

Proof. Take an enumeration (D,|n <w) of all D € D which are dense in P. Define an w-
sequence p= pg = p1 = P2 = ... recursively, using the axiom of choice:

choose p,,,1 such that p,,1 <p, and p,.1€D,,.
Then G={peP|In<wp,<p} is as desired. O

For larger sets D there is in general no D-generic filter. The arguments of the following
counterexamples correspond to certain arguments in our forcing constructions of ~CH und

CH.
Example 4. Let (P, <,1p) with
P=Fn(w,2,Xg) ={p|p: dom(p) — 2 A dom(p) C w A card(dom(p)) < Ro}
be COHEN forcing partially ordered by reverse inclusion
p<qiff p2g
and with weakest element 1p={. Define D={D,|r e R}U{D,|n<w}, where
D,={pePlpZz} and D,={pe P|nedom(p)}.

For us, the set of real numbers is R=“2. We saw before that every D, and D,, is dense in
P.
Now assume that GG were D-generic. Define

c:U G.

The definition of the forcing relation and since every D,, is met by G imply that ¢ behaves
like a COHEN real, i.e., c:w— 2.

But on the other hand we have that G N D.+ (). Take p € GN D... This implies p C ¢
and p ¢ ¢, a contradiction.

So we have a set D of size 2% such that there is no D-generic filter on P.

Example 5. Let (P, <,1p) with
P =Fn(w,w,Ng) ={p|p: dom(p) — wy Adom(p) Cw Acard(dom(p)) < Ny}
the forcing for “making w; countable”. Again P is partially ordered by reverse inclusion
p<qiff p2g
and with weakest element 1p={. Define D ={D,|a <w;}, where
D,={p€ Placran(p)}.
Now assume that G were D-generic. Define
r=a
The definition of the forcing relation imply that f:w — w; is a partial function.

We show that f is surjective: Let v <wy . By genericity, GN D,+£ (). Take pe GN D, .
Then « € ran(p) Cran(f).
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But this is a contradiction since w; cannot be a surjective image of some smaller
ordinal.
So we have a set D of size N; such that there is no D-generic filter on P.

Exercise 1. Let M be a ground model with 2% =X, . Define P = Fn(w, wy, Ro)™ and let M[G] be a
generic extension via P. Show that M[G]E2¥0=R;.

The second example shows that a forcing that collapses w; cannot have generic sets for
N; many dense sets. We know from forcing —~CH that forcings with the countable chain
condition do not collapse w; . COHEN forcing satisfies the countable chain condition. The
first example shows that COHEN forcing cannot have generic sets for 2% many dense sets.
This analysis leaves open the possibility of ccc-forcings and collections of dense sets of size
< 2%_ Of course this only interesting in case that 2% > :

Definition 6.

a) Let k be a cardinal. Then MARTIN’s axiom MA, is the property: for every ccc par-
tial order (P,<,1p) and D with card(D) < k there is a D-generic filter G on P.

b) MARTIN’s axiom MA postulates that MA, holds for every r < 2%,
MAy, holds by Theorem 3. Thus the continuum hypothesis 2% = R trivially implies MA.

We shall later see by a forcing construction that 2% =R, and MA are relatively consistent
with ZFC.

2.2 Consequences of MA+—-CH

2.2.1 LEBESGUE measure

We shall not go into the details of LEBESGUE measure, since we shall only consider mea-
sure zero sets. We recall some notions and facts from before. For s € <¥2 = {t|t: dom(t) —
2N\ dom(t) Ew} define the real interval

I,={zeR|sCz}CR
with length(fs) = 9~dom(s)  Note that I, = Isu{(dom(s),o)} U Isu{(dom(s),l)} , length(lR) =Iy=
279=1, and length(Zsug(dom(s),0)}) = length(Isu(dom(s),1)}) = % length (7).
Definition 7. Let ¢ > 0. Then a set X C R has measure < ¢ if there exists a sequence

(I,|n <w) of intervals in R such that X C Un<w 1, and Zn<w length(1,) <e. A set X C
R has measure zero if it has measure <e for every e > 0.

Theorem 8. Assume MA, and let X CR with card(X) < k. Then X has measure zero.

Proof. Let € >0 be given. We want to cover X by a sequence (I,|n <w) of intervals as in
the definition of measure zero sets. The idea is to define the intervals Iy, I, I, ... of
lengths 27471 2772 27=3 from some “COHEN generic’ real c¢. Take i < w such that
27'<¢e. For n<w let I,,=1I,, , where the finite sequence s,:i+n+1— 2 is given by

sp(l) =c(n+1).



4 SECTION 2

Then
Z length(1,,) = Z 27iTnml=9"1<¢,

n<w n<w

We shall apply MA, to COHEN forcing P = Fn(w, 2, Xg). Since P is countable it triv-
ially satisfies the ccc. For every z € X let

D,={peP|In<wVi<i+n+1(n+ledom(p)Apn+I1)=x())}.

(1) D, is dense in P.
Proof. Let g € P. Take n <w such that dom(q) Cn. Set

p=qU{(n+1Lz()|l<i+n+1}.

Then p< g and peD,. ged(1)

For k <w let Dy ={p € Plk € dom(p)}. Set D={D,|r € X} U{Di|lk <w}. By MA,
take a D-generic filter G' on P. As in example 4 ¢=|J G:w — 2 is a real number. Define
(In|n <w) from ¢ as above. It suffices to show:

(2) XCU, -, In-

Proof. Let x € X. By the D-genericity of G take pe GN D, . Take n <w such that

Vi<i+n+1(n+ledom(p)Ap(n+1)=z(l)).

Then

Vi<i+n+1lce(n+1)=2xz()
and

Vi<i4+n+1s,(l)=x(l).
HencesngzandzeanUMwIn. O

To strengthen this theorem we need some more topological and measure theoretic
notions. The (standard) topology on IR is generated by the basic open sets I, for s € <“2.
Hence every union |J,_ I of basic open intervals is itself open. The basic open intervals
I, are also compact in the sense of the HEINE-BOREL theorem: every cover of I by open
sets has a finite subcover.

Theorem 9. Assume MA, and let (X;|i < k) be a family of measure zero sets. Then X =
U, Xi has measure zero.

Proof. Fix € > 0. We show that X = Uz’<n X, has measure < 2¢. Let
Z={(a,b)la,beQ,a<b}

the countable set of rational intervals (a,b) = {c€R|a<c<b} in R. The length of (a,b) is
simply length((a,b)) =b— a. We shall apply MARTIN’s axiom to the following forcing P =
(P,2,0) where

P={pCZ|)  length(I)<c}.

Iep
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(1) P is ccc.
P oof . Let {p;|i <w,} C P. For every i <w; there is n; <w such that p; has measure <e —

n— By a pigeonhole principle we may assume that all n; are equal to a common value n <
w. For every p; we have

Z length(l) <e——

ITep;
For every ¢ <w; take a finite set p; C p; such that
Z length(/) < —
ITepi\p;

There are only countably many such set p,, and again by a pigeonhole argument we may
assume that for all i <w;

Di=Dp

takes a fixed value. Now consider 7 < j <w;. Then

Z length(/) < Zlength(])—l— Z length(7)

ITep;Up; Iep; Iepi\p
1 1
< e e——+—
n n
= £

Hence p;Up; € P and p;Up; < p;, p;, and so {p;|i <w:} is not an antichain in P. ged(1)
For i < k define
Di={peP|X;c|p}.

(2) D; is dense in P.
Proof. Let g € P. Take n <w such that

Z length(l) <e ——

Ieq

Since X; has measure zero, take » C 7 such that X; CJ p and Zler length(7) < % Then

XZ-QU (¢qUr) and Z length([7) <Z length(/ —I—Z length(/ <€———|—l:
ITequr Ieq Ier n
Hence p=qUreP, p2Oq,and pe D;. qed(2)
By MA, take a filter G on P which is {D;|i <k }-generic. Let U= GCT.

(3) X = Uic XiSUjer 1
Proof . Let i < k. By the generity of G take pe GND;. Then

xiclJrcYvu

ged(3)
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(4) >, cp length(]) <e.
Proof. Assume for a contradiction that ), length(/) > e . Then take a finite set

U C U such that > rep length(l) >e. Let B ={I,...,Ix_1}. For every I; €U take p; € G
such that I; € p;. Since all elements of G are compatible within G there is a condition p €
G such that p D py, ..., px_1. Hence U C p. But, since p € P, we get a contradiction:

e< Z length(/) < Z length(l) <e.

IcU Iep

An easy corollary is:
Theorem 10. Assume MA. Then 2% is reqular.

Proof. Assume instead that R=J,_, X; for some x < 2%, where card(X;) < 2% for every
i < k. Every singleton {r} has measure zero. By Theorem 9, each X; has measure zero.
Again by Theorem, R = |J,_, X; has measure zero. But measure theory (and also intu-
ition) shows that R does not have measure zero. U

2.2.2 Almost disjoint forcing

We intend to code subsets of s by subsets of w. If such a coding is possible then we shall
have

Mo L 2 L Mo j g, 2K = Mo,
We shall employ almost disjoint coding.
Definition 11. A sequence (z;]i € I) is almost disjoint if
a) x; is infinite

b) i+ j <k implies that x;Nx; is finite
Lemma 12. There is an almost disjoint sequence (x;]i <2™) of subsets of w.

Proof. For ue“2 let x,={u|[m|m<w}. x, is infinite. Consider u+# v from “2. Let n <
w be minimal such that u [n=v [n. Then

zyNzy={umm<w}n{vimm<w}={ulm|m<n}

is finite. Thus (z,|u € “2) is almost disjoint. Using bijections w «» <“2 and 2% « “2 one
can turn this into an almost disjoint sequence (w;]i < 2%) of subsets of w. O

Theorem 13. Assume MA, . Then 2 =2%,

Proof. By a previous example, k£ < 2%. By the lemma, fix an almost disjoint sequence
(x;|i < k) of subsets of w. Define a map ¢: P(w) — P (k) by

c(x) ={i< k|rNz;is infinite}.
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We say that x codes c¢(x). We want to show that every subset of x can be coded as some
c(x). We show this by proving that ¢: P(w) — P(k) is surjective.
Let A Ck be given. We use the following forcing (P, <, 1) to code A:

P={(a,z)|a Cw,z Ck,card(a) < Ny, card(z) < Ng},
partially ordered by
(@, 2")<(a,2)iff ' Da,z’ DzyiczN(k\A)—a'Nz;=aNa;.

The weakest element of P is 1=((),0).

The idea of the forcing is to keep the intersection of the first component with x; fixed,
provided ¢ ¢ A has entered the second component. This will allow the almost disjoint
coding of A by the finite/infinite method.

(1) (P, <, 1) satisfies ccc.
Proof. Conditions (a, y) and (a, z) with equal first components are compatible, since
(a,yUz) < (a,y) and (a, y U z2) < (a, z). Incompatibel conditions have different first com-
ponents. Since there are only countably many first components, an antichain in P can be
at most countable. ged(1)

The outcome of a forcing construction results from an interplay between the partial
order and some dense set arguments. We now define dense sets for our requirements.

For i<k let D;={(a,z) € Pli€z}. D;is obviously dense in P. For i€ A and n € w let
D;,={(a,z)e P|3m>n:meanu;}.

(2) If i€ A and n €w then D, , is dense in P.
Proof. Consider (a, z) € P. For j € z, j + ¢ is the intersection x; N x; finite. Take some
m € x;, m>n such that m¢ x;Nz; for j €z, j+£i. Then

(aU{m},z)<(a,z) and (aU{m},2z) € D;,,.

qed(2)
By MA, take a filter G on P which is generic for the dense sets in

{Dili<k}U{D;nlic A,incw}.
Let
r=J {al(a,y) G} Cw.

(3) Let 1 € A. Then zNx; is infinite.
Proof. Let n <w. By genericity take (a, y) € GN D, , . By the definition of D, ,, take m >
n such that m €anNz;. Then m €z Nx;, and so x Nx; is cofinal in w. ged(3)
(4) Let i € K \ A. Then = Nx; is finite.
Proof. By genericity take (a,y) € GND;. Then i € y. We show that zNz; Canx;. Con-
sider n € x N ;. Take (b, z) € G such that n € b. By the filter properties of G take (a’,y’) €
P such that (¢, y') < (a,y) and (a’, y') < (b, z). Then n € a/, and by the definition of <,
adNzi=aNxz;. ThusneaNz;. ged(4)

So

c(x)={i< k|zrNz;is infinite} = A € range(c).
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2.2.3 Category

Lebesgue measure defines an ideal of “small” sets, namely the ideal of measure zero sets:
arbitrary subsets of measure zero sets are measure zero, and, under MA, every union of
less than 2% measure zero sets is again measure zero.

We now look at another ideal of small sets, namely the ideal of subsets X of R which
are nowhere dense in R: every nonempty open interval in IR has a nonempty open subin-
terval which is disjoint from X. The union of all such subintervals is open, dense in R,
and disjoint from X.

The BAIRE category theorem says that the intersection of countably many dense open
sets of reals in dense in R. We can strengthen this to:

Theorem 14. Assume MA, . Then the intersection of Kk many dense open sets of reals is
dense in R.

Proof. Consider a sequence (O;]i < k) of dense open subsets of R. We use standard
COHEN forcing P =Fn(w, 2, Ny) for the density argument. Since P is countable it trivially
has the ccc. For i < k define D; ={p € P|Vx € R(z 2 p— x € O;)}. This means that the
interval determined by p lies within A;. The density of D; follows readily since O; is open
dense. For n <w let D,,={p € P|n €dom(p)}. Obviously, D, is also dense in P. By MA,
let G C P be {D;|i < k}-{Dy,|n < r}generic. Let z =) G. p € GN D, implies that n €
dom(p) Cdom(x). So z:w— 2 is a real number. O

Since M Ay, is always true in ZFC, we get the BAIRE category theorem:
Theorem 15. The intersection of countably many dense open sets of reals is dense in R.

This says that dense open sets (of reals) have a largeness property, and correspond-
ingly complements of dense open sets are small.

Definition 16. A set A C R is nowhere dense if there is a dense open set O C R such
that AN O =10. A set A C R is meager or of 1st category if it is a union of countably
many nowhere dense sets.
Proposition 17.

a) A singleton set {x} CR is nowhere dense since R\ {x} is dense open in R.

b) A countable set C is meager.

c) A set A C R is meager iff there are open dense sets (On|n < w) such that A N

mn<w O" - @
d) R is not meager. Sets which are not meager are said to be of 2nd category.

Proof. ¢) Let A = Un<w A, be meager where each A, is nowhere dense. For each n
choose O,, dense open in R such that A, NO,,=0. Then

(U 4)n() 0)=An([) 0 =0.

n<w n<w n<w
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Conversely assume that AN (), _, On) =0 where each O, is dense open. (A\ O,)NO, =
(), and so by definition, every A,= A\ O, is nowhere dense. Obviously

U A, CA.

n<w

For the converse consider x € A. The property A N ( N, o 0,) = () implies that we may
take n <w such that x¢ O,,. Hence r€ A\ O, =A4,,. So A= U,..., An is meager.

d) If R were meager then there would be open dense sets (O,|n < w) such that R N
ﬂn<w O,,=0. But by Theorem 15,

RN () Ou=[) Ont0,

n<w n<w

contradiction. O

We would now like to show as in the case of measure that a union of < 280 small sets
in the sense of category is again small if MARTIN’s axiom holds.

Theorem 18. Assume MA, . Let (A;|i < k) be a family of meager sets. Then A =
U, -, Ai is meager.

Proof. Obviously it suffices to consider the case where each A; is nowhere dense. We
shall use MA, to find dense open sets (O,|n <w) such that

(U 4)n(() On)=An(() On)=0.

<K n<w n<w

The forcing will consist of approximations to a family (O, |n <w) of open dense sets which
makes this equality true.

The forcing conditions will consist of finitely many finite approximations to the O, .
Moreover there will be for every n a finite collection of ¢+ < k such that an approximation
to the equation holds for those i. We shall see that by appropriate density considerations
the full equality may be satisfied.

For ccc-reasons, much like in the argument of measure-zero sets, we only consider
approximations to the O, by finitely many rational intervals. Let

Z=A{(a,b)la,beQ,a<b}
the countable set of rational open intervals (a,b) ={c€R|a<c<b} in R. Now let
P={(r,s)|r:w—[Z], s:w— [k]~¥, {n <wlr(n) £ 0} is finite, {n <w|s(n) #+ 0} is finite,
Vn <wVi € s(n) A;N U r(n)=0}.
Define

(r', s <(r,s) iff Vn<w(r'(n)2r(n)As'(n)2Ds(n)).
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(1) (P, <) satisfies the countable chain condition.

Proof. Consider (r, s) and (r, s’) in P having the same first component. Then define s”:
w— [k]<¥ by s"(n)=s(n)Us'(n). It is easy to check that (r,s”) € P, and also (r, s") < (r,
s) and (r,s"”) <(r,s’). So (r,s) and (r, s’) are compatible in P.

An antichain in P must consist of conditions whose first components are pairwise dis-
tinct. Since there are only countably many first components, an antichain in P is at most
countable. ged(1)

For each n <w the following dense sets ensures the density of the O,, in R: for [ €7 let

D, ={(r',s")|3J€r'(n)JCI}.

(2) D, 1 is dense in P.
Proof. Let (r,s) € P. Let s(n) = {io, ..., ix—1}. Since A, ..., A;,_, are nowhere dense one
can go find intervals I D I;; 2... D Iy_1=J in Z such that A; N [;, =0. Define r": w — [Z]<¥
by ' [ (w\{n})=r[(w\{n}) and r'(n) =r(n)U{J}. Then (r';s)€ P, (r',s) < (r,s), and
(r',s)€ D, 1. qed(2)

We also need that every i < k is considered by some O,,. Define

D;={(r",s")|[In<wies'(n)}.

(3) D; is dense in P.
Proof. Let (r, s) € P. Take n < w such that r(n) = 0. Define s": w — [Z]<¥ by s’ | (w \
{n})=sl(w\{n}) and s'(n)=s(n)U{i}. Then (r,s") € P, (r,s")<(r,s), and (r,s’) € D;.
ged(3)

By MA, we can take a filter G on P which is generic for

{Dniin<w,l€Z}U{D;li<k}.

On UU{T’ |(r,s) € G}

(4) O,, is open, since it is a union of open intervals.

(5) O, is dense in R..

Proof. Let I € IT. By genericity take (', s') € GN D, ;. Take J € r’(n) such that J C I.
Then

For n <w define

@#JQU CUU{T’ |(r,s)eG}=0,.
ged(5)
(6) Let i <x. Then A;N (), ., On=0.
Proof. By genericity take (r',s') € G N D;. Take n <w such that i € s'(n). We show that
A;NO,=(. Assume not, and let x € A;NO,,. Take (r,s) € G and I € r(n) such that z € I.
Since G is a filter, take (r”, s”) € P such that (r”, s”) < (r, s) and (7", s”) < (v, s’). Then
Ier’(n),i€s"(n), and

zeAnIcAnr(n)40.

The last inequality contradicts the definition of P. ged(6)
By (6), U,-. AN, O,,=0, and so U,., Aiis meager. O
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3 Iterated forcing

MARTIN’s axiom postulates that for every ccc partial order (P, < , 1p) and D with
card(D) < 2% there is a D-generic filter G on P. Syntactically this axiom has a V3-form:
VPYDAG... . Vd-properties are often realised through chain constructions: build a chain

M=MyCMC..CM,C...CMsC...

of models such that for any P, D € M, there is some 3 > « such that Mg contains a
generic GG as required. Then the “union” or limit of the chain should contain appropriate
G’s for all P’s and D’s.

Such chain constructions are wellknown from algebra. To satisfy closure under square
roots (Vxdy: yy = x) one can e.g. start with a countable field M, and along a chain M, C
M; C M C... adjoin square roots for all elements of M,,. Then Un<w M,, satisfies the clo-
sure property.

In set theory there is a difficulty that unions of models of set theory usually do not
satisfy the theory ZF: assume that My C M; C M, C ... is an ascending chain of transitive
models of ZF such that (M, 11\ M,) N P(w)# 0 for all n <w. Let M, =], ., M,. Then
P(w)N M,¢ M, . Indeed, if one had P(w) N M, € M,, then P(w) N M, € M, for some n <
w and P(w) N M, +1 € M, contradicts the initial assumption. So a “limit” model of models
of ZF has to be more complicated, and it will itself be constructed by some limit forcing
which is called iterated forcing.

Exercise 2. Check which axioms of set theory hold in M, = |J
ascending sequence of transitive models of ZF(C).

M, where (M,)n<. is an

nw

Since we want to obtain the limit by forcing over a ground model M the construction
must be visible in the ground model. This means that the sequence of forcings to be
employed to pass from M, to M, has to exist as a sequence (Q5|ﬁ < k) of names in the
ground model. The initial sequence (Q 5|8 < ) already determines a forcing P, and Q,, is
intended to be a P,-name. If G, is M-generic over P, then furthermore @, = (Qa)Ga is
intended to be a forcing in the model M, = M[G,], and M, 1 is a generic extension of M,
by forcing with @), . The following iteration theorem says that any sequence (Q5|ﬁ <K)E
M give rise to an iteration of forcing extensions. In applications the sequence has to be
chosen carefully to ensure that some V3-property holds in the final model M, . Without
loss of generality we only consider forcings ), whose maximal element is ().

Theorem 19. Let M be a ground model, and let ((Qg, <p)|8 < k) € M with the property
that V3 < k:(. Then there is a sequence ((P,, <4, la)|a< k)€ M such that
a) (P, <a,la) is a partial order which consists of a-sequences;
b) Po={0}, <o={(0,0)}, 1o=0;
¢) If A<k is a limit ordinal then the forcing P, is defined by:
Py = {p A= VI[Vy<Aiply€P) ATy <AVBE [y, N p(B)=0)}

p<ag iff Vy<Xiply<,yqly
Iy = D]y<A)
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d) Ifa<r and 14Fp, (Qu, <a,0) is a forcing, then the forcing Pay is defined by:

Poy1 = {pa+l—=V|placP,Ap(a)edom(Q,)AplalFp, pla)€Qq}
P<at+1¢ ff pla<sqlaAplalkp, pla)<ag(a)
1a+1 = (@|’Y<O&+1)

e) If <k and not 1olp (Q, <a,0) is a forcing, then the forcing Payy is defined by:

Poy1 = {pra+1—=V|plaeP,Apla)=0}
P<a+1q ff pla<sqla
1a+1 = (@|’Y<O&+1)

((Pa, <a, lo)|a < k), and in particular P, are called the (finite support) iteration of the
sequence ((Qg, <g)|B<K).

Proof. To justify the above recursive definition of the sequence ((P,, <. , la)|a < K) it
suffices to show recursively that every P, is a forcing.

Obviously, Py is a trivial one-element forcing.

Consider a limit A < x and assume that P, is a forcing for 7 < . We have to show
that the relation <, is transitive with maximal element 1, . Consider p <) ¢ <, 7. Then
Vy<Xiply<,qlvyand Vy<Aq[y<,r[~vy. Since all <, with v <A\ are transitive rela-
tions, Vy <A:p [y <yr [~ and so p<,r. Now consider p€ P,. Then Vy<X:p[~vy€P,.
By the inductive assumption, Vy <A:p[v<,1,=1)[~ and so p<y1,.

For the successor step assume that a < k and that P, is a forcing.

Case 1. 1alFp. (Qn, <a,0) is a forcing.

For the transitivity of <,41 consider p <441 ¢ <a41 7. Then p [ a <o q¢ [ a A p |
alFp p(a)<qq(a) and ¢ Ja<ar [aAqlalkp, q(a)<qor(a). By the transitivity of <o: p|
a<qr [ a. Moreover p | alFp, p(a)<aq(a), plalFp, ¢(a)<.r(a) and p | alFp, “<, is tran-
sitive”. This implies p [ alFp, p(a)<.r(a) and together that p<gp ;7.

For the maximality of 1o, consider p € Pyt y. Then pla€ Py Aplalkp, pla)e @, .
Then p | @ <o 1o = las1 [ @ . Moreover p | a lFp, “D is maximal in <, implies that p |
alkp, p(a) <ol = lagi(a). Hence p<ay1lat:.

Case 2. Tt is not the case that 1,lFp. (Qy, <a, ) is a forcing.
For the transitivity of <,41 consider p <o41 ¢ <a41 7. Then p [ @ <, ¢ | @ and ¢ |
a <, [ a. By the transitivity of <,: pla<,ra and so p<,117.

For the maximality of 1,4 consider p € P,+1 . Then p | @« € P, . By induction, p |

a<qslyand so p<as1last. OJ

The term “finite support iteration” is justified by the following

Lemma 20. In the above situation let p € P.. Then

supp(p) = {a <r|p(e) # 0}
is finite.
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Proof. Prove by induction on « < k that supp(p) is finite for every ¢ € P, . The crucial
property is the definition of Py at limit A in the above iteration theorem. U

Let us fix a ground model M and the iteration ((Q4, <s)|8 < %) € M and ((Pa, <a ,
lo)|a < k) € M as above. Let G, be M-generic for P,. We analyse the generic extension
M, = M|G,] by an ascending chain

M:MongzM[Gl] :M()[H(]] QMQZM[GQ] :Ml[Hl] g QMQZM[GQ] Q QMH

of generic extensions.
Let us first note some relations within the tower (P,)a<. of forcings.

Lemma 21.

a) Let a <k, r:x—V, ¥y <a(r(y) €dom(Q.,) Vr(y) =0), and let supp(r) be finite.
Then 1 € Py iff Yy €supp(r):r [ylkp 7(v) € Qﬁ{.

b) Let a <k and p,q€P,.
Then p <aq iff Vv €supp(p) Usupp(q): p [ vIFp, p(7)<4q(7).

c) Let a< <k andpe Ps. Thenpla€P,.

d) Let a< <Kk and p<pq. Thenpla<,q|a.

e) Let a < <k, q€EPs,p <aqla. Thenp U (¢(v)la <y <p)€ Psandp U
(g(Va<y<B)<s9.

Proof. a),b) By a straightforward induction on a < k. Now ¢ — e) follow immediately. O

For a <k define G, ={pla|peG}.
(2) G, is M-generic for P, .
Proof. By (a), G, C P, . Consider p | a, ¢ | a € G, with p, ¢ € G,. Take r € G, such
that r <.p,q. By (b), rfa<,pla,qla. Thus all elements of G, are compatible in P, .
Consider p [ o € G, with p€ G, and ¢ € P, with p[a<,¢ . By (¢),
q=qUDla<y<r)

is an element of P, XXX and p <, ¢ XXX. Since G, is a filter, g€ G, and so § =q | a €
Gy . Thus G, is upwards closed.
For the genericity consider a set D € M which is dense in P,. We claim that the set

D={deP,|dlaeD}eM
is dense in P,: let p€ P,. Then pla € P,. Take d € D such that d <,pla. By (),

d=d U(p(y)la<y<r)eP;
and d <, p XXX.
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By the genericity of G, take p€ DNG,. Then plaeDNG,+0. qed(2)

So M, = M|G,] is a welldefined generic extension of M by G, .
(3) Let a < B< k. Then G, € M[Gg] and M[G,]| C M[Gg.
Proof . Ga={plalpeG:}={(plf) la|lpeCG:t={qlalqeGs} e M[Gy]. qed(3)

For a < k define

— Qo () — (QS™, <G, 0), if 14IFp, (Qu, <4, D) is a forcing
Qo= (Qus0) {({@},{@,@)},@),else

Then Q€ M,=M]|G,] is a forcing. For oo < k define

Ho={p(e)%|p€Gy}.
(4) H, is M,-generic for @, .
Proof . If it is not the case that 1, IFp, (Qu, <a, ®) is a forcing, then (Qu, <@, 0) = ({0},
{(0,0)},0) and H,={0} is trivially M,-generic. So assume that 1, IFp, (Q,, <a,0).
(a) HyC Qo . Let peG,. Then pla+1€ P,y and so plalFp, p(a) €@, . Since plac
G, we have that p(a)C e QS = Q.. qed(a)
(b) Let ...

(e) Let D, € M, be dense in Q,. Then D,N H,+ (.
Proof. Take D, € M such that D, = DS“. Take p € G, such that

plalkp, D, is dense in Q,,.
Define
D={deP.|d]alFd(a)eD,}e M.
We show that D is dense in P, below p. Let ¢ <, p. Then ¢q |

a
alF g(a)<qap(). Hence ¢ | a lFp, D, is dense in @, and there is d
d(o) € dom(Q,,) such that

N

aP [ aand g |
q | « and some

N

«

d IFp, (d(a)<ag(e) Ad(a) € Dy).
Define
d=d U{(a,d(@))} U{g(7)|la<y<x}.
Then by a and bde P,, d<.q, and d€ D.
By the genericity of G, take d€ DNG,. Then d(a)%€ H,, d ] a € G, , and d(a)% €
(Dg)6=D,. Thus HyN Dy 0.

() Mot1=M,[H,).
Proof. O is straightforward. For the other direction, if suffices to show that G,41 €
M,[H,], and indeed we show that

Gos1={q€Pri1|qla€GuA qla)¥€ H,}.
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Let ¢ € Gqy1. Take p € G, such that pJa+1=¢. Then qa=p|aec G, and g(a)% =
p(a)% € H, . For the converse consider q € P, such that ¢ | « € G, and ¢q(a)% € H,, .
Take pi, po € G, such that ¢ | a = p; | a and g(a)% = py(a)®. Take p € G, such that
p <. D1, p2 . We also may assume that p [ alF ¢(a) =p(a). pla<api|[a=¢qlaand p|
« ll—pap(a)<ap2(a) =q(a). Hence pJa+1<,41¢. Since pa+ 1€ Gyyq and since Gy 18
upward closed, we get ¢ € Goy1 -

3.1 Two-step iterations

A two-step iteration is usually defined as follows: consider a forcing (P, <p,0) and names
Q, < such that

1plF(Q,<,0) is a forcing.

and 0 € dom(Q)). Then the two-step iteration (P* @ ,<,1) is defined by:

PxQ = {(p,d)lpe PAgedom(Q)AplFpgeQ}
(P, q¢") < (p,q) iff p'<ppAp'IFp¢'<q’
1 = (0,0)

Then this two-step iteration can be construed as a standard iteration as follows: set kK = 2.
Let ...

3.2 Products of partial orders

A special case of a finite support iteration is a finite support product. So let M be a
ground model, and let ((Qp, <3 )|3 < k) € M be a sequence of forcings such that ) is a
maximal element of every (Jg . Define the finite support product H6<H s as the fol-
lowing forcing:

II @5 = {p:r—=VIVB<r:p(B)€Qp,supp(p) is finite}
B<k
p=gq it VB<r:p(B)<pq(5)
1. = (0|f<k)

We want to show that the product corresponds to a simple iteration. Define a sequence

(Qp<p)lB<r)eM

where Qﬁ is the canonical name for ()z with respect to a forcing which has the 3-sequence
15 = (0|7 < ) as its maximal element. (Note that the definition of = {(y, 1g)|y € =}
only depends on 13 .) Let the sequence ((Pa, <o , la)la < k) € M be defined from the
sequence ((Qg, <p)|3 < k) of names as in the iteration theorem.

Then there is a canonical isomorphism

m H Qs+ P,
defined by: pr— p’ where gen
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with respect to a partial order with maximal element 15 . It is straightforward to check
that this defines an isomorphism.

3.3 Analysing a product of Cohen forcings

4 Ideals and cardinal coefficients
Ideals capture (some aspects of) the notion of small sets.

Definition 22. A set Z CP(R) is an ideal on R if

a) if A,BeTI then ANBeTl

b) if AcZ and BC A then BeT

c) ifreR then {r}el

d) R¢T
An ideal is k-complete if for any family A CZ, card(A) <k holds |J A€I. An ideal is o-
complete if it is Ny-complete.

We have already considered the following ideals on R :

Definition 23. Define the ideals N ={X CR|X has measure zero} (the ideal of nullsets)
and M ={X CR|X is meager}.

Both these ideals are o-complete. They may have “more” completeness in certain
models of set theory. We saw in Theorem 9 that under MAy, the ideal M is Ny-complete.
On the other hand the continuum hypothesis CH implies that M is not No-complete. So
the value of the completeness of M is independent of the axioms of ZFC. To study such
phenomena one introduces cardinal characteristics that capture properties of ideal and
that may vary between different models of set theory. Sometimes these coefficients are
misleadingsly called cardinal invariants.

Definition 24. Let 7 be an ideal on R. Define the following cardinal characteristics:
—  add(Z) =min{card(A)|ACT, |J A¢ L} is the additivity (number) of Z
—  cov(Z)=min {card(A)|ACT, |J A=R} is the covering (number) of 7
— non(Z)=min{card(X)| X CR, X ¢ 7T}
—  cof(Z) =min {card(A)|ACZ,VBeZ3dAc A: BC A} is the cofinality of 7

Proposition 25. Let 7 be a o-complete ideal on R. Then
Ng < add(Z) < cov(Z) < cof(Z) < 2%
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and

add(Z) <non(Z) < cof(Z)

This can be pictured by the following diagram:

Proof. The inequalities
No < add(Z) < cov(Z)

are trivial. To show that cov(Z) < cof(Z) consider a cofinal family A C 7 with card(A) =
cof(A). Then |J A= R and so cov(Z) < card(A) = cof(Z).

To show non(Z) < cof(Z) consider again a cofinal family A C Z with card(.A) = cof(A).
For each B € A choose zg€ R\ B+ (0. Then X = {zp|B € A} has cardinality < card(A)=
cof(Z). Assume for a contradiction that X € Z. By cofinality take B € A such that X C B.
Then xp € X C B, contradiction. So X ¢ Z and

non(Z) < card(X) < cof(Z).
O
If the continuum hypothesis holds, then all these characteristics are equal to R; = 2%

So it is interesting to study the characteristics in models of ZFC in which N; £ 2%, The

obvious example that we can already study are the model for MA + R; #+ 2% and the
COHEN model for ;2™ and here one first looks at the ideals M and N,

Theorem 26. Assume MA. Then
add(M) = cov(M) =non(M) = cof(M) = 2%
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and

add(N) = cov(N) = non(N') = cof(N) = 2%
Proof. Because MA implies add(M) = 2% (Theorem 9) and add(N) = 2% (Theorem
18). 0

Theorem 27. Let M be a ground model of ZFC + CH, and let M F k is a regular car-
dinal >Ry . In M, let (P,<,1p) be the forcing for adding K COHEN reals:

P=Fn(w x k,2,8) ={p|p: dom(p) = 2Adom(p) Cw x kA card(dom(p)) < No},
partially ordered by reverse inclusion
pP<qiffp2q

and with weakest element 1p = 0. Let M[G] be a generic extension of M by P. Then in
M[G]

N; = add(N) = cov(N) < non(N) = cof(N) = 2%
and

N; = add(M) =non(M) < cov(M) = cof(M) = 2%
Let us first prove some properties of the “COHEN model” M|G].
Lemma 28. Let X Ck, X € M. Then
P=Fn(w x r,2,8) > Fn(w x X,2,R) x Fn(w x (k\ X), 2, )
15 isomorphic to a product forcing by the canonical isomorphism

p— (P X, pl(k\ X))
Setting G| X ={p[ X |peG} and G| (k\ X)={p[(k\ X)|pe G} we have:

a) G| X is M-generic for Fn(w x X, 2,Rg)
b) G| (k\X) is M-generic for Fn(w x (k\ X),2,R)
c) Gl (k\X) is M[G | X]-generic for Fn(w x (k\ X),2,R)
d) G| X is M|G | (k\ X)]-generic for Fn(w x X, 2,N)
Proof. These are standard results about product forcing. U

Lemma 29. For every real r € M[G] NP (w) there is some countable X C k, X € M such
that r € M|G | X]. Moreover consider a set S € M[G], S C P(w) such that
MIG] E card(S) < X where X is an infinite cardinal in M (and in M|G]). Then there is
some set X Ck, X € M, card(X) < A such that S € M[G | X].

Proof. It suffices to prove the second statement. Let S € M be a name for S, ie., S¢=9
and plFS CP(w) where peG. ... O

We now prove the conclusions of the Theorem.
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Lemma 30. M[G]Fcov(N)=N;.

Proof. Define in M[G]: for a <k set N,=M[G [k \ {a}]NP(w).

(1) (No|a < k) e M[G].

Proof. In M there is a set of “canonical names” for reals, when forcing with P [ ((r \ Ry) U
«). The interpretation function @ — 2 is definable in M[G]. So the above definition can
be carried out in M[G]. ged(1)

(2) P(w) NM[G] =, .y, Na follows directly from Lemma 29.

(3) N, is a measure zero set in M[G].

Proof. We already showed last term that in a generic extension by one COHEN real the
set of ground model reals becomes a measure zero set:

MI|GT1]E MNP (w) is a measure zero set.

Let us indicate the argument. We may identify P(w) with the unit interval [0, 1] C R. Let

e > 0. Take n € w such that 2—1“ < ¢e. Define intervals (Ix|k € w) from G [ 1. Define the
COHEN real c¢:w— 2 by

c(m):(U G)(m,0).

Then let
n+k+1 1 1 n+k+1 1
=0 =0
Then

1 1

k<w k<w

We show by a standard density/genericity argument that J,_ 12 M NP(w).
Replacing M by MG | k \{a}] and M[G [1] by M[G |k \ {a}]|G | {a}] we obtain the
claim. ]

Lemma 31. M[G]FEnon(N)=2%.

Proof. Let S € M[G], S C P(w) such that M|[G] F card(S) < 2% = k. By Lemma 29 take
X Ck, X €M, card(X) < k such that S € M[G | X]. Take a € x \ X. Then

SCM[GTX]NPw)CM[G[r\{a}]NP(w)= N,
which is a measure zero set in M[G]. O

Concerning meager sets we have to make some preparations concerning “codes” of open
sets in R . In a transitive ZFC-model N consider an open set A C R . A can be repre-

sented as
A= U c

where ¢ € N is a set of rational open intervals (r,s) CR, r, s € Q. We can view A as the
interpretation of the code ¢ within the model M and write A = ¢M. If N’ D N is another
transitive ZFC-model then ¢ € N’ and one can form

A’:cN/:U ce N’
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within N’. Then A C A’ and if RN N RN N' it is possible that A+ A’. Nevertheless we
may view A and A’ as the same open set, but interpreted in different models.

Definition 32. A G-code is a countable set ¢ of rational open intervals. The interpreta-
tion of ¢ is the open set
v = U c.

Lemma 33. Let ce N C N’ be a G-code. Then ¢V is dense open in N if ¢N' is dense open
in N'.

Proof. Let ¢V be dense open in N. Consider r,s € Q, r < s. By density take z € ¢¥ N (r,
s). Then z € V' N (r,s).

Conversely Let ¢V’ be dense open in N’. Consider 7, s € Q, r < s. By density, ¢¥' N (r,
s) # (). Take a rational interval (rg, so) € ¢ such that (rg, so) N (r, s) £ 0. Take ¢ € (1o, sp) N
(r,s)N@Q. Then g€ VNN (r,s). O

Note that a set X C R is nowhere dense iff the complement of X contains a dense
open set. A set A CIR is meager iff the complement of A contains a countable intersection
of dense open sets. Let us “code” countable intersections of open sets as follows.

Definition 34. A Gjs-code is a countable set d of G-codes. The interpretation of d is the

set
dV = ﬂ cv.

ced

As an explanation of the notations G and G note that in HAUSDORFF’s times, open sets
were called “Gebiet” with a “G” and countable intersections (“Durchschnitt” with a “d”)
were denoted by subscripts ¢ .

We show that COHEN reals “avoid” meager sets from the ground model.

Lemma 35. Let M be a ground model and let M[z] = M[H] be a generic extension of M
by the standard COHEN forcing P = Fn(w, 2, Rg): let H be M-generic for P and let z =
H € “2 be the associated COHEN real. Consider a set X € M which is meager in the

ground model and let d € M be a Gs-code for a countable intersection of dense open sets
such that X Nd™ =0. Then z € dM.

Proof. Let us identify R with “2, linearly ordered lexicographically, and let us identify @Q
with the elements of R which are eventually 0. Consider ¢ € d. Define, in M,

D={peP|3(r,s)ecVyeR(y2p—ye(r,s)}

(1) D is dense in P.

Proof. Let q € P. Since c™ is dense, there exists a real yy 2 ¢ such that yo € ¢M. Take (r,
s) € ¢ such that yy € (r, s). Take p € P, p 2 ¢ such that Vy e R(y D p—y € (r, s)). Then
p€D and D is dense. ged(1)
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By genericity take p € DN H. Then z O p and by the definition of D there is (r, s) € ¢
so that

z€(r,s)C M,
Since this holds for every c € d:

z € ﬂ MIE = gMI4],

ced

We can now continue the proof of Theorem 27:
Lemma 36. M[G]Fnon(M)=2y;.
Proof. In M[G] define the sequence (z;|i < k) of COHEN reals z;: w— 2 by

zl(n):(U G)(n,1).

We claim that A= {z|i <wi} ¢ MMIG - Assume not and let d € MIG] be a Gs-code for a
countable intersection of dense open sets so that

ANdMicl =g,

By previous lemmas take a countable X C x, X € M such that d € M[G | X]. Take i € wy \
X . Then de M|G [ (k\{i})]. We have

M[G]=MIG T (e \ {2 P][G T {i}] = MG T (s \ {i})][z]

where z; is a COHEN real with respect to the model M[G | (k \ {i}]. By the previous
Lemma
2. € MG\ DIz — gM (]

contradicting that ANdMCl=0. O
Lemma 37. M[G]F cov(M)=2%.

Proof. Assume for a contradiction that (A¢|§ < A), A < K is a sequence of meager sets
such that R = U§</\ Ag . For each £ <\ choose a Gs-code d¢ such that A:N déw[G] =(. By
Lemma 29 take X C k, card(X) = card(\) + X such that

VE<Adee MG T X].
Take i € k \ X. Then

VE<Adee MIG T (k\{i})]
As above
20 € MICIR\EDIIE] _ g
for all £ <A. Hence
ZZ¢ U Ag = IR,
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contradiction. O

5 The CICHON diagram

We want to relate cardinal characteristics of the ideals A" and M in a joint diagram called
the CICHON diagram. We first have to define two more characteristics.

Definition 38.
a) Define the partial ordering <* of eventual domination on w* by
f<rgiff Im<wVne |m,w): f(n) < g(n).
b) The bounding number is
b=min {card(F)|F C*w,Vge“w3f € F: f £* g},
i.e., the smallest cardinality of an unbounded family in <*.
¢) The dominating number is
0 =min {card(F)|F C¥,Vge“wdf e F: f<*g},
i.e., the smallest cardinality of a cofinal (or dominating) family in <*.
Lemma 39. b<0.

Proof. Every cofinal family is unbounded. U

The following diagram records provable relations between the cardinal characteristics
introduced so far. An arrow —— stands for the < -relation between cardinals. Some
inequalities have already been proved:

Th. 41 L. 25
cov(N) — > non(M) — = cof(M) ————> cof(N)
L. 25 L. 39
b 2 L. 25
add(N) — = add(M) W cov(M) Th 41 non(N)

It is remarkable that there are inequalities connecting the ideals N' and M.

Lemma 40. There are sets A € N and B € M such that AUB =R, i.e., R is the (dis-
joint) union of two sets which are both “small”.
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Proof. We work with the standard reals R . Let (g,|n < w) enumerate the rational num-
bers. For m <w let

1 1
Un= U (Qn_%a Qn‘l'%)'

. . n>m
U, is dense open in R and

1 1 2 2

n>m n>m

Let A= ﬂmew U,, . By the calculation of the sum of interval lengths, A is a measure zero

set, i.e., A€ N.
R\ Uy, is nowhere dense. Then B=]J, _  (R\U,) is meager, i.e., B € M. Moreover

2¢ Aodm<w:iz¢ Up—dIm<w:ze(R\U,) < z€B.
U

Theorem 41. (ROTHBERGER, 1938) cov(M) < non(N) and cov(N) <non(M).

Proof. Let Ac N and B € M such that AU B =R as in the preceding Lemma.
(1) Let X¢ M. Then X + A={z+alreX,ac A}=R.
Proof. Let z€ R. Then z — X ¢ B. Take x € X such that z —2x € A. Then z€x+ A€
X+A. ged(1)
Now take X ¢ M with card(X)=non(M). Then

R=X+A=|] (z+A4).

rzeX

The right hand side is a covering of R by < card(X) many sets in N. So cov(N) <
card(X) =non(M).

The proof of the other inequality proceeds in the same way, with M and N inter-
changed. O

Before we prove further inequalities in the CICHON diagram let us check the values in
the diagram in the models of set theory considered so far.

If we assume MA or CH then we know already that all entries except possible b or 0
are equal to 2%

Lemma 42. Assume MA . Then b=2% (and so 0=2%).

Proof. Let F' C“w and card(F) < 2%. It suffices to show that F' is bounded in the struc-
ture (“w,<*). Define HECHLER forcing by
P={(a,A)]a € ~“w, A C%,card(A) <Ny}
with
(@', A< (a,A) iff a'Da,A’D A, and Vn €dom(a’) \ dom(a)Vf € A:a’'(n) > f(n)
and 1p=(0,0).

(1) HECHLER forcing has the ccc.
Proof. If (a, A), (a, B) € P with the same “stem” a, then they are compatible:

(a, AUB) < (a, A),(a,B).
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So if C is an antichain in P, then the map (a, A) — a is injective on C. Since there are
only countably many possible stems a, card(C) <Ng. ged(1)
For every f €“w set

Diy={(a,A)e P|f A}
(2) Dy is dense in P.
Proof. Since (a, AU{f})<(a,A) and (a, AU{f})€ Dy. qged(2)
For every n <w set

D,={(a,A) € Plnedom(a)}.

(3) D,, is dense in P.
Proof. Let (b, B) € P. Define a:n+1—w by

ali) — b(i), if i € dom(b)
O={ mk (e 1

Then (a, B) < (b, B) and (a,A) € D,,. qed(3)
By MA take a {Dy|f € F'} U{D,,}-generic filter G on P. Let

h=|J{al(a, A)eG}.

Then h:w— w, since G meets every D,,.

(4)VfeF: f<*h,ie., F is bounded.

Proof. Let f € F. Take (a, A) € GN Dy. Let m =dom(a). Consider n € [m, w). Let (d/,
A’y € G such that n € dom(a’). Since all elements of G are compatible we may assume
that (a’, A’) < (a, A). Then

h(n)=a'(n) > f(n).
Hence h >* f. O

So under MA or CH all entries in the CICHON diagram are equal to 2%,

In the COHEN model for 2% = x > R; we have from our previous analysis:

cov(N) =8> non(M) =Ry > cof(M)=2%—> cof(N) =2%

add(N) =Ry add(M) =Ry cov(M) =2%—"> non(N) =2%
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We now determine that the values of b and 0 are consistent with the diagram:

Theorem 43. Let M be a ground model of ZFC + CH, and let M F k is a regular car-
dinal > Wy . Let M[G] be a generic extension of M by the partial order for adjoining
COHEN reals using finite conditions. Then, in M|G], b=, and o =2%0.

Proof. We show that the first ¥; COHEN reals are unbounded. On the other hand no
family < 2™ can be cofinal in “w since there will always be a COHEN real which is not
dominated. We have to decide whether we shall use 0/1-valued reals or w-valued reals. O



