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CONNES-CHERN CHARACTER FOR MANIFOLDS WITH
BOUNDARY AND ETA COCHAINS

MATTHIAS LESCH, HENRI MOSCOVICI, AND MARKUS J. PFLAUM

ABSTRACT. We represent the Connes-Chern character of the Dirac operator associ-
ated to a b-metric on a manifold with boundary in terms of a retracted cocycle in
relative cyclic cohomology, whose expression depends on a scaling/cut-off parameter.
Blowing-up the metric one recovers the pair of characteristic currents that represent
the corresponding de Rham relative homology class, while the blow-down yields a
relative cocycle whose expression involves higher eta cochains and their b-analogues.
The corresponding pairing formule with relative K-theory classes capture information
about the boundary, and thus have geometric implications. As a byproduct we obtain
a generalization of the Atiyah-Patodi-Singer odd-index theorem, from trivialized flat
bundles to any pair of K-equivalent vector bundles.

INTRODUCTION

Let M be a compact smooth m-dimensional manifold with boundary oM # (). As-
suming that M possesses a Spin® structure, the fundamental class in the relative K-
homology group K,, (M, M) can be realized analytically in terms of the Dirac operator
D (graded if m is even) associated to a Riemannian metric on M. More precisely, ac-
cording to [BDT89, §3], if D, is a closed extension of D satisfying the condition that
either DD, or D.D? has compact resolvent (e.g. both Dy, and Dy,ay are such), then the
bounded operator F' = D,(D*D, + 1)~%/? defines a relative Fredholm module over the
pair of C*-algebras (C(M),C(9M)), hence an element [D] € K,,(M,d0M). Moreover,
by [BDT89, §4], the connecting homomorphism maps [D] to the fundamental class
[Ds] € K,;—1(0OM) corresponding to the Dirac operator Dy associated to the boundary
restriction of the metric and of Spin® structure.

The map Indexpp) : K™ (M,0M) — Z, defined by the pairing of K-theory with the
K-homology class of [D], can be expressed in cohomological terms by means of Connes’
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Chern character with values in cyclic cohomology [CON85]. Indeed, the relative K-
homology group K,,(M,0M), viewed as the Kasparov group KK, (CO(M \ OM); (C),
can be realized as homotopy classes of Fredholm modules over the Fréchet algebra
J>(OM, M) of smooth functions on M vanishing to any order on OM; J*°(OM, M) is
a local C*-algebra, H-unital and dense in Co(M \ OM) = {f € C(M) | fiarr = 0}. One
can therefore define the Connes-Chern character of [D] by restricting the operator F' =
De(D:D.+1)"'/2 or directly D, to J>(OM, M) and regarding it as a finitely summable
Fredholm module. The resulting periodic cyclic cocycle corresponds, via the canonical
isomorphism between the periodic cyclic cohomology H P ¢V/°dd (j (oM, M )) and the
de Rham homology Hedvpyodd(M \ OM;C) (cf. [BRPF08]), to the de Rham class of the

current (with arbitrary support) associated to the A-form of the Riemannian metric.
In fact, one can even recover the A-form itself out of local cocycle representatives
for the Connes-Chern character, as in [COM093, Remark 4, p. 119] or [COM095,
Remark II.1, p. 231]. However, the boundary OM remains conspicuously absent in
such representations.

It is the purpose of this paper to provide cocycle representatives for the Connes-Chern
character of the fundamental K-homology class [D] € K,,(M,0M) that capture and
reflect geometric information about the boundary. Our point of departure is Getzler’s
construction [GET93A] of the Connes-Chern character of [D]. Cast in the propitious
setting of Melrose’s b-calculus [MEL93|, Getzler’s cocycle has however the disadvan-
tage, from the viewpoint of its geometric functionality, of being realized not in the
relative cyclic cohomology complex proper but in its entire extension. Entire cyclic
cohomology [CON88|, devised primarily for handling infinite-dimensional geometries,
is less effective as a tool than ordinary cyclic cohomology when dealing with finite-
dimensional K-homology cycles. To remedy this drawback we undertook the task of
producing cocycle realizations for the Connes-Chern character directly in the relative
cyclic cohomology complex associated to the pair of algebras (COO(M ),C>(0M )) This
is achieved by adapting and implementing in the context of relative cyclic cohomology
the retraction procedure of [COM 093], which converts the entire Connes-Chern charac-
ter into the periodic one. The resulting cocycles automatically carry information about
the boundary, and are thus amenable to geometric applications. A noteworthy byprod-
uct of these considerations is the extension of the statement of the Atiyah-Patodi-Singer
odd-index theorem [APS76], from trivialized flat bundles to any pair of equivalent vec-
tor bundles in K-theory.

Here is a quick synopsis of our main results. Throughout the paper, we fix an exact
b-metric g on M, and denote by D the corresponding b-Dirac operator. We define for
each t > 0 and any n > m = dim M, n = m (mod 2), pairs of cochains

(Pch (D), ch*(Dy)) resp. (°ch, (D), ch " (Dy)) (0.1)
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over the pair of algebras (COO(M ),C>®(OM )), given by the following expressions
bchp (D) == Y "Ch" ¥ (tD) + B T¢h; (D),

=20
Ch?Jrl(Da) e ZChanjJrl(tDa) +BT¢h?+2(D8)’ (02)

=0

bch, (D) := Pch?(D) + T¢h!(Dy) o i*.

In these formule, Ch*®(Ds) stand for the components of the Jaffe-Lesniewski-
Osterwalder cocycle [JLO8S] representing the Connes-Chern character in entire cyclic
cohomology, PCh*(D) denote the corresponding b-analogue (cf. (2.4)), while the
cochains T¢h?(Dy), resp. T¢h; (D) (see (6.5), are manufactured out of the canoni-

cal transgression formula as in [COMO093]; i : 9M — M denotes the inclusion. One
checks that

(b+ B)("ch(D)) = chy*'(Dy) o ¢*
(b+ B)("ch, (D)) = ch }(Dy) o i*,
which shows that the cochains (0.1) are cocycles in the relative total (b, B)-complex of
(C>®(M),C>*(0OM)). Moreover, the class of this cocycle in periodic cyclic cohomology is

independent of t > 0 and of n = m + 2k, k € Z,. Furthermore, its limit as t — 0 gives
the pair of A currents corresponding to the b-manifold M, that is

(0.3)

. bain : n+1 A (by72 A 2
(11\14% chy (D), Ilfl\r% chi ™ (Dy)) = (LM APV A =, /aM AV, N —) . (0.4)
The notation in the right hand side requires an explanation. With
1 1
: i\ V2 fami
A by72) _ g A 2 9o )
("Vy) = det (sinhbvg/llm’  AlVy,) = det (sinh Vga/élm') ’ (0.5)

and / : PQ™(M) — C denoting the b-integral of b-differential m-forms on M as-
bAf

sociated to the trivialization of the normal bundle to M underlying the b-structure,
both terms in the right hand side of (0.4) are viewed as (b, B)-cochains associated to
currents. More precisely, incorporating the 27i factors which account for the conver-
sion of the Chern character in cyclic homology into the Chern character in de Rham
cohomology, for M even-dimensional this identification takes the form

A(b _ 1 A(b
KMA( VA (for-- - faq) = (QM.)q(Qq)!lMA( VI)A fodfy Ao A fag,  (0.6)
respectively

/BMA(vza)A(hO,...,hqu) _ (QM,)qéq_1)!/E)MA(VEB)/\hOdhl/\.../\th1. (0.7)
Finally (¢f.  Theorem 6.1 infra), the limit formula (0.4) implies that both
(Pchy (D), chy*™(Dp)) and (Pch; (D), ch"}(Dy)) represent the Chern character of [D] €
K (M, OM).
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Under the assumption that Ker Dy = 0, we next prove (Theorem 6.2 infra) that the

pair of retracted cochains (b(;fl?(D), ch}'(Dp)) has a limit as ¢ — co. For n even, or
equivalently M even-dimensional, this limit has the expression

n/2

"chy(D) = Y~ k¥ (D) + B T (D) + TG, (Dy) o ",

ch?'(Dy) = BT¢h!(Dy),

(0.8)

with the cochains x*(D), occurring only when Ker D # {0}, given by
£ (D)(ag, .- ., az) = Str(om(ao) wy(ar, az) - - - wy(az;_1, az;)); (0.9)
here H denotes the orthogonal projection onto Ker D, and
ogl(a) :=HaH, wg(a,b):= oy(ab) — oy(a)ou(b), for all a,b € C>=(M).
When M is odd-dimensional, the limit cocycle takes the similar but reversed form
bchy (D) = B T¢hl (D) + T¢h (Dy) o ",

i (0.10)

The absence of cochains of the form x°(Dy) in the boundary component is due to the
fact that Ker Dy = 0.

The geometric implications become apparent when one inspects the ensuing pairing
with K-theory classes. For M even-dimensional, a class in K™ (M,0M) can be repre-
sented as a triple [E, F, h|, where E, F are vector bundles over M, which we will identify
with projections pg, pr € Maty(C®(M)), and h : [0,1] — Matx(C*(9M)) is a smooth
path of projections connecting their restrictions to the boundary Ey and Fjy. For M
odd-dimensional, a representative of a class in K™ (M,0M) is a triple (U, V, h), where
U,V : M — U(N) are unitaries and h is a homotopy between their restrictions to the
boundary Uy and Vy. In both cases, the Chern character of [X,Y,h| € K™(M,0M) is
represented by the relative cyclic homology cycle over the algebras (COO(M ),C=®(OM ))

cha ([X, Y, h]) = <ch.(Y) — cha(X), — T¢h,(h)) , (0.11)

where ch,, resp. T¢h, denote the components of the standard Chern character in cyclic
homology resp. of its canonical transgression (see Subsection 1.3).

The pairing ([D], [X,Y,h]) between the classes [D] € K,,(M,0M) and [X,Y,h] €
K™(M,0M) acquires the cohomological expression

(D], [X,Y,h]) = ((Pchy (D), chy~(Dy)), cha[X, Y, h]) =
= (> PCLh" ¥ (tD) + B "T¢h; (D), cha(Y) — che(X))
+ (TP (Dy), cha(¥s) — cha(X))
— (Y Cn"¥4(1D,) + B Téhy' (Do), Teh, (b)),

Jj=0

(0.12)
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which holds for any ¢t > 0. Letting t — 0 yields the local form of the pairing formula
(D), [X,Y.7]) =

= [M ACPV2) A (che(Y) — cha(X)) — /aM A(V2,) A Téh, (h).

It should be pointed out that (0.13) holds in complete generality, without requiring the
invertibility of Dy.

When M is even-dimensional and Dy is invertible, the equality between the above
limit and the limit as ¢ — oo yields, for any n = 2¢ > m, the identity

Z </-€ ), char(pr) — cho(pg)) + (B PT¢h" (D), ch, (pr) — ch,(pg)) +

0<k</t

(0.13)

+ ( TéhZ ( ha(pr,) = cha(pr,)) =
- [ A(bv3>A (chalpr) = chape)) = [ A(E,) AT (1)
+ (BT (D). Téh, (1),

(0.14)

where

chox(p) = tro(p), for k =0,
S (—1)]?% tro, ((p — 3) ® p®2F), for k > 0.

Like the Atiyah-Patodi-Singer index formula [APS75], the equation (0.14) involves
index and eta cochains, only of higher order. Moreover, the same type of identity
continues to hold in the odd-dimensional case. Explicitly, it takes the form

n—1

(-1)"7" (%)!((Bng‘h"“( ), (V™ 1®V) ~ (U eU)®" )+
(T (D), (Vs @ V)3 — (Uy @ Up) ")) =
_ ﬁMfubv;)A (cha(V) — cha(U)) - /8 A(VE,) AT ()
+ (B T¢hl (Dy), Téh, ,(h)).

(0.15)

The relationship between the relative pairing and the Atiyah-Patodi-Singer index
theorem can actually be made explicit, and leads to interesting geometric consequences.
Indeed, under the necessary assumption that M is even-dimensional, we show (cf.
Theorem 7.6) that the above pairing can be expressed as follows:

([D], [E, F, h]) = Indaps D" — Indsps D¥ + SF(h, Dy); (0.16)

here Indapg stands for the APS-index, and SF(h,Dj) denotes the spectral flow along

the path of operators (Dg)h(s); D} is the restriction of c(dz)™'Dy to the positive half
spinor bundle and c(dx) denotes Clifford multiplication by the inward normal vector.
On applying the A-P-S index formula [APS75, Eq. (4.3)], the pairing takes the explicit
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form

(D), [E. F,1]) = lM ACV2) A (cha(F) — cha(E)) o

— (&(D"7) (D)) + SF(h,Dy),
where
(D} P7) = %(n(D;an) + dim Ker Dg’Ef’). (0.18)

Comparing this expression with the local form of the pairing (0.13) leads to a general-
ization of the A-P-S odd-index formula [APS76, Prop. 6.2, Eq. (6.3)], from trivialized
flat bundles to pairs of equivalent vector bundles in K-theory. Precisely (cf. Corollary
7.9), if E', F" are two such bundles on a closed odd-dimensional spin manifold N, and
h is the homotopy implementing the equivalence of E’ with F’, then

€D5) —¢(DF) = [ A(V) ATy, (h) + SP(.D,), (019

where Dy denotes the Dirac operator associated to a Riemannian metric ¢" on N;
equivalently,

/O %%(n(ph(w Dy pir))) dt = /NA(V;')/\T‘fho(h)’ (020)

where py is the path of projections joining £ and F’, and the left hand side is the
natural extension of the real-valued index in [APS76, Eq. (6.1)].

Let us briefly comment on the main analytical challenges encountered in the course
of proving the results outlined above. In order to compute the limit as ¢ ™\, 0 of the
Chern character, one needs to understand the asymptotic behavior of expressions of
the form

Ay, Ay, .. Ak vip

= / bTr(AOe*"OtDQAle*‘”tD2 .. .AkefaktDQ)da, (021)

Ay
where Ay denotes the standard simplex {og + ... + 0 = 1,0; > 0} and Ao,..., A
are b—differential operators. The difficulty here is twofold. Firstly, the b—trace is a
reqularized extension of the trace to b—pseudodifferential operators on the non-compact
manifold M\OM (recall that the b-metric degenerates at dM). Secondly, the expression
inside the b-trace involves a product of operators. The Schwartz kernel of the product
Age 700% A emo1tD* . L ALemokD” does admit a pointwise asymptotic expansion (see
[WID79], [CoM090], [BLF090]), namely

<A0€700tD2A16701tD2 .o AkeioktD2> <p7p)

- T (n+1—a—dim M)/2 (0.22)
=Y a;(Ag,.. ., A D)(p)tT T + Oyt ),
j=0
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k
where @ = ) ord A;. However, this asymptotic expansion is only locally uniform
5=0
in p; it is not globally uniform on the non-compact manifold M \ OM. A further
complication arises from the fact that the function a;(Ay, ..., Ag, D) is not necessarily

integrable. Nevertheless, a partie finie-type regularized integral, which we denote by
aj(Ao, ..., Ay, D)dvol, does exist and we prove (¢f. Theorem 5.3) that the corre-

M
sponding b-trace admits an asymptotic expansion of the form

_ 2 _ 2 _ 2
bTr(AOe o0tD" g et A, e7onD )

=5 j/ a;(Ag, ..., Ay, D)dvol "5
- bpf
j=0

k

L0 <(H O.j_aj/Q)t(nJrlfafdim M)/2) .

Jj=1

(0.23)

When Dy is invertible and hence D is a Fredholm operator, we can also prove the
following estimate (cf. (3.43))

| XAo(I = H), s Ax(I — H)) |

~ : 0.24
< C(;ﬁt’“/zf(dlm M)/Q’se’t‘s, for all 0 <t < o0, ( )

for any e > 0 and any 0 < ¢ < inf spec,,, D?. Here, H is the orthogonal projection onto
KerD. This estimate allows us to compute the limit as ¢ * oo and thus derive the
formulae (0.8) and (0.10).

A few words about the organization of the paper are now in order. We start by
recalling, in Section 1, some basic material on relative cyclic cohomology [LMP09], b-
calculus [MEL93] and Dirac operators. As an illustration of the usefulness of the relative
cohomology point of view for manifolds with boundary, in Subsection 1.5 we establish
a cohomological analogue of the well-known McKean-Singer formula in the framework
of relative cyclic cohomology for the pseudodifferential b-calculus, and employ it to
recast in these terms Melrose’s approach to the proof of the Atiyah-Patodi-Singer index
theorem (cf. [MEL93, Introduction]). In Subsection 1.6, refining an observation due to
Loya [LoY05], we give an effective formula for the b-trace, which will turn out to be
quite a useful technical device.

Gerzler’s version of the relative entire Connes-Chern character in the setting of b-
calculus [GET93A4] is discussed in Section 2. Additional material on b-geometry can be
found in Appendix A.

In Section 3 we prove some crucial estimates for the heat kernel of a b-Dirac operator,
which are then applied in Section 4 to analyze the short and long time behavior of the
components of the b-analogue of the entire Chern character. More standard resolvent
and heat kernel estimates are relegated to Appendix B.

Section 5 is devoted to asymptotic expansions for the b-analogues of the Jaffe-
Lesniewski-Osterwalder components. The retracted relative cocycle representing the
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Connes-Chern character in relative cyclic cohomology is constructed in Section 6, where
we also compute the expressions of its small and large scale limits.

Finally, Section 7 derives the ensuing pairing formulee with the K-theory, establishes
the connection with the Atiyah-Patodi-Singer index theorem, and discusses the geo-
metric consequences. The paper concludes with an explanatory note (Subsection 7.1)
elucidating the relationship between the results presented here and the prior work in
this direction by Getzler [GET93A] and Wu [Wu93].
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1. PRELIMINARIES

1.1. The general setup. Associated to a compact smooth manifold M with boundary
OM, there is a commutative diagram of Fréchet algebras with exact rows

0 — J®(OM, M) — C®(M) —2> £°(OM, M) — 0 (1.1)

e

0 —— J(OM, M) — C®(M) — (M) —— 0.

J(OM, M) C C>®(M) is the closed ideal of smooth functions on M vanishing on OM,
J>®(OM, M) C J(OM, M) denotes the closed ideal of smooth functions on M vanishing
up to infinite order on M, and £*°(IM, M) is the algebra of Whitney functions over the
subset OM C M. More generally, for every closed subset X C M the ideal 7>°(X, M) C
C>(M) is defined as being

= {f € C™(M) | Dfix = 0 for every differential operator D on M}

By Whitney’s extension theorem (cf. [MAL67, Tou72]), the algebra £%°(X, M) of Whit-
ney functions over X C M is naturally isomorphic to the quotient of C*(M) by the
closed ideal J>°(X, M); we take this as a definition of £>°(X, M). The right vertical
arrow in diagram (1.1) is given by the map

E%(X, M) —C*(X), Fw Fix=F+J(X,M),
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which is a surjection.

Let us check that the Fréchet algebra J* := J*(9M, M) is a local C*-algebra.
First, by Faa di Bruno’s formula the unitalization [J°" of 7 is seen to be closed under
holomorphic calculus in the unitalization J* of the algebra J := Co(M \ OM). Since
J°t is also dense in J T, it follows that J°° := J*(0M, M) is indeed a local C*-algebra
whose C*-closure is the C*-algebra J. Using this together with excision in K-homology
(¢f. for example [HIRO0O0]), one can easily check that the space of equivalence classes
of Fredholm modules over J coincides naturally with the K-homology of the pair
of C*-algebras (C(M),C(OM)). Moreover, by [CON94, p. 298] one has the following
commutative diagram

{ﬁnitely summable Fredholm
modules over J*

} e HPY(T™) (1.2)

| |

K*(J) = KK.(J,C) —= Hom(K.(J),C),

where the right vertical arrow is given by natural pairing between periodic cyclic coho-
mology and K-theory, and the lower horizontal arrow by the pairing of K-theory with
K-homology via the Fredholm index.

A Dirac, resp. a b-Dirac operator on M™ determines a Fredholm module over J°
and therefore a class in the K-homology of the pair (C(M),C(0M)). In this article, we
are concerned with geometric representations of the Connes-Chern character of such a
class and of the ensuing pairing with the K-theory of the pair (C(M),C(OM)).

1.2. Relative cyclic cohomology. As in [LMP09], we associate to a short exact
sequence of Fréchet algebras

0—J — A2 B-—0, (1.3)
with A and B unital, a short exact sequence of mixed complexes
0 — (C*(B),b,B) — (C*(A),b,B) — (Q*,b,B) — 0, (1.4)

where C*(A) denotes the Hochschild cochain complex of a Fréchet algebra A, b the
Hochschild coboundary, and B is the Connes coboundary (cf. [CON85, CON94]). Recall
that the Hochschild cohomology of A is computed by the complex (C'(A), b), the cyclic

cohomology of A is the cohomology of the total complex
(Tots, BC**(A),b+ B), where

CIP(A) == (A1) for ¢ > p > 0,
0, otherwise,

BCPI(A) = {

while the periodic cyclic cohomology of A is the cohomology of the total complex
(Tote,BCs:2(A), b+ B), where

per
CIP(A) := (ASTPH)" for ¢ > p,
(A) ——{ (A= ) =r

0, else.

BCP

per
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In [LMP09] we noted that the relative cohomology theories, or in other words the coho-
mologies of the quotient mixed complex (Q', b, B), can be calculated from a particular
mixed complex quasi-isomorphic to ()°®, namely from the direct sum mixed complex

(C*(A) & C**Y(B),b, B),

E:(S __0;)) and E:(? _OB). (1.5)

In particular, the relative Hochschild cohomology HH®(A,B) is computed by
the complex (C*(A) ® C"H(B),g), the relative cyclic cohomology HC*(A,B) by
(Tots, BC**(A) & TotngC"(B),ng é), and the relative periodic cyclic cohomology
HP*(A,B) by (Tots, BC2(A) @ Tots ' BOs(B),b + B).

Note that of course

where

(Tots, BC**(A) @ Tot ' BC**(B),b + B)
~ (Tots, BC**(A, B),b+ B),
where BCP4(A, B) := BCP4(A) & BCP1(B).

Dually to relative cyclic cohomology, one can define relative cyclic homology theories.
We will use these throughout this article as well, and in particular their pairing with
relative cyclic cohomology. For the convenience of the reader we recall their definition,
referring to [LMP09] for more details. The short exact sequence (1.3) gives rise to the
following short exact sequence of homology mixed complexes

0— (K,,b, B) — (C.(.A),b, B) — (C.(B),b, B) — 0, (1.7)
where here b denotes the Hochschild boundary, and B the Connes boundary. The

kernel mixed complex K, is quasi-isomorphic to the direct sum mixed complex

(Ca(A) ® Cos(B),b, B),

Z:(_l;* _Ob), and é:(? _OB). (1.8)

This implies that the relative cyclic homology HC.(A,B) is the homology of
(Tot?BC. W (A, B),b+ B), where BC, (A, B) = BC,4(A) ® BC, 411(B). Likewise, the
relative periodic cyclic homology H P, (A, B) is the homology of (TothC'E’ff(A, B),g+
B), where BCY% (A, B) = BCE (A) @ BCP, | (B).

By [LMPO09, Prop. 1.1], the relative cyclic (co)homology groups inherit a natural
pairing

(1.6)

where

(—, —)e: HC*(A,B) x HC,(A,B) — C, (1.9)
which will be called the relative cyclic pairing, and which on chains and cochains is

defined by
(= =) & (BC(A)  BCP141(B)) x (BC,y(A) & BCy11(B)) — C,

(1.10)
((0,9), (@, B)) = {w, ) + (¥, B).
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This formula also describes the pairing between the relative periodic cyclic (co)homology
groups.

Returning to diagram (1.1), we can now express the (periodic) cyclic cohomol-
ogy of the pair (C*°(M),E>(OM, M)) resp. of the pair (C*(M),C>*(0M)) in terms
of the cyclic cohomology complexes of C*°(M) and E*(OM, M) resp. C>*(M). We
note that the ideal J>(dM, M) is H-unital, since (J°°(dM, M))* = J*(0M, M)
(cf. [BRPFO08]). Hence excision holds true for the ideal J*(0M, M), and any of the
above cohomology theories of J>°(0M, M) coincides with the corresponding relative
cohomology of the pair (C*°(M),E>(OM,M)). In particular, we have the following
chain of quasi-isomorphisms

Tots, BC** (T°(OM, M) ~giam Tots,BC** (C(M), E2(IM), M) ~qiam
~qism Tots, BO®*(C®(M)) @ Tot ' BC**(E%°(0M, M)).
Next recall from [BRPF08] that the map
Totf, BO%2(C™(M)) — Totk BC2(E>(0M, M)),

per per

) — ((Soo(aM, M))@““ SEH®...Q F, — q/;(FOHX ®R...0 Fk”X)>

(1.11)

between the periodic cyclic cochain complexes is a quasi-isomorphism. As a consequence
of the Five Lemma one obtains quasi-isomorphisms

Tots, BCS2 (T (OM, M) ~qiam TotS B (C(M), E2(OM)) ~qom

per per

~qism Tots, BC22(C®(M)) & Tots  BCSS(C(OM)).

per per

(1.12)

In this paper we will mainly work with the relative complexes over the pair of algebras
(C>°(M),C>(OM)), because its cycles carry geometric information about the boundary,
which is lost when considering only cycles over the ideal 7°°(OM, M). In this respect we
note that periodic cyclic cohomology satisfies excision by [CuUQU93, CuQu94|, hence
in the notation of (1.3), HP*(J) is canonically isomorphic to HP*(A, B).

1.3. The Chern-character. For future reference, we recall the Chern character and
its transgression in cyclic homology, both in the even and in the odd case.

1.3.1. Even case. The Chern character of an idempotent e € Maty,(A) :=
Nlim Mat y(A) is the class in HPy(.A) of the cycle given by the formula

= 2k)! 1
cha(e) = tro(e) + S (= k') tro <(e -5)® e®(2k)>, (1.13)
k=1 ’
where €®(?%) is an abbreviation for the 2k-fold tensor product e ® --- ® e, and troy

denotes the generalized trace map Maty(A)®F — A%,
If (es)o<s<1 is a smooth path of idempotents, then the transgression formula reads

%ch.(es) = (b+B> ¢h.(€s,(2€s - 1)65), <114)

here the secondary Chern character ¢h, is given by

¢h, (e, h) == 1(h) che(e), (1.15)
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where the map ¢(h) is defined by
th)(ap®a; ® ... a)

l . (1.16)
= E (D)@ ®..®a,3h@a;11 ® ... aq).
1=0

A relative K-theory class in Ky(A, B) can be represented by a triple (p,q,h) with
projections p,q € Maty(A) and & : [0,1] — Maty(B) a smooth path of projections
with h(0) = a(p), h(1) = o(q) (¢f. [HIRO0O0, Def. 4.3.3], see also [LMP09, Sec. 1.6]).
The Chern character of (p, g, h) is represented by the relative cyclic cycle

ch(p,g.h) = (cha() = cha(p) , — T¢n (1)), (1.17)

where
Téh,(h) = /o ¢h, (h(s), (2h(s) — 1)h(s))ds. (1.18)

That the r.h.s. of Eq. (1.17) is a relative cyclic cycle follows from the transgression
formula Eq. (1.14). From a secondary transgression formula [LMP09, (1.43)] one de-
duces that (1.17) indeed corresponds to the standard Chern character on Ky(J) under
excision.

1.3.2. Odd case. The odd case parallels the even case in many aspects. Given an
element g € GLyo(A) := A}im GLy(A), the odd Chern character is the following nor-

malized periodic cyclic cycle:

g

cha(g) = > (=D)*kltroepr (97" @ g)®*D). (1.19)

i

0

If (gs)o<s<1 is a smooth path in GLy(A), the transgression formula (cf. [GETI3B,
Prop. 3.3]) reads

d .
75 he(gs) = (b4 B) ¢h,(gs, 9s), (1.20)
where the secondary Chern character ¢h, is defined by
#hy(g, h) = tro(g~h)+ (1.21)
[e'9) k
) (DRt (971 @ 9)* T @ g he (g7 @ ) Y).
k=0 =0

A relative K-theory class in K (A, B) can be represented by a triple (U, V, h), where
U,V € Maty(A) are unitaries and h : [0, 1] — Maty(B) is a path of unitaries joining
o(U) and o(V). Putting

1
T¢h,(h) = / ¢h, (hs, hs)ds, (1.22)
0
the Chern character of (U, V, h) is represented by the relative cyclic cycle
cha (U, V, h) = (ch.(V) — cho(U), —T¢h.(h)). (1.23)
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collar Y ~ [0,2) x OM

FiGure 1. The compact manifold M with boundary. The picture of
the collar does not capture the b—metric.

cylinder Y° ~ (—o0,1n2) x OM

—00 =1In0 0=1Inl In2

FicURE 2. Interior of M with cylindrical coordinates on the collar
(0,2) x OM ~ (—00,In2) x M via (r,n) — (Inr,n). This picture cor-
rectly captures the metric on the collar.

Again the cycle property follows from the transgression formula Eq. (1.20) and with the
aid of a secondary transgression formula [LMPO09, (1.15)] one shows that (1.23) corre-
sponds to the standard Chern character on K (J) under excision [LMP09, Thm. 1.7].

1.4. The b-trace. From now on we assume that M is a compact manifold with bound-
ary, 7 : Y — [0,2) a boundary defining function, and that gy, is an exact b-metric on
M (see Figure 1).

These data are the main ingredients of the so-called b-calculus, which we will use
in what follows. The primary source for the b-calculus is the monograph [MEL93]
by Melrose, and for the reader’s convenience we included some basic definitions in
Appendix A.

We do recall here however the definition of the b-trace (cf. [MEL93]), since this notion
plays an essential role in our work. It will often be convenient to choose cylindrical
coordinates (see Figure 2) (z,7) : Y° — (—00,In2) x M over a collar Y C M with
a boundary defining function r : Y — [0,2) (see Appendix A.1 for details and for
occasionally unexplained notation used below).

When using these coordinates, we view the interior M° as a manifold with cylindrical
ends, and have in this picture M° = (—o00,0] x OM Uy, MT. All explicit calculations
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will be done in cylindrical coordinates. We also refer to the survey paper by P. Loya
[LoYO05] where the b-calculus is developed from this point of view.

Let E be a smooth Hermitian vector bundle over M. Whenever convenient,
we will tacitly identify elements of I'°((—o0,0] x OM;E), the sections of E over
(—00,0] x OM, with I'*°(OM; E|gps)-valued smooth functions on (—oo, 0], i.e. elements
of C‘x’((—oo, 0], T (0M; E|3M)), in the obvious way; c¢f. Subsection 3.1 and Appendix
A.3. Accordingly, we define for u € Tffgt((—oo, 0] x OM; E) the Fourier transform in
the cylinder variable, () € I'**(OM; Ejpg), by

u(A, p) = /OO e u(x, p)de. (1.24)

o)

Now assume that A € "W °(M; E) is a smoothing b-pseudodifferential operator.
In general, A is not trace class in the usual sense. However, since A has a smooth
Schwartz kernel it is locally trace class, in the sense that 1 Ay is trace class for any pair
of smooth functions ¢, ¢ : M — R having compact support in M°. Using the notation
from Appendix A.3, let A be the operator induced on the cylinder (—oo, 0] x 9M.

We define an operator valued symbol Ay(x, A) : I'*°(Ejgnr) — I (Ejarr) as follows:
for v € I'™°(Ejan) put

(As(z, \)v)(p) := (e_m\g(ei')‘ ® v)) (x,p). (1.25)

For v € T™(E)g)) we have (e ®v)" = 210, ® v, hence for u € T3, ((—o0, 0] x OM; E)
one then obtains

(An)ep) = 5= [ ™ (Aaler Va0 ) ) =

2T
- 1 (1.26)
o

/OO /00 ei(x—az)A(Aa(x, )\)u(f’ —))(p) d d\.

We note in passing that As(z, \) can also be constructed from the global symbol a
as Ag(z,\) = Op (a(x, A, —)) (cf. Appendices A.2 and A.3). For the properties of @
see [LOY05, Sec. 2.2] and Appendix A.3. In the small b-calculus a(x, A, —) and hence
Ag(z, \) are entire in A while in the full b-calculus they are meromorphic [MEL93]. In
any case one has

Ap(z,N) =Z(A)(N\) + O(e"), z— —o0, (1.27)

with a family Z(A)(A), A € R, of classical pseudodifferential operators on dM in the
parameter dependent calculus; ¢f. e.g. [LMPO09, Sec. 2.1] for a brief summary of the
parameter dependent calculus.

The operator valued function A € R — Z(A)(\) is called the indicial family of A.
In terms of the global symbol @, one has Z(A)(\) = Op (ao(X, —)), where @o(X, —) is
the first term in the asymptotic expansion of @ with respect to x — —oo; ¢f. Appendix
A4
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Denote by k(x,Z), x,& > 0, the Z(L*(OM; Ejorr))-valued kernel of A. In terms of
Ag(x, \) the kernel k(x,Z) is given by

1 o -
k(x, ) / TN Ay (2, N)d. (1.28)

T o

Hence, as R — oo one has in view of (1.27)
Te(Ajez-ry) =

— Te(Apn) + / Trons (k(x, ) dz

-R
= Tr(Apn) + %/ / Tron (Aa(a:, A) — I(A)()\)) d\dx
1 [e.e]
Ry / Tronr (Z(A) (V) dA + O(e ), R — oo,
™ —0o0
The finite part of this expansion is called the b-trace of A:
1 0 %)
VTH(A) = Tr(Apn) + o= / / Trons (Ao(z, ) — T(A)(N)) dAde.  (1.30)
TJ-od-c0
Hence
Tr(Ajz>-—ry)
(1.31)

= "Tr(A) + R% /OO Trom (Z(A)(N))dA 4+ O(e™ ), R — oo.

Its name notwithstanding, the b-trace is not a trace. One has, however, the following
crucial formula.

Proposition 1.1 ([MEL93, Prop. 5.9], [LoY05, Thm. 2.5]). Assume that A €
PU(M; E) and K € "W (M; E). Then

PTr(AK — KA) = % /OO Tron <w I(K)(A)) d\. (1.32)

[e.e]

Proof in a special case. It is instructive to prove this in the special case that A is a
Dirac operator D. We will see in Subsection 1.7 below that on the cylinder D takes the
form D =T+ + Dy and that Z(D)()\) = il'A + D,.

After choosing cut—off functions w.l.o.g. we may assume that K is supported in the
interior of the cylinder and given by

(Ku)(z) = — / e i \)i(A)dA

2
Rl (1.33)
= %/ / eV (2, Nu(y)dyd\
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with an operator valued symbol k(z, A). Then

2T

(DKu)(z) = L / h AT + D)k (z, A)a(N)dX

1°° - (1.34)
+o- AL, k(z, \)u(N)dA.
™ —00

Furthermore, since (Du)" = (iT'A + Dy)a we have

(KD)u(z) = % /_ h e k(z, \)(iAL 4 Dg)au(\)dA. (1.35)
Consequently
Trom (DK — KD)(z,2)) = % /_OO Tron (TOuk(x, \))dA, (1.36)

and hence, since by assumption K is supported in (—o0,0) x M and taking (1.27) into
account, we find

/0 Tron (DK — KD)(z,2))dx = ;—; h Tron (Ck(—R, X)) dA (1.37)
oo 2__7T1Z /: TraM<%I(K, )\))d)\. O

Eq. (1.31) immediately entails the following result.

Corollary 1.2. Let A € "W (M:; E) be a classical b-pseudodifferential operator of
order m < dim M. If the indicial family Z(A) vanishes, then A is trace class, and

Tr(A) = "Tr(A).

1.5. The relative McKean—Singer formula and the APS Index Theorem. In
the introduction to [MEL93], the author explained in detail his elegant approach to
the A-P-S index theorem, based on the b-calculus. The relative cohomology point of
view allows to make this approach even more appealing. Indeed, we will show that the
APS index ca be obtained as the pairing between a natural relative cyclic 0-cocycle,
one of whose components is the b-trace, and a relative cyclic 0-cycle constructed out of
the heat kernel. This pairing leads in fact to a relative version of the McKean—Singer
formula.
We start, a bit more abstractly, by considering an exact sequence of algebras

0—J — AL B—0; (1.38)

A, B are assumed to be unital, o is assumed to be a unital homomorphism. Let 7 be a
hypertrace on J, i.e. T satisfies

T(za) = 1(az) fora € A,z € J. (1.39)

Let 7 : A — C be a linear extension (regularization) of T to A, which is not assumed
to be tracial. Nevertheless, 7 induces a cyclic 1-cocycle on B as follows:

p(a(ao), o(ar)) == 7([ao, ar))- (1.40)
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Because of Eq. (1.39), u does indeed depend only on o(ag),o(a;). Moreover, the pair
(7, ) is a relative cyclic cocycle. Namely, in the notation of (1.5), Eq. (1.40) translates
into b(7, 1) = 0.

The relevant example for this paper is the exact sequence

0 — PU Y (M; E) — U *(M; E)" 5 Z(R, U 20OM: E))t — 0,  (1.41)

where M is a compact manifold with boundary equipped with an exact b-metric. The
operator trace Tr on PW_*(M; E) = Ker T satisfies (1.39), and the b-trace ®Tr provides
its linear extension to W™~ (M; E)*.

Assume now that the algebra A is represented as bounded operators on some Hilbert
space H and that J C Z'(H) consists of trace class operators. Let D be a self-adjoint
unbounded operator affiliated with A, i.e. bounded continuous functions of D belong
to A. Furthermore, we assume that we are in a graded (even) situation and denote the
grading operator by «. Finally we assume that D is a Fredholm operator and that the
orthogonal projection Pxe,p € J .

We note that in the case of a Dirac operator D on the b-manifold M it is well-known
that D is Fredholm if and only if the tangential operator Dy (see Subsection 1.7 and
Eq. (3.1) below) is invertible.

Define

Ay(t) := aDe 2P’ (1.42)
/ Delz=9)P s (1.43)

Since D is affiliated with A, A;(t) € A for ¢t > 0.

1.5.1. Case 1: e P* € J, for t > 0. Under this assumption Ai(t) € J, for t > 0.
Moreover, e~ *P* € C)M(T) = Co(T)/((1 — N\)Co(J)) defines naturally a class in HQ (7).

Lemma 1.3. The class of ae P in HS‘(J) equals that of aPxerp. In particular, it is
independent of t.

Proof. We calculate

b(Ay® Ay) = 2&/ D%e*P ds
: (1.44)

= 2« (e_tD2 - PKerD)a

—tD?

proving that ae and aPker p are cohomologous. O

As an immediate corollary one recovers the classical McKean—Singer formula. Indeed,
since the trace 7 defines a class in HY(J) one finds

Ind D = Tr(aPgerp) = (7, aPgerp) = (1, e~7) = Tr(ce ). (1.45)
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1.5.2. Case 2: The general case. The heat operator e P gives a class in H}(A). The
pairing of e*P* with 7 cannot be expected to be independent of ¢ since 7 is not a trace.
It is however a component of the relative cyclic 0-cocycle (7, ). Therefore, we are led
to construct a relative cyclic homology class from e " :. By Eq. (1.8) the relative cyclic
complex is given by

CMA,B) = CMA) & CX,,(B), b= (_Z;_ * _Ob) . (1.46)
From (1.44) we infer
(e = olae" — a P p) = %b(a(Ao) ® o(Ay), (1.47)
hence -
(Cotmeotan) =0 A
i.e. the pair EXPy(D) := (Oze_tDQ, —10(Ap)®0a(A1)) is arelative cyclic homology class.

Furthermore, since

(4L )

the class of EXP;(D) in H) (A, B) equals that of the pair (aPke: p, 0) which, via excision,
corresponds to the class of aPxer p € HPy(J). We have thus proved the following result.

Lemma 1.4. The class of the pair (oze*tDQ, —30(Ao) ® 0(A1)) in HCH(A, B) equals
that of («¢Pkerp, 0). In particular, it is independent of t.

Pairing with the relative 0-cocycle (7, 1) we now obtain the following relative version
of the McKean—Singer formula:

Ind D = Tr(aPkerp) = (T, 1), (oze*tDQ, —%O(AO) ® o(Ar)))

_ 7(0467”)2) _ %M<0<A0>70<A1>) (1.50)

~ FHae ) — %F([AO, A,

Once known, this identity can also be derived quite directly. Indeed, since [Ag, A;] =
20 [ D2e—sP?(s,

F(oze_tDQ) — %?([AO, Aq]) = ?(oze_tDQ) — ?(oz /OO D2e—sD? ds)

t

= T(ae P%) + / i?(ae’sm) ds (1.51)
, ds
= lim F(ae*SDQ).

Let us show that in the case of the Dirac operator on a b-manifold the second sum-
mand is nothing but the n-invariant of the tangential operator. Indeed, in a collar of
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the boundary D takes the form

(0 44 A\ _d (0 A
o (04 E) =rlin, o= (4 D).

Hence, one calculates using Proposition 1.1

1
§M(I(A07 )‘)az(Alv )‘))
-1 [ dZ (Ao, \)
= — T ———2T(A;, N))d\
ari | I"aM( N ( 1 ))
_1 o (o.0]
== [ Trou(al / (iAT + Dy)e*®5+X) ds ) dA (1.52)
T J - t
o —1 0 1 —A 0 7SA2
_m t —STraM((O _A)e )ds
_ L[ Tr (Ae*SAQ)dS _ 1 (A)
Thus if D is Fredholm we have for each t > 0
2 1
IndD = "Tr(ae™") — 577,5(/1), (1.53)

and taking the limit as ¢ \, 0 gives the APS index theorem in the b-setting.

1.6. A formula for the b-trace. In this subsection we give an explicit formula for
the b-trace, based on an observation of Loya [LOY05], which provides a convenient tool
for subsequent computations.

We first briefly review the Hadamard partie finie integral in the special case of b-
functions. Let f € PC*®((—o0,0]). From the asymptotic expansion (see Eq. (A.4))

f(@) ~omoo fo + fre® + fre® 4 (1.54)
we infer

/O f(x)dr = f; R+c+0( %), R— —oc. (1.55)
-R

The partie finie integral of f is then defined to be the constant term in the asymptotic
expansion (1.55), i.e.

/0 f(z)dz =: f; R+ Pf : f(x)dr +0(e™), R— —cc. (1.56)
-R

—0o0
The definition of the partie finie integral has an obvious extension to b-functions on man-
ifolds with cylindrical ends. Because of its importance, we single it out as a definition-
proposition.

Definition and Proposition 1.5. Let M° be a Riemannian manifold with cylindrical
ends and M the (up to diffeomorphism) unique compact manifold with boundary having
M? as its interior. For a function f € P°C®(M°) one has

/ fdvolz:clogR—i—/ fdvol+0(e™) as R — oo.
z>—R byf
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This means that / f dvol is the finite part in the asymptotic expansion of / fdvol
byg z>—R
as R — oo. More generally, if w € PQ™(M) is a (top degree) b-differential form, i.e. a

form whose coefficients are in "C>®(M®), then w is defined accordingly as the finite
M

part of w as R — oo.
z>—R

In local coordinates 1, ...,y, on OM, b-differential forms are sums of terms of the
form

w= f(x,y)dr Ndy;, N...Ndy;,_, + g(x,y)dy, A...Ndy;, (1.57)
with b-smooth functions f, g. Putting t*w := go(y)dy;, A ... Ady;, extends to a pullback
F 2 PQP(M) — QP(OM). Tt is easy to see that Stokes’ Theorem holds for / and ¢:

by

/dw:/ Cw. (1.58)
oM oM

For a b-pseudodifferential operator A € "W’ (M; E) of order < — dim M the b-trace
is nothing but the partie finie integral of its kernel over the diagonal:

") = [ty (Kalp.p))dvollp), (1.59)
M
where now K 4(-, -) denotes the Schwartz kernel of A and tr, denotes the fiber trace on
E,.

Next we mention a useful formula for the partie finie integral in terms of a convergent
integral. By Eq. (A.5), the asymptotic expansion (1.54) may be differentiated, hence
O.f = O(e"), © — —o0, is integrable and thus integration by parts yields

[ stwie=ri-r) - [ s

o (1.60)
=Rf, — / 20, f(x)dx + O(Re™ ™), R — —oo.
Hence
0 0
Pt  f(x)dx = / x0, f(x)dz, (1.61)

where the integrand on the right hand side is summable in the Lebesgue sense. Using
the tools from the previous paragraphs, we can now prove the following theorem about
the representation of the b-trace as a trace of certain trace class operators.

Proposition 1.6. Let M be a compact manifold with boundary and an exact b-metric
gv. Fiz a collar (r,n) :' Y — [0,2) x IM of the boundary OM as described in Ap-
pendiz A1, and let (z,n) : YT — (—00,0] x M denote the corresponding diffeomor-
phism onto the cylinder (—o0,0] x OM. Assume that A € "W (M; E) is a classical
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b-pseudodifferential operator of order < — dim M, and that its kernel is supported within
the cylinder (—o0,0) x OM. Then x[%, A] is trace class and one has

"Tr(A) = —Tr <x[%,/ﬂ) =

p (1.62)
- _/ {L‘—tr$7q(KA(l’,q;l‘,Q))dVOl(ZL‘,Q),
(—00,0)xOM dx

where K4 denotes the Schwartz kernel of A.

Proof. The condition on the support of A is necessary since the operators x and % are
only defined on the cylinder. However, Proposition 1.6 can be extended to arbitrary

A e b\I’;_dimM(M ; F) in a straightforward way: choose a pair of cut-off functions

©, Y € C>(M) with support within the cylinder (—oo,0) x dM and such that p(z) =1
for < =2, p(z) = 0, for x > —=3/2, Y(x) = 1 for < —1 and ¢(x) = 0 for
x > —1/2. Finally, choose a cut-off function y € Cg°(M \ OM) with compact support
and x(1 — @) = 1 — ¢. The definition of the b-trace then immediately shows that

PTr(pA) = PTr(1hpA) = "Tr(pAv)
and hence
PTr(A) = "Tr(pAy) + Te((1 — ) Ax) =

= — Tr(:p[%, PAY]) + Tr((1 — p)Ax).

The fact that z[-L, A] is trace class follows by Prop. 1.2, since the indicial family of the

" A] vanishes. We provide two variants of proof for (1.62).

commutator [,

1st Variant. From equations (1.59) and (1.61) we infer

") - | b1y 0 (a2, 4: 2, 0)) dvol(z, )
b(—00,0)xOM

J (1.63)

- _/ x_trm,q(KA(xvq;$7Q))dVOI(ZL‘7q)'
(—00,0)xOM dx

This proves the second line of (1.62). The first line follows, since the kernel of [, A] is
given by [-L K4l(x,piy,q) = O Ka(x, p;y,q) + 0,Ka(z,p;y, q) which for z = y equals
LK a(z,p;z,p), cf. Eq. (1.61).

2nd Variant. For Rz > 0 the operator e** A is trace class and the function

2+ Tr(e* A) (1.64)
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is holomorphic for Rz > 0 and it extends meromorphically to Rz > —1, 0 is a simple
pole and the residue at 0 equals PTr(A) (cf. [LoY05]). Hence

d
b _ ZT
Tr(A) = 77 Tr(e**A) .
_ 4y <[i7€zx]A)
dz dx 0 (1.65)
d d zT zZT d .
:ETrOd—,e A] - e[ ,A}) By

since for Rz > 0 the trace of the commutator Tr([%, e** A]), thanks to the decay of e**,
does vanish. The last claim follows as above. O

1.7. b-Clifford modules and b-Dirac operators. To treat both the even and the
odd cases simultaneously we make use of the Clifford supertrace (c¢f. e.g. [GET93A,
Appendix]). Denote by C/, the complex Clifford algebra on ¢ generators, that is C¢,
is the universal C*-algebra on unitary generators ey, ..., e, subject to the relations

€€ + €xej = _25]14: (166)

Let S = AT @O~ be a Zy-graded Hilbert space with grading operator a. We assume
additionally that J# is a Zy-graded right C/,-module. Denote by c" : Z#®Cl, — J the
right C/,-action and define operators E; : 5 — ¢ forj=1,--- ,qby E; := cr(—®e]~).
Then the E; are unitary operators on .7 which anti-commute with o.

The C*-algebra £ (%) of bounded linear operators on . is naturally Z,-graded,
too. For operators A, B € Z() of pure degree |A|,|B| the supercommutator is
defined by

[A, Blz, == AB — (—1)IPIBA. (1.67)
Furthermore denote by Z¢y, () the supercommutant of Cl, in S, that is Ly, (J€)
consists of those A € £ () for which [A, Ej]z, =0, =1,...,q. For K € £, () =
{A € %y, () | Atrace class } one puts
Stry(K) := (47)""* Tr(aE, - ... - B, K). (1.68)
The following properties of Str, are straightforward to verity.
Lemma 1.7. For K, Ky, Ky € £, (), one has
(1) Stry K =0, if | K|+ ¢ is odd.
(2) Str, vanishes on super-commutators: Str,([K1, K2]z,) = 0.

Again, let M be a compact manifold with boundary, » : Y — [0,2) a boundary
defining function, and g, an exact b-metric on M. Associated to these data is the

bundle PCl(M) := CL(PT*M) of Clifford algebras. Its fiber over p € M is given by the
Clifford algebra generated by elements of bT; M subject to the relations

§-C+(-E=—-2g,(&,¢) forall&,¢€PTM. (1.69)
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Definition 1.8 (c¢f. [GET93A, Sec. 5]). Let ¢ be a natural number. By a degree g b-
Clifford module over M one then understands a Zs-graded complex vector bundle W —
M together with a Hermitian metric (—, —), a Clifford action c = ¢! : "T"M @ W — W,
and an action ¢’ : W ® Cf, — W such that both actions are graded and unitary and
supercommute with each other. A b-Clifford superconnection on a degree ¢ b-Clifford
module W over M is a b-superconnection

A PQU(M, W) =T (M, A (PT*M) @ W) — PQ* (M, W)
which supercommutes with the action of C/,, satisfies
[°A, c(w)]zg =c("Vw) for all w € Q'(M),
and is metric in the sense that
(PAE, )+ (€,"AC) = d (€,¢)  for all £, € PQ* (M, W).

Here, and in what follows, PV denotes the Levi-Civita b-connection belonging to ¢,. In
the remainder of this article, we assume that a b-Clifford superconnection is always of
product form near the boundary. This means that over Y* for some s with 0 < s < 2
the superconnection has the form

bA‘ys — n*va +77*w8 A —,
where  : Y — OM is the boundary projection from Appendix A, V? is a metric
connection on the restricted bundle Wsy, and w? e N° (8]\/[ ; End (VV\@M))- Recall that

the pull-back covariant derivative (n*Va) on Wy is uniquely defined by requiring for
¢ eI (Y, W) that

B v D
(n*Va) - ra—f, it vV = " i
v V2, if V=V on for some V € T°(OM, TOM).

The Dirac operator associated to a degree ¢ b-Clifford module W and a b-Clifford
superconnection PA is defined as the b-differential operator

D:=c oA :T®(M, W) —T™(MA("T*M)@ W) — (M, W).

In this paper the term “Dirac operator” will always refer to the Dirac operator
associated to a Clifford (super)connection in the above sense. Such Dirac operators
are automatically formally self-adjoint. By a Dirac-type operator we understand a
first order differential operator such that the principal symbol of its square is scalar
(cf. [TAY96]).

Note that the b-metric on M and the metric structure on W give rise to the Hilbert
space ¢ = L*(M;W) of square integrable sections of the b-Clifford module. By
assumption, C¢, acts on L?(M; W), hence by Eq. (1.68) one obtains a supertrace Str,, :
L, (LA(M;W)) — C. Similarly the b-trace gives rise to a b-supertrace

<—dim M

bStr, : b\IfCL% (M; W) — C,

(1.70)
PStr, (K) := (47)" Y% PTr(aE, - ... - EK).
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Here b\If:LCZq (M; W) denote the classical b-pseudodifferential operators which lie in the
supercommutant of C¢, in J# (cf. (1.67) supra).

Next consider the natural embedding T*OM — bT"gMM . By the universal prop-
erty of Clifford algebras one obtains an embedding of Clifford bundles C/¢ (6M ) —
bCf(bT"gMM). Moreover, the decomposition bT"gMM =T*M ®R- r% induced by
g, even gives rise to a splitting bCE(bT%MM) — CL(OM). Let now W — M be a
degree ¢ b-Clifford module over M. Then C/¢ (8M ) acts on Wgys via the embedding
075 (8M ) — bCY (bT"g M ) We denote the resulting left action of the boundary Clifford

bundle on Wsys again by c. Moreover, the action Wisy @ Cl; — Wian extends to a
right action ¢ : Wjanr ® Clyy1 — Wianr by putting

(w 6]) R {Cr(waej)y fOl"wEWp,pEaM’j:L...’q’

E, =c;
7 —c (L, w), forweW, pedM,j=q+1,

(1.71)

cf. the beginning of this Subsection 1.7. It is now easy to check that Wsas together
with ¢ and ¢}, as Clifford actions becomes a degree ¢ + 1 Clifford-module over OM.
Now we have the ingredients for the b-supertrace of a supercommutator:

Proposition 1.9 ([GET93A, Cor. 5.5]). Let D be a Dirac operator on a q-graded b-
Clifford bundle W, and K € b\If;:)&q (M;W). On OM put By := —c'(%) = —(dx).
Then

bStr, (D, Klz,) = % /_ h Strgsrom (ZUK, A))dA, (1.72)

We do not claim here that Z(K, \) commutes with I" in the graded sense. This is not
necessary for the definition of Stryi1 sas.

Remark 1.10. Another consequence of the previous considerations which we single
out for future reference is the structure of a Dirac operator on a cylinder R x oM
(cf. (A.3)). Since all structures are product, D takes the form

d d
D = c(dr)——+ Dy = r(% + A). (1.73)

Here ' = ¢(dx) is Clifford multiplication by the normal vector % and Dy :=T'"A is the
tangential operator. Dy is a Dirac operator on the boundary. Moreover, one has the
relations

M*=-TI, I'’=—-I, A'=A, TA+ Al =TDy+ Dy’ =0. (1.74)
Now let u be a section of the Clifford bundle W over the cylinder R x M. Then

(Du)(x,p) = % / h (c(daz)% + D) e (A, p) dA =
| e (1.75)
" (ic(dz)X + Dp) (A, p) dA.

:% N

By Egs. (1.26) and (1.27) this proves the following:



26 MATTHIAS LESCH, HENRI MOSCOVICI, AND MARKUS J. PFLAUM

Proposition 1.11. Let M be a compact manifold with boundary and let g, be an exact
b-metric on M. Furthermore, let D be a Dirac operator on M. Then the indicial family
of D is given by Z(D)(A\) = iAc(dx) + Djy.

1.8. The relative Connes-Chern character of a Dirac operator over a manifold
with boundary. In this section, M is a compact manifold with boundary, gy is a
Riemannian metric which is smooth up to the boundary, and W — M is a degree
q Clifford module. We choose a Hermitian metric h on W together with a Clifford
connection which is unitary with respect to h. Let D = D(V, gy) be the associated
Dirac operator; we suppress the dependence on h from the notation. Then D is a
densely defined operator on the Hilbert space H of square-integrable sections of W.

According to [BDT89, Prop. 3.1], as outlined in the introduction, D defines a relative
Fredholm module over the pair of C*-algebras (C(M),C(OM)). Recall that the relative
Fredholm module is given by F = D.(D!D, + 1)~!/2, where D, is a closed extension
of D such that either D!D, or D.D! has compact resolvent (e.g. both D, and Dy
satisfy this condition), and that the K-homology class [F] does not depend on the
particular choice of D, (see [BDT89, Prop. 3.1]). Furthermore, [BDT89, §2] shows
that over the C*-algebra Co(M \ OM), whose K-homology is by excision isomorphic
to K* (CO(M \ OM )), one has even more freedom to choose closed extensions of D,
and in particular the self-adjoint extension Dapg obtained by imposing APS boundary
conditions yields the same K-homology class as [F] in K*((Co(M \ OM)).

It is well-known that Daps has an m*-summable resolvent (cf. e.g. [GRSE95]).
Moreover, multiplication by f € J°(0M, M) preserves the domain of Daps and
[Daps, f] = c(df) is bounded. Thus Dapg defines naturally an m*-summable Fred-
holm module over the local C*-algebra J>°(OM, M) C Co(M \ OM). Since by excision
in K-homology K*(Co(M \ OM)) is naturally isomorphic to K*(C(M),C(OM)), one
concludes that the class [F] of the relative Fredholm module coincides under this iso-
morphism with the class [D] of the m™-summable Fredholm module over 7> (0M, M).

Let us now consider the Connes—Chern character of [D]. According to [COM093], it
can be represented by the truncated JLO-cocycle of the operator D (with n > m of the
same parity as m):

ch(D) = Y~ Ch™?*(tD) + BT ¢hy"!(D). (1.76)
k>0
Recall from [JLOS88] that the JLO-cocycle is given by

Ch*(D)(ag, ..., ax) = / Stry (aoe™ D, a1] ... [D, axle™"*>")do,
A, (1.77)

for ag,...,ar € T*(OM, M).

Note that the cyclic cohomology class of chy(D) is independent of ¢, and that ch}
is the Chern-Connes character as given in Diagram (1.2). To obtain the precise
form of the Chern-Connes character chy(D) € HP*(J>(0M, M)) one notes first that
HP*(T>*(0M,M)) = HI®(M,0M;C) by [BRPFO8] and then has to calculate the limit
limp o chf(D)(ao, . . ., az). Since Ch* is continuous with respect to the Fréchet topology
on J*(0OM, M), and C§°(M \ OM) is dense in J*(OM, M), it suffices to consider the
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case where all a; have compact support in M \ OM. But in that case one can use
standard local heat kernel analysis or Getzler’s asymptotic calculus as in [COM090] or
[BLF090] to show that for n > m and same parity as m

P\H&[ch;‘]k(D)(ao,...,ak):/MwD/\aodal/\...dak. (1.78)

Here, [chy | . denotes the component of chy’ of degree k and wp is the local index form
of D. By Poincaré duality the class of the current (1.78) in H{®(M, M) depends only
on the absolute de Rham cohomology class of wp in Hjg(M). By the transgression
formulage this cohomology class is independent of V and g. Summing up and using
Diagram (1.2), we obtain the following statement.

Proposition 1.12. Let M be a compact manifold with boundary and Riemannian
metric go, and let W be a degree q Clifford module over M. For any choice of
a Hermitian metric h and unitary Clifford connection V on W the Dirac operator
D = D(V,go) defines naturally a class [D] € K, (M \ OM). The Connes-Chern char-
acter of [D] is independent of the choice of V and go. In particular the index map
Index|p) : K*(M,0M) — Z, defined by the pairing with K-theory, is independent of
V and go.

2. THE b-ANALOGUE OF THE ENTIRE CHERN CHARACTER

The degree ¢ Clifford module approach outlined in Subsection 1.7 has advantages
when dealing with manifolds with boundary, because the formulag for the JL.O cocycle
and its transgression (cf. (2.6), (2.7) below) become simpler. To make the connection
to the standard even and odd Chern character without Clifford action, from now on
we will also consider ungraded Clifford modules without auxiliary Clifford right action.
Therefore we assume that either

e we are in the graded case with ¢ Clifford matrices F, ..., E, where D is odd,
and Str, denotes the Clifford trace defined in Subsection 1.7,

or

e we are in the ungraded case, when there are no Clifford matrices and no grading
operator; this case can be conveniently dealt with by putting ¢ = —1 (which is
odd!), @ =1 and Str, := Tr = Tr(a-).

From now on, we assume that D, t € (0,00), is a family of self-adjoint differential
operators of the form D, = f(¢)D with D the Dirac operator of a g-graded b-Clifford
module (¢ > —1 according to the previous explanation) with b-Clifford superconnection
(W,PA) and f : (0,00) — R a smooth function. D; are Dirac type operators in the sense
of [TAY96].

Following Getzler [GET934, Sec. 6], we define for Ag, - -, A, € "W (M, W)

P(Ag, -+, Ap)p, ;:/A PStr, (Ag e~o07 LA, efokDﬁ)da 1)
k .

:bStI‘q ((Ao, Cey Ak)Dt)7
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where
Ak = {O’ = (0'0, ...,O'k) € RkJrl ‘ 0j Z O, og+...+o0r = 1} (22)
denotes the standard k-simplex and
(Ao, ce 7Ak)D = / AO 6700D2 cee Ak eiokDQdO'. (23)
Ag
Put
PCh*(D)(ag, - - - ,ax) == ™ao, [D, a1, -, D, a]), (2.4)
" (D, V)(ao, -+ ax) =
Z (_1)J degV b<a'07 [Da (1,1], T [D7 aj]a V7 [Da a’j+1]7 T [D7 ak]) <25)

0<j<k

The operation P¢h will mostly be used with V = D, as a second argument. Here D,
is considered of odd degree regardless of the value of q.

Remark 2.1. For ¢ = 0, k even resp. ¢ = —1, k odd "Ch*(D), b¢hk(D,D) are the
b-analogues of the even and odd JLO Chern character and its transgression.

The following result is crucial for this paper. It is essentially due to Getzler [GET93A,
Thm. 6.2], although the following version is not stated explicitly in his paper.

Theorem 2.2. For ¢ > 0 we have the following two equations for bCh*(D) and
*¢h(D,D):

b°Ch*(D,) + B Ch*™(D,) = Ch*(Dy,) o i*, (2.6)

d

2 PCn*(D,) + " (D, D) + BT (D, D) = — ¢h* (Do, Do) 0. (2.7)

These formulee will be repeatedly used in Section 6 and thereafter. For notational
convenience we will omit the symbol ot* whenever the context makes clear that this
composition is required.

The theorem can be derived from [GET93A, Thm. 6.2] by introducing the form valued
expression

PAg, - Ay = / bStr, (Ag e 0@ DD L 4y emonEdDADD) g (2.8)
Ay
and the combined Chern character Chg,, defined as

Chlé (Dt)(a'07 e 7ak)

ag, - ,a € C*(M). (2.9)
= b<<a'07 [Dta (1,1], ) [Dta ak]»a
For this, Getzler proves
(—id+ b+ B) Chg,(D;) = Chg,(Da) o ™. (2.10)

Remark 2.3. Note that in this paper we use self-adjoint Dirac operators while Getzler
uses skew-adjoint ones in [GET93A]. Accordingly, our Dirac operators differ by a factor
—1 from the Dirac operators in [GET93A]. This explains the appearance of such i-factors
in our formulee, which are not present in [GET93A].
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By carefully tracing all the signs and i—factors involved in the graded form valued
Clifford calculus, as well as due to the various conventions, it turns out that separating
(2.10) into its scalar and 1-form parts, using [GET93A, Lem. 2.5]

(Ao, A =

. LA . (2.11)
= MAp, - Ay =iy Ao, Ay dEADy Ajpy e, Ay,

J=0

one obtains Egs. (2.6) and (2.7).

However, for completeness, we will give a more direct argument in Subsection 2.2,
without using operator valued forms. The proof below follows the lines of the standard
proof for the JLO cocycle representing the Chern character of a #-summable Fredholm

module (¢f. [JLOS&8|, [GESz89]).

2.1. Cocycle and transgression formulz for the even/odd b-Chern character
(without Clifford covariance). Recall from Remark 2.1 that for ¢ = 0 and & even
resp. ¢ = —1 and k odd "Ch®(D) is the b-analogue of the even, resp. odd, JLO Chern
character. We shall relate the ungraded (¢ = —1) case to the graded case with ¢ = 1.
Starting with an ungraded Dirac operator D; acting on the Hilbert space H, put

- (1 0\ = [0 D
H=HoOH, a:-= (O _1), D, := <Dt 0). (2.12)

Then 5t is odd with respect to the grading operator a and it anti-commutes with

By = <_01 (1)) . (2.13)

Note that
D: = aBi (D, ® I,) (2.14)

with Iy being the 2 x 2 identity matrix.

Proposition 2.4. Let D, be ungraded (¢ = —1) and let D, = aF(Dy ® 1) be the
associated 1-graded (¢ = 1) operator. Then for k odd

PCh¥(D,) = ibCh’“(Dt),
L \{7? o (2.15)
P¢h" (D, Dy) = ﬁbsih (D¢, D).

Needless to say that these formule are valid as well for Ch® and ¢h®.
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Proof. Using Proposition 1.9 we find for k£ odd:

Yap, [Dr ... [Dy, i),
= b((aEl)k 0, (Dt ® I, a1, ..., [Dy ® Iy, a])pysor
N \/_ bTr((ozEl)k+1 age 7P Dy, aq] . . . [Diayle Pt @ L) (2.16)
1
= ﬁ b<a'07 [Dt7 (ll], SRR [Dta a’k])Dt
The calculation for b¢hk71([~)t, D,) is completely analogous. O

Now we are ready to translate (2.6) and (2.7) into formule for the standard even and
odd Chern character without Clifford action.

2.1.1. ¢ = 0. A priori we are in the standard even situation without Clifford right
action. However, Dy is viewed as C/; covariant with respect to the Clifford action given
by Fy = —I'. On the boundary, I' gives a natural identification of the even and odd
half spinor bundle and with respect to the splitting into half spinor bundles D takes the

form:
0 —1\ d 0 A
D= el .
(1 O)dN(A 0)’ (2.17)
r D
a

A is an ungraded Dirac type operator acting on the positive half spinor bundle (it is the
operator whose positive spectral projection gives the APS boundary condition). In the
notation of Eq. (2.12), we have Dy = Z, FE, = —TI". Thus, Proposition 2.4 and Theorem
2.2 give the following result.

Proposition 2.5. Let M be an even dimensional compact manifold with boundary with
an ezact b-metric and let D, = f(t)D be as before. Writing D in a collar of the boundary
(in cylindrical coordinates) in the form

_d
D::(diA dr*A), (2.18)

A is an ungraded Dirac type operator acting on the positive half spinor bundle restricted
to the boundary. Furthermore we have with Ay = f(t)A

1
b"Ch*(D,) + BPCh*(D,) = 7 Ch*(A,) o i*, (2.19)
% "Ch*(D,) + bb¢hk71(Dta D) + Bh" " (D,, Dy)

(2.20)

\F #ht (A, Ay o
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2.1.2. ¢ = —1. Now let D be ungraded and put D,a, E; as in Egs. (2.12), (2.13), (2.14).
Then by Proposition 2.4 we have

PCh*(Dy)(ao, - - -, ax) = /7T bChk(Bt)(am s a), (2.21)
k . k ~ ~
b¢h (Dt7 Dt)(a07 s 7ak) = \/7_T b¢.h (Dt7 Dt)(a07 ety ak)' (222>
In the collar of the boundary, we write as usual D = T% + Dy, and thus
~ (0 T'\ d 0 Dg
D_<T O)%JF(DE) O)' (2.23)
——— —_———
-7 =Dy

6(; is 2—graded with respect to

0 1 = 0 T
Note that N
OéElE2 =-I'® [2, Da = OzE1<Da X [2) (225)
For even k we have
— o 5
Stra(age™ P94 [Day,a1] - ... - [Day, arle” P2 )
1 D2 .
:E TI‘(OzElEQ(aEl)k(aoe ODa’t[DB,t,al] o [D&t’ak] k (’)t) ® 12) (226)
1
= 2_ Tr(FCLO@iUOD%,t [Da,t7 al] et [Da,t7 ak]eiakD%,t)
T

With respect to the grading given by —iI' we can now write

1 1
" Tv(T)) = — Stry. 92.27
oy Tr(I") = 5= Stro (2.27)

Together with (2.21) and (2.22) we have thus proved:

Proposition 2.6. Let M be an odd dimensional compact manifold with boundary with
an exact b-metric and let D be an ungraded Dirac operator. Writing D in a collar of
the boundary (in cylindrical coordinates) in the form

d
D=T-—+D 2.2
dx + Da, ( 8)

Dy is a graded Dirac type operator with respect to the grading operator —il'. Further-
more, we have

b hk*l Bb hk+1 hk D 29
bCh*™ (D) + B*Ch™(Dy) = QﬁZC (Da) od", (2.29)
9 vcat (o) + 1"~ (D,. By + B (D,.D)

1 s (2.30)
:_2\/7—m»¢h(Dtth)ol
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2.2. Sketch of Proof of Theorem 2.2. Recall that Theorem 2.2 is stated for ¢ > 0,
hence in this subsection all Dirac operators will be ¢—graded with ¢ > 0.

Proposition 2.7. Let Ay, ..., A € b\I!:L% (M; W) Assume that for all but one index

Jo the indicial family is independent of X and commutes with the actions of Ey, ..., E,
and Eq1 = —I'. For the possible exception jo we assume that Aj, is proportional to D.
Then

P Ag, . A = (1) Ay, Ao, ..., A1), (2.31)

where € = |Ag|(|Ao| + . .. + | Ar_1])-

k
MAo, . Ay =Y XAo . Aj L A A
. (2.32)
=Y (=D)F™1, Ay Ag, Ao,y oo A,
j=0

where €j = (|A0| 4+ ...+ |A]_1|)(|Aj| + ...+ |Ak|)
Forj <k

P Ao, ..., A1, D% A Ay, - AR
="Ag, .. A o  Aj 1A A Ay (2.33)
— MAg, .. A, AjAj i, A, Ay,
Similarly, for j =k
(Ao, ..., Ap_1, D2, AL])
="Ag, ..., Ap_g, Ap_1A) (2.34)
_ (_1)|Ak\(|Ao\+---+\Ak—1|) b<AkA07 o Al
Note that these formulae are the same as in Getzler-Szenes [GESz89, Lemma 2.2].
In particular there is no boundary term. The proof proceeds exactly as the proofs of
[GET93A, Lemma 6.3] (1),(2), (4), and we omit the details. We only note that one has

to make heavy use of the following lemma in order to show the vanishing of certain
terms:

Lemma 2.8 (Berezin Lemma). Let K € £, (/). Then for j < q
Tr(ozEl o EJK) = 0.

Proof. 1t j + q is odd then moving « past £ - ... E;K and using the trace property
gives
TI'(OZEl L E]K) = —TI'(El ot EjKO[)

2.35
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If j + ¢ is even then, since j < ¢, F, anti commutes with aF; - ... E;K and hence
similarly
Tr(ozEl ot E]K) = — TI'(E(?O(El ot EJK) = TI‘(EqOZEl ot E]KEq)

We will make repeated use of the equations (2.31)—(2.34). Now we can proceed as
for a f—summable Fredholm module. Following [GBVFO01, p. 451] we start with the
supercommutator

/ PStr, (D, age 7P [Dy, a1] ... [Dy, ak]e_”’“D?} )do. (2.36)
Ay

As in [GET93A, bottom of p. 37] one shows, using Proposition 1.9 and the fact that
i e NMd\ = /7, that this supercommutator equals

<a075, [D?, 0,173], ceey [D?, ak7a]>D?. (237)

It is important to note that here we are in the case ¢ + 1, where the grading is the
induced grading on the boundary and Egy; = —I'.

For convenience we will write D instead of D;. Expanding the supercommutator
(2.36) on the other hand gives

b<[D7 a’0]7 ceey [Da ak])
k
. (2.38)
+ 3 (=1 M™ag, [D,ai] ... [D, a;-1], [D* ay), ... [D, axl),
j=1
where we have used [D?, a;] = [D, [D, a;]]z.
We can now calculate the effect of b and B on PCh.
BPCh*™(D)(aq, ..., ar)
k
=> (-1)¥™1,[D,ay],...,[D,a,[D,ag),....[D,a;])
e (2.39)
= b([D, (lo], ey [D, (lj_l], 1, [D, (lj], ey [D, (lkD
7=0
= ™D, ac],...,[D,a]),

where we wused (2.32) twice. Thus, the first summand in (2.38) equals
BPCh (D) (aq, . . ., az).
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Furthermore,

b"Ch*(D)(ap, . . ., ax)

= b(ao(ll, [D, 0,2], ce [D7 ak]>
k-1
+ Z(_l)j ag, ..., [D,a;a;11], -, D, ax])

+(=1)*Marao, D, a1]; .., [D, ar-1])
= b(aoal, D, as], ..., [D,ax])
_ b<a/07 CL1[D CLQ] [D, ak]>

k—2

+ ( ag, [D, a1, ..., [D,ajla;i1, ..., D, ar])

=1

(2.40)

.

— b(a,o, ey [D, (lj], (lj+1[D, aj+2], ey [D, (lk]>>

(—=1)*'™aq,[D,ayl,..., D, ar_1]ax)
(—=1)*™ayaq, [D,ai1],...,[D, ap_1])

+
+
k
Z ) ag, [D, a1, ..., [D?, a4, ..., [D,ax),

where we have used (2.33) and (2.34). The right hand side of (2.40) equals the sum in
the second line of (2.38).
Summing up (2.36), (2.37), (2.38), (2.39), and (2.40) we arrive at Eq. (2.6).

For additional clarity, let us perform two direct checks, for small values of k.

Case 1: k= 0. In this case (2.38) equals
%D, ao]) = X1, D, ag]) = B Ch(D)(a), (2.41)

by (2.32) and we are done in this case.

Case 2: k= 1. Then (2.38) equals

™D, ag], [D, a1]) + Xao, [D?, a1]). (2.42)

The first summand is B”Ch?(ag, a;) and the second summand equals in view of (2.34)

Yagar) — ayag) = b"Ch®(D)(ag, ar). (2.43)
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2.3. The transgression formula. To prove the transgression formula we proceed
analogously and start with the supercommutator

k

S (1) / Sty ([Dr, age="% Dy, ] ..

=0 JAVER)
... [Dy, aj]e_(’fD?De_(’f“D? ... [Dy, ak]e_"’““D?Dda. (2.44)
We compute this supercommutator using Proposition 1.9. Note that I(Dt,)\) is

proportional to i['A + D?. The summand i['A contributes a term proportional to
ffooo Ae*d\ = 0. The remaining summand gives, since i e Md\ = VT,

k

Z(_l)j<a0,87 [Dtaa al,a]a R [D?a aj,8]> D?) ey [Dtaa a’k,a]>
=0 (2.45)

= ¢}1k(D87 DB)(QO,(’), ... aa'k‘,a)'

Let us again emphasize that here we are in the case ¢ + 1, where the grading is the
induced grading on the boundary and E,4; = —T'.

Next we expand the commutator (2.44). However, we will confine ourselves to small
k. The calculation is basically the same as in [GBVFO01, p. 451]. The only difference is
that on a closed manifold (2.44) is a priori 0 while here it coincides with the transgressed
Chern character on the boundary.

Case 1: k =0. (2.44) expands to
P([Dy, ag), Dy]) + Xaqg, Dy, Dy]). (2.46)
On the other hand

B ' (Dy, D) (ao) = "¢h’ (Ds, D,)(1, ao)
= b(l, Dt, [Dy, ap]) — b(l, [Dt,ao],Dt)

) SR , (2.47)
= —X[Dy, aql, 1, Dy) — X[Dy, ao], D¢, 1)
- b<[Dta aol, DtD,
by (2.32). Moreover using the well-known formula
% __ / " oD [D, B,]e= 0% ds, (2.48)
we have
£ (D) (a0) = —ao, [Py, O (2.49)
hence altogether
Loen(D,) + Bgh' (D, D) = — (D2, D?). (2.50)

dt
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Case 2: k = 1. To be on the safe side, we also look at an example in the odd case.
We will again make repeated use of the formulee in Proposition 2.7 without further
mention. Eq. (2.44) now expands to

%[Dy, o, Dy, D, a1]) — X[Ds, aol, [Ds, a1l Dt>
+ ™ag, [Dy, D¢, [Dy, a1]) + Xag, [Dy, aq], [Dy, Dy)) (2.51)
— Yao, Dy, [D}, a1]) — ao, [DF, a1], Dy).

On the other hand

B’ (D, Di)(ao) = "¢’ (D, Di)(1, ao, ar) = "¢’ (D, Do) (1, a1, ao)
=", D,, [Dy, ag), [Dy, a1]) — ™1, [Dy, ag), D;, Dy, a1])
+ ™1, [Dy, ag), [Dy, ay], Dt) — M1, D;, [Dy, a1], [Dy, ao])
+ ™1, [Dy, a1], Dy, [Dy, ag]) — ™1, [Dy, a1], [Dy, ao), Dy)
=Dy, ap), [Dy, a1, 1, Dt) + Y[Dy, a), 1, [Dy, ay], Dt>
+ ™([Dy, ag), [Dy, a1, Dy, 1) — X[Dy, ag), Dy, [Dy, @], 1)
<[Dta@0] Dy, 1, [Dt,a1]> <[Dt7a0] Dy, [Dr, a1])
=™[Ds, ao, [Dy, a1}, Dr) — X([Dy, aq), Dy, [Dy, a1]),

(2.52)

which equals the negative of the first two summands of (2.51).
Furthermore,

B°¢°(Dy, D) (a0, ar) ="’ (Dr, D) (a0, an]) = (a0, ar] D). (2:53)
Applying (2.33) and (2.34) to the last two summands of (2.51) we find

b<a07 Dt7 [Dga a1]> + b<a'07 [Dga al]a Dt)
= b<a0, DtCLl) — b<(11a0, Dt> + b<(10a1, Dt> — b<CLO, CLlDt> (254)
=Yao, [Dr, a]) + B°¢h"(Dy, D) (a0, 1),

hence adding Bb¢hQ(Dt, D;)(ag, a;) and bb¢hO(Dt, D,)(ag, a1) to the right hand side of
(2.51) we obtain

¢ (D2, D?) (a0, a1,0) + B¢h”(Dy, Dy)(ag, ar) + b°¢h’ (Dy, D) (ag, ar)

= - b<a’0> [Dtv a1]> + b<a’0> [Dt7 Dt]v [Dtv al]) + b<a0> [Dtv a’l]? [Dtv Dt]> (255)
= — N (D)) a0, )

in view of (2.48).
With more effort but in a similar manner, the previous considerations can be extended
to arbitrary k, thus proving Eq. (2.7).
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3. COMPARISON RESULTS AND ESTIMATES ON THE CYLINDER

This section is devoted to some crucial estimates for the heat kernel of a b-Dirac
operator. These estimates will be used to analyze the short and long time behavior
of the Chern character. Throughout this section it will be convenient to work in the
cylindrical context.

3.1. Comparison results. Let M;, j = 1,2, be complete Riemannian manifolds
with cylindrical ends. Assume that M; and M, share a common cylinder component
(—00,0] x N. That is, if M; = (—o00,0] x N; Uy, Xj,j = 1,2, then N is (after a suit-
able identification) a common (union of) connected component(s) of Ny, No. A typical
example will be My =R x N.

Suppose that D; are formally self-adjoint Dirac operators (cf. Subsection 1.7) on
Mj, j = 1,2 with Dyj_aoojxv = Dojccojxy =1 D = c(dx)% + Dy. The operators
D; are supposed to act on sections of the Hermitian vector bundles W, such that
Wi(coo0xn = Waj—oo0xn- As explained in Appendix A, we identify I'° ((—oo,c] X
N; W), ¢ € R, with the completed tensor product C* ((—oo, c])®T°°(N; W) and accord-
ingly "I'%%, ((—00,¢) x N; W) with PCZ3, ((—oo, ¢))@I>(N; W). We want to compare
the resolvents and heat kernels of D; on the common cylinder (—oo, 0] x N.

To this end, we will make repeated use of Remark 1.10 without mentioning it every
time. Moreover, we also will tacitly use the fact that

inf spec,., D? = inf spec D3. (3.1)

A proof of this can be found in [MUL94, Sec. 4]. Concerning notation, ||7'||, stands for
the p-th Schatten norm of an operator T" acting on a Hilbert space . unless otherwise
stated.

Proposition 3.1. 1. Fiz an open sector A := {z e C } e <argz < 21 — 5} C
C\ R, where ¢ > 0. Then on (—oo,c] x N,c < 0, the difference of the resolvents
(DI — N1 — (D2 — XN, A €A, is trace class and

(@2 =27 =03 =N, e,

< Cle,n)|A™, asA— oo in A, (3.2)

with n arbitrarily large.
2. On (—o0,c] X N,c < 0, the difference of the heat kernels
l ,—tD? 1 —tD32
(Dye™1 — De 2)\(—oo,c}><N

is trace class fort > 0 and

| (Dlet - pheot)

[(—o0, ] XN ||

< C(c,n,to)t", 0<t<Hty, l e Z+, (34)

with n arbitrarily large.
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F1cURE 3. The cut-off functions ¢ and .

3. Assume in addition that Dy, Dy are Fredholm operators and denote by H; the
orthogonal projections onto KerD;,j = 1,2. Then for 0 < ¢ < inf spece D? there is a
constant C(c,0) such that

H (D\e (I — Hy) — Dhe ™3 (I — Hy)) < (e, 8)e™™, (3.5)

|(—c>o,c]><NH1
forO<t<oo, leZ,.

Proof. 1. 'We choose cut—off functions ¢, 1) € C*°(R) such that

w={y Tt wa-{y ISl e
see Figure 3. 'We have ¢ = ¢, supp dip Nsupp ¢ = ). Consider
Ryp(N) ==0((DY = X)7" = (D3 = A) )¢, (3.7)
viewed as an operator acting on sections over M;. Then
(DI = MRy, (A) = [DF, ¢](DY — X) "' — [D3, (D3 — A) ', (3.8)

where again [D3,](D3 — X\) "1y is considered as acting on sections over M;. Since the
operators [DJZ», ¥],j = 1,2 have compact support which is disjoint from the support of
¢ we may apply Proposition B.2 to the r.h.s. of (3.8) to infer that Ry ,()) is trace class
and that the estimate (3.2) holds.

2. This follows from 1. and the contour integral representation (B.12) of the heat
kernel. Cf. Proposition B.5.

3. This follows from 1. and (B.12) by taking the contour as in Figure 6, page 78. [

We refer to Appendix A for the notation "Diff , ((—o0,0) x N; W) (A.16). In what
follows, the subscript cpt indicates that the objects are supported away from {0} x V;
it does not indicate compact support. The support of objects in bDiffzpt, and other
spaces having the cpt decoration, may be unbounded towards {—oo} x V.

cpt

k
Theorem 3.2. Let A; € "Diffy?, ((—00,0) x N; W), 5 =0, ...,k be given, a := 3 a;.
7=0
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1. Forty,n >0 there is a constant C(ty,n) such that for all 0 € Ag,0; >0

HAoeiaotD% s A (eialtD% — efoltD%)AlJrl Co AkefoktD%
1
C(to,n ( H o 9/> ot)", 0<t<ty (3.9)
Jj=0,j#l

2. Assume in addition that Dy, Dy are Fredholm operators and denote by H; the
orthogonal projections onto KerD;,j = 1,2. Then for 0 < § < inf spec,, D? and all
s Ak, o; > 0,

HAoefaotD%(I —Hy)- .- Agfe “H (] — Hy) — e 7 PH(T — Hy)) Ay -

L Ape I (T — Hl)H1

k
< C(é)( H o—;“ﬂ) e 0<t<oo (3.10)
J=0,5#l
Remark 3.3. With some more efforts one can show that the factors (Hf:o aj_aj/ 2) on

the right hand sides of the estimates (3.9), (3.10), and also below in (3.34), (3.36) are
obsolete. But since this is not needed for our purposes we prefer a less cumbersome
presentation.

Proof. First note that by Proposition A.2 the operator A(i + D)™® is bounded for

Ae blefcpt((—oo, 0) x N; W) and hence the Spectral Theorem implies that for ¢y > 0
there is a C(ty) such that

[ Ae™™%|| oo < Clto)t™ %, 0 <t <t (3.11)
If D is Fredholm then for 0 < § < inf spec,, D? and ¢y > 0 there is a C(t(, ) such that
[ Ae™* (I — H)||so < C(8)e™™, ty <t < o0. (3.12)

(3.11) and (3.12) together imply that for 0 < § < inf spec,, D? there is a C(§) such
that
[Ae=P* (I — H)||oo < C(8)t 2™, 0 <t < 0. (3.13)

The first claim now follows from the previous Theorem 3.1, 2.: with some ¢ < 0 such
that supp A; C (—o0,¢] x N we find

_ 2 _ 2 _ 2 _ 2
HAoe ootDT . LA (e by _ ¢ UltD?)AHl o Apeortb

k
< ( H HAje—ath%HOO) HAKi*FD)ﬂuHOO

J=0,j#l

Jao,

1

3.14
)alefoltD% _ (,l + D2)alefo'ltD%) ( )

|(—00, e XN ||

+
k
< C(to,n)< H aj“f”) oMt 0 <t <ty
j l
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Here we have used (3.11). Since o; < 1 an inequality which is valid for 0 < ot < ¢ is
certainly also valid for 0 < ¢ < ¢y. Since n is arbitrary (3.14) proves the first claim.
2. Similarly, using Theorem 3.1, 3. and (3.13)

HAOe—OotD?(I —Hy) - Al(e (T — Hy) — e O3 — Hy))Apyy -

- Ape” O] — Hy) 1

k
< < I1 ||Aje—oﬂD%(1_H1)||oo> |4+ D) _-

7=0,j#l
|G+ Py (T — ) — (4 Doy (1 - )
k
< C(6) ( H Uj—aj/2> 4—0/2—t6

i=0,j#l

(3.15)

|(—c>o,c]><NH1

Together with the proved short time estimate and the fact that the H; are of finite rank
and thus of trace class we reach the conclusion. 0

3.2. Trace estimates for the model heat kernel. We consider the heat kernel of
the Laplacian Ag on the real line

1
At

By slight abuse of notation we will denote the operator of multiplication by Idg by X.
We want to estimate the Schatten norms of e®Xle~tArefIXI Before we start with this
let us note for future reference:

/ e’%’ﬁzdz =VrAt e)‘BQtM,
R

/e_ZA_i’LB'Z'dz <2VTAt e/\BQtM,
R

ko(z,y) = e (Emw)?/at (3.16)

BER: A\t > 0. (3.17)

Furthermore, we will need the well-known Schur’s test:

Lemma 3.4 ([HASU78, Thm. 5.2]). Let K be an integral operator on a measure space
(Q, ) with kernel k : Q x Q — C. Assume that there are positive measurable functions
p,q: 2 — (0,00) such that

/X k(. 9)lp(y)dinly) < Cya(a),
/X Ik, 9)\a(@)duz) < Cuply).

Then K is bounded in L*(Q, ) with || K| < \/C,C,.

(3.18)

Now we can prove the following estimate.
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Proposition 3.5. Let Agr = —% be the Laplacian on the real line. Then for a > 3 >

0,t > 0,1 € Z,, the integral operator e_“‘X|(%)l6_mReﬁ|X‘ with the (not everywhere
smooth) kernel
1

VAt

is p-summable for 1 < p < oo and we have the estimate

i)le—tAReﬁlX\ I

dx

efa|m|almef(m*y)2/4t+5‘y| (319)

||e—a\X| (

< (clt_é_% + CQt_ﬁ)(a - ﬁ)*l/pe(a%ﬁ%t, 0<t<oo (3.20)
with (computable) constants c1, co independent of «, 3, p,t.

Remark 3.6. We are not striving to make these estimates optimal. We chose to
formulate them in such a way that they are sufficient for our purposes and such that
the proofs do not become too cumbersome.

Proof. We will prove this estimate for p = oo using Schur’s test Lemma 3.4 and for
p = 2 by estimating the L?-norm of the kernel. The case p = 1 will then follow from
the semigroup property of the heat kernel. The result for general p follows from the
cases p = 1 and p = oo and the interpolation inequality (B.15).

The case [ > 2 can easily be reduced to the case [ € {0, 1} in view of the identity

OPke AR — (_Ag)kemtAr = getAR, (3.21)

oo. We apply Schur’s test with p(z) = ¢(z) = 1. We will make frequent use of

p g
(3.17) without explicitly mentlomng it all the time.

e—olzl=(z—y) /4t+6\y|dy

\/H

e—alzl [ =2 /at+Blal+BI2l g, (3.22)
47t R

< eB=a)lzlg Bt 9, Bt

Reversing the roles of x and y one gets similarly

/ Blyl—(e—v)? /4t —olz] 7,

\/H

<Ll [ ol g, (3.23)
 Vdrt R
< B-lgpe®t < 9pet

This proves the result for [ = 0 and p = co. In the case [ = 1 the integral

Yl e~ olel=(a=v)* /4461yl g, (3.24)

|z —
\/47Tt/R 2t

is estimated similarly.
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p = 2. We estimate the L2-norm of the kernel on R x R by:

~2ale|- S 1aply| 5
4t /R/R Y
<_/62ax/6§+25z+2ﬁ|m|dzdx
~Ant Ji R
1

< —2(a—5)|$|6252tdx
T V21t JRr

1 1 6262t
Vortoa—f3 ’

proving the result for [ = 0 and p = 2. Again, the case [ = 1 is similar.

(3.25)

p=1. Put ¢ = (a+ )/2. Then the semigroup property of the heat kernel gives

|e= Xl tA=AIXI
< Hefa\X|€7t/2ARec\X| H2”67c|X\€7t/2AR66\X| H27 (326)
and using the proved case p = 2 gives the result for p = 1. 0

The previous Proposition and standard estimates for the heat kernel on closed man-
ifolds (cf. the Appendix B) immediately give the following result for the heat kernel of
the model Dirac operator on the cylinder.

Proposition 3.7. Let N be a compact closed manifold and D = F( + A) a
Dirac operator on the cylinder M = R x N (c¢f. Remark 1.10). Furthermore let
Q € bD1fprt((—oo,()) X N; W) a b-differential operator of order q with support in
some cylindrical end (—oo,c) X N. Then for « > > 0,t > 0 the integral operator

e~ AX1Qe~0% BIXI wyith kernel

e—a\x\Qxe—@_y)Q/‘lH’my‘e_tAQ (327)

\Aart

is p-summable for 1 < p < oco. Furthermore, for ¢ > 0, tg > 0, there is a constant
C(e,ty), such that for 1 <p<oo, 0<t<ty, 0<f<a

1/]7 __dim M+e q

le=X1Qe="eAXI||, < C(e,to) (a — B) /Pt~ a2, (3.28)

If in addition the operator A is invertible then for 0 < § < infspec A% and € > 0 there
are constants C;(0,¢), j = 1,2 such that for 1 <p <00, 0 <t <o00,0<f < a we
have the estimate

le=XIQe D" M|,
< (CL(8,2)t7% + Ca(6,2)) (@ — B)Mrt 3" clo™ 00 (3.99)
For the definition of PDiff! . PDiff see Proposition A.1 and Eq. (A.16).

cpt?
Proof. By Proposition A.1 we may write () as a sum of operators of the form

f(z, p)P(dci)l (3.30)

with
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o fePTE ((—o0,c) x N;End W),

e P ¢ Diff" (N, W)n) a differential operator of order b—1 on N which is constant
in z-direction.

Note that e=*¥l commutes with f. Furthermore, f is uniformly bounded. Thus

He_alx‘fpalme_tDzeleH <flle e—a\lealme—tmeﬁ\Xl _ (3.31)
» p

Inside the p-norm is now a tensor product of operators
e—a|X\P8:lBeftD2€5\X| — (efa\X|8:lB€ftAR€ﬁ|X\) ® (PeftAQ). (332>

Since the p-norm of a tensor product is the product of the p-norms the claim follows from
Proposition 3.5 and standard elliptic estimates for the closed manifold N (Propositions
B.5, B.6). O

3.3. Trace class estimates for the JLO integrand on manifolds with cylin-
drical ends. The heat kernel estimate for the Dirac operator on the model cylinder
Proposition 3.7 together with the comparison result in Section 3.1 will now be used
to obtain trace estimates for b-differential operators similar to the one in Proposition
B.8 if the indicial operator of at least one of the operators Ay, ..., Ay vanishes. Let us
mention here that in the following we will use the notation introduced in Section 2, in
particular Eq. (2.3).

Proposition 3.8. Let M = (—00,0] x N Uy X be a complete manifold with cylindrical
ends and let D be a Dirac operator on M. Let Ay, ..., A, € PDiff(M; W) be b-differential
operators of order ay, ..., ax. Assume that for at least one index | € {0, ..., k} the indicial
family of A; vanishes. Then fort >0, 0 € Ay the operator

Age™ % Ay Ayt (3.33)

is trace class. Furthermore, there are the following estimates:
1. Forty > 0, ¢ > 0 there is a constant C(to,e) such that for all o = (0y, ..., 0%) € Ag,
g; > 0,

|Age™ 7P Ay - .. - Aye™ PPy

k
. . 3.34
< Clto, e) <H0{“’/Q>t“/“dlmM’/“, 0 <t <t (339
=0

In particular, ifa; < 1,7 =0,..., k, then
1(Ags s Au) ol = O 2 ma020) 4 (3.35)

2. Assume additionally that D is Fredholm and denote by H the orthogonal projection
onto KerD. Then for e > 0 and any 0 < § < inf spec,, D? there is a constant C(6,¢)
such that for all 0 € Ay, 0; >0

[Age™ " (I — H)A; - ...+ Ape™ (I — H)||;

: —aj/2 2—(dim M)/2 s (3.36)
< C(6,¢) HUJ 5 gma/2o(dimM)2=e =0 o ]l 0 < t < oo
=0
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In particular, ifa; < 1,5 =0,.... k, then
[(Ao(f = H), ..., A(l — H)) i |

3.37
< O, 8) t~¥/2-dmM)/2=e =15 = for all 0 < t < 0. (3:37)

Proof. We first reduce the problem to a problem on the cylinder (—oo, 0] x N.

Write A; = A§O) + A§1) where A§O) has compact support and A§1) is supported on
(—00, ] X N for some ¢ < 0.

Then we split Age=7P* Ay, . .- Ape=¥P* (resp. Age 700 (I—H)A;-. . .- Ape o0 (I —

H)) into a sum of terms obtained by decomposing A; = A(O + 4; (.

To the summands involving at least one term Ag» we apply Proposition B.8. To

the remaining summand involving only A(l we first apply the comparison Theorem 3.2
with D; = D and Dy = F -+ Dy = F( + A), where D5 acts on sections over the
cylinder R x N.

Hence it remains to prove the claim for the cylinder M = R x N where each A; is
supported on (—oo,c] x N for some ¢ < 0.

For definiteness it is not a big loss of generality if we assume that the indicial family

of Ag vanishes (Le. I = 0). Write Ay = e" XAy with 4, € PDiffe’, ((—00,0) x N; W),

cpt
Let By, ..., Bxr1 be real numbers with 1 > 3y > 81 > ... > Ok > Bra1 = 0.
Let us assume that D is Fredholm and prove the claim 2. The proof of claim 1. is

similar and left to the reader. Holder’s inequality yields

[Age™ (1 = H) Ay - .. - Aye (1 — )|,
< CHe*ﬁo\X|AO€*UOtD2<[ _H eﬁl\X|H B

HHe AilXI Aje ™D (1 — H) @H‘X'H . (3.38)

7=1

The individual factors are estimated by Proposition 3.7 and we obtain for 0 < ¢ < co:

k
.. S H(Cl’j<5’ g, ﬁ)(tO'j)iaj/Q —+ 027]'(5, g, ﬁ))
j=0

tiwaje(ﬁf-i_ﬁ?#l_é)o—jt (339>

K
C(d,¢,8,7) (H cr;“jm) po/2-dmEE 2T G-}t
j=0

for any v > 0. The v > 0 is introduced to compensate ¢~/?

choose 23" 6]2 + ~v as small as we please, the claim is proved.
The remaining cases are treated similarly. ([l

as t — 0o. Since we may

3.4. Estimates for b-traces. Now we come to the main result of this section.

Theorem 3.9. In the notation of Proposition 3.8 we now drop the assumption that the
indicial family of one of the A; vanishes. Then the following estimates hold:
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1. For ¢ > 0,ty > 0 there is a constant C(e,ty) such that for all o = (09, ...,0%) €
Ak,O'j > 0,

bTr (Aoe_UOtDQAl . Ake_aktDQ)

k
. . 3.40
SC(a,to)(Haj‘“f/Q )t“/“dlmM)/“, 0<t<t. (3.40)
j=0

In particular,
| %A, ..oy Ak) yip| = O(¢™/27AmM2=ey g (3.41)

2. If D is Fredholm then for ¢ > 0 and any 0 < § < inf spec,,, D? there is a constant
C(e,0) such that for all o € Ay, 0; >0

T (Age 0 (I — H)A; - ... - Ape™ (1 — H))

e e . 5 (3.42)
< C(e,9) Haj ! /2 dmM)/2=e=td g all 0 < t < o0.
=0
In particular,
AT — H),...,Ax(I — H
| (Ao ) ik )>\/ED‘ (3.43)

< 057515_“/2_(&‘“ M)[2=eo=8 " for all 0 < t < 0.
Proof. Arguing as in the proof of Proposition 3.8 we may assume that D is the model

Dirac operator and that Ag,..., Ay € bDifprt((—oo, 0) x OM; W)
By Proposition 1.6 we have

by (Aoe_UOtDQAl e Ake_"’“tDQ)
i d
= — E Tr (:161406*‘70’5'32 = A e*"’“tDQ). (3.44)

, dx
Jj=0

Although multiplication by z is not a b-differential operator it is easy to see that
Proposition 3.8 still holds true for the summands on the right of (3.44). The reason is
that for any fixed £ > 0 the function ze~¢/*! is bounded. In fact any 0 < ¢ < 1 will do
since the coefficients of [, A;] are O(e”) as v — —oc. O

4. ESTIMATES FOR THE COMPONENTS OF THE ENTIRE b-CHARACTER

In this section we continue to work in the setting of a complete Riemannian manifold
with cylindrical ends M, which is equivalent to a compact manifold with boundary with
an exact b-metric, cf. Appendix A. Furthermore, let D be a Dirac operator on M.

4.1. Short time estimates.

Proposition 4.1. The Chern characters "Ch* and b;éhlC defined in (2.4) and (2.5)
satisfy the following estimates for k € Z, :

bChk(tD)(ao, L. 7ak) — O(tkfdimeO)’

. t — 0+, 4.1
b¢hk(tD, D)(CLQ, .. ,ak) — O<tk7d1mM70)’ ( )
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for a; € °C*(M),j =0, ..., k.
In particular,
(1) Jim PCh*(tD) = 0 for k > dim M.
(2) The function t +— b¢hk(tD, D)(ao, .., ax) is integrable on [0,T] for T > 0 and
k>dimM —1.

Proof. This follows immediately from Theorem 3.9. U

4.2. Large time estimates. Unless otherwise said we assume in this Subsection that
Ds is invertible. Then infspec,,D* = infspecD? (cf. Eq. (3.1)) and hence D is a
Fredholm operator. We denote by H the finite rank orthogonal projection onto the
kernel of D.

Lemma 4.2. Let A; € PDiff(M;W),a; = ord A;. Furthermore let H; = H or H; =
I'—H,j=0,..,k and assume that H; = H for at least one index j. Then for each
0 < 0 < inf spec,, D?

_ 2 _ 2 _ 2
HA(]Hoe ootD A1H1€ o1tD Akae oxtD

1

4.2
S 0(5)< H o_l—al/2>t—a/Qe—(Ujl-f—...-i-O'jq)té’ O < t < 00, ( )

-----

Proof. We pick an index | with H; = H. Then Holder’s inequality gives
HAQHQG_OOtDQAlHle_UItDQ e Akae_aktDQ

1
4.3
S HAlHle—olthl HHAjHjefothQHOO. ( )
i#l
The individual factors are estimated as follows: if H; = H then
|A;He™ ||, < ||A;H||,, for p € {1,00}. (4.4)

If H; = I — H then by the Spectral Theorem and Proposition A.2 we have for 0 < § <
inf spec,, D?

| A;(I — H)e %™, < C(6, A;)(ojt) % 2e7" 0 <t < oo. O
The next Lemma is extracted from the proof of [COM093, Prop. 2].

Lemma 4.3. Let f : RY — C be a (continuous) rapidly decreasing function of ¢ < n
variables. Then

lim t2q/ f(t0y, ..., t%0,)do
An

o (4.5)
= 7@ i ol /Rq+ f(u)du
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Proof. Changing variables u; = t?c;,j = 1,...,q;u; = 0j,7 = ¢+ 1, ..., n we find
th/ f(t0y, ..., t%0;)do
Ay

/ fuq, ..., ug)du
{872 (w1 . tig) Fg i1 .. Fun) <1}

= f(ul,...,uq)/ du
1274 (1—t*2(u1+...+uq))An,q

=— L=t (uy + ... +uy))  flu)du.
(=0 s, v)
By assumption f is rapidly decreasing, hence we may apply the Dominated Convergence
Theorem to reach the conclusion. 0

4.2.1. Estimating the transgressed b-Chern character.
Proposition 4.4. For k > 1 and ay, ..., ar € "C*(M) we have

O(t™%), k even,

b¢hk(tDa D)(ao, ..., ar) = {O(t‘3) k odd L — oo. (4.7)

Proof. ¢h*(tD, D)(ay, ..., az) is a sum of terms of the form
T = b(a,o, [tD, (1,1], cees [tD, ai_l], D, [tD, ai], ceey [tD, (lthD. (48)
ertlng AQ = Qo, Aj = [D,aj],j = ]_, ,Z— ]_, Aj = [D,aj_l],j = Z+1, ey k+ ]_, Az =D
we find
T =t Z " AoHo, ..., Ajr1Hii1)ip, (4.9)

H;e{H,I-H}
where the sum runs over all sequences Hy, ..., Hy11 with H; € {H,I — H}. Since
H[D,a;]H = 0,HD = DH = 0 (note A; = D !) only terms containing no more than
[k/2] + 1 copies of H can give a non-zero contribution.
Consider such a nonzero summand with at least one index j with H; = H and denote
by ¢ the number of indices | with H, = I — H. Then ¢ > [5:] + 1 and we infer from
Lemmas 4.2,4.3

O(t™%), k even,

O(t™%), kodd. (4.10)

tk b<AOH0, ---aAk—l—lHk—l—l)tD - O(tk_Qq) == {

We infer from Theorem 3.9 that the remaining summand with H; = I — H for all j
decays exponentially as t — oo and we are done. U
4.2.2. The limit as t — oo of the b-Chern character. As in [COMO093] we put

og(A) == HAH, (4.11)
and

wy(A, B) :== o (AB) — oy (A)on(B). (4.12)
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Proposition 4.5. Let ag, ..., a, € °C*(M). If k is odd then
lim PCh*(tD)(ay, ..., ax) = 0. (4.13)
If k = 2q is even then
lim PCh*(tD)(ay, ..., asy)

= (—ql')q Str(QH<a0)WH<CL1, as) ...wg(asg-1, a2q)) (4.14)

=: k*(D)(ap, . . ., ag,)-

Of course, since H is of finite rank py(a;) and wy(a;, a;41) are of trace class.

Proof. As in the previous proof we abbreviate Ay = ag, A; = [D, a;],j > 1 and decom-
pose

Ao, Ar, Ay =t Y NAgH,, ..., AyHy)io. (4.15)
Hje{H,I-H}

Since H[D, a;]H = 0 only terms containing no more than [k/2]+ 1 copies of H can give
a nonzero contribution.
The term containing no copy of H decreases exponentially in view of Theorem 3.9.
Consider a term containing ¢ copies of I — H. If the number k + 1 — ¢q of copies of H
is at least one but less than k/2 + 1, which is always the case if k is odd, then ¢ > k/2
and hence in view of Lemmas 4.2/4.3

t* Y AgHy, ..., AcHp)p = O(t" ) = O(t™), t — oo. (4.16)
If n = 2q is even there is exactly one term containing k/2 + 1 copies of H, namely

21 YA H, Ay (I — H), ..., Aoy H) o

4.17
= % / Tr(yagHe " P*[D,a))(I — H) - ... - e P* H) do. (4.17)
Aagq

The integrand depends only on the ¢ = k/2 variables oy, 03, ..., 09,1 and so we infer
from Lemma 4.3 that the limit as ¢ — oo equals

]. 2 2
— | Tr(yagH[D, ar]e™P (I — H)[D, ag] H...em"=*%"(I — H)[D, az,) H)du. (4.18)
q- Jre

As in [COM093, 2.2] one shows that this equals

=0

7 Str(QH(ao)wH(al,a2)...wH(a2q,1,a2q)). O

5. ASYMPTOTIC b-HEAT EXPANSIONS

5.1. b-Heat expansion. Let M be a complete Riemannian manifold with cylindrical
ends and let D be a Dirac operator on M (cf. Remark 1.10).
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Let Q € PDiff’(M; W) be an auxiliary b-differential operator of order ¢. It is well-
known (cf. e.g. [GILI5]) that the Schwartz-kernel of the operator Qe has a pointwise
asymptotic expansion

j—dim M —gq
2

(@) @.pi.p) ~mar Y- ai(Q.D) ) ¢ (5.1

The problem is that in general neither Qe_tD2 is of trace class nor are the local heat

invariants a;(Q, D) integrable over the manifold. Nevertheless we have the following
theorem, which has been used implicitly by Getzler [GET93A]. However, we could not
find a reference where the result is cleanly stated and proved. Therefore, we provide
here a proof for the convenience of the reader.

—tD?

Theorem 5.1. Under the previously stated assumptions the b-heat trace of Qe has
the following asymptotic expansion:
by (Q eftDQ)
j=dim M—gq (5.2)

oY LM tr, (a;(Q, D)(p)) dvol(p) 3

The b-integral / was defined in Subsection 1.6, ¢f. Definition-Proposition 1.5.
M

Proof. We first write the operator @ as a sum Q = Q) + QW of differential operators
with Q) € PDiff ((—00,0) x OM; W) and QW a differential operator supported in
the interior. By standard elliptic theory ([GILI5]) QMe~P* is trace class and since the
asymptotic expansion (5.1) is uniform on compact subsets of M the claim follows for
QW instead of Q.

So it remains to prove the claim for an operator @ € PDiff¢((—o0,0) x OM;W);
for convenience we write from now on again Q instead of Q®). Next we apply the
comparison Theorem 3.1 which allows us to assume that M = R x dM is the model
cylinder, D = c(daz)% + D?, and Q is supported on (—oo,c) x M for some ¢ > 0.

Furthermore, we may assume that @) is of the form (3.30). Since the heat kernel of
the model operator is explicitly known (cf. (3.16)) we have

(f (z, p)Paie‘tDQ) (z.p;9,q)

1 | —(x—y)2? /4t _tA2 (53)
- \/m(axe =/ )(PG )(pv Q)a A= FD@

If [ is odd then by induction one easily shows that this kernel vanishes on the diagonal
and hence the b-trace bTr(Qe’tDQ) as well as all local heat coefficients vanish, proving
the Theorem in this case. So let [ = 2k be even. Then using (3.21) and since on the
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diagonal OFe =% (z, 1) = OF (4mt) Y2 =: ¢t ~1/27F | we have

(f(:v, p)P@ie’tDQ) (x,p;x,p)

=/ <xvp30(P e ) (p,p)ex 777 -
~or Yy f@p)ag(P A pet ™ E
j=0

Comparing with (5.1) we find for the heat coefficients a;(Q, D)
aj<Q7 D)(.T,p) = f(.T,p)CU(P, A)<p)ck (55)
Furthermore, we have using Theorem (1.6)
bTr(QeftDQ)

— /_(; /aM trs (a:@mf(x,p) (Pe’tAQ)(p,p))dvolaM(p)daz. (5.6)

(Pe_tAQ)(p,p) has an z-independent asymptotic expansion as t — 04. Since
20, f(z,p) = O(e"=97), 1 — —oo, uniformly in p, we can plug the asymptotic ex-
pansion (5.4) into (5.6) and use (5.5) to find

by (Qe‘tDQ)

~i04 jio%/_io /azw trsp (:U&Bf(x,p)aj(P, A)(p))dvolaM(p)d:c.

j—dim M —q

cept T (5.7)
~i0q Z/ trx,p(aj(Q, D)(:L’,p))dvol(a:,p).
=0 b(—00,0)xOM
j—dim M —gq
2
The claim is proved. O

5.2. The b-trace of the JLO integrand. To extend Theorem 5.1 to expressions
of the form Tr <Aoe*"0“32Ale*"ltDQ...A/zge*"ktD2 we use a trick which was already ap-

plied successfully in the proof of the local index formula in noncommutative geometry
[COMO095]. Namely, we successively commute Aj(f"J'tD2 and control the remainder.
We will need the estimates proved in Subsections 3.3 and 3.4.

We first need to introduce some notation (cf. [LES99, Lemma 4.2]).

For a b-differential operator B € PDiff(M; W) we put inductively

V3B:=B, VL'B:=[D? VB (5.8)

Note that since D? has scalar leading symbol we have ord(V%},B) < j + ord B.
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The following formula can easily be shown by induction.

—_

n—

(=)

_ D2 ; _ D2
e’ B:‘ i (VHB)e ™ +
=0 (5.9)
+ (_t)n /1<1 . S)nflefstD2 (VBB) ef(lfs)tD2 ds.
(n—=1!Jo

The identity (5.9) easily allows to prove the following statement about local heat
invariants, cf. [WID79], [CoM090], [BLF090]:

Proposition 5.2. Let Ay, ..., Ay € PDiff(M; W) of order ay, ..., ax. Then the Schwartz
kernel of Age="0™P* A1e=o1P* A e~ has a pointwise asymptotic expansion

<A0€700tD2 AleioltD2 .. .AkeioktDQ) (p7 p)

—¢)lel N
D D= T TN R O

- (AgVE AL Vi Age™ ™) (p, p) + O, (1o dmAD2),

i j—dim M —a .
= 3 a( Ay, oy Ay, D)(p) £TETE 4 O (1D 2),
=0

k
where a = Y a;. The asymptotic expansion is locally uniformly in p. Furthermore, it
j=0
is uniform for o € Ay.

Again we are facing the problem explained before Theorem 5.1. Still we will be able
to show that one obtains a correct formula by taking the b-trace on the left and partie
finie integrals on the right of (5.10):
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Theorem 5.3. Under the assumptions of the previous Proposition 5.2 we have an
asymptotic expansion

_ 2 _ 2 _ 2
bTr(Aoe o0tD” g, e=o1tD” | A, e=oID )

—¢)lel
= Z ( ) O'gl<0'0+O’1)a2...(0'0—|—...—|—O'k,1)ak'

o!
aGZ’iJa\Sn
DT (A VE AL Ve Aye™0%) +
k
+ O((H O_j—aj/Q)t(nJrlfafdimM)/2>’ (511)
j=1

=5 :/ a;(Ag, ..., Ag, D)dvol t'~"3"" ¢
- bps
Jj=0

k
n O((H O.j_aj/Q)t(nJrlfafdim M)/2>.

j=1

Remark 5.4. The O-constant in (5.11) is independent of o € Aj. However, the

factor (H?Zl aj_aj / 2) inside the O() causes some trouble because it is integrable over
the standard simplex Ay only if aq,...,a; < 1. We do not claim that this factor is
necessarily there. It might be an artifact of the inefficiency of our method. Cf. also

Remarks 3.3, 3.6.

Proof. The strategy of proof we present here can also be used to prove Proposition 5.2.
Again by the comparison Theorem 3.2 we may assume that D is the model Dirac
operator and Ay, ..., Ay € PDiff i ((—00,0) x OM; W).
Using Proposition 1.6 we have

by (Aoe*UOtDQAl ...Ake*"’“tD2>

= — bTI‘ <$‘ [i, AoeiootDQAl...AkeioktDQ])

dr (5.12)

k
= _ZTI(‘WAOB_UMDQAL..[%,Aj]...Ake_(’kth)'

J=0

[« A;] is again in "Diff ¢ ((—00,0) x OM; W) and its indicial family vanishes. Hence
by Proposition 3.8 all summands on the right are of trace class. Cf. also the comment
at the end of the proof of Theorem 3.9.

It therefore suffices to prove the claim for the summands on the right of (5.12), i.e.

for Tr (;UAOe*‘mtDQAl...Ake*"ktDQ) where at least one of the A; has vanishing indicial

family.
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Applying (5.9) to A; we get

n—1

—ont)! .
eiUOtDQAl = Z (—00t) (V%A1)€7‘70tD2—0— (5.13)

g!

J=0

—oat)* 1
P L [T gt (g e 00,
—1! J,

Therefore we need to estimate the expression

z(oot) (1 — )" Age 701D’ (VgAl)e*(I*S)UOtDQG*UltDQ...Ake*"ktDQ (5.14)

in the trace norm. 3

If the index [ for which the indicial family of A; vanishes is 0 we write Ag as e Ay
with Ay € PDiff . ((—o00,0) x OM; W) and move ze® under the trace to the right. This
assures that Proposition 3.8 applies to (VBAl)e_(l_s)(’otDQe_"ltDQ...Ake_”ktDQxe”C.

If | > 1 we just move x under the trace to the right. After all w.l.o.g. we may assume
that { > 1.

Next we choose an integer 3 such that Ay(D?+ 1)~ has order € {0,1}. Then Hélder
yields

(0" (1 = )" | AolT + D?) e (1 1 D2 (Vs )

_(1— 2 _ 2 _ 2
e (1—s)ootD e o1tD Ake otD T

1
< (oot)"(1 — s)"_l(sgot)—“0/2+ﬁH(I +D?)7 (Vi A)

L L R CRE)
To the remaining trace we apply Proposition 3.8 and obtain
o S a1 = )" (so0t) P C 1, €) (1 = s)org) T
(ﬁ g]f“j/?)t—a/2+ao/2—dim M/2—e—n/2—3
j=2 (5.16)

n—ap—aj

k
< Oty )52 (1 — sl ([ oy 2)inttee

j=2

If we choose n large enough the right hand side is integrable in s and we obtain the
desired estimate.

In the next step we apply (5.9) to e~ (@0+7)D* and A,. Continuing this way we reach
the conclusion after k steps. O

6. THE CONNES—CHERN CHARACTER OF THE RELATIVE DIRAC CLASS

6.1. Retracted Connes—Chern character. In this section we assume that D is a
Dirac operator on a b-Clifford bundle W — M over the b-manifold M and D, = tD is a
family of Dirac type operators. We now have all tools to apply the method of [COM093]



54 MATTHIAS LESCH, HENRI MOSCOVICI, AND MARKUS J. PFLAUM

to convert the entire relative Connes—Chern character, which was constructed using the
b-trace, into a finitely supported cocycle.
By integrating Eq. (2.7), one obtains for 0 < e <t

bCHF (D) — PCh*(tD) = b / t Pih" ! (sD, D)ds
; (6.1)

t t
+B/ b¢hk+1(sD,D)ds+/ ﬂlk(sDa,Da)oi*ds,

Of course Ch®(Dy) satisfies a cocycle and transgression formula as Eq. (2.6), (2.7) with
0 in the r.h.s. Integrating this we obtain

t
Ch* (¢Dy) — Ch¥(tDy) = b / ¢h* ! (sDy, Dy)ds

. (6.2)
+ B/ ¢t (sDy, Dy)ds.
By Proposition 4.1 (1), the limit € \ 0 exists for £ > dim M, and
lim PCh*(eD) = 0,
o for all £ > dim M. (6.3)

. k—1 _
ll\r% Ch (ED@) = 0,
The second limit statement follows either from an obvious adaption of our calculations
to the ordinary trace or from [COM093|. Hence one gets for k& > dim M
—PCh*(tD) = b"T¢h} (D) + B T¢hy "' (D) + Tehy (Dy) o i, 6.4)
— Ch*=1(tDy) = bT¢hf *(Dy) + B T¢hF(Dy), '

where
T©) = [ (D, D) s
0 (6.5)
T¢h! (D) := /0 ¢h" 1 (sDy, Dy) ds.

The above integrals exist in view of Proposition 4.1 (2) even for £ > dim M. From
Eq. (6.2) and Theorem 2.2 we obtain for & > dim M:

b<bCh’“(tD) 4B /t btk (D, D)ds)

£

t
— _B CL**2(eD) + Ch*(eDy) o i* — b / ¢h* (sDy, Dy)ds (6.6)
— —bT¢hF(Dy) 0i*, &—0+.
Thus
b(bChk(tD) + BbT¢hf+l<D)) — b T (Dy) o 7",
k>dimM.  (6.7)

b( Ch*~1(tDy) + BbT¢hf(Da)) — 0,
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Following Connes-Moscovici [COM093], we define for k > dim M the Chern charac-
ters Pch¥(D), b&lk(D) and chf~*(Dy) by

bchf(D) = Y~ "Ch*"¥(tD) + B T¢h; (D), (6.8)
ch¥~1(Dy) = ZChk 271(tDy) 4+ B T¢hy (Dy), (6.9)
behr (D) = bchf(D)+T¢hf(Da)oz'*. (6.10)

Let us now compute (b + B) °chf(D). Using Eq. (2.6) and Eq. (6.7) above, we write
b°ch¥ (D) + BPchf (D) =
- Z( bPCL*=% (tD) + BPCht~ 2ﬂ+2(tD)>

j>1
n b( bChH(tD) + B T¢h* (D ))
=) Ch*7H(tDy) 0 i* — bTehy(Dy) o i” (6.11)
Jj=z1
= > Ch*¥7(tDy) 0 i* — b T¢hy (Dy) o i
Jj=0

= ch¥"1(Dy) 0 i* — BT¢h!(Dy) 0i* — bT¢h} (Dy) o 4*
= ch¥™(Dy) o i,

where the last equality follows from the second line of Eq. (6.4).
In conclusion

(b+ B)Pchf(D) = ch#*(Dy) o i*

~k (6.12)

(b+ B)®ch, (D) = chf (D) o 7*.
Denoting by Z’ B the relative Hochschild resp. Connes’ coboundaries, cf. Eq. (1.5), we
thus infer

(b+ B)(Pch¥(D), ch1(D,)) =0,
U (6.13)
(b+ B)(ch, (D), chf " (Dp)) =0

9

~k
i.e. the pairs ("chf(D), chf™(Dy)) and (Pch, (D), ch®~*(Dy)) are relative cocycles in the
direct sum of total complexes
TotE, BO®*(C>®(M),C>(0M)) =

(6.14)
= Totk, BC**(C*(M)) & TotE BC**(C(0M)).
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By Eq. (6.11) we have
~k _
(Pehf(D) = ¥, (D), chf*!(Dy) — cbf (D)

_ (_ T¢h*(Dy) o i*, — (b + B) T¢hf(Da)> (6.15)
— (b+B) (07T¢hf(Da))7

hence the two pairs differ only by a coboundary.
Next let us compute (bchf+2(D),Chf+3(Da)) — S(bchf(D),Cth(Da)) in the above

relative cochain complex. Using Eq. (6.4) one checks immediately that
bcht+2(D) — Pch¥(D) = bChk—i—Q(tD) 4 BbT¢hk+3< ) — BT¢hk+1( )
— (b+ B) T¢h; ™' (D) — Tehy™*(Dy) o ",

From the second line of Eq. (6.4) (or from [COMO093, Sec. 2.1])

chy**(Dy) — chy ! (D) = —(b+ B) Téh; (Do),
one thus gets

(Pchy*(D), chy**(Dy)) — S(Pchi (D), chy™(Dy))

= (b+ B)(— "T¢h; ™ (D), Téh; **(Dy)).

Hence, the relative cocycles (Pch;"*(D),chi™(Dp)) and S(Pchy(D),ch;*!(Dy)) are
cohomologous. Similarly, one gets

Pch¥(D) — ch*(D) =

=) ("Ch*¥(tD) — "Ch* ¥(7D)) + B / t bgh“ ! (sD, D) ds

(6.16)

J=0 T
= —(b+B) Z/ b "!(sD, D) ds—Z/ "% (sDy, Dy) ds
Jj=0 >0
resp.
chEF(Dy) — hEI(Dy) = —(b+ B) S / = (sD,, Dy) ds
j>0

hence (bchf(D),Cth(Da)) and (bch]j(D),Ch’;H(Da)) are cohomologous in the total

relative complex as well. Thus, we have proved (1)-(3) of the following result.

Theorem 6.1. (1) The pairs of retracted cochains (°chy(D),chy™(Dy)),

(b&lf(D),Chf_l(Da)), t>0,t>0 k>m=dmMEk—m € 27Z are
cocycles in the relative total complex Totg, BC**(C*(M),C*(OM)).

(2) They represent the same class in HC™(C*>(M),C>(0OM)) which is independent
of t > 0.

(3) They represent the same class in HP®*(C*(M),C>(OM)) which is independent
of k.
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(4) Denote by Pwp,wp, the local index forms of D resp. Dy [BGV92, Thm. 4.1], see
Eq. (6.17) below. Then one has a pointwise limit

lim (*ch, (D), ch¥~1(D,)) = (/ bup A —,/ wo, A —).
t—0+ bpg oM

Moreover, (b&If(D), Chf_l(Da)) represents the Connes—Chern character of [D] €
KK, (Co(M);C) = K,,(M,0M).

The pointwise limit will be explained in the proof below. Up to normalization con-
stants "wp is the A form A(®V?2) and wp, is the A form A(V? ) on the boundary. Note
also that t*wp = wp,, .

Proof. Tt remains to prove (4). So comsider ag,ay,--- € "C®(M°). Using Getzler’s
asymptotic calculus (¢f. [GET83], [COM090, §3], and [BLF090, Thm. 4.1]) one shows
that the local heat invariants of age="'®[D, a;]e="1"®* ... D, a;]e=%"®* (¢f. Proposition
5.2) satisfy

tI / strgw, (aoe"’om2 D, czl]e"’ltD2 ... D, aj]e"’ftD2> (p, p) dvoly, (p)
A ) (6.17)
= ﬁ(bwD A agday - -+ A daj)‘p +0@tY?), t—0+.
Here stryw, denotes the fiber supertrace in W), ¢ indicates the Clifford degree of D,
cf. Subsection 1.7, the factor l, is the volume of the simplex A;. This statement holds
locally on any Riemannian manifold for any choice of a self-adjoint extension of a Dirac
operator. So it holds for D and accordingly for Dg.
From Theorem 5.3 and its well-known analogue for closed manifolds, ¢f. [COMO093,
Sec. 4], we thus infer
; b, J )
tl—lgi Ch?(tD)(ao, - - -, a;)

1
= bwp A agday -+ - A da;, a; € bCOO(MO), (6.18)
J* Jepm
resp.

; J—1 .
tli%}r Ch (tDa)<a07 ey aj,l)
1

= m /aM WDB /\a,oda,l e A d(lj, a/j_l € COO(M) (619)

Furthermore, in view of (6.5) we have for k > dim M — 1

lim "T¢hy ™ (D)(ag, ..., ar1) =0, a; € °C(M°),
ot (6.20)
lim T¢h'(Dy)(ag, ..., ax) =0, a; € C®(M).

t—0+

To interpret these limit results we briefly recall the relation between de Rham cur-
rents and relative cyclic cohomology classes over (PC*(M),C>®(M)), cf. also [LMPO0S,
Sec. 2.2].
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Given a de Rham current C' of degree j then C' defines naturally a cochain C e
CI(PC>=(M)) by putting C(ay, ..., a;) :== %(C, apday A - -- Adaj). One has bC' = 0 and
BC = dC , where 0 is the codifferential. Because of this identification we will from now
on omit the ~ from the notation if no confusion is possible.

Given a closed b-differential form w on M of even degree. By C,, we denote the de
Rham current [,,,w A —. There is a natural pullback *w at oo (¢f. Definition and
Propostion 1.5), which is a closed even degree form on M. We now find

(861,,04):le/\doz:lMd(w/\a):/BML*(w/\a):
= |2 nr@) = Counitla)

In view of Subsection 1.2 this means that the pair (C,,, C,«,) is a relative de Rham cycle
or via the above mentioned identification between de Rham currents and cochains that
(Cy, Cxy) is a relative cocycle in the relative total complex Eq. (6.14).

If w= 3. gwsy with closed b-differential forms of degree 2j then the pair (w,/'w)
still gives rise to a relative cocycle of degree dim M in the relative total complex.
These considerations certainly apply to the even degree forms Pwp,wp, which satisfy
*("w) = wp,. The limit results (6.18), (6.19), (6.5) can then be summarized as

lim (“chy (D), chf~(Dp)) = (/ bwD/\—,/ o, /\—). (6.22)
t—0+ A oM

The limit on left is understood pointwise for each component of pure degree.

Finally we need to relate (b&lf(D),Chf_l(Da)) to the Chern character of [D] €
Kn(M,0M). First recall from Eq. (1.11) that HP®(C*(M),C*(0M)) is natu-
rally isomorphic to HP*(J°°(0M,M)). Under this isomorphism, the class of the

~k ~k
pair (Pch, (D), ch;™(Dy)) is mapped to bCht<D)\j°°(8M,M)7 just because elements of
J>°(OM, M) vanish on M. We note in passing that by (A.5) a smooth function f

on M° lies in J*°(0M, M) iff in cylindrical coordinates one has for all I, R and every
differential operator P on oM

9LDf(x.p) = O(™), @ —ox.

(6.21)

In view of (6.17), the class of (bchf(D),chf*l(Da)) in HP*(J>~(0M,M)) equals
that of Cv,, . As explained in Section 1.8, HP* (jm(aM, M)) is naturally isomor-

—~—

phic to H®(M,0M;C). Under this isomorphism, (b, corresponds to the relative
de Rham cycle (waD,CwDa). Finally, note that under the Poincaré duality isomor-
phism H{®(M,0M;C) = Hsx(M \ OM;C), the relative de Rham cycle (Chy,, Cup, )
bwp. This line of argument shows that the class of
(bchf (D), ch; " (Dp)) depends only on the absolute de Rham cohomology class of the
closed form Pwp = - A(bvg) on the open manifold M\ OM. The transgression formula
in Chern—Weil theory shows that the (absolute) de Rham cohomology class of A(V;)
is independent of the metric g on M°. Thus the de Rham class of Pwp equals that of

is mapped onto the closed form
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wp = C-A(me) for any smooth metric go. Choosing gy to be smooth up to the boundary

we infer from Section 1.8 and Proposition 1.12 that the class of (b(;flf(D), chf_l(Da))
in HP*(C>®(M),C®(0M)) = HP*(J>*(0M,M)) equals that of the Connes-Chern
character of [D]. O

6.2. The large time limit and higher n—invariants. Let us now assume that the
boundary Dirac Dy is invertible. In view of Proposition 4.4 and Proposition 4.1 we can
now, for k > dim M, form the transgressed cochain

YTl (D)(ag, ..., ay) = / bah* (sD, D) ds. (6.23)
0
In view of Eq. (2.52) we arrive at

B T¢h* (D) (ag, ..., ax)

IIM?r

(—1)7*1 /00 ghtt b([D, ao), ..., [D,q;],D,[D,aj1],...,[D,axl) ds
(6.24)

Ed

=0 0
o0
(—1)j+1/ Sk+1/ bStrq([D,ao]e*"OSQD2...
j= 0 Apy1

D, a;]e*"P De=7+15°P% D, ay]e 7++15°0%) do ds.

Together with Proposition 4.5 we have proved the analogue of [COM093, Thm. 1]
in the relative setting:

[e=]

Theorem 6.2. Let k > dim M be of the same parity as q and assume that Dy is
invertible. Then the pair of retracted cochains (bchf(D), Chf“(Da)), t >0, has a limit
ast — o0o. For k = 2l even we have

!

80~ 0+ 5T ) 020

b1 (Dy) = BTG (Dy) .
If k =20+ 1 is odd then
eh (D) = B T (D),

s (6.26)
b+ (Dg) = BT (D).

7. RELATIVE PAIRING FORMULZA AND GEOMETRIC CONSEQUENCES

Let us briefly recall some facts from the theory of boundary value problems for Dirac
operators [BBW093]. Given a Dirac operator D acting on sections of the bundle W on
a compact Riemannian manifold with boundary (M, g). In contrast to the rest of the
paper g is a "true” Riemannian metric, smooth and non-degenerate up to the boundary,
and not a b-metric. We assume that all structures are product near the boundary, that
is there is a collar U = [0,¢) x OM of the boundary such that gy = dz? @ gjon is a
product metric. In particular the formulae of Remark 1.10 hold.
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We assume furthermore that we are in the even situation. That is, D is odd with
respect to a Zs-grading. Then in a collar of the boundary D takes the form

[0 D] 0 -4 4 AT d

D_[D+ O]_[%+A+ 0 —c(dx)%jLDa. (7.1)

In the matrix notation we have identified W* and W~ via c(dz) and put AT =
(c(daz)’lDa)‘W .. AT is a first order self-adjoint elliptic differential operator.

Let P € WO(OM; W) be a pseudodifferential projection with P —1jg «)(A™) of order
—1. Then we denote by Dp the operator D acting on the domain {u € L3(M; W) ‘
P(’LL|3M) = 0}

Dp is a Fredholm operator. The Agranovich-Dynin formula [BBW093, Prop. 21.4]

IndD} — Ind D}, = Ind(P, Q) =: Ind(P : Im Q — Im P) (7.2)

expresses the difference of two such indices in terms of the relative index of the two
projections P, ().
Choosing for P the positive spectral projection P, (A") = 1jg «)(A™) of A* we obtain
the APS index
IIldApS D+ = Ind D1t+(A+)' (73)

We shortly comment on the relative index introduced above (cf. [ASS94], [ BBW093,
Sec. 15], [BRLEO1, Sec. 3]). Two orthogonal projections P, in a Hilbert space are
said to form a Fredholm pair if PQ) : Im@) — Im P is a Fredholm operator. The
index of this Fredholm operator is then called the relative index, Ind(P, @), of P and
Q. It is easy to see that P, () form a Fredholm pair if the difference P — () is a compact
operator. Furthermore, the relative index is additive

Ind(P, R) = Ind(P, Q) + nd(Q, R) (7.4)
if P—@Q or P— R is compact [BBW093, Prop. 15.15], [ASS94, Thm. 3.4]. In general,
just assuming that all three pairs (P, Q), (Q, R) and (Q, R) are Fredholm is not sufficient
for (7.4) to hold.

Sometimes the spectral flow of a path of self-adjoint operators can be expressed as a
relative index. The following proposition is a special case of [LES05, Thm. 3.6]:

Proposition 7.1. Let Ty = Ty + fS,O < s < 1, be a path of self-adjoint Fredholm
operators in the Hilbert space H. Assume that T is a continuous family of bounded
To-compact operators. Then the spectral flow of (Ts)o<s<1 is given by

SF(TL)ocsc1 = — Ind (P, (T1), P, (To)),
where Py (Ty) == 110,00)(T5).

Remark 7.2. If Tj is bounded then the condition of Ty-compactness just means that
the Ty are compact operators. If Ty is unbounded with compact resolvent then any
bounded operator is automatically To-compact. The second case is the one of relevance
for us.

In [LESO5, Thm. 3.6] Proposition 7.1 is proved for Riesz continuous paths of un-
bounded Fredholm operators. Since s — Ty is continuous the map s — Ty + T} is
automatically Riesz continuous [LES05, Prop. 3.2].
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Note that our sign convention for the relative index differs from that of loc. cit.
Therefore our formulation of Proposition 7.1 differs from [LES05, Thm. 3.6] by a sign,
too.

Proposition 7.3. Let (Ds)o<s<1 be a smooth family of self-adjoint Zs-graded (cf.(7.1))
Dirac operators on a compact Riemannian manifold with boundary. We assume that D

is in product form near the boundary and that Dy = Do+ ® with a bundle endomorphism
O, € T°(M;End V). Then

IndApS D;r — IndAPS D(J]r = — SF(A:)OSSSl (75)
Here, as explained above, AT = (c(dx) 'Days)w+.

Proof. The family s +— Dgaps is not necessarily continuous. The reason is that if
eigenvalues of AY cross 0 the family P, (A7) of APS projections jump.

However, since AF — A is 0" order, the corresponding APS projections P, (A7) all
have the same leading symbol and hence P, (A}) — P (A]) is compact for all s, €
0, 1].

Hence we can consider the family D87 Po(AD) 0 < s < 1. Now the boundary condition
is fixed and thus s — D Pe (D) is a graph continuous family of Fredholm operators
[N1c95, BBFU98, BBLZ09]. Therefore, its index is independent of s.

Applying the Agranovich-Dynin formula (7.2) and Proposition 7.1 we find

Indsps(Dy) = Ind DIP+(A§) + Ind(Py(AT), PL(AD))
=IndD}, . +Ind(P(A}), P.(A])) (7.6)
= IndApS DS_ - SF(A:)OSSSL ]

Recall that a smooth idempotent p : M — Mat(C) corresponds to a smooth vector
bundle £ ~ Im p and using the Grassmann connection the twisted Dirac operator D¥
equals p(D ® Idy)p. To simplify notation we will write pDp for p(D ® Idx)p whenever
confusions are unlikely.

We would like to extend Proposition 7.3 to families of twisted Dirac operators of the
form Dy = p;Dps, where ps : M — Maty(C) is a family of orthogonal projections.

The difficulty is that not only the leading symbol of D, but even the Hilbert space
of sections, on which the operator acts, varies.

Proposition 7.4. Let D be a self-adjoint Zs-graded (cf. (7.1)) Dirac operator on a
compact Riemannian manifold with boundary M. Let ps : M — Maty(C) be a smooth
family of orthogonal projections. Assume furthermore, that in a collar neighborhood
U = 1[0,e) x OIM of OM we have Psjp = o, e psjp s independent of the normal
variable. Then

Indpps p1D*p1 — Indaps poD po = — SF(ps AT ps)o<s<i.- (7.7)

Proof. By a standard trick often used in operator K-theory [BLA86, Prop. 4.3.3] we
may choose a smooth path of unitaries u : M — Maty(C) such that p; = uspous, up =
Idy. Furthermore, we may assume that w¢)xon = u? is also independent of the normal

variable. Then p,D"p, = u, (pou:D+usp0)u;‘ and (psD+ps)APS = u, (pou’s‘DJ“uspo)APSu’s‘.
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Since u:DVu, = DT +wufc(dus) Proposition 7.3 applies to the family pou*Du,pg. Since
the spectral flow is invariant under unitary conjugation we reach the conclusion. 0

Definition 7.5. In the sequel we will write somewhat more suggestively and for brevity
SF(p., Dy) instead of SF(ps At ps)o<s<i-

Theorem 7.6. Let M be a compact manifold with boundary and W a degree q Clifford
module on M. Let g be a smooth Riemannian metric on M, h a Hermitian metric and
V a unitary Clifford connection on W. Assume that all structures are product near the
boundary. Let D = D(V,g) be the Dirac operator.

Let [p,q,7] € K°(M,0M) be a relative K-cycle . That is p,q : M — Matx(C) are
orthogonal projections and «y : [0,1] x IM — Maty(C) is a homotopy of orthogonal
projections with y(0) = p°,v(1) = ¢°. Then

(Bl [p, ;7]

= — Indaps pDp + Indaps ¢D¥q + SF(v, Do),

:/MwD(va) A (ch.(q) — Ch.(p)) — /aM wp,(v,g) A Teh, (),

in particular the right hand side of (7.8) depends only on the relative K-theory class
[p,q,7] € K°(M,0M) and the degree q Clifford module W . It is independent of V and
g

(7.8)

In case all structures are b-structures, and D = D(®V, gy) is the b-Dirac operator,
then we still have

(D1, [p. ;) =/

by

Puwp A (che(q) — cha(p)) — / wp, A Téh,(h). (7.9)

oM

For the fact that relative K-cycles can be represented by triples [p, ¢,7] as above we
refer to [BLA86, Thm. 5.4.2], [HIR000, Sec. 4.3], see also [LMP09, Sec. 1.6].

Proof. Denote the right hand side of (7.8) by I(p,q,~). We first show that I(p,q,~)
depends indeed only on the relative K-theory class of (p,q,). By the stability of the
Fredholm index we may assume that in a collar neighborhood of M the projections
p,q do not depend on the normal variable.

After stabilization we need to show the homotopy invariance of I(p, q,v). Now con-
sider a homotopy (pi, qs, ) of relative K-cycles. Then by Proposition 7.4 we have
(cf. Figure 4, page 63)

I(p1, q1,71) — 1(po, 905 Vo)
= Indaps(piD*p1) — Indaps(¢:D*q1) — SF(71(-), Do)

— Indaps(poD* po) + Indaps(q0D* qo) 4+ SF (70(+), Do)
= — SF(7.(0),Dp) + SF(7.(1),Da) — SF(71(-), Ds) + SF (70(), Da)
=0,

by the homotopy invariance of the Spectral Flow.
So the Lh.s and the r.h.s. of (7.8) depend only on the relative K-theory class of
[p,q,7]. By excision in K-theory (it can of course be shown elementary exploiting
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t
1 SF(VI(% Da)
SF(7.(0), Dy) SF(7.(1), Dy)
0 1 5

SF (/70(')7 DB)

F1GURE 4. By homotopy invariance the signed sum of the four spectral
flows adds up to 0.

Swan’s Theorem) every relative K-theory class can even be represented by a triple

(P, 4, pjonr) such that pjoeyxom = qjjo,c)xonr and hence (s) = pjans is constant.
Then the twisted version of the APS Index Theorem gives

Indaps ¢D*q — Indpaps pD*p = / wp A (che(q) — cha(p)), (7.10)
M

where wp denotes the local index density of D. Note that since the tangential operators
of pDp and of ¢D*¢ coincide the n-terms cancel.

As outlined in Section 1.8 (c¢f. also the proof of Theorem 6.1) the Connes—Chern
character of [D] in HP*(J>(0M,M)) ~ H(M \ OM;C) is represented by [, wp.
By construction, the form che(q) — che(p) is compactly supported in M \ M. Thus
the right hand side of (7.10) equals the pairing ([D], [p, ¢, pjam]) and the first equality
in (7.8) is proved.

To prove the second equality in (7.8) we note that it represents the Poincaré duality
pairing between the de Rham cohomology class of wp(v 4 (note t*wp = wp,) and the
relative de Rham cohomology class of the pair of forms (che(q) —che(p), T¢h,(h)). Hence
it depends only on the class [p,q,h] € K°(M,0M) and on [D]. In the situation above
where p and ¢ coincide in a collar of the boundary it equals ([D], [p, ¢,7]) and hence by
homotopy invariance the claim is proved in general up to Eq. (7.9).

For the proof of Eq. (7.9) note first that for a closed even b-differential form w the
map (cf. Definition and Proposition 1.5)

QF (M) @ QF1(oM) — C, (ﬁ,T)H/ w/\n—/ CwAT
bM oM

descends naturally to a linear form on Hfy (M, 0M;C). Hence the right hand side of
Eq. (7.9) is well-defined and depends only on the class of [p,q,h] € K°(M,0M). As
before we may therefore specialize to (p, ¢, pjaar) such that pjjoc)xon = qjo,e)xon- Then
che(q) — che(p) has compact support in M \ OM and the remaining claim follows from
Theorem 6.1 (4). O

We now proceed to express the pairing between relative K-theory classes and the
fundamental relative K-homology class in cohomological terms. We assume here that
we are in the b-setting.
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Recall that a relative K-theory class in K°(M, M) is represented by a pair of bundles
(E, F) over M whose restrictions Ey, Fy to OM are related by a homotopy h. We will
explicitly write the formulee in the even dimensional case and only point out where the
odd dimensional case is different.

The Chern character of [E, F,h] € K°(M,0M) is then represented by the relative
cyclic homology class

che ([E, F, b)) = (ch.(pF) — cha(pg), — T¢h,(h)), (7.11)

cf. Eq. (1.17).
By Theorem 6.1 we have for any ¢ > 0

(IO, [E, F.h]) = (("chj (D), chy"*(Dy)), cho([E, F.1]))

_<;0 Ch" % (tD) 4+ B T¢h;" (D), che(pr) — che(pg)) 2.12)

— {3 Cn" ¥ (D) + B T¢hy (D), Téh,(h)).

7>0

Letting ¢ ™\, 0 yields, again by Theorem 6.1, the local form of the pairing:
([D], [E, F\ h)

= [ oo (chulpr) = o)) = | o, (030) AT, (1)

bpL

(7.13)

If Dy is invertible then, at the opposite end, letting ¢ ' oo gives in view of Theorem
6.2

(D], (B, F,h) = () (D) + B* T (D), cha(pr) — cha(pi))
0<k<t (7.14)

— (BT¢n(Do), Téh, (h)),

where 20 = n.
By equating the above two limit expressions (7.13) and (7.14) one obtains the fol-
lowing identity:

Corollary 7.7. Let n = 20 > m and assume that Dy is invertible. Then

</‘€O(D ) PF — pE>+

+ Z <H2k (D), (pr — %) QPP — (pe — 5 ®pE2k>
= [M wp A (che(pr) — che(pg)) — /8M wp, N T¢h,(h) (7.15)
- (—1)"/2#!2)! (B"T¢h’ (D), (pr — %) ® pi" — (e — %) ® pE")

+ <B T¢h:o+2(Da)a T¢hn+1(h)>'
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The left hand side plays the role of a ‘higher’ relative index, while the right hand
side contains local geometric terms and ‘higher’ eta cochains.

The pairing formula acquires a simpler form if one chooses special representatives for
the class [F, F, h]. For example, one can always assume that Ey = Fj, in which case
one obtains

([D], [E,F,hol) = ( Y _ #™(D) + B"T¢h" (D), cha(pr))

0<k<e

— (3 WD)+ BUT(D), cha(pr)).

0<k<

(7.16)

Specializing even more, one can assume F' = CV. Then the pairing formula becomes
(D], [E,C, ho]) = — (Y &™(D) + B"T¢h’S™"(D), cha(pr))
0<k<t (7.17)
+ N(dim Ker D* — dim Ker D).
On the other hand, applying Theorem 7.6
([D], [E,C", ho]) = —Indaps(ppDTpr) + N Indaps DT,
one obtains an index formula for the b-Dirac operator which is the direct analogue of
Eq. (3.4) in [COM093]:

Corollary 7.8. Let E be a vector bundle on M whose restriction to OM is trivial and
assume Dy to be invertible. Then for anyn =20 > m

Indaps(pe D pE) < Z (D) + BbT¢hZo+1(D), Ch°<pE)>' (7.18)

0<k</t

The expression Indaps(ppDTpr) is to be understood as follows: if p%Dypd is in-
vertible, then it is the Fredholm index of pgD*pg. If ppeDTpg is not Fredholm, then
chose a metric g smooth up to the boundary and construct on the Clifford module
of D the Dirac operator D to the Riemannian metric §. Then, by Theorem. 6.1 the
Connes—Chern characters of D and D coincide and thus

([D], [E,C", he]) = — Indaps peDTpr + NIndaps DY

As a by-product of the above considerations, we can now establish the following
generalization of the Atiyah-Patodi-Singer odd-index theorem for trivialized flat bundles
(comp. [APS76, Prop. 6.2, Eq. (6.3)].

Corollary 7.9. Let N be a closed odd dimensional spin manifold, and let E', F' be two
vector bundles which are equivalent in K-theory via a homotopy h. With Dy denoting
the Dirac operator associated to a Riemannian metric g on N, one has

€(D5) —6(DF) = [ A(VE) AT + SF(1.D,), (719

or equivalently,

/0 ;jt(( ) Dy Prpy))dt = /NA(vg,)ATgfh.(h), (7.20)
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where pyyy) is the path of projections joining E' and F'.

Proof. This follows from equating the local pairing (7.8) and the relative APS index
formula (0.17) after the following modifications. We recall that Eq. (7.8) holds in com-
plete generality without invertibility hypothesis on Dy. First by passing to a multiple
one can assume that N = M. Then by adding a complement G’ we can replace F’
by a trivial bundle. Then both E' @& G’ and F’ & G’ extend to M. It remains to notice
that both sides of the formula (7.19) are additive.

The alternative formulation (7.20) follows immediately from the known relation (see
e.g. [KILEO4, Lemma 3.4])

P E' ‘1d

§(Dy) —&(Dg) = SF(h, Do) +/0 5@(77(1%@) Dy phr)))dt. O

In the odd dimensional case the pairing formulse are similar, except that the con-
tribution from the kernel of D does not occur. Let (U, V,h) be a representative of an
odd relative K-theory class where U,V : M — U(N) are unitaries and h is a homotopy
between Uy and Vs, Then

(D], [U.V.h]) = (B T (D), chy(U) = chy(V))
— (BT¢h (Do), Teh,, ().
Choosing a representative of the class with Uyy; = Vs, the above formula simplifies to

<[D]v [U, ‘/7 h0]> = <B bT¢hZo+1(D)7 ChN(U) - ChN(V)>7 (7'22>

(7.21)

and if moreover one takes V' = Id, it reduces to
([D], [U,1d, ho]) = (B T¢h" (D), ch,(U)). (7.23)

Finally, the equality between the local form of the pairing (7.13) and the expression
(7.21) gives the following odd analogue of Corollary 7.7.

Corollary 7.10. Let n > m, both odd and assume that Dy is invertible. Then
(B"T¢h" (D), ch,(U)) — (B T¢h (D), ch,(V)) =

:ﬁMfl(be,)/\(ch.(U)—ch.(V)) —/(9MA(V3,)/\T¢h.(h) (7.24)

— (BT (Dy), Teh,, ().

7.1. Relation with the generalized APS pairing. Wu [Wu93] showed that the full
cochain 7°(Dy) has a finite radius of convergence, proportional to the lowest eigenvalue
of |Dy| (assumed to be invertible). Both Wu and Getzler [GET93A] proved, by different
methods, the following generalized Atiyah-Patodi-Singer index formula :

Indpps D¥ = / A(*V2) Acha(pp) + (n°(Do) 04", cha(pr)), (7.25)

M
for any vector bundle ¥ = Impg over M whose restriction to the boundary satisfies
the almost O-flatness condition ||[Da,ra(pr)]|| < A(|Dg|). Their result does provide
a decoupled index pairing, but only for those classes in K™(M,0M) which can be
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represented by pairs of almost 0-flat bundles. Furthermore, if (E, F, h) is such a triple,
on applying (7.25) and Theorem 7.6 one obtains

(OLIE.F ) = [ ACV2) A (chalpr) = ch(pr) -
+ (1°(Dy), i* (che(pr) — che(pr))) + SF(h,Dy),
where SF(h,Dp) is an abbreviation for SF(h(s)ATh(s)) cf. also Eq. (7.1). By
[Wu93, Proof of Thm. 3.1],

0<s<1’

b+ Byr(Do) = — [ AVE) A~

M

S—

At the formal level
(n°(Da) 07", cha(pr) — che(pr)) = (n°(Da), (b + B) T¢h,(h))

= ((b+ B)y"(Do). Teh,(h)) = — / AV AT (),

However, to ensure that the pairing (n*(Dy), (b + B) T¢h,(h)) makes sense one has to
assume that pj) satisfy the same almost O-flatness condition. Then

(7.27)

Ker(pn)Dapnw)) = 0,
hence there is no spectral flow along the path.

Thus, the total eta cochain disappears and (7.27) together with (7.26) just lead to
the known local pairing formula, cf. Eq. (7.8),

(DLE, F. )
= [ AV A (chator) = chuloe)) = [ A(VE) AT, ().

Remark 7.11. The fact that the total eta cochain is not entire is not an artifact of the
method used to estimate its radius of convergence. If it was entire, then SF(h, D) = 0
for any h(t), which is easy to disprove by a counterexample.

APPENDIX A. THE b-CALCULUS FOR MANIFOLDS WITH BOUNDARIES

For the convenience of the reader we provide here a brief review of the basic elements
of the b-calculus for manifolds with boundaries invented by Melrose. For further details
we refer the reader to the monograph [MEL93] and the article [LoY05].

A.1. Exact b-metrics and b-functions on cylinders. Let M be a compact manifold
with boundary of dimension m, let M be its boundary, and denote by M?° its interior
M \ OM. Then choose a collar for M which means a diffeomorphism of the form
(r,n) : Y —[0,2) x M, where Y C M is an open neighborhood of M = r~1(0). The
map r : Y — [0,2) is called the boundary defining function of the collar, the submersion
n Y — OM its boundary projection. For s € (0,2) denote by Y* the open subset
r71([0,5)), put Y := r71((0,s)) and finally let M* := M \ Y* and M* := M\ Y%
likewise Y° :=Y \ OM. Next, let  : Y — R be the smooth function x := Inor. Then
(z,m): Y32 — (—00,In3) x OM is a diffeomorphism of Y% onto a cylinder.
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After having fixed these data for M, we choose the most essential ingredient for the
b-calculus, namely an exact b-metric for M. Following [MEL93], one understands by
this a Riemannian metric g, on M° such that on Y°, the metric can be written in the
form .

gb‘yo = T2—(d7“ & dT)|yo + nryoga, (Al)
Yo
where gy is a Riemannian metric on the boundary dM. Clearly, one then has in the
cylindrical coordinates (z,7)

Iblye = (d:L‘ X d:L‘)|yo + 77|*Yoga. (A2)
Now consider the cylinder R x OM := R x 0M together with the product metric
Geyl = dr @ dx + pl"; 9o, (Ag)

where here (with a slight abuse of language), = denotes the first coordinate of the
cylinder, and pr, : R x OM — OM the projection onto the second factor.

Next we introduce various algebras of so-called b-functions on R x dM. For ¢ € R
define "C* ((—o0, ) X M) resp. "C> ((c, 00) x OM) as the algebra of smooth functions
fon (—o0,¢)xOM resp. on (¢, 00) x OM for which there exist functions f;, fi, fo ,... €
C>®(OM) resp. f©, fif, 3, ... € C>®(OM) such that the following asymptotic expansions
hold true:

f ~eooo fo +fre" + fre® +... Ttesp.
fo—>oo f0+~|>f1+6_$+f26

More precisely, this means that there exists for every k,l € N and every differential
operator D on OM a constant C' > 0 such that

(A4)

LD f(xz,p) — 0'Dfy (p) — ... — K'Df7 (p)e**| < CeltDe
for all z < ¢ —1 and p € OM resp.
(A.5)
LD f(x,p) — O'Dff (p) — ... — (—k)!Df;F(p)e | < CemkrDe

forallz > c+ 1 and p € OM.

The asymptotic expansion guarantees that f € PC*® ((—oo, c) x OM ) if and only if the
transformed function [0, e“[x0M > (r,p) — f(Ilnr,p) is a smooth function on the collar
[0, e[xOM.

The algebra PC* (R x OM ) of b-functions on the full cylinder consists of all smooth
functions f on R x OM such that

Ji(=o0,0)x0M € be> ((—O0,0) X 8M) and  fi0,00)xom € be> ((0, 00) X 8M).

Next, we define the algebras of b-functions with compact support on the cylindrical
ends by "C, ((—o00,c) x OM) =

{fEbCOO( —00, ¢ x@M) \f(:c,p):0fora:2c—g,peﬁMandsomeg>O}
resp. by bCffgt ( ) X 8M)

{f e’ ((c x@M)\f(:cp)—Oforx<c+epE@Mandsomee>0}
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The essential property of the thus defined algebras of b-functions is that the coordinate
system (x,7) : Y2 — (—00,In3/2) x M induces an isomorphism

(2,7)" : °C= ((—00,In3/2) x OM) — C=(Y3), (A.6)
which is defined by putting

. 3 f(@(p),n(p), ifp ¢ OM,
x, =(Y2op—<q{° " . )
@)y f ( {fo Gp),  itped.
for all f € PC* ((—o0,1n3/2) x OM). Under this isomorphism, CSS

cpt

((—00,3/2)x OM)
is mapped onto C, (Y%) In this article, we will use the isomorphism (z,7)* to obtain
essential information about solutions of boundary value problems on M by transforming
the problem to the cylinder over the boundary and then performing computations there
with b-functions on the cylinder.

The final class of b-functions used in this work is the algebra b7 (R x OM ) of
exponentially fast decreasing functions or b-Schwartz test functions on the cylinder
defined as the space of all smooth functions f € C*> (]R x OM ) such that for all [,n € N,

D e Diff(OM) there exists a Cj p, > 0 such that

|0LDf(z,p)| < Crpne ™ forall z € R and p € OM. (A.7)
Obviously, (z,y)* maps *.% (R x M) N C,
space J>° (8M, Y%) NC (Y%)

cpt

((—o0,In3/2) x M) onto the function

A.2. Global symbol calculus for pseudodifferential operators. In this section,
we briefly recall the global symbol for pseudodifferential operators which was introduced
by Widom in [WID80] (see also [FUKES88, PrLI&]). We assume that (My,g) is a
Riemannian manifold (without boundary), and that 7 : E — My and 7p : F' — M,
are smooth vector bundle carrying a Hermitian metric g resp. pg. In later applications,
My will be the interior of a given manifold with boundary M.

Recall that there exists an open neighborhood €2y of the diagonal in My x M, such
that each two points p, ¢ € M can be joined by a unique geodesic. Let ag be a cut-off
function for g which means a smooth map My x My — [0, 1] which has support in Qg
and is equal to 1 on a neighborhood of the diagonal. These data give rise to the map

71 .
O MxM—TM. (pq) {go(p,Q)epr (q) lfl (p,q) € Qo, (A8)
else,

which is called a connection-induced linearization (cf. [FUKE88]). Next denote for
(p,q) € Qo by Tlfq : B, — E, the parallel transport in E along the geodesic joining p
and q. This gives rise to the map

Q (ﬂ-E<€)7 q) Tﬂ—E‘E(e)’q(e)? if (ﬂ-E<€)7 Q> € QO;
0 else,

EExM—E, (e,q)»—>{ (A.9)

which is called a connection-induced local transport on E. (cf. [FUKESS]).
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Next let us define the symbol spaces S™(T*Moy; 7}, E). For fixed m € R this
space consists of all smooth sections a : T*My — 7., E such that in local co-

ordinates z : U — RIMM of gver U C My open and vector bundle coordinates
(z,n) : By — RAmMotdime E the following estimate holds true for each compact K C U
and appropriate C'x > 0 depending on K:

Hagaf(n 0a)()|| < Cx (1 + [T z(&)IN™ P! for all £ € Tj5 M. (A.10)

Given a symbol a € 8™ (T My; w.,; Hom(E, F)) one defines now a pseudodifferential
operator Op(a) € U™ (MO; E, F) by

(Op(a)u)(p) =

::W / ao(p, expv) e a(p, )" (u(expv), p) dv d¢,

Tp Mo XT{;MO

(A.11)

where u € I'gS,(E) and p € My. Moreover, there is a quasi-inverse, the symbol map

o U™ (My; E, F) — 8™(T*Mo; wjup Hom(E, F)) which is defined by

o(A)(E)e) = A(ao(p, =) T (e, =) €2 (m(€)), (A12)

where p € My, § € Ty My, e € Ej,. It is a well-known result from global symbol calculus
(¢f. [WiD80, FUKESS, PFLI8]) that the map Op maps S~ (1™ My; 5., Hom(E, F))
onto W= (MO; b, F) and that up to these spaces, Op and ¢ are inverse to each other.

A.3. Classical b-pseudodifferential operators. Let us explain in the following the
basics of the (small) calculus of b-pseudodifferential operators on a manifold with
boundary M. In our presentation, we lean on the approach [LOY05]. For more de-
tails on the original approach confer [MEL93].

In this section, we assume that M carries a b-metric denoted by g,. Furthermore,
let 7 : E — M and np : I — M be two smooth Hermitian vector bundles over M,
and fix metric connections V¥ and V¥. Then observe that by the Schwartz Kernel
Theorem there is an isomorphism between bounded linear maps

A J*(0M, M; E) — J>(0M,M; F')’

and the strong dual joo(a(M x M), M x M;E KX F’),, where joo(aM,M;E) =
J> (8M, M) -C*>°(M; E). This isomorphism is given by

A Ky = <j°° (0M, M; E)&7°(0M, M; F') 5 (u®v) — (Au, v>), (A.13)

where we have used that

T (B(M x M), M x M; ER F') = 7% (M, M; E)&J> (dM, M; F)



CONNES-CHERN CHARACTER AND ETA COCHAINS 71

with ® denoting the completed bornological tensor product. The b-volume form s,
associated to g, gives rise to an embedding

M®(OM,M; E' @ F) «— J*(d(M x M), M x M; EK F')",

(A.14)
(k(p, ), u(p) ® v(0)) d(pr © as) (0, ) ) ,

k — (u®v»—>
MxM

which we use implicitly throughout this work. In the formula for the embedding,
(—, —) denotes the natural pairing of an element of a vector bundle with an element
of the dual bundle over the same base point, u, v are elements of J> (8]\/[, M, E) and
T (8M, M; F’) respectively, and MOO(X, M; E) denotes for X C M closed the space
of all sections u € T(M \ X;E) such that in local coordinates (y,n) : 75 (U) —
RemM+dmE with 7 ¢ M open one has for every compact K C U, p € K \ X, and
a € N4mM an estimate of the form

loz (e w))|| < C .

(). vx o))

where C' > 0 and A > 0 depend only on the local coordinate system, K, and «. The
fundamental property of M (X , M; F) is that

(X, M) - M>(X, M; E) € (X, M; E).

Note that the vector bundle £ (and likewise the vector bundle F') gives rise to a
pull-back vector bundle prj,, Ejoas on the cylinder, where pry,, : R x OM — 0M is
the canonical projection. This pull-back vector bundle will be denoted by E (resp. F'),
too. As further preparation we introduce two auxiliary functions ¢ : M — [0, 1] and
@ : M — [0,1] on M which are smooth and satisfy suppy CC M*', ¢(p) = 1 for
p € M3? suppy CC Y, and finally o(p) = 1 for p € Y2, Such a pair of functions
will be called a pair of auxiliary cut-off functions.

By a b-pseudodifferential operator of order m € R we now understand a continuous
operator A : J®(OM, M; E) — J>(0M, M; F)" such that for one (and hence for all)
pair(s) of auxiliary cut-off functions the following is satisfied:

(W1) The operator (1 — ¢)A(1 — ¢) is a compactly supported pseudodifferential op-
erator of order m in the interior M°.

(PW2) The operator pAy is smoothing. Its integral kernel K, 44 has support in
supp ¢ X M and lies in joo(ﬁ(M x M), M x M; E’&F).

(PW3) The operator 1Ay is smoothing. Its integral kernel K4, has support in M x
supp ¢ and lies in J*((M x M), M x M;E'® F).

(PW4) Consider the induced operator on the cylinder

A2 (Rx OM; E) — 27 (R x OM; F),
wi ((0p) = [(1= ) A1 =) ((@0)w)] ((.0) 7 (¢.9))).

where %7 (R x OM; E) = "7 (R)®C>®(0M;E). Denote by a := o(A) €
S™(T*(RxOM); 7" Hom(FE, F)) the complete symbol of A defined by Eq. (A.12)
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with respect to the product metric on R x 9M. Then the following conditions
hold true:

(i)

(i)

Let y denote local coordinates of M, (y,&) the corresponding local co-
ordinates of T*0M, and 7 the cotangent variable of the cylinder variable
t € R. Then the symbol a(t, 7,y, ) can be (uniquely) extended to an entire
function in 7 € C such that uniformly in ¢, uniformly in a strip |[Im7| < R
with R > 0 and locally uniformly in y

|

for | € N, 3 € NdmM-1,

There exist symbols ag(7,y,&) € 8™ ((C x T*OM; 7 Hom(F, F)), k € N,
and 7, (¢, 7,y,§) € S™(R x C x T*OM); 7 Hom(E, F)), n € N, which all
are entire in 7 and fulfill growth conditions as in (i) such that for every
n € N the following asymptotic expansion holds:

0002 | < Chgns (1+ I + i)™~V

Y

n

alt,7,y,6) = ar(r,y, &) + eVt 7y, 6).
k=0

The Schwartz kernel K5 of the operator B := A—Op(a) with Op(a) defined
by Eq. (A.11) can be represented in the form

Ks(t,p,t,p) = / Tt 7 p, ') dr
R

with a symbol

b(t,7,p,p") € S (T*R x M x OM;w* Hom(E, F))

which is entire in 7 and which for every m € N, k£, € N and every pair of
differential operators D, and D}, on M (acting on the variable p resp. p’)
satisfies the following estimate uniformly in ¢, p, p’ and uniformly in a strip
|Im7| < R with R >0

There exist symbols

0y oLD,D., EH < Capapo (L+ 7)™

bi(1,p, 1) € S™(C x OM x OM; 7" Hom(E, F)),
for £ € N and symbols
ro(t,7,p,p) € S™(R x C x OM x OM;7* Hom(E, F)),

for n € N which all are entire in 7 and fulfill growth conditions as in (iii)
such that for every n € N the following asymptotic expansion holds:

bt,7.p.p) =Y e bi(r.p.p) + "V (7, p,p).
k=0
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If in addition to the above conditions the operators (1 — ©)A(1 — ¢) and A are
both classical pseudodifferential operators, then A is a classical b-pseudodifferential
operator of order m. We denote the space of classical b-pseudodifferential opera-
tors on (M, g,) of order m between E and F by "U™(M; E, F), and put as usual
PUF(MEF) i= U, "V (M; E, F). 1t is straightforward (though somewhat te-
dious) to check that PU™(M;E) := PU™(M;E,E) even forms an algebra. Ob-
viously, PU™(M; E, F) contains as a natural subspace the space PDiff(M; E, F) of
all b-differential operators on M from E to F which means of all local classical b-
pseudodifferential operators. The following is immediate to check.

Proposition A.1. Let A € "U™ (M; E, F) Using the notation from above the follow-
ing propositions are then equivalent:
(1) A€ Diff (M;E,F).
(2) The operators (1 — @)A(1 — o) and A are differential operators, and both the
operators Ay and Y Ap vanish.
(3) The operator A acts as a differential operator over the interior, i.e. as a local
operator on I'™® (E‘Mo). In addition, over the cylinder (—oo,0)xdM the operator

A can be written locally in the form
A= > a;.000, (A.15)
j+|a|<ord A
where a; o € "C*((—00,0) x U), U C OM open and y : U — R¥™M=1 gre local
coordinates of OM .

Over a cylinder (—o0,c¢) x N with ¢ € R and N a compact manifold, we sometimes
use the notation b\I'z;t ((—oo, ¢)x N;E F ) to denote the space of all pseudodifferential
operators in PU™ ((—oo, c)x N; E, F) having support in some cylinder (—oo,c—¢] x N
with € > 0. We also put

PDiffopt ((—00,¢) X N; E, F) =

PDiff ((—oc0,c) x N; E,F) n°¥

cpt

(A.16)
((—o0,¢) x N;E, F).
Note that in condition ("¥4) above, the operator A is an element of PO ((—o0,3/2) x
OM;E,F).

Throughout this work, we also need the b-versions of Sobolev-spaces. For m € N,
the b-Sobolev space "H"(M; E) is defined by

PH"(M,E) :={u € L*(M,E) | Du€ L*(M,E) for all D € "Diff" (M, E)}. (A.17)

For the definition of "H"™ (M, E) for arbitrary m € R we refer the reader to [MEL93].
The following result is straightforward.

Proposition A.2. Let A € b\I!l(M; E, F) be a b-pseudodifferential operator. Then the
following holds true:

(1) A has a natural extension

A PH™ (M E) — PH™

M; F), (A.18)
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which we denote by the same symbol like the original operator.
(2) The b-Sobolev-space le(M, E) is the natural domain of any elliptic first order

b-pseudodifferential operator acting on sections of E.
(3) If A has order 1 =0, then A is bounded.

A.4. Indicial family. Assume A € "0 (M; E, F). Denote by A and @ the induced
operator and its complete symbol on the cylinder R x M as above in condition (®W4).
Consider the zeroth order term @y in the asymptotic expansion (PW4)(ii) and put for
T7€C,u€el*>*(0M;FE)and p € OM

Z(A)(T)u(p) = Op (ao(r, —))u(p) =

1 —i(v,€) =~ E
:W/ ao(p, expv) e "9 g (7, p, &) T (u(expv),p) dv d,

TpOM XT3 OM

(A.19)

where, as explained in Section A.2, ag : M x M — [0, 1] is a cut-off function vanishing
outside the injectivity radius and 7 is a connection induced parallel transport on E.
One thus obtains an entire family Z(A) of pseudodifferential operators on the boundary
OM which is called the indicial family of A. The indicial family plays a crucial role in
deriving the Atiyah—Patodi-Singer index formula within the b-calculus (c¢f. [MEL93]).

APPENDIX B. BASIC RESOLVENT AND HEAT KERNEL ESTIMATES

For the convenience of the reader we are going to summarize some basic estimates for
the resolvent and the heat operator associated to an elliptic operator. These estimates
are an essential tool for the investigation of the asymptotics of the Chern character in
Section 3.

During the whole section M will be a Riemannian manifold without boundary and
Dy : I®(M; W) — I'*°(M; W) will denote a first order formally self-adjoint elliptic
differential operator acting between sections of the Hermitian vector bundle W. We
assume that there exists a self-adjoint extension, D, of Dy. E.g. if M is complete and
Dy is of Dirac type then Dy is essentially self-adjoint; if M is the interior of a compact
manifold with boundary then D can be obtained by imposing an appropriate boundary
condition. For the following considerations it is irrelevant which self-adjoint extension
is chosen. We just fix one.

B.1. Resolvent estimates. We fix an open sector A := {z € C\ {0} | 0 < e <
argz < 2m — e} C C\ Ry in the complex plane.

We introduce the following notation: for a function f : A — C we write f(\) =
O(JA|*T%), X — 00, A € A'if for every § > 0, \g € A, there is a constant Cj,, such that
|fON)] < CsA[e0 for A € A, [A] > ol

We write f(A) = O(JA|7®), A — oo, A € Aif f(A) = O(|A|7Y) for every N; the
O—constant may depend on N.

L?(M;W) denotes the Hilbert space of sections of W which are of Sobolev class
s. The Sobolev norm of an element f € LZ(M;W) is denoted by ||f|s. For a linear
operator T : L2(M; W) — L?(M; W) its operator norm is denoted by ||T|s.:-
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For an operator T" in a Hilbert space ¢ we denote by ||T'||, the p—th Schatten norm.
To avoid confusions the letter p will not be used for Sobolev orders. Note that the
operator norm of 7" in . coincides with ||7||co-

Proposition B.1. Let A, B € W*(M, W) be pseudodifferential operators of order a,b
with compact support.
1. If k > (dim M)/4 + a/2 then A(D?> — \)7% (D?* — X\)"*A are Hilbert-Schmidt

operators for A & spec D? and we have
|A(D? = \) 7kl = O(|A|¢/2HAmM)/A=k+0y = 46 X — 00 in A, (B.1)

The same estimate holds for ||[(D?* — X) 7k Al|,.
2. If k > (dim M +a+b)/2 then A(D?> —\)"*B is of trace class for \ & spec D* and

|A(D? — X\)7*BJ|; = O(|A|@imM+ab)/2=k+0) g0\, 06 i A (B.2)

3. Denote by my,m : M x M — M the projection onto the first resp. second factor
and assume that mo(supp A) N wi(supp B) = 0. Then A(D* — \)™*B is a trace class
operator for any k > 1 and

IA(D? — N)7*B|l, = O(A™), as A — oo in A. (B.3)

Proof. 1. Sobolev embedding and elliptic regularity implies that for f € L*(M; W) the
section A(D? — \)7*f is continuous. Moreover, for r > dim M/2, |\| > |X\o|, and  in
the compact set supp A =: K

I(AD? = ) F) (@)l < CID? = N llarri
< CI(D?* + D2(D? = X) " flg (B4)
< O £

For the Schwartz—kernel this implies the estimate

sup [ JAD? = 0 Pdvol(y) < O, (B5)
M

rEsupp A

and since A has compact support, integration over x yields
1A(D? = X)7*|3
<[ [ 1AW - ) e Pdvol(e)d ol (B.5)
supp A J M
S C|)\‘f2k+a+r’

proving the estimate (B.1). The estimate for (D?—\)~*A follows by taking the adjoint.
2. The second claim follows from the first one using the Holder inequality.
3. To prove the third claim we choose cut—off functions ¢, € C§°(M) with ¢ =1
on my(supp A), ©» = 1 on 71 (supp B) and supp ¢ Nsupp ¢ = ().

IThis means that their Schwartz kernels are compactly supported in M x M.
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Then A(D?—\)"%*B = Ap(D? — X\) "% B and p(D? — \)~*4 is a smoothing operator
in the parameter dependent calculus (c¢f. Shubin [SHUO1, Chap. II]). Hence for any real
numbers s,t, N we have

l(D? — N)F|sr < C(s,t, N) AN, as A — oo in A. (B.7)
Since the Sobolev orders s,t are arbitrary this implies the claim. OJ

Proposition B.2. Let A € V(M, W) be a pseudodifferential operator with compact
support.

1. Let ¢ € C®(M) be a smooth function such that supp dy is compact, i.e. outside
a compact set @ is locally constant. Moreover suppose that supp ¢ N i (supp A) = 0.
Then @(D?—\)"%A is a trace class operator for any k > 1 and the estimate (B.3) holds
for o(D? — X\)7FA.

2. If k > (dim M + a)/2 then A(D* — X\)7%,(D* — X\)™*A are trace class operators
and the estimate (B.2) holds with B = I.

Proof. From
(D* = N)p(D? = A)"A = [D? ¢](D* = A\) "A + o(D? — \)**1A (B.8)
we infer since ¢ A =0

cp(D2 — )\)*kA

— (D*= )" {

Applying Proposition B.1.3 to the right hand side we inductively obtain the first asser-
tion.

To prove the second assertion we choose a cut—off function ¢ € C§°(M) with ¢ =1
on 7 (supp A). Then we apply Proposition B.1.2 to ¢(D?* — X\)7*A and the proved first
assertion to (1 — ¢)(D? — X\)7%A to reach the conclusion. O

[D?, (D> = \) 7+ A, k=1, (B.9)
[D?,0](D? = A)"FA+ o(D? = \)F1 A k> 1.

For the following Proposition it is crucial that we are precise about domains of op-
erators:

Definition B.3. Given a differential operator A € Diff*(M, W) we say that the com-
mutator [D?, A] has compact support if

(1) A and A* map dom(D¥) into dom(D*~2) for k > a and

(2) the differential expression [D?, A] has compact support.

The main example we have in mind is where D is a Dirac type operator on a complete
manifold and A is multiplication by a smooth function ¢ such that dy has compact
support. Then [D?, ¢] has compact support in the above sense.

Proposition B.4. Let A € Diff*(M,W) be a differential operator such that [D* A]
has compact support and is of order < a+ 1. Then for k > dim M + a the commutator
[A, (D? — X\)7*] is trace class and

[A, (D — \)H]||; = O(|A|dimM+a=D/2=k+0) 4o X, 60 i A. (B.10)
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\ spectrum

FIGURE 5. Contour of integration for calculating e *?” from the resolvent.

Proof. Note first that since A and A® map dom(D¥) into dom(D*~?) the commutator
[A, (D? — \)7*] is defined as a linear operator on L?(M; W) and we have the identity

[A, (D> = N7 =Y (D> = \)7[D?, A|(D* = N) 7+, (B.11)

j=1

Since k > dim M + a we have in each summand j > (dim M +a+1)/2or k—j+1>
(dim M +1+1)/2. Say in the first case we apply Proposition B.2 to ||[(D*—\)~7[D?, A]||,
and the Spectral Theorem to estimate ||(D?* — \)~**=1|| and find

I(D* = X)7[D? AY(D?* — N7,
< [(D* = N7 [D? AL I(D? = )™ |
< O(|)\|(dimM—|—a+1)/2—j+0) ) O(|>\|—k+j—1)
_ O(|>\|(dimM+a71)/27k+O)' 0

B.2. Heat kernel estimates. From Propositions B.1, B.2 we can derive short and
large times estimates for the heat operator e=*P *. We write

2 1
e 7 = 7= / e”™ND?* — X)7tdA
Y
P (B.12)
— . /e—t)\(DZ —)\)_k_ld)\,

271 -

where integration is over the contour sketched in Figure 5. The notation O(t*°), O(t>)
as t — 0+ resp. O(t*7°),O(t7>°) as t — oo is defined analogously to the corresponding
notation for A € A in the previous Subsection.

We infer from Propositions B.1, B.2

Proposition B.5. Let A, B € W*(M, W) be pseudodifferential operators of order a,b
with compact support.

1. Fort > 0 the operators Ae’tDQ,e’tDQA are trace class operators. For ty,e > 0
there is a constant C(tg,e) > 0 such that for all 1 < p < oo we have the following
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discrete\ essential spectrum

FiGURE 6. Contour of integration if bottom of the essential spectrum
of D? is c.

estimate in the Schatten p—norm

dim M +e

AP, < Cltg,e) 72~ 0 <t < t. (B.13)

Note that C(to,€) is independent of p. The same estimate holds for ||e™*P* Al|,.
2. Denote by my,m : M x M — M the projection onto the first resp. second factor
and assume that mo(supp A) N i (supp B) = 0. Then

|Ae=*B|ly = O(t®), 0<t<t, (B.14)

with N arbitrarily large.
3. Let ¢ € C>®(M) be a smooth function such that suppdy is compact. Moreover
suppose that supp pNy(supp A) = 0. Then the estimate (B.14) also holds for goe*tDQA.

Proof. 1. From Proposition B.2 and the contour integral (B.12) we infer the inequality
(B.13) for p = 1. For p = oo it follows from the Spectral Theorem. The Holder
inequality implies the following interpolation inequality for Schatten norms

ITll, = Tr( TP < TS YPITIV, 1< p < oo (B.15)

From this we infer (B.13).
The remaining claims follow immediately from the contour integral (B.12) and the
corresponding resolvent estimates. O

For the next result we assume additionally that D is a Fredholm operator and we
denote by H the orthogonal projection onto Ker D. H is a finite rank smoothing
operator. Put ¢ := infspec,, D?. Then e *P*(I — H) = e 'P* — H can again be
expressed in terms of a contour integral as in (B.12) where the contour is now depicted
in Figure 6.

This allows to make large time estimates. The result is as follows:

Proposition B.6. Assume that D is Fredholm and let A € W*(M, W) be a pseudodif-
ferential operator with compact support. Then for any 0 < & < inf spec.,, D?* and any
e > 0 there is a constant C(6,¢) such that for 1 < p < oo

| Ae™P* (I — H)||, < C(5,e) t™ > ™5 e 0 <t < 0. (B.16)
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Proof. For t — 0+ the estimate follows from Proposition B.5.1.

For ¢ — oo and p = 1 the estimate follows from Proposition B.1 and (B.12) by
taking the contour as in Figure 6. For p = oo the estimate is a simple consequence
of the Spectral Theorem. The general case then follows again from the interpolation
inequality (B.15). O

Finally we state the analogue of Proposition B.4 for the heat kernel.

Proposition B.7. Let A € Diff*(M, W) be a differential operator such that [D?, A] has
compact support (in the sense of Definition B.3) and is of order < a + 1.

Then for t > 0 the operator [A, e_tDQ] is of trace class. For ty,e > 0 there is a
constant C(tg,e) such that for all 1 < p < oo we have the following estimate in the
Schatten p—norm

2 dim M —1+¢
I[A, e P, < Clto,e) > 2 0<t <ty (B.17)
C(to, €) is independent of p.

If D is a Fredholm operator then for any 0 < § < inf spec.,, D* and any € > 0 there

is a constant C'(9,¢) such that for 1 < p < oo

I[A, e (I — H)]||, < C(6,e) > ™5 e 0<t< o0 (B.18)

Proof. For p = 1 this follows from Proposition B.4 and the contour integral represen-
tation (B.12) by taking the contours as in Figure 5 for t — 0+ and as in Figure 6 in
the Fredholm case as t — oo. For p = oo the estimates are a simple consequence of
the Spectral Theorem. The general case then follows from the interpolation inequality
(B.15). OJ

B.3. Estimates for the JLO integrand. Recall that we denote the standard k—
simplex by Ay := {(00, oy Op) € REFL ’ g; > 0,00+ ...+ o} = 1}. Furthermore, recall
the notation (2.3).
Proposition B.8. Let A; € Diff""(M; W), j = 0,...,k, be D% -bounded differential
k
operators on M, a := Y a;. Furthermore, assume that supp A;, is compact for at least
7=0
one indez jg.
1. For ty,e > 0 there is a constant C(tg,e) such that for all o = (og,...,0k) €
Ay, o; > 0,

|Age 7P Ay - .. Age 7P

k
. . B.19
< Clto, e) <H0{“’/Q>t“/“de’/“, 0 <t <ty (519
=0

In particular, if a; < 1,57 =0,...,k, then
[(Aps s Ar) il = O( /2= @m30/20) 4 g4 (B.20)

2. Assume additionally that D is Fredholm and denote by H the orthogonal projection
onto Ker D. Then for e > 0 and any 0 < § < inf spec,, D? there is a constant C(6,¢)
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such that for all 0 € Ay, 0; >0

| Age™ 7" (I — H)A, - ... - Age™ P (I — H)||;

- —a;/2 2—(dim M)/2 8 (B.21)
< C(4,¢) Haj g2 dimM)2=eo=ts g ]l 0 < t < o0
5=0
In particular, a; < 1,7 =0,...,k, then
Aol — H),...,A(I — H
[1(Ao ) ( ) vl (B.22)

= O(t~/2WmM)2=0=0y = for all 0 < t < oo.

Proof. We first reduce the problem to the case that all A; are compactly supported. To
this end choose ¢;,—1, p;, € C°(M) such that supp ¢j, Nsupp(l — ¢j,—1) = 0 and such
that @j, Aj, = Ajopj, = Ajp- Decompose Aj—1 = Aj—19j-1 + Aj—1(1 — jo—1).

First we show that the estimates (B.19), (B.21) hold if we replace A;,_1 by A;,_1(1—

(pjo—l):
Case 1. Proposition B.5.3 gives

||Aj0—1(1 - ijo—l)eiajoiltDQQPj()Hl < Ctoo-j\o[flth for Ujo—lt < to. (B23)

The operator norm of the other factors can be estimated using the Spectral Theorem,
taking into account the D% -boundedness of A;:

| A;e=tP% || < Oy, (o5t) %72, for ot < to. (B.24)
Hence by the Holder inequality
[ Age T Ay - - A1 (1 — pjy_y)e Tio=1tP% L AL em kDR
_ S 4N (B.25)

k
scm(l_[%“”2>t UL 0<t <,
j=0

which is even better than (B.19).
Case 2 (D Fredholm). From (B.23), Proposition B.6 and the fact that H is a finite

rank operator with e ¢P°H = H we infer

14jo-1(1 = @jg-1)e™ 0 (T = H)py

5 (B.26)
< Cse %01 for all 0 < t < 0.
To the other factors we apply Proposition B.6 with p = oo:
HAje*"ftDQ([ —H)| < Cg(ajt)*“fme*”jw, 0<t<oo. (B.27)

The Hoélder inequality combined with (B.26),(B.27) gives (B.21).

Altogether we are left to consider Ay, ..., Ajo_19jo—1, Aj,, ...Ar where now A _1¢;,-1
and Aj;, are compactly supported. Continuing this way, also to the right of jy, it remains
to treat the case where each A; has compact support.
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Case 1. We apply Holder’s inequality for Schatten norms and Proposition B.5:

|Age 7P Ay - . Age” TP
k
—0 D2
< TTIae =,
§=0
k
im € B28
< Clto,e) JJ(ost)y /> (B2
5=0
k
—a; _ __dim M+e
< Cltoe) | [Jo; @ |2, o<t <t,
5=0
thanks to the fact that o — o= ""3=7 is bounded as o — 0.
Case 2. If D is Fredholm we estimate
| Age™ 7P (I — H)A, - ... - Age™ P (T — H)||y
using Holder as in (B.28) and apply Proposition B.6 to the individual factors:
|A;e P (I — H)||,-1 < Cs(ojt)~%/2 "2 008 0 < t < o0, (B.29)
J

to reach the conclusion.
Finally we remark that the inequalities (B.20), (B.22) follow by integrating the
inequalities (B.19), (B.21) over the standard simplex A,. Note that fAk(JO .

o) V2do < . O

REFERENCES

[APS75] M. F. ATivaH, V. K. PaTobpr, and I. M. SINGER, Spectral asymmetry and Riemannian
geometry. I, Math. Proc. Cambridge Philos. Soc. 77 (1975), 43-69. MR 0397797 (53
#1655a)

, Spectral asymmetry and Riemannian geometry. I1I, Math. Proc. Cambridge Phi-
los. Soc. 79 (1976), no. 1, 71-99. MR 0397799 (53 #1655¢)

[ASS94]  J. AVRON, R. SEILER, and B. SIMON, The indez of a pair of projections, J. Funct. Anal.
120 (1994), no. 1, 220-237. MR 1262254 (95b:47012)

[BBFU98] B. Booss-BAVNBEK and K. FURUTANI, The Maslov index: a functional analytical defi-
nition and the spectral flow formula, Tokyo J. Math. 21 (1998), no. 1, 1-34. MR 1630119
(99e:58172)

[BBLZ09] B. Bo0o0ss-BAVNBEK, M. LescH, and C. Z#HU, The Calderén projection:
new definition and applications, J. Geom. Phys. 59 (2009), no. 7, T784-826.
arXiv:0803.4160v1 [math.DG] , DOI: 10.1016/j.geomphys.2009.03.012,
http://dx.doi.org/10.1016/j.geomphys.2009.03.012, MR 2536846

[BBW093] B. Booss-BAvNBEK and K. P. WOJCIECHOWSKI, FElliptic boundary problems for Dirac
operators, Mathematics: Theory & Applications, Birkhaduser Boston Inc., Boston, MA,
1993. MR 1233386 (94h:58168)

[BDT89] P. Baum, R. G. DoucLas, and M. E. TAYLOR, Cycles and relative cycles in analytic
K -homology, J. Differential Geom. 30 (1989), no. 3, 761-804. MR 1021372 (91b:58244)

[BGV92] N. BERLINE, E. GETZLER, and M. VERGNE, Heat kernels and Dirac operators,
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathemat-
ical Sciences], vol. 298, Springer-Verlag, Berlin, 1992. MR 1215720 (94e:58130)

[APST76]




82
[BLAS6)

[BLF090]

[BRLEO1]

[BRPFOS]
[COMO90]
[CoMO093]
[COMO95]
[CoN8S5]
[ConsS]
[Con94]
[CUQuY3]
[CUQuY4]

[FUKESS]

[GBVFO1]

[GESZz&9]
[GET83]

[GET934]

[GET93B]

[G1L95]

[GRSE95]

[HASUTS]

MATTHIAS LESCH, HENRI MOSCOVICI, AND MARKUS J. PFLAUM

B. BLACKADAR, K -theory for operator algebras, Mathematical Sciences Research Institute
Publications, vol. 5, Springer-Verlag, New York, 1986. MR 859867 (88g:46082)

J. BLock and J. Fox, Asymptotic pseudodifferential operators and index theory, Geo-
metric and topological invariants of elliptic operators (Brunswick, ME, 1988), Contemp.
Math., vol. 105, Amer. Math. Soc., Providence, RI, 1990, pp. 1-32. MR 1047274
(91e:58186)

J. BRUNING and M. LESCH, On boundary value problems for Dirac type operators. I. Reg-
ularity and self-adjointness, J. Funct. Anal. 185 (2001), no. 1, 1-62. arXiv:math/9905181
[math.FA], MR 1853751 (2002¢:58034)

J.-P. BRASSELET and M. J. PFLAUM, On the homology of algebras of Whitney functions
over subanalytic sets, Ann. of Math. (2) 167 (2008), no. 1, 1-52. MR 2373151

A. ConNEs and H. Moscovici, Cyclic cohomology, the Novikov conjecture and hyperbolic
groups, Topology 29 (1990), no. 3, 345-388. MR 1066176 (92a:58137)

, Transgression and the Chern character of finite-dimensional K-cycles, Comm.
Math. Phys. 155 (1993), no. 1, 103-122. MR 1228528 (95a:46091)

A. ConNEs and H. Moscovict, The local index formula in noncommutative geometry,
Geom. Funct. Anal. 5 (1995), no. 2, 174-243. MR 1334867 (96e:58149)

A. CoNNES, Noncommutative differential geometry, Inst. Hautes Etudes Sci. Publ. Math.
62 (1985), 257-360. MR 823176 (87i:58162)

, Entire cyclic cohomology of Banach algebras and characters of 6-summable Fred-
holm modules, K-Theory 1 (1988), no. 6, 519-548. MR MR953915 (90c:46094)

,  Noncommutative geometry, Academic Press Inc., San Diego, CA, 1994.
MR 1303779 (95j:46063)

J. CunTZ and D. QUILLEN, On excision in periodic cyclic cohomology, C. R. Acad. Sci.
Paris Sér. I Math. 317 (1993), no. 10, 917-922. MR, 1249360 (94i:19002)

, On excision in periodic cyclic cohomology. II. The general case, C. R. Acad. Sci.
Paris Sér. I Math. 318 (1994), no. 1, 11-12. MR 1260526 (94m:19001)

S. A. FULLING and G. KENNEDY, The resolvent parametrixz of the general elliptic linear
differential operator: a closed form for the intrinsic symbol, Trans. Amer. Math. Soc. 310
(1988), no. 2, 583-617. MR 973171 (90b:58260)

J. M. Gracia-Bonbpia, J. C. VARILLY, and H. FIGUEROA, Elements of noncommutative
geometry, Birkhduser Advanced Texts: Basler Lehrbiicher. [Birkhduser Advanced Texts:
Basel Textbooks], Birkhduser Boston Inc., Boston, MA, 2001. MR 1789831 (2001h:58038)
E. GETZLER and A. SZENES, On the Chern character of a theta-summable Fredholm
module, J. Funct. Anal. 84 (1989), no. 2, 343-357. MR 1001465 (91g:19007)

E. GETZLER, Pseudodifferential operators on supermanifolds and the Atiyah-Singer index
theorem, Comm. Math. Phys. 92 (1983), no. 2, 163-178. MR 728863 (86a:58104)

, Cyclic homology and the Atiyah-Patodi-Singer index theorem, Index theory and
operator algebras (Boulder, CO, 1991), Contemp. Math., vol. 148, Amer. Math. Soc.,
Providence, RI, 1993, pp. 19-45. MR 1228498 (94j:58162)

_, The odd Chern character in cyclic homology and spectral flow, Topology 32
(1993), no. 3, 489-507. MR 1231957 (95¢:46118)

P. B. GILKEY, Invariance theory, the heat equation, and the Atiyah-Singer index theo-
rem, second ed., Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1995.
MR 1396308 (98b:58156)

G. GruBB and R. T. SEELEY, Weakly parametric pseudodifferential operators and Atiyah-
Patodi-Singer boundary problems, Invent. Math. 121 (1995), no. 3, 481-529. MR 1353307
(96k:58216)

P. R. HALMOS and V. S. SUNDER, Bounded integral operators on L? spaces, Ergebnisse
der Mathematik und ihrer Grenzgebiete [Results in Mathematics and Related Areas],
vol. 96, Springer-Verlag, Berlin, 1978. MR 517709 (80g:47036)




[HIRo00)]
[JLOS8S]

[KILEO4]

[LES99]

[LESO5]

[LMPO08]

[LMP09]

[Lov05]

[MAL67]

[MEL93]
[M{1.94]
[N1c95]
[PFLOS]

[SHUO1]

[TAY96]

[Tou72]

[WID79]

[WID80)]

[Wu93|

CONNES-CHERN CHARACTER AND ETA COCHAINS 83

N. HigsoN and J. ROE, Analytic K -homology, Oxford Mathematical Monographs, Oxford
University Press, Oxford, 2000, Oxford Science Publications. MR, 1817560 (2002c:58036)
A. JAFFE, A. LESNIEWSKI, and K. OSTERWALDER, Quantum K-theory. I. The Chern
character, Comm. Math. Phys. 118 (1988), no. 1, 1-14. MR 954672 (90a:58170)

P. KiRk and M. LEscH, The n-invariant, Maslov index, and spectral flow for Dirac-
type operators on manifolds with boundary, Forum Math. 16 (2004), no. 4, 553-629.
arXiv:math/0012123 [math.DG], MR 2044028 (2005b:58029)

M. LEscH, On the noncommutative residue for pseudodifferential operators with log-
polyhomogeneous symbols, Ann. Global Anal. Geom. 17 (1999), no. 2, 151-187.
arXiv:dg-ga/9708010, MR 1675408 (2000b:58050)

, The uniqueness of the spectral flow on spaces of unbounded self-adjoint Fredholm
operators, Spectral geometry of manifolds with boundary and decomposition of mani-
folds, Contemp. Math., vol. 366, Amer. Math. Soc., Providence, RI, 2005, pp. 193—-224.
arXiv:math/0401411 [math.FA], MR 2114489 (2005m:58049)

M. LescH, H. Moscovict, and M. J. PFLAUM, Regularized traces and K-theory in-
variants of parametric pseudodifferential operators, Traces in number theory, geometry
and quantum fields, Aspects Math., E38, Friedr. Vieweg, Wiesbaden, 2008, pp. 161-177.
www.matthiaslesch.de publications, MR 2427595

, Relative pairing in cyclic cohomology and divisor flows, J. K-Theory 3 (2009),
no. 2, 359-407. arXiv:math/0603500 [math.KT], MR 2496452

P. Lova, Dirac operators, boundary value problems, and the b-calculus, Spectral geometry
of manifolds with boundary and decomposition of manifolds, Contemp. Math., vol. 366,
Amer. Math. Soc., Providence, RI, 2005, pp. 241-280. MR, 2114491 (2005k:58038)

B. MALGRANGE, Ideals of differentiable functions, Tata Institute of Fundamental Research
Studies in Mathematics, No. 3, Tata Institute of Fundamental Research, Bombay, 1967.
MR 0212575 (35 #3446)

R. B. MELROSE, The Atiyah-Patodi-Singer index theorem, Research Notes in Mathemat-
ics, vol. 4, A K Peters Ltd., Wellesley, MA, 1993. MR, 1348401 (96¢:58180)

W. MULLER, Eta invariants and manifolds with boundary, J. Differential Geom. 40 (1994),
no. 2, 311-377. MR 1293657 (96¢:58165)

L. I. NicOLAEScU, The Maslov indez, the spectral flow, and decompositions of manifolds,
Duke Math. J. 80 (1995), no. 2, 485-533. MR 1369400 (96k:58208)

M. J. PrLAUM, The normal symbol on Riemannian manifolds, New York J. Math. 4
(1998), 97125 (electronic). MR 1640055 (99e:58181)

M. A. SHUBIN, Pseudodifferential operators and spectral theory, second ed., Springer-
Verlag, Berlin, 2001, Translated from the 1978 Russian original by Stig I. Andersson.
MR 1852334 (2002d:47073)

M. E. TAYLOR, Partial differential equations. II, Applied Mathematical Sciences, vol. 116,
Springer-Verlag, New York, 1996, Qualitative studies of linear equations. MR 1395149
(98b:35003)

J.-C. TOUGERON, Idéaux de fonctions différentiables, Springer-Verlag, Berlin, 1972,
Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 71. MR 0440598 (55 #13472)
H. WIDOM, Szegd’s theorem and a complete symbolic calculus for pseudodifferential oper-
ators, Seminar on Singularities of Solutions of Linear Partial Differential Equations (Inst.
Adv. Study, Princeton, N.J., 1977/78), Ann. of Math. Stud., vol. 91, Princeton Univ.
Press, Princeton, N.J., 1979, pp. 261-283. MR 547022 (81b:58043)

, A complete symbolic calculus for pseudodifferential operators, Bull. Sci. Math. (2)
104 (1980), no. 1, 19-63. MR 560744 (81m:58078)

F. Wu, The Chern-Connes character for the Dirac operator on manifolds with boundary,
K-Theory 7 (1993), no. 2, 145-174. MR, 1235286 (95{:58076)




84 MATTHIAS LESCH, HENRI MOSCOVICI, AND MARKUS J. PFLAUM

MATHEMATISCHES INSTITUT, UNIVERSITAT BONN, ENDENICHER ALLEE 60, 53115 BONN, GER-

MANY
FE-mail address: ml@matthiaslesch.de, lesch@math.uni-bonn.de

URL: www.matthiaslesch.de, www.math.uni-bonn.de/people/lesch

DEPARTMENT OF MATHEMATICS, THE OHIO STATE UNIVERSITY, COLUMBUS, OH 43210, USA
E-mail address: henri@math.ohio-state.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COLORADO UCB 395, BoUuLDER, CO 80309,
USA

E-mail address: markus.pflaum@colorado.edu

URL: http://euclid.colorado.edu/~pflaum



	Introduction
	List of Figures
	1. Preliminaries
	1.1. The general setup
	1.2. Relative cyclic cohomology
	1.3. The Chern-character
	1.4. The b-trace
	1.5. The relative McKean–Singer formula and the APS Index Theorem
	1.6. A formula for the b-trace
	1.7. b-Clifford modules and b-Dirac operators
	1.8. The relative Connes-Chern character of a Dirac operator over a manifold with boundary

	2. The b-analogue of the entire Chern character
	2.1. Cocycle and transgression formulæ for the even/odd b-Chern character (without Clifford covariance)
	2.2. Sketch of Proof of Theorem 2.2
	2.3. The transgression formula

	3. Comparison results and estimates on the cylinder
	3.1. Comparison results
	3.2. Trace estimates for the model heat kernel
	3.3.  Trace class estimates for the JLO integrand on manifolds with cylindrical ends
	3.4. Estimates for b-traces

	4. Estimates for the components of the entire b-character
	4.1. Short time estimates
	4.2. Large time estimates

	5. Asymptotic b-heat expansions
	5.1. b-Heat expansion
	5.2. The b-trace of the JLO integrand

	6. The Connes–Chern character of the relative Dirac class
	6.1. Retracted Connes–Chern character
	6.2. The large time limit and higher –invariants

	7. Relative pairing formulæ and geometric consequences
	7.1. Relation with the generalized APS pairing

	Appendix A. The b-calculus for manifolds with boundaries
	A.1. Exact b-metrics and b-functions on cylinders
	A.2. Global symbol calculus for pseudodifferential operators
	A.3. Classical b-pseudodifferential operators
	A.4. Indicial family

	Appendix B. Basic resolvent and heat kernel estimates
	B.1. Resolvent estimates
	B.2. Heat kernel estimates
	B.3. Estimates for the JLO integrand

	References

