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Time and Format

Mo 12:15-14, Fr 12:15-14 CET, that is 11:15-13 UTC, 8:15-10 Sao Paulo, 4:15-6 Mountain time,
22:15-24:00 Wollongong. First session: Monday, Nov 23, 2020 @ 12:15. Since the course starts
late, it may continue until the end of February.

The course will be held online via Zoom. Interested people should send me an email to receive
the Zoom login information.

Target audience

third year undergraduates, graduate students, postdoc researchers

Content

The purpose of this lecture is to cover some topics of functional analysis which are typically
relevant in Global Analysis and Noncommutative Geometry. My selection is biased as I will also
discuss some of my own work. A detailed breakdown follows below.

The breakdown should be considered tentative. Suggestions by the audience for topics are
welcome; also it will depend on the audience which topics to cover in more or less depth.
Unexpectedly there is more material than time available, so we will have to make hard decision.

1. (Un)bounded operators in Hilbert space, interpolation, Hilbert complexes We start by
fixing some notation and remind the audience of the basics of unbounded operators in Hilbert
space and the Spectral Theorem. As a bonus we will discuss the powerful Calderon complex
interpolation method and as an application we will look at the paper [BRLE92] on Hilbert
complexes. Sturm-Liouville operators form a natural class to understand defect indices.

References [PEDS89, 3.1, 3.2, Chap. 5|, [BRLEI2|, [HLV18, Sec. 3|, [BRLEO]]

2. Compact and trace class operators The trace will be the main theme of the course.
Schatten classes, Calkin’s theory of trace ideals, duality theory.

References |PEDS9, 3.3, 3.4], [S1mM05, Chap. 1 and 2|
3. Determinants of Hilbert space operators Fredholm determinants, Lidskii’s theorem, the

determinant as an entire function, Hadamard’s theory of functions of finite order, regularized
Fredholm determinant for operators of the form I + T with T being p—summable after Simon.

References [S1v05, Chap. 3 and 9], [StM77]



4. Asymptotic Analysis Mellin transform, asymptotic expansions, Hadamard’s partie finie,
regularized integrals, Laplace transform.

I will advertise that Hadamard’s partie finie, though very elementary, is extremely usefull when
dealing with asymptotic expansions resp. spectral generating functions.

References [LEs97, Sec. 2.1],|LEs98, LET098, LEVEL1, HLV17]

5. Spectral generating functions Heat operator, heat trace, spectral (-functions and their
relations. We will see that the heat expansion and the meromorphicity of the (-function are just
two sides of the same medal and that the heat coefficients and the Laurent expansion of { at
the poles can be computed from each other.

References |BRLEI6, BRLEII)|

6. The zeta-regularized determinant We will study the zeta-regularized determiant and its
relation to Simon’s regularized Fredholm determinant. Sturm-Liouville operators give rise to
several interesting case studies. In part this is ongoing joint work with Luiz Hartmann.

References |LES98, LET098, LEVELL, HLV17|

7. The spectral flow (if time permits) This is independent of the previous topics and could
as well be covered immediately after the introductory section.

I will basically follow [LESO5] to present the the definition and uniqueness for the spectral flow on
spaces of unbounded Fredholm operators. Then I will hint at the recent developments [BCLR].

References [LEs05, BBLZ09, BCLR]
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