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Introduction

We work in the base theory ZF + DC. Most of the the time we will
also assume AD.

General Question: Describe the exact large cardinal properties of
all of the cardinals k < © assuming AD.

The large cardinal properties must have versions that can be
stated in a choice-less context.

Some examples: supercompact, measurable, Rowbottom,
Jonsson.

Strength can also be measured in terms of partition properties.

General Question: Describe the exact partition properties of all the
cardinals below © assuming AD.
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Large Cardinal Properties

Large Cardinal Definitions

Definition
k is measurable if there is a k-complete ultrafilter on «.

From AD every ultrafilter on a set is countably additive, that is, is a
measure.

If x is measurable, then x has a normal measure. In general, k may
have many normal measures. We say a measure u on k is
semi-normal if u(C) = 1 for every c.u.b. set C C «.
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Jonsson and R ttom
AD Cardinal structure

If x is measurable, then « is regular. However, « need not be large.
Solovay showed w; is measurable.

Moschovakis, Martin, Kunen showed all the &2 are regular and
then measurable.
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Large Cardinal Properties

AD Cardinal structure

There are other regular cardinals below the projective ordinals, and
these were shown to be measurable as well.

Using techniques of inner-model theory Steel showed:

Theorem (Steel)
(AD + V = L(R)) Every regular x < © is measurable.

The proof also showed HOD(x) satisfies the GCH below ©.

So, any wellordered collection of subsets of k < © has size < k™.
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Large Cardinal Properties Partition Pr
g bottom

ture

Supercompactness

Definition
k is A-supercompact if there is a fine, normal measure on P,(1).

Solovay showed that w; is < © supercompact from ADg. This was
shown from AD (for < 6%) by Harrington Kechris., and Woodin for
< 0.

Becker showed that w, is 6f-supercompact from AD.
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Supercompactness
Large Cardinal Properties Partition Properties

Jonsson and R ttom
AD Cardinal structure

We showed all the 8% are §7-supercompact.

We generalized this too show:

Theorem
All the regular x which are Suslin or the successor of a Suslin are
62- supercompact.
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Supercompactness
Large Cardinal Properties Partition Properti

Jonsson and R

AD Cardinal structure

Question
How supercompact are the other regular cardinals?

In particular, how supercompact are the other regular cardinals
below the projective ordinals?

Many questions about supercompactness measures remain.

A theorem of Woodin says that the supercompactness measures
on P, (1) are unique. This does not hold for x > w;.

Question
How many supercompactness measures are there on $,(1)?

For example, there are at least two distinct supercompactness
measures on Py (67).
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Large Cardinal Properties

Partition Properties

Recall the Erdés-Rado Partition notation.

Definition

k — (k)1 if for every partition P: (k)* — {0, 1} of the increasing
functions from A to « into two pieces, there is a homogeneous
H C « of size «.

We say « has the strong partition property if k — («)*, and say «
has the weak partition property if x — («)* for all A < «.

In ZFC no infinite exponent partition relations hold. So, ZFC large
cardinals properties formulated using partition properties (e.g.,
Ramsey, Rowbottom, Jonsson) use exponent < w.
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Jonsson and R ttom
AD Cardinal structure

We usually use a c.u.b. reformulation of the partition property. This
involves the notion of type of a function.

Definition

We say f: @ — On has uniform cofinality w if there is an

f': @ X w — On which is increasing in the second argument and
f(8) = sup, f'(B, n) for all B < c.
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Large Cardinal Properties

AD Cardinal structure

Definition
f: @ — On is of the correct type if f is increasing, everywhere
discontinuous, and of uniform cofinality w.

We can likewise define uniform cofinality w;, wo, etc.

More generally, for any g: @ — On we can define f having uniform
cofinality g: there is an

' {(B.7): B< .y <9g(B)
with f(B) = sup,, f'(8,7).

We use frequently the “almost everywhere” versions of these
notions with respect to some measure ¢ on dom(f).
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Large Cardinal Properties

AD Cardinal structure

Example

For functions f: w; — w; there are two uniform cofinalities almost
everywhere with respect to the normal measure on w;. Namely,
f(a) has uniform cofinality w and f(a) has uniform cofinality a.

For functions f: 1 — « of type g, let ” = o.t.(dom(g)).

The partition relation « — (k)" induces a partition relation
k — (x)* of functions f: 1 — « of type g with c.u.b. homogeneous
g

sets (increasing, discontinuous, and of uniform cofinality g).
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Large Cardinal Properties

AD Cardinal structure

The simplest type is:

Definition

f has the correct type if f is increasing, discontinuous, and of
uniform cofinality w.

Example

We have the strong partition relation on w1 for functions of the
correct type, and also for functions of type g(a) = .

The first induces the w-cofinal normal measure on w5, and the
second the w1-cofinal normal measure on ws,.
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Jonsson and R ttom

AD Cardinal structure

An easy argument shows that

k= (k) =k — (k)

g

We say « = (k)1 if the c.u.b. version of the partition property
holds for f of the correct type.

On the other hand, x —> (k) implies x — (k)4
C.u.n.

So, for A = w - 4, the usual version x — (x)* is equivalent to the

c.u.b. version x — (k)4
c.u.b.
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Jonsson and R ttom
AD Cardinal structure

We officially adopt the c.u.b. versions of the partition properties.

» k — («)? implies (using c.u.b. version) that « is measurable.

v

In fact, the w-c.u.b. filter is a normal measure.

v

This implies k — (k)<“.

v

So, k is measurable iff k — (k)2 iff k — (k)<.

So, assuming V = L(R), this holds for all regular cardinals « < ©.
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Supercompé
Large Cardinal Properties

Jonsson and Rowbottom Cardinals

Definition
k is Jonsson if for every f: k*“ — k thereisan A C k, |A| = k such
that f/(A<) # «.

Equivalent to the non-existence of a Jonsson algebra.

Definition
k is Rowbottom if for every f: k*“ — § < k, there is an A C k,
|A] = «, with f”(A<“) countable.
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Jonsson and Rowbottom

AD Cardinal structure

ZF facts.

» Measurable = Ramsey = Rowbottom = Jonsson.
» A singular Rowbottom cardinal must have cofinality w.
» Jonsson cardinals imply 0% exists.

Some ZFC facts.

» Jonsson and Rowbottom cardinals are equiconsistent.
» It is consistent that every Jonsson cardinal is Ramsey.

» (Tryba, Woodin) If x is a regular Jonsson cardinal then every
stationary S C « reflects. In particular, successors of regulars
are not Jonsson.
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Jonsson and Rowbottom
AD Cardinal structure

Using the cardinal structure given by AD we showed.

Theorem (J, Lowe)
Assume AD. then every cardinal below N, is Jonsson.

Woodin then showed using inner-model theory:

Theorem (Woodin)
Assume AD + V = L(R) (and so forth). Then every k < © is
Jonsson.

We also believe we can show:

Theorem (J, Lowe)

Assume AD. Every cardinal below N,,, of cofinality w is
Rowbottom.
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Jonsson and Rowbottom
AD Cardinal structure

Question
Assume AD. Is every cardinal « < © of cofinality «w Rowbottom?

Question
What partition properties do the various cardinals below N, have
assuming AD? What about general cardinals below ©?
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Large Cardinal Properties
bottom
AD Cardinal structure

Review of cardinal structure

We assume AD henceforth.

Definition
6,1, is the supremum of the lengths of the A,l, prewellorderings of
the reals.

> 0] = w1, 03 = Wyi1, O = Wy 1, 05 = W, (5)41, ELC.
(@(n+1) = ).
1 1
> 05n10 = (62541) "
> één—i—l = (/12n+1)+ where COf(/lz,H_l) = w. The /12,H_1, één—i—l
are the Suslin cardinals below the projective ordinals.

» The same pattern continues below X, .
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Jonsson and Rowbottom
AD Cardinal structure

> 83,4 has the strong partition property.

» There are 2"*1 — 1 many regular cardinals between 6§n+1 and

1
62n+3'

> All the successor cardinals between &3, , and 83, ; have

2n+ 2n+43
cofinality > 63,,_ ;.
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Large Cardinal Properties
bottom
AD Cardinal structure

Picture of the Cardinal Structure

[ | | | | | | | |
(lufﬁ cluz (lus 6|<)4 /i f§3 W42 (luw-2+1 (luww+1 ks $é
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Below 63

Below 43

Theorem
All the wp are Jonsson and w,, is Rowbottom.

We give the proofs using methods that will generalize (which we
sketch later).

Definition
W™ is the m-fold product of the w-cofinal, normal measure on w;.

W™ is the measure induced from the weak partition relation on 67
and the ordered set {1,2,..., m}
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Level 2-Trees
wn
w, Rowbottom

Below 63

Fact (Martin)
If k has the strong partition property and u is a measure on «, then
ju() is a cardinal.

Fact
If k has the strong partition property and u is a semi-normal
measure on «, then j,(«) is a regular cardinal.

Lemma
Jwp(w1) = wmy1.
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Below 63

Consider the algebra with single generator v, and operation &. So
thetermsaret=v, ®---® Vv,
————

m

We assign o(v1) =1, and o(s @ t) = o(s) + o(t),so o(t) = m
above.

We have an ordering <; associated to the term t, namely the order
type of m.

Corresponding to this term we associate two measures.

So, o.t.(t) = order-type of <;= m.
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Below 63

¢
wy Rowbottom

wlift(t) is the measure defined by the weak partition relation on 8}
and <;. So, wlift(t) = W;".

slift(t) is the measure on wpy41 induced from the strong partition
relation on 67 and the measure wlift(t).

The measure slift(t) depends on the way in which we identify
(w1)™ with w; (there are (m — 1)! ways to do this).

It turns out not to matter, so we take reverse lexicographic order
(first by largest, then next largest, etc.).

The fact that the ordering doesn’t matter is related to the “global
embedding theorem.”

S. Jackson AD, Large Cardinals, and Partition Properties



Below 63

Types of Functions on (w;)"

Fact
Iff: (w1)" — On, then there is a W]' measure one set restricted to
which f is ordered by:

f(a'l, Ceey an) < f(ﬂl, .. ,ﬂn) iff (a/,r(l), . ,a/,,(j)) <lex (ﬂﬂ(l), c.. ,,3,,(1'))

where n = (n(1),...,7(j)) (j < n) is a partial permutation.

If f: (w1)" — w1, then 7(1) is maximal. If j = n we say f depends
on all its arguments.
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Below 63

w, Rowbottom

Fact
Iff: (w1)™ — On, then almost everywhere f(&) either has uniform
cofinality w or has uniform cofinality a,xy for some k < j.

In the latter case there is a partial permutation n” extending 7
which determines the uniform cofinality.

Example
If f: (w1)® — wy has type 7 = (3,1,2), and f(a1, @2, a3) has
uniform cofinality a,, then 7’ = (4,1, 3, 2).

The possible types are described by (7, w), (m,7’), or (x, s) (the
latter for continuous functions).
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Below 63

Convention: For f: (w1)" — w1, we write the arguments to f in any
order.

Definition
Let f: (w1)" — w1 be oftype r = (n, fp,...,in). FOor 1 <j < n, we
define the j'" invariant, f(j) (of type 7 1 j), by:

f()(an, @iy, . .., @;) = sup{f(an,...,@;): @ = nx}.
Also,

o (an, @i, - . ) = sup f(j)(an, @ ..., ;. B)
ﬁ<a,'j
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Below 63

Example
Suppose f: (w1)* — wy has type 7 = (4,1,3,2). Then

f(3)(a.B,y) = sup f(a,n.B,7)
n

f(2)(e. B) = sup f(a, 111,112, B).-

Given two functions f,g: (w1)" — w1, there is a W]’ measure one
set on which they are ordered as follows.

Say f has type (n,7’), g has type (o, 0”). Say [f] < [g].
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Below 63

Let jm < nbeleastsuchthatz’ | (jm+ 1) 2 0’ | (jm + 1).

jm — Lis largest j such that [f(j)] could equal [g(j)] for functions of
these types.

Then there is a j < j, such that (almost everywhere)

fla,...,an) < 9(B1,...,Bm) iff (a/,,,a',-z,...,a',}) <tex (BnsBis - - - Bi )-

Notethatz ' j= o I'j. Here (n,io,...,j;)) =n [ j=0 [].
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Below 63

This generalizes immediately to finitely many functions.

An arrangement of finitely many functions can be described by a
level-2 tree of uniform cofinalities R.

This is a function with domain a finite subtree of w<“ satisfying:

v

R(0) = (1) (the unique permutation of length 1).

R(i, - .., ik) is either the symbol w, the symbol s, or a
permutation extending R(i, . .., ik-1)-

If R(7) = w or s, then 7' is maximal in dom(R).

If R(ia, ..., k) = s, then iy is least node extending
(il, ey ik—l)-

v

v

v
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Below 63

Picture of a Level-2 Tree

(2,1) w (2,1)

(3,1,2)

(3,2,1) (3.2,1) o (3,1,2) w

(4,1,3,2) w
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Level 2-Trees
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Below 63

Given the level-2 tree R, we define an ordering <g.

dom(<g) is the set of tuples (a1, i1, . . ., ak, ik) where (i1, ..., i) is a
terminal node of dom(R) and (a1, ..., ax) = R(i1,. .., k-1).

We say f: dom(<g) — w; is of type R if f is order-preserving,
discontinuous (except for s case), and f(a, i1, . - ., @k, ik) has
uniform cofinality as specified by R(ix, ..., k). If R(i1,....,ik) =S,
then f(aq, i1, ..., ax, ik) is the supremum of smaller values for limit
ak and of uniform cofinality w otherwise.
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Below 63

Lemma
Suppose f: dom(<g) — w; and there is a c.u.b. C such thatf | C
is of type R (f [ C means all the a; are in C). Then there is an f’
satisfying:

» f has type R.

» " = f almost everywhere (i.e., f' | D = f | D for some c.u.b.

D).
» ran(f’) C ran(f).

Proof.
Define f’(al, Iy ..., k, ik) = f(fc(al), i,..., fc(ak), ik),
where £c() is the o™ element of C.

This f works. m]

S. Jackson AD, Large Cardinals, and Partition Properties



Below &2
3 w,, Rowbottom

wp IS Jonsson

Fix F: (wn)<¥ — wp.
Let Ry, R2, ... enumerate the level-2 trees describing an
arrangement of functions fi, ..., fy, fni1: (w1)"t — w1. We

assume each f; is of type (r,w) wherer = (n—-1,1,2,...,n-2).

For each i, consider the partition #; of functions f: dom(<g,) — w1
of type R; according to whether F([fi],..., [fm]) # [fm+1]-

Here f induces the functions fi, ..., fym41.
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Below 63

Claim
On the homogeneous side of each P; the stated property holds.

Proof.

Suppose C were homogeneous for the contrary side. Let C’ =
limit points of C. Fix f: dom(<g,) — C’ of type R;. Replace f by g
where g(a1, i, ...,a@n-1,in-1) = f(---) except when 7’correspond to
fm+1 in which case we set

g(@,it,...,@n-1,in-1) = Ne(flas, i, ..., @n-1, in-1).
Here N¢(«) is the least element of C greater than .

Then g is also of type R;, has range in C, and induces
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Below 63

Let now C; be homogeneous for the stated side of #;, and let
C= m,' C,‘.

Let A = {@ <wp: a = [f],f: (w1)"t — C,fof type (x,w)}.

Easily A has size wy. Fix g: (w1)"! — C of type (r, ).

Claim
[9] ¢ F"(A=“).

Proof.

Suppose [g] = F([fi], ..., [fm]). Let i be such that
fi,...,fn, fme1 = g has type R; almost everywhere.

By the lemma, get f], ..., ff,, f, ., in C everywhere. This
contradicts the homogeneity of C C C;. O
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3 w, Rowbottom

w,, 1S Rowbottom

Fix a function F: (w,)<“ — wy, for some n.

Let R1, Ry, ... enumerate the possible level-2 trees giving the
types of finitely many fy, ..., fi where [f] < w,,.

For each i, let R; denote the type induced by R; by restricting to
n — 1 invariants of the f;.

This is equivalent to restricting the tree R; to nodes of height
<n-1.
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Below 63

Example

Sayn=3,k=3(.e, f, h, ), and R; and R; as shown. Here R;
corresponds to fi, f, f3 representing a1, @y < wg, @z < wy. Also,
[11(1)] = [2(1)] < [(1)] and [A(2)] < [£(2)].

(1)

(21) (21 (2.1)

321) o (312 (321

(4,2,3,1) (4,2,1,3)
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Below 63

For fixed R; corresponding to fi,..., fi, a non-terminal node
p = (i1, 2, ..., in), we define an R; , extending R;.

Rip has a copy of the tree R; below the node p copied to below p
and put completely above the original copy.

This corresponds to adding new function g4, ..., g, of the same
type as fi, ,f where we assume fi, ..., f, correspond to nodes
below p. Note that g,(n—1) = fy(n—1) for ‘1 < a,b < ¢.
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Below &2
3 w, Rowbottom

Example

If j of the previous example corresponds to the node labeled
(3,2, 1) then we have the following.

(4,2,3,1) (4,2,1,3)
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Below 63

w, Rowbottom

The Partition: We partition f of type R;, according whether

F(lal .. [t [fevals - T]) = Flaals - el [fevals - [k)-

Here f: dom(<qgi’p) — wj induces fi,...,frand g1, ..., gs.

Claim
On the homogeneous side of the partition the stated property
holds.
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Below 63

The claim follows easily from a sliding argument and the following.

Fact

For any c.u.b. C c w; there is an fdom(<g,) — C such that there
are 6 > wp, many f,: dom(<g,) — C such that all pairs (f,, fz) have
the same n — 1 invariants and are of type R;p.

Proof.
Given a = [h], h: (w1)"! — w,, define f, using

f(l(ala il, cees -1, in—l, an, ..., ’m) =

f(al, il, ooy n-1, in—l, h(a'z, ey a/n), ey im).

The argument here uses the special types
n=(n,1,2,3,...,n— 1) we are considering, but the proof can be
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Below 63

From the fact the claim follows since F has range in wn-1 < 6.
Let C C w; be homogeneous for all the partitions.

It follows that for a; = [fi1],...,ax = [fk] with the f's having range in
C of type «, the value F(eq,...,ak) depends only on the type R;
and the n — 1 invariants fj(n — 1).

Let D C C be the set of closure points of C

Fix f of type minto D. Let A C w,, be the set of g of type
(m,1,2,...,m—- 1) for some m > n with range in C.

Then |A| = w, and F | A<“ takes only countably many values
(depends only on the type R)).
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1 A Cardinal Computation
Below 65

Below 6z

Most of the arguments given above for the cardinals below 6% are
general.

We need a representation of the cardinals below &3 which will
allow us to use these arguments.

Such a notational system was described (and proved) below 6% by
J. and Khafizov, and later by J. and Lowe for the general case
één—i-l'

Recall that before we had the algebra generated by a single
generator vy. This algebra A; has height w.

We now extend this algebra.
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The General Algebra
Rowbottom Example

1 A Cardinal Computation
Below 65

The General Algebra

Have generators vi,Vo, Vs, ..., Vg,... and operations &, ®.

Let A, be the free associative, left-distributive algebra over
{vg: B <al.

For the cardinals below 6% we only need the first w many
generators.

Let s, t, etc. denote terms in this algebra.

For example t =v; @ ((v1 ®V2) ® V2) @ (V4 ® V3) € As.
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The General Algebra
Rowbottom Example
A Cardinal Computation

o1
Below 65

Each term can be viewed as a tree, exactly as in the case of
ordinal arithmetic.

Example
Fort=vi @& ((v1 ®Vv2)®V2) @ (v4 ® v3) we have the tree:

/\
/\l

Vg
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The General Algebra
Rowbottom Example
A Cardinal Computation

o1
Below 65

We inductively assign to each generator v,, an ordinal height o(v,)
and a measure g(v,) which lives on an order-type 0.t.(v,).

We then extend these assignments to general terms t € A:
o(t) € On is the height of t, g(t) is the germ of t (a collection of
measures), and an order-type o.t.(t).

Fix an ordering on the n-tuples, say the Gédel ordering (order first
by largest element, then next largest, etc.).

We define o(t) first.
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The General Algebra
Rowbottom Example
A Cardinal Computation

o1
Below 65

Definition
We define o(t) inductively through the following.
> O(V]_) =1

» o(set) =o(s)+ o(t)
» o(s®t) = o(s)-o(t).
» 0(vy) =supfo(t): t € Ay}

This gives: o(v1) =1, o(vz) = W, o(v3z) = w”
o(vs) = w”,...,0(vp) = 0"

For a > w, 0(Vy) = 0"
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The General Algebra
Rowbottom Example
A Cardinal Computation

o1
Below 65

Definition

S{ is the measure on wp 1 induced by the strong partition relation
on ws, functions f: (w;1)" — w; of type 7 = (n,1,2,...,n—1) and
the measure W}’ on (w1)".

Note that 511 is the w-cofinal normal measure on w». Also,
S; = slift(vy - n) (using (n,1,2,...,n - 1) inidentifying (w1)" with
wl).
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The General Algebra
Rowbottom Example
A Cardinal Computation

o1
Below 65

Definition
We define g(v,) for n < w as follows.
» g(v1) = the principal measure on 1 (a single point).
O.t.(V]_) =1.
> g(Vz) = Wil O.t.(Vz) = w1.
> g(V3) = S% O.t.(V3) = Wwy.
> g(Vn) = Sf_z. o.t.(Vn) = U.)n_l.
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The General Algebra
Rowbottom Example
A Cardinal Computation

o1
Below 65

For t € A, let T; be the finite tree with nodes labeled by generators
corresponding to t. Then g(t) is the collection of measures {y"'}
for (i1,...,ik) € Tt

Let <; be lexicographic ordering on tuples (i1, f1, . .., ik, k) where
(i1,...,ix) € dom(T;) and gj < o.t.(g(v")).

Then o.t.(t) is the length of <;. This is obtained from the o.t.(v')
using +, - as in the case of o(t).

Example
Fort=vi®((vi®Vv2)®V2)® (V4 ®V3) we have
ot()=1+(1+w) w+tw’ o =uv”
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The General Algebra
Rowbottom Example
A Cardinal Computation

o1
Below 65

Definition

wlift(t) is the measure on &3 induced by the weak partition relation
on &3, function f: dom(<;) — &% continuous (uniform cofinality w at
successors), and the measures g(t).

slift(t) is naturally a measure on tuples ', 7€ T;.

Definition

slift(t) is the measure on j,(63), u = slift(t), induced by the strong
partition relation on &3, functions F: 83 — &3 of the correct type,
and the measure slift(t) on 3.

As before, slift(t) depends on the bijection between (63)" and &3
used.
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Theorem
Forany t € A, and u = wlift(t), j,(63) = 8y o(r)+1-

So, we represent the successor cardinals 6% <K< 6% as
K = jwiite (t)(03) for t € A,,.

Recall the successor cardinals 87 < k < 65 were represented as
k = jwire(y)(67) for t € Ay
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This representation has other applications. For example, we can
easily read off the cofinalities of the successor cardinals.

Theorem
Suppose 63 < Ro41 < 0. Leta = Pt + - + P, where
w® > B1 = --- = Bn, be the normal form for a. Then:

> IfBn = 0, then cof(k) = 65 = Nu+2.
» If Bn > 0, and is a successor ordinal, then cof(k) = N,.241.
» If B, > 0 and is a limit ordinal, then cof(k) = Nyw41.
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A Rowbottom Example

The proofs of Jonsson and Rowbottom are now similar to the
arguments given earlier below &3

Example
We sketch the proof that x = N .2 is Rowbottom.

N w2 = sup, Nye.n, SO We consider the terms

Lh=V3®Vo®:---QVo.
~— ——

n

Analysis of types of functions and the sliding lemmas are proved
as before.
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If f: dom(<,,) — 63, then we define the invariants f(0),
f(1),...,f(n) = f (note: we regard f as being from (w1)" to 63
having uniform cofinality w,).

f represents (ag, a1, - . .,ap), Where ag = sup(f), a; = [f(1)], etc.

We identify @ with an ordinal by ordering first by aq, then say by a4,
etc.

We consider F: 61 - 61 of the correct type. We define the
invariants F(1),.. (n +1) =

F(j)(ao,...,aj-1) = sup F(ao,...,an).
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We sketch a proof of the key point:

Lemma

LetC C 6% be c.u.b., and § < 8 w2. Let n < w. Then there is an
F: dom(up) — C such that there are 6 > 5 many [F’] for

F": dom(um) —» C with F'(n+1) = F.
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Proof.
Consider the ordering <’ on tuples (ao, . . ., @n, 8) Where
@ € dom(un) and B < h(ay) for some fixed function h: 63 — &3

Choose m > n and h so that the function G(ao, - ..,am) = h(ao)
satisfies [G],,, > ¢.
Fix F: dom(<’) — C’ of uniform cofinality w;. .

Fory = [H]y, < [Glu, Set

Fy(ao,...,an) = F'(ao,...,an, H(ao, ..., am)).
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A Cardinal Computation

Example

We consider the cardinal k = N 2 ,3,,. We identify a description
giving this cardinal and the corresponding term in the algebra A,,.
We sketch a proof that these actually represent this cardinal.

Lett = (V3 ®V3) &b (V2 D Vo GBVz).
So, o(t) = w2 + w- 3.

Also, O.t.(t) =wy wy +wi-3.
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We define a description relative to the measure sequence
W, Sy, W5, S2, W2

We denote elements of these measure spaces by: f, hy,
(71, 12.m3), ha, (a.7m5) = £, h.

d is the object which defines the ordinal in the iterated ultrapower
assigning to f, hq, ..., the ordinal

(d; f; hy, (111,12, m3), ha, (172, 115)) < w3 which is represented w.r.t.
WZ by (a.pB) ~ (d; f; h; (@, B)) where:

d(fv E)v (l’,ﬂ) = hf(ﬂz’ ns, hg(z)(US’ CL’),ﬂ).
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Let u = slift(t). So, u is a measure on &5
Let k1 = j,(63). So, k1 > .

Letk, = (d; f; ﬁ) be the ordinal represented by the description.
From the description analysis, x» < «.

To finish, it suffices to show that x; < k,. It then follows that
k= ju(63) = (d: f; h).
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We define an embedding 7: j,(63) — (d; Wa; S, W2, S2, W2). For
F: 63 — 83 representing [Fly, let 7([F]) be represented in the
iterated ultrapower by:

x([F1)(f; h) = F([6]),
where 6: <;— &3 is defined as follows.
For 61 < 02 < 63 < wy, let
0(61,02,03) = f([(a. B) = hi(n2, 13, h3(na, 61, 62,63). B)]).
For p1 = [61] < [2] = p2 < wp, let

0(p1.p2) = f([(.B) = hu(m, ta(@), C2(), B)))-
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