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Use of historical and cultural perspectives in eali@mn supports the development of
mathematical concepts which are thus not as usuadlyed on logical relations.
They allow embracing new individual contexts ofegignce as well as methods of
science and humanities. The use of models of ldatatevelopment and the need of
understanding of phenomena that foster or blocknieg challenges teachers as
well as learners. It will be shown at the hand ofhcrete and relevant examples how
historically, culturally and socially inspired prédms can encourage an alternative
approach to well-known mathematical concepts arepda understanding.

INTRODUCTION

The employment of historical examples can enrictheraatical teaching in various
ways. From the viewpoint of a historian, problerhsnadequate methodology and a
lack of contextual understanding might easily oogben historical material is used
in the classroom. In this paper we do not put stmsthe professional handling of
historical material. We would like rather to coresidhe use of historical material as
a source of inspiration in educational design and diagnostic mean.

In the first part we discuss different approacheshe employment of historical
content at the hand of existing forms of preseotatof historical material in
teaching. Hereby we pay attention to the representaf the historical material and
its potential to initiate in the class room a dssion of the socio-cultural aspects
connected to mathematical topics. The second pdirexemplify the relations of
various models of historical development and witlka related positions in learning
theories explicit. This constitutes the basis foe tconceptual understanding of
historical aspects by means of mathematical awaseimethe third part. Here we are
guided by examples from mathematics textbooks aachples from the education of
pre-service mathematics teachers for grammar school

FORMSOF EMPLOYMENT OF HISTORICAL CONTENTSIN TEACHING

The use of historical material in educational dedigs a long tradition. For instance
Walther Lietzmann gave in 1921 a lecture courseegneational mathematics at the
University in Gottingen and emphasized the impdrtahe of social and cultural

aspects as well as the potential of historical @dstfor the design of mathematics
instruction. He encouraged the publication of cgpmding materials with direct use
for teaching. Although Lietzmann gave in (Lietzmab®22) extensive references,
the discussion of the authenticity of the presemtabf historical content (Fried

2001) was not a predominant issue. In Lietzmanogkbimpulses to reflect about
mathematics and incentives to deal with mathemgpiczblems are given by means
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Figure 1: Dynamics of the development |of
mathematical concepts.

There are various models of historically orientemtimematics teaching developed by
historically interested mathematics educators (Saevel & Van Maanen 2000,

Jankvist 2009), however, for Lietzmann history o&thematics is a source of
inspiration for storytelling. In most current mahatics textbooks we can find some
historical content. The presentation forms rangenfhistorical anecdotes to excerpts
from historical documents (Kronfellner in (Kronfedr 1998) gives an overview of

commonly used forms of historical content in thasskoom). These materials are
usually designed as insets or appendices thah fihe textbook design. They are
additions to the canonical representations in theerg textbook. The related

omissions and circumlocutions thus easily lead tmrneous ideas about the
historical development of mathematical ideas. Imetlgping a socio-cultural context

of the historical material the teacher should bearawof adjustments that have
possibly been made.

Many textbook examples of historical inserts in Imembatics textbooks show the
effort to bring authenticity with learning and r&agl habits in line. The language and
symbolism used correspond only to a small exterth viihose in the original
historical sources. The presentations often buildhe student’s presumed skills and
routines. The student is more likely to reprodungidal steps in the modern style
than that she is stimulated to think in the framewaf the historical context.

In the design of learning environments based otohcal sources the deliberate
inclusion of national diversity in language andtorg that can be found in the
classroom can often be rewarding. An example wda@dhe inclusion of original
texts. Another practical link between the matheaatcontent and Islamic culture is
shown in (Moyon 2011), by attributing geometric lpigms of area decomposition to
inheritance rules in the form of rules for spligiacreage.

Admittedly, a playful handling of historical eventwiented at imagination, transfer
and variation is in danger of losing its historieaithenticity but it can stimulate a
much broader mathematical activity. Everyday knalgke and intuitive ideas can



contribute amenable to different perspectives. Wlyen want to understand
historical hypotheses related to the constellatiohgelestial bodies (Jahnke and
Wambach 2011), unwanted references to reality andenm general knowledge can
interfere with the unbiased view. The latter indeehce can be avoided by an initial
settlement of the problem in a fantasy world. Tlkeeassary alienation of everyday
experience of space and time can be generateduflaydy the transition into
computer games, science fiction and fantasy-indpiveorlds. The resulting
relationships between socio-cultural and extracular mathematical approaches
allow diverse developments. Versions of the trassman of mathematical problems
in other worlds (in the literature there are mamgraeples, e.g. Jules Verne, Kurd
LaRBwitz, lan Stewart, Stanistaw Lem, Terry Pratfhetnd social relations in the
world of mathematical objects (Isaac Asimov, EdwAn Abbott) allow direct
involvement of dramaturgic tools to deal with iretion of cultural and historical
mathematical and scientific phenomena. Taking toegethese and many other
examples, we can see a wide variety of possiblairatson from historical material
in the mathematics classroom.

HISTORICAL PERSPECTIVES ON MATHEMATICAL DEVELOPMENT
AND CONCEPT DEVELOPMENT IN MATHEMATICSEDUCATION

The references and school examples listed in tis¢ $ection show that historical
materials in textbooks usually occur as a referetioctistorical sources or as an
illustration by means of a historical record of tmathematical concepts, objects,
methods, or mathematicians just treated in thescl&istory here is strongly
identified with the existence of historical sourcesually without paying attention to
the historical source itself. This may partly beda the fact that the use of historical
sources for general goals of mathematics educatsuth as to experience
mathematics as a living, evolving science or ta@eaccess to the cultural heritage,
are difficult to interpret in such a general foratidn. Thus the tool is turned easily
into the goal and the historical work is reducedniere reference to the existence of
historical sources. The indeterminacy inherentha historical approach can be

Figure 2: A mistaken approximation of the lengthtloé diagonal of a squar
(left) A mistaken determination of the center chygty of a segment as the lim
of the centers of gravity of a family of trianglésght)
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ignored because there is the simple control feaswadlability of the historical
source The exciting and very challenging task of designa learning environment
based on the historical source cited in the textdmointroducing historical contexts
rich with potential for socio-cultural, mathematiead scientific development lies in
the hands of the teacher. How can, however, a seation of a historical text be
turned into a mathematical development and whatacamally be understood under
mathematical development?

In designing such learning environment the questibthe underlying concept of a

scientific theory, the choice of the general plolgsy and of the appropriate

developmental model plays a crucial role: is thetdrical progress based on

endogenous and exogenous factors; is it based emdtivities of some eminent

personalities, or are there rather economic, palitand social factors that contribute
to the development of this subject? Is it necesdaryan appropriate understanding
of the development of mathematics, to turn to mashsuch as source-analysis and
source-interpretation, ethno-mathematical appraaohether perspectives?

For a historian in the choice of the developmentatiel the scientific criteria are in
the foreground. When contextualizing a historicagment, the distinction between
perspectives on history as a tool and as a goalfutiger differentiation of these
categories as introduced by Jankvist (2009) seeatsral and fruitful. In the
development of learning environments by means dftohical sources the
entertaining potential can also play a role. Wisggior present-centered
representations (for this distinction and for acdssion of their unscientific nature
see (Wilson et al 1988)) can still inspire genetistruction or, as the first part
exemplified, by means of relocating the actiongspealizing circumstances, and
introducing other ways of alienation we can triggethange of perspective leading
to deeper understanding. The mathematics educatdrpound by the norms of
scientific rigor of the historian, is open to othg®velopmental models and many
more possibilities of the use of historical sources developing teaching
environments.

In a class, the concern is less on the developofemiathematics as such as on the
development of specific mathematical notions antcepts.

For the development of mathematical concepts ircthgsroom an important role is
played by the implicit phase in which a matheméataancept is not systematized,
defined or referred to, which phase is for thedrian hard to grasp and not often
studied. As appropriate structures or regulargiethis stage, however, often appear
in the form of a problem solving method or a repregation not really anchored
within the context of the language of mathematiles,implicit phase can be helpful
in instructional design in motivating a definitionin helping to formulate a problem
aimed at introducing a concept.

From a historical perspective, there are helpfuybrapches to extend intension-
extension of the conceptual dynamics, such as msN#ulR3ings model bgstension



(Scholz 2010). The presentation of the developnmgnEuler's formula, as Imre
Lakatos in (Lakatos 1976) has reconstructed itonented before all on the
development of mathematics as a language. Thisla@wental model may be
whiggish for a historian. However, it makes impattassues of epistemological
debates of the last century accessible to a classssion and it makes tangible the
otherwise hardly conveyable idea that even the mgarof mathematical concepts
are negotiated. For the long-term conceptual deweémt in the classroom it is
worth to think about what historical or other sacidtural developmental models
reflect the dynamics described in Figure 1. Evenldeal ordering and linking of
concepts in school mathematics it is useful to dedh regularities in the
development of mathematical language and with exgids in the development and
formalization of mathematical methods from a hist@rperspective (Kvasz 2008).

DESIGNING LEARNING ENVIRONMENTSBY THE AID OF HISTORICAL
PERSPECTIVESAND MATHEMATICAL AWARENESS

The development of mathematical concepts in thesotem is based on omissions,
substitutions, rearrangement distortions, misregregions and other customizations
transformations of relevant historical processes.tl2 other hand, there is not the
one historical process of a concepts developmeninamy aspects and perspectives
under which one can see development as alreadysdisd in the previous chapter.

The following example (Figure 3) shows that higstalijackets of mathematical
problems do not necessarily initiate a change utime approaches or standard
solutions. In teacher training seminars the sohgtistudents had for this text book
problem were hardly related to elementary or hisabapproaches.

These solutions, with only minor variations occdrie multiple (parallel) seminars

Approximation of n

The determination of the number nt
was in the history of mathematics
an  important task.  Various
processes have been developed.
One method is to approximate a
semicircular arc of radius 1 by a line
of equal chords.

a) Calculate m for approximately
three equal sections. Evaluate the
results.

b) Develop a process that allows you
to find a better approximation of m.

Figure 3: Example of an exercise in historical gtck




on mathematics education. The tasks were parsefranar presentation prepared by
students on real numbers. The student's answetonagress half the length of the
edges of half a regular n-gon by the sine of thglean/n. They expressed their
calculation using the calculator and multipliedstHength by n/2 also with a
calculator. The presentation of the solution cdesdi®f giving symbolic expressions.
The irrationality of the terms of the sequence,chihapproximater was not noticed
because the computer automatically rounded. Réeflexton the convergence of the
sequence and the transition from geometric obj@ictss) to arithmetic sequences,
I.e. sequences of numbers were not made.

Despite the historical jacket and the instructiond direct calculation, the students
calculated the solution with calculator using theesfunction even for half a
hexagon — although the three equilateral triangles the approximation af by 3
accurately. If you want to combine the cognitiveqass with the historical one, the
reason for the superficial solution can be seem lask ofexperimentabndintuitive
awareness (see Kaenders and Kvasz 2011). The leasgecbetween the geometric
and arithmetic representation was based less likehautomation or a deeper
understanding of the limit, but on the lack of exgece with pathologies. The latter
historically led to the necessity of the preciserfolation of the limit concept. The
two examples in Figure 2 (Lietzmann 1949) abovendbrepresent this historical
development of a precise formulation of a geomeétmd. However, they show that
they are necessary and can therefore lead to dahbbtg the solution and give rise to
rethink the solution.

Simplifications of the long historical developmeoit the concept of limit in the

classroom are of course essential. Omission ofopagies in this example could be
seen in relation to the historical development as aggravating, trivializing

simplification rather than a support to conceptuaderstanding.

The next example relates to a change in the uspaésentation of the solution of
systems of equations. Given a system of lineartempswith two equations and two
unknowns, such as: 2X+2y=3

-SX+2y=2.

The approach proposed by the math textbook begitistihve algebraic solution of

the system: by equivalent transformations, the égqoations can be converted into
two equations, from which the solution x = 1/7, i8/14 can directly be read of.
The corresponding geometrical solution processaides] with the visualization of a

given system of equations. Here, the linear eqoatican be brought into a form
from which the transitioequation~ geometric objedss routine operation.



Since this has been trained in the context of drgw
graphs of linear functions, it is a common textbgok
exercise to find the equation of the form y = m,+
when the line in a coordinate system is graphically
given. Just examples of the form x = b cannot|be
selected. In the next step, the transition betwi&en
expression y = mx + b, and the function graph| is
automatized. The visualization of the algebraic— = =<
method or the "geometric solving” of the system| of
equations is now to determine the two function
expressions corresponding to the initial equatitos,
draw the graph and read of the coordinates of their
intersection.

The use of the concepts linear function, with slapd
intercept, the ability to draw straight lines arfte{ _
associated determination of the intersection of {wo
graphs of functions by reading of the value of Gigure 4: Visualizing of
function at a point are required as appropriatéisskj equivalent systems
The concept of equivalence transformations — is fHgquations:
case to determine the nicest representatives g =X
Yo from the set of all pairs of linear equations wittle
solution set {(%, Yo)} is not evident in the described| sx+2y=2 y=19/14
approach: in the geometric representation of |t
equivalent transformations in each step the tweslin
preserve the intersection of the lines. Since traght
line x = % is not common in the understanding
function graphs, the geometric representation ef dlgebraic solution method is

reduced to the visualization of the given lines] asading of the intersection. The

described way of visualizing the equations, graghsrobably chosen also because
the understanding of analytical geometry of cuinethe plane, especially of lines is

not developed.

—

2Xx+2y=3 | - x=1/7

e lower situation does
not exist in the language
O?f school books.

The concept illustrated in Figure 4 of equivalel@insformations and conservation
laws, which is essential for the solving of systemhalgebraic equation of higher
order, and appropriate geometric representations higgerplanes cannot be
generalized by the transition to function graphd @alues of a function at a point.

The language used in the example shows abovelatlkaof contextual awareness.
Instead of a change of representation a visuabzadif an equation is performed.
From this we can conclude a lack of logical awassn&o, i.e. the role of systems of
equations in an adequate development of theorygmored. When we orient
ourselves in the historical process, then the kaberin a different context developed
representation of functions as graphs of functionSartesian coordinate systems is
rather misleading here — the Cartesian coordirgadsack to René Descartes (1637)



and the concept of a coordinate change to Chrrstidiaygens (1656). One could
denote the misplaced use and the transfer of cts¢bpt are developed in other
contexts ashistorical implant

Another example deals with the currently converdlomtroduction of integral
calculus, where three different aspects of thegnmatieare introduced simultaneously:

* Integral as oriented area,
* Integration as anti-derivative,
* Integration as a way to determine a function frogivan function of change.

One aim of this introduction is the motivation addect introduction of the
fundamental theorem of differential and integrallcalus. To allow a direct
connection between calculation of area and therm@tation of a function from the
function of change, the change function is repldega@ step function, and thus the
oriented area under the curve is replaced by tka af rectangles. The original
functions are monotone, the determination of thep stunction is carried out
graphically by estimating the areas of respectnengles. The replacement of the
function by a step function aims at simplicity @lculation, but does not fit into the
framework of the developed mathematical languagecal€ulus: The geometric
transition from secant to tangent with slope or ti#ion of actual speed would
suggest an approximation with piecewise linearh@atthan piecewise constant)
functions. A historical insert of the parabolic semt method of Archimedes would
show that it is a technically challenging problend ao, it could motivate the need
for the later introduced Riemann sums.

The language used shovexperimentaland intuitive awareness. Upon further
conceptual and technical development of the conadptthe integral taken
simplifications can nevertheless lead to motivator understanding of issues and
the development of logical and theoretical awarenesunteract. The summary
described the technically difficult problem of tlefinition of the Riemann integral,
and of conceptual understanding of the relationbeiveen differential and integral
calculus will not do justice to the complexity dfet task, so you might call the
representation as a caring shortening.

A well-known transformation of historical contextswhat Freudenthal formulated
as a criticism to the New Math movemdainti-didactic) inversion which even
today often determines the representation of highehematics at the University:

“... the final result of the developmental proces€h®sen as the starting point for the
logical structure in order to finish deductively the start of the development. This
genetic-logical inversion expresses itself as aadtidal — or rather antididactical —
inversion.” Hans Freudenthal, 19hapter 11, S. 305.

In this kind of concept development the focus istloa long-term development of
logical and theoretical awareness. The inclusion of an implicit history tbe



development of a concept and thstensionof a notion would lead to a more
balanced mathematical awareness that also inclotdegve awareness.

And finally, we introduce the well-known parable Athilles and the tortoise by

Zeno of Elea (495 - 430 BC.) Still today it is tie@ in many math textbooks.

Unfortunately the Zenon paradox causes rarely tlkpeaed confusion or

amazement. That may be partly due to the roleeptbblem as an application to the
convergence of geometric series, which might irthabdirect confrontation with the

verbal formulation of the paradox.

It was interesting to observe that the argumentianteaching seminar consisted in
the verbal recapitulation of the steps. Howevefirtd own formulations and phrases
related to the initial formulation of the Zenon gaox were a problem to our teacher-
students. Paradoxes force a change of perspeatverientation and provoke
cognitive conflicts. One way to achieve this woldd by the following possible
question of Thomson (1954): Suppose a referee t@ctwehenever Achilles catches
up to the new position of the turtle, the switchaolamp. If the lamp is switched on
or off when Achilles overtakes the tortoise? Alsdirectly present ideas, such as the
overall presence and familiarity with real numbansl their completeness, separate
the students from the original and the paradoxptenomena. The neglect of such
indirectly involved factors when considering histat episodes can be called
cultural alienation

For the analysis of the concept development otektbhook examples, it was helpful
to further investigate, identify and name the clengnade to the historical
development of concepts (e.g., reductions, singalifons, omissions, ...). To draw
attention to several emerging problems in the iatign of historical content, we
have introduced these following term@historical) implant (caring) abridging
(trivializing) simplification (anti-didactic) inversion and (cultural) alienation
For the previous investigation of handling and dewment of concepts in teaching
at the hand of concrete textbook examples and elsergbtion of possible problems
of precise formulation, of conceptualization ancénsfer the perspective of
mathematical awareness was useful. Based on arysenalf the mathematical
language, we examined two aspects: First, whaitgsabf mathematical awareness
do not occur in the language and symbolism andrgkday which evolution of the
subject could these qualities of mathematical amese be developed.
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