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1. 
GF: formalize the relation between 
formal and informal language



LF

cat C Γ

fun f : T



LF example

cat Prop

cat Proof (A : Prop)

fun Conj : Prop -> Prop -> Prop

fun ConjI : (A,B : Prop) -> 

 Proof A -> Proof B -> Proof (Conj A B) 



LF

cat C Γ

fun f : T

concrete syntax

lincat C = L

lin f = l



GF = LF + concrete syntax



abstract

cat Prop

cat Proof (A : Prop)

fun Conj : Prop -> Prop -> Prop

fun ConjI : (A,B : Prop) -> 

 Proof A -> Proof B -> Proof (Conj A B) 

concrete

lincat Prop = Str

lincat Proof = Str

lin Conj A B = A ++ “\\&” ++ B

lin ConjI A B a b = 

  “\\infer[ConjI]{“ ++ 

    A ++ “\\&” ++ B ++ “}{“ ++

    “{“ ++ a ++ b ++ “}”



Types for LF

AR, “Grammatical Framework: A Type-Theoretical Grammar Formalism”, Journal of Functional Programming, 2004



Types for concrete syntax, 1
Str



Types for concrete syntax, 2
Str

Str + precedence



abstract

cat Prop

fun Conj : Prop -> Prop -> Prop

concrete

lincat Prop = PrecExp

 

lin Conj A B = infixl p3 “\\&” A B

oper infixl : 

  Prec -> Str -> 

    PrecExp -> PrecExp -> PrecExp 

  = ... 



Types for concrete syntax, 3
Str

Str + precedence = {s : Str ; p : Prec}

Strn  

- tables 
- records



cat Set

fun Pt : Set

lincat Set = Number => Str

lin Pt = table {

  Sg => “point” ; 

  Pl => “points”

  }

param Number = Sg | Pl



AR: GF, JFP 2004



AxIa1
  : (a:Pt) -> (n1':((DistPt ((id Pt) a)) ((id Pt) a))) -> data{},

AxIa2
  : (l:Ln) -> ((EqLn ((id Ln) l)) ((id Ln) l)),

AxIa3
  : (l:Ln) -> (n1':((Int ((id Ln) l)) ((id Ln) l))) -> data{},

AxIb1
  : (a:Pt) -> (b:Pt) -> (h1':((DiPt ((id Pt) a)) ((id Pt) b))) -> (c:Pt) -> data{$i1' (x1':((DistPt 
((id Pt) a)) ((id Pt) c))), $i2' (x1':((DistPt ((id Pt) b)) ((id Pt) c)))},

AxIb2
  : (l:Ln) -> (m:Ln) -> (h1':((DiLn ((id Ln) l)) ((id Ln) m))) -> (n:Ln) -> data{$i1' (x1':((DiLn 
((id Ln) l)) ((id Ln) n))), $i2' (x1':((DiLn ((id Ln) m)) ((id Ln) n)))},

AxIb3
  : (l:Ln) -> (m:Ln) -> (h1':((Int ((id Ln) l)) ((id Ln) m))) -> (n:Ln) -> data{$i1' (x1':((Int 
((id Ln) l)) ((id Ln) n))), $i2' (x1':((Int ((id Ln) m)) ((id Ln) n)))},

AxII1
  : (x:Pt) -> (y:((Mod Pt) (\ x0' -> ((DistPt x0') ((id Pt) x))))) -> sig{l1':((Inc ((id Pt) x)) 
((ln ((id Pt) x)) ((id ((Mod Pt) (\ x1' -> ((DistPt x1') ((id Pt) x))))) y))), l2':((Inc ((id Pt) 
(((proj ?) ?) y))) ((ln ((id Pt) x)) ((id ((Mod Pt) (\ x1' -> ((DistPt x1') ((id Pt) x))))) y)))},

AxII2
  : (x:Ln) -> (y:((Mod Ln) (\ x0' -> ((Int ((id Ln) x)) x0')))) -> sig{l1':((Cont ((id Ln) x)) ((pt 
((id Ln) x)) ((id ((Mod Ln) (\ x1' -> ((Int ((id Ln) x)) x1')))) y))), l2':((Cont ((id Ln) (((proj 
?) ?) y))) ((pt ((id Ln) x)) ((id ((Mod Ln) (\ x1' -> ((Int ((id Ln) x)) x1')))) y)))},

AxIII
  : (a:Pt) -> (b:Pt) -> (l:Ln) -> (m:Ln) -> (h1':sig{l1':((DiPt ((id Pt) a)) ((id Pt) b)), 
l2':((DistLn ((id Ln) l)) ((id Ln) m))}) -> data{$i1' (x1':data{$i1' (x2':((Apt ((id Pt) a)) ((id 
Ln) l))), $i2' (x2':((Apt ((id Pt) a)) ((id Ln) m)))}), $i2' (x1':data{$i1' (x2':((Apt ((id Pt) b)) 
((id Ln) l))), $i2' (x2':((Apt ((id Pt) b)) ((id Ln) m)))})},

AxIV1
  : (a:Pt) -> (l:Ln) -> (h1':((Apt ((id Pt) a)) ((id Ln) l))) -> (b:Pt) -> data{$i1' (x1':((DiPt 
((id Pt) a)) ((id Pt) b))), $i2' (x1':((Apt ((id Pt) b)) ((id Ln) l)))},

AxIV2
  : (a:Pt) -> (l:Ln) -> (h1':((Apt ((id Pt) a)) ((id Ln) l))) -> (m:Ln) -> data{$i1' (x1':((DiLn 
((id Ln) l)) ((id Ln) m))), $i2' (x1':((Apt ((id Pt) a)) ((id Ln) m)))},

AxIV3
  : (l:Ln) -> (m:Ln) -> (h1':((Int ((id Ln) l)) ((id Ln) m))) -> (n:Ln) -> data{$i1' (x1':((DiLn 
((id Ln) m)) ((id Ln) n))), $i2' (x1':((Int ((id Ln) l)) ((id Ln) n)))}

1996: ALF formalization of J. von Plato, The Axioms of Constructive Geometry, Annals of Pure and Applied Logic 76, 1995.  



2. 
Über eine bisher noch nicht benützte 
Anwendung des formalen Standpunktes



2. 
Über eine bisher noch nicht benützte 
Anwendung des formalen Standpunktes:

- vary the concrete syntax to target several languages



LF abstracts away from
- shape of words
- order of words
- number of words
- morphological variation
- discontinuous constituents



cat Set

fun Pt : Set

lincat Set = {

  s : Number => Case => Str ; 

  g : Gender

  }

lin Pt = {

  s = table {

    Sg => table {

      Nom | Acc => “Punkt” ; 

      Dat => “Punkt” | “Punkte” ;

      Gen => “Punktes” | “Punkts” 

      } ;

    Pl => table {

      Dat => “Punkten” ;

      _ => “Punkte”

      }

    } ; 

    g = Masc

  }

param Number = Sg | Pl 

param Gender = Masc | Fem | Neutr 

param Case = Nom | Acc | Gen | Dat 



Snow is white.

If snow is white, snow is white.

Schnee ist weiß.

Wenn Schnee weiß ist, ist Schnee weiß.

 A → A



cat Prop

fun Inc : 

  Elem Pt -> Elem Ln -> Prop

lincat Prop = Order => Str

lin Inc x y = 

  let 

    subj = x.s ! Nom ; 

    verb = sein x.n ; 

    compl = “inzident” ++ “mit” ++ y.s ! Dat 

  in table {

    Main => subj ++ verb ++ compl ;

    Inv  => verb ++ subj ++ compl ;

    Sub  => subj ++ compl ++ verb 

    }

param Order = Main | Inv | Sub











3. 
Hide low-level linguistic details in a 
Resource Grammar API



lincat Set = N

lincat Prop = Cl

lin Pt = mkN “point”

lin Inc x y = 

 mkCl x (mkA2 (mkA “incident”) with_Prep) y

lincat Set = N

lincat Prop = Cl

lin Pt = mkN “Punkt” “Punkte” masculine

lin Inc x y = 

 mkCl x (mkA2 (mkA “inzident”) mit_Prep) y



Smart paradigms with regular expressions

 smartNoun : Str -> Noun = \sg -> case sg of {

    _ + ("ay"|"ey"|"oy"|"uy") => regNoun sg ;            -- boys

    x + "y"                   => mkNoun sg (x + "ies") ; -- babies

    _ + ("ch"|"sh"|"s"|"o")   => mkNoun sg (sg + "es") ; -- bushes

    _                         => regNoun sg              -- points

    }



RGL =
Resource 
Grammar
Library

http://www.grammaticalframework.org/lib/
doc/synopsis.html 

http://www.grammaticalframework.org/lib/doc/synopsis.html
http://www.grammaticalframework.org/lib/doc/synopsis.html
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4. 
Use LF as a general purpose framework 
for interlinguas



Interlingual translation



Linear scale-up



2014               2015                      2016                            2017                          2018                        2019



Concept alignments in the first sentence of the GDPR



Abstract syntax: 
GDPR



Concept alignment from parallel texts

encourage the establishment of data protection certification mechanisms pursuant to Article 
42(1), and approve the criteria of certification pursuant to Article 42(5)

die Einführung von Datenschutzzertifizierungsmechanismen nach Artikel 42 Absatz 1 
anregen und Zertifizierungskriterien nach Artikel 42 Absatz 5 billigen

encourage la mise en place de mécanismes de certification en matière de protection des 
données en application de l'article 42, paragraphe 1, et approuve les critères de certification 
en application de l'article 42, paragraphe 5

German was a good starting point for identifying these!



Air Traffic Control - iFACTS
● Tactical support to controllers:

○ Trajectory Prediction
○ Conflict Detection
○ Flight Path Monitoring

● Size of the iFACTS Z specification:
○ Initially developed by a team of 12 

engineers.
○ Actively developed or maintained over 10 

years.
○ Over 40,000 lines of Z. 
○ 287,000 lines of canned “fuzzlisp”.
○ The key Z documents amount to over 3,000 

pages.

● Improves airspace efficiency.



Issuer ∈ P(User)
the set of issuers is an 
element of the powerset 
of the set of users

http://www.grammaticalframework.org/~aarne/final-dg-zed.pdf

zed2eng

http://www.grammaticalframework.org/~aarne/final-dg-zed.pdf


AST
Extension

(Manager English)

AST 
Core

(Engineer English)
    Formal data

the set of issuers is an 
element of the powerset 
of the set of users

the set of issuers is a 
subset of the set of users

issuers are users



NLG functions on the Manager level 

inline simple bulleted lists:               one of *A *B  → A or B

predicate idioms:          x is equal to non-exist  → x does not exist

                                    X’ = X   → X does not change

                                    A = {x}  → x is the only A 

                                A ⋂ B = {x}  → x is the only A in 

B

expression idioms:           optional element of X  → optional X

                     the sum of x, y and z   → x plus y plus z

definition idioms:                    X is a subset of Y  → Xs are Ys

                   X is a member of {A,B,C}  → X is A, B or C



NLG functions on the Manager level: lossy ones 

hide declaration types:                                      x in A → x

select shorter words:     administration operation → operation

pronouns:                                 the operation → it

                     the validation key of it → its validation key



    Z

Eng

source generated



5. 
Scale up from CNL to legacy text and 
gradually to open text



First edition 2013

Idea: develop texts parallel to formal proofs (Agda 
and Coq).

Abstractions in text ~ abstractions in LF

However, no formal relation between formal proof 
and text yet

Our project: 
- parse the text and generate checkable proofs;
- see how far you can get
- develop a library of proof idioms as you go

(starting as MSc thesis of Warrick Macmillan)



PDF



\documentclass{article}
 \usepackage[utf8]{inputenc}
 \usepackage{latexsym}
 \usepackage{amsfonts}
 \begin{document}
 \input{macros}
 
 \textbf{Definition}:
 A type $A$ is contractible, if there is $a : A$, called the center of contraction, such that for all $x : A$, 
$\equalH {a}{x}$.
 
 \textbf{Definition}:
 A map $f : \arrowH {A}{B}$ is an equivalence, if for all $y : B$, its fiber, $\comprehensionH {x}{A}{\equalH {\appH 
{f}{x}}{y}}$, is contractible.
 We write $\equivalenceH {A}{B}$, if there is an equivalence $\arrowH {A}{B}$.
 
 \textbf{Lemma}:
 For each type $A$, the identity map, $\defineH {\idMapH {A}}{\typingH {\lambdaH {x}{A}{x}}{\arrowH {A}{A}}}$, is an 
equivalence.
 
 \textbf{Proof}:
 For each $y : A$, let $\defineH {\fiberH {y}{A}}{\comprehensionH {x}{A}{\equalH {x}{y}}}$ be its fiber with respect 
to $\idMapH {A}$ and let $\defineH {\barH {y}}{\typingH {\pairH {y}{\reflexivityH {A}{y}}}{\fiberH {y}{A}}}$.
 As for all $y : A$, $\equalH {\pairH {y}{\reflexivityH {A}{y}}}{y}$, we may apply Id-induction on $y$, $\typingH 
{x}{A}$ and $\typingH {z}{\idPropH {x}{y}}$ to get that \[\equalH {\pairH {x}{z}}{y}\].
 Hence, for $y : A$, we may apply $\Sigma$ -elimination on $\typingH {u}{\fiberH {y}{A}}$ to get that $\equalH 
{u}{y}$, so that $\fiberH {y}{A}$ is contractible.
 Thus, $\typingH {\idMapH {A}}{\arrowH {A}{A}}$ is an equivalence.
  $\Box$ 
 
 \textbf{Corollary}:
 If $U$ is a type universe, then, for $X , Y : U$, \[(*)\arrowH {\equalH {X}{Y}}{\equivalenceH {X}{Y}}\].
 
 \textbf{Proof}:
 We may apply the lemma to get that for $X : U$, $\equivalenceH {X}{X}$.
 Hence, we may apply Id-induction on $\typingH {X , Y}{U}$ to get that $(*)$.
  $\Box$ 
 
 
 \textbf{Definition}:
 A type universe $U$ is univalent, if for $X , Y : U$, the map $\equivalenceMapH {X}{Y}: \arrowH {\equalH 
{X}{Y}}{\equivalenceH {X}{Y}}$ in $(*)$ is an equivalence.
 
 \end{document}

LaTeX
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TT
-- Definition

 (A : Type)=> Contractible A := exist ((a : A))((x : A)-> Id (a)(x)); ; CenterContraction ;

 

 -- Definition

 (f : app (Map)(A -> B))=> Equivalence f := (y : B)-> (Contractible (fiber it)); ; ; fiber it := comprehension 

(x)(A)(Id (f (x))(y))

 equivalence (A)(B):= Equivalence (A -> B);

 

 -- Lemma

 => (A : Type)-> (Equivalence (id)); ; ; id := idMap (A):= (\ x : A -> x): A -> A

 

 -- Proof

 <= (y : A)=> fiber (y)(A):= comprehension (x)(A)(Id (x)(y)):= fiber (idMap (A))it ; ; ; bar (y):= < y , refl 

(A)(y)> : fiber (y)(A)

 => (y : A)-> Id (< y , refl (A)(y)>)(y)=> IdInd y x : A z : Id (x)(y): Id (< x , z >)(y);

 => (y : A)=> SigmaEl u : fiber (y)(A): Id (u)(y); (Contractible (fiber (y)(A)));

 => (Equivalence (idMap (A): A -> A));

 QED

 

 -- Corollary

 => (U : Universe)-> (X , Y : U)-> Id (X)(Y)-> equivalence (X)(Y); it := Id (X)(Y)-> equivalence (X)(Y)

 

 -- Proof

 => Lemma : (X : U)-> equivalence (X)(X)

 => IdInd X , Y : U : it

 QED

 

 

 -- Definition

 (U : Universe)=> Univalent U := (X , Y : U)-> (Equivalence (((EqMap (X)(Y): app (Map)(Id (X)(Y)-> equivalence 

(X)(Y))): it)));



\documentclass{article}
 \usepackage[utf8]{inputenc}
 \usepackage{latexsym}
 \usepackage{amsfonts}
 \begin{document}
 \input{macros}
 
 \textbf{Definition}:
 A type $A$ is contractible, if there is $a : A$, called the center of contraction, such that for all $x : A$, 
$\equalH {a}{x}$.
 
 \textbf{Definition}:
 A map $f : \arrowH {A}{B}$ is an equivalence, if for all $y : B$, its fiber, $\comprehensionH {x}{A}{\equalH {\appH 
{f}{x}}{y}}$, is contractible.
 We write $\equivalenceH {A}{B}$, if there is an equivalence $\arrowH {A}{B}$.
 
 \textbf{Lemma}:
 For each type $A$, the identity map, $\defineH {\idMapH {A}}{\typingH {\lambdaH {x}{A}{x}}{\arrowH {A}{A}}}$, is an 
equivalence.
 
 \textbf{Proof}:
 For each $y : A$, let $\defineH {\fiberH {y}{A}}{\comprehensionH {x}{A}{\equalH {x}{y}}}$ be its fiber with respect 
to $\idMapH {A}$ and let $\defineH {\barH {y}}{\typingH {\pairH {y}{\reflexivityH {A}{y}}}{\fiberH {y}{A}}}$.
 As for all $y : A$, $\equalH {\pairH {y}{\reflexivityH {A}{y}}}{y}$, we may apply Id-induction on $y$, $\typingH 
{x}{A}$ and $\typingH {z}{\idPropH {x}{y}}$ to get that \[\equalH {\pairH {x}{z}}{y}\].
 Hence, for $y : A$, we may apply $\Sigma$ -elimination on $\typingH {u}{\fiberH {y}{A}}$ to get that $\equalH 
{u}{y}$, so that $\fiberH {y}{A}$ is contractible.
 Thus, $\typingH {\idMapH {A}}{\arrowH {A}{A}}$ is an equivalence.
  $\Box$ 
 
 \textbf{Corollary}:
 If $U$ is a type universe, then, for $X , Y : U$, \[(*)\arrowH {\equalH {X}{Y}}{\equivalenceH {X}{Y}}\].
 
 \textbf{Proof}:
 We may apply the lemma to get that for $X : U$, $\equivalenceH {X}{X}$.
 Hence, we may apply Id-induction on $\typingH {X , Y}{U}$ to get that $(*)$.
  $\Box$ 
 
 
 \textbf{Definition}:
 A type universe $U$ is univalent, if for $X , Y : U$, the map $\equivalenceMapH {X}{Y}: \arrowH {\equalH 
{X}{Y}}{\equivalenceH {X}{Y}}$ in $(*)$ is an equivalence.
 
 \end{document}
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T French
-- Definition

 (A : Type)=> Contractible A := exist ((a : A))((x : A)-> Id (a)(x)); ; CenterContraction ;

 

 -- Definition

 (f : app (Map)(A -> B))=> Equivalence f := (y : B)-> (Contractible (fiber it)); ; ; fiber it := comprehension 

(x)(A)(Id (f (x))(y))

 equivalence (A)(B):= Equivalence (A -> B);

 

 -- Lemma

 => (A : Type)-> (Equivalence (id)); ; ; id := idMap (A):= (\ x : A -> x): A -> A

 

 -- Proof

 <= (y : A)=> fiber (y)(A):= comprehension (x)(A)(Id (x)(y)):= fiber (idMap (A))it ; ; ; bar (y):= < y , refl 

(A)(y)> : fiber (y)(A)

 => (y : A)-> Id (< y , refl (A)(y)>)(y)=> IdInd y x : A z : Id (x)(y): Id (< x , z >)(y);

 => (y : A)=> SigmaEl u : fiber (y)(A): Id (u)(y); (Contractible (fiber (y)(A)));

 => (Equivalence (idMap (A): A -> A));

 QED

 

 -- Corollary

 => (U : Universe)-> (X , Y : U)-> Id (X)(Y)-> equivalence (X)(Y); it := Id (X)(Y)-> equivalence (X)(Y)

 

 -- Proof

 => Lemma : (X : U)-> equivalence (X)(X)

 => IdInd X , Y : U : it

 QED

 

 

 -- Definition

 (U : Universe)=> Univalent U := (X , Y : U)-> (Equivalence (((EqMap (X)(Y): app (Map)(Id (X)(Y)-> equivalence 

(X)(Y))): it)));
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$ wc -l *.gf

      54 Formulas.gf

      90 FormulasLatex.gf

      85 FormulasLogic.gf

     104 Framework.gf

       6 FrameworkEng.gf

      22 FrameworkFre.gf

     163 FrameworkFunctor.gf

      67 FrameworkInstanceEng.gf

      68 FrameworkInstanceFre.gf

     127 FrameworkInterface.gf

     139 FrameworkLogic.gf

      22 HottLexicon.gf

      38 HottLexiconEng.gf

      38 HottLexiconFre.gf

      35 HottLexiconLogic.gf

      36 HottLexiconSwe.gf

    1094 total



concrete FormulasLatex of Formulas = open Prelude in {

lin

  mapExp x y = optLatex 

    (macro2 "arrowH" a b) 

    (a ++ macro "rightarrow" ++ b) ;

  ComprehensionExp x A P = optLatex 

    (macro3 "comprehensionH" a b c) 

    ("\\{" ++ a ++ ":" ++ b ++ macro "mid" ++ c ++ "\\}") ;

oper

  macro  : Str -> Str = 

    \m -> "\\" + m ;

  macro2 : (f,x,y : Str) -> Str = 

    \f,x,y -> "\\" + f ++ "{" ++ x ++ "} {" ++ y ++ "}" ;

-- convert flat expression b to macro expression a

  optLatex : Str -> Str -> Str = \a,b -> a | b ; 

> p -cat=Exp "\\{ f : y \\mid u \\}" | l

\comprehensionH { f } { y } { u }
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Take home



You can use GF to
Parse, generate, translate

Get the details of 40 languages from the RGL

Build web and mobile interfaces with editing help

Define and process abstract syntax trees

Embed in Haskell, Python, Java, C, … 

Integrate with your own system for input and output
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Material shown in the GF tutorial
Minibar on the cloud: http://cloud.grammaticalframework.org/minibar/minibar.html

On-line grammar editor: grammar Bonn in http://cloud.grammaticalframework.org/gfse/

The CADE grammar: https://github.com/GrammaticalFramework/gf-contrib/tree/master/cade-2011

The HoTT grammar: https://github.com/GrammaticalFramework/gf-contrib/tree/master/homotopy-typetheory

http://cloud.grammaticalframework.org/minibar/minibar.html
http://cloud.grammaticalframework.org/gfse/
https://github.com/GrammaticalFramework/gf-contrib/tree/master/cade-2011
https://github.com/GrammaticalFramework/gf-contrib/tree/master/homotopy-typetheory

