Meinel, Joanna

The Affine Nillemperley-Lieb Algebra:
Basis, Center, Cellular Structure

universitatbonn

MAX-PLANCK-GESELLSCHAFT Advisor : Prof. Dr. Catharina Stroppel

The affine nilTemperley-Lieb algebra

Definition

The affine nilTemperley-Lieb algebra of rank N is the unital associative C-algebra nﬁw
e with generators ag,...,an_1

e and relations (take all indices modulo N)

a?:() forall0 <7< N —1,
aia; = a;a; for all |Z — j| > 1,
a;Q;410; = Q4100541 = 0 for all 0 S 1 S N — 1.

Write a(j) = aj, ... a;, for a sequence j = (ji,..., jm) With jr € {0,..., N —1}.

Example for n'TLg:  a(027540) = apasarasasay = aparapasasay, = 0.

A graphical representation

N
Let V =@ (A" C") @ C[z] with standard wedge basis vj, A ... Av;, wrt a basis {vy,..., vy} of CV.
n=0

Action of nTLy on V: a; replaces v; by v;11, and ’'passing 0’ is recorded by multiplication with z.

Graphically, V' is the C[z]-span of particle configurations with .
e up to IV particles on a circle with N positions . = v AvU5 A\ Vg

e at most one particle on each position .

In the graphical description, a; moves a particle clockwise from position ¢ to position 7 + 1.

/o ° °
° °
(a) ag(vy Avs Avg) = vy Avs Avr (b) arajag(vi AvsAvg) = va Avs Avg (¢) ap(vo Avs) =z - vy Aws.

The center

Special elements in nﬁN

~

For a basis element v(k) € V define a special monomial a(k)
that moves every particle in v(k) to the position of the preceding particle:

a(k)v(k') = .
B 0 for all £’ # k (of any length). S

CL(l/E)\6>U(156) = Q403G - Qg7 - A1050¢6 + V1 NVUs ANVg = 201 ANUs NVg =

For any 1 <7 < N — 1 define a sum of special monomials (r)
that move r particles placed at any position once around the circle:

Description of the center
Theorem. The t(r) are central, for all 1 <r < N — 1. Moreover,

e The center of nﬁN is generated by 1 and the t(r).

o i(r)-t(m) =0 for all v # m.

Center(nTLy) = C @ #(1)-C}t(1)] ®...® (N — 1) C[t(N — 1)]
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Clt(1),. .., t(N —1)]
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The proof relies on FAITHFULNESS of the graphical representation!

Example for Ilﬁ3 : t(1) = asajag + apaza; + ajapas,
t(2) = apaias + ajasag + asapay.

Example for nﬁ4 . (1) = azasaiag + agasazay + ajagazas + asaiagas,
t(2) = apagaras + ajazapas + apaiazas + a1a2a0a3 + azazaiag + azagasas,
t(3) = apaiazas + ajasagay + asazapa; + azapa as.

A basis adapted to the graphical representation

A normal form for monomials in nTLy

Note that the defining relations of nTL N are monomial
~+ enough to search for a basis among monomials — have to find a normal form for monomials!
Note that a monomial a(j) is nonzero

& we have a(j) =...a;... a1 ... Gjz1...a; ... for each two neighbouring a; in a(l')
(and in between only a; for j # ¢ —1,4,7+ 1 mod N).

Algorithm to reorder nonzero monomials Example for nﬁ7 : a(642135420613205)

Find all a; without a;_; to their right a(64213542061325)

Move them to the very right, a(64213542063)-a(l25)

don’t change their internal order

Repeat a(64235412063)-a(125)
a(64235410)-a(263)-a(l25)
a(64235410)-a(263)-a(l25)
a(64251) a(340)-a(263) a(l25)
a(64251)-a(340)-a(263)-a(l25)
a(62)-a(451)-a(340)-a(263)-a(l 25)

Reorder factors internally a(62)-a(451)-a(340)-a(236)-a(l 25)

according to some global convention

Faithfulness of the graphical representation

Theorem (sece [BFZ]| for finite case). For N >3, V is a faithful nTLy-module.
Sketch of proof:

e Take the basis {a(j) | a(j) in normal form} of nTLy obtained above
e Describe the matrices of a(j) € End(V') (e.g. block shape!)

e Check their linear independence.

Cellular structure

Affine cellular structure?

An algebra A filtered by two-sided ideals A = J,, D J,,—1 D ... D Jy = 0 coming with an anti-involution ¢

e is cellular if all subquotients J are cell ideals: J = A ®@¢ i(A)
where the left ideal A is finite dimensional (+ conditions).

e is affine cellular if all subquotients J are affine cell ideals: J = A ®¢ B ®¢ i(A)
where the left ideal A is finite dimensional and B is a quotient of a polynomial ring (+ conditions).

CG{OAL: Describe an affine cellular structure on nTL N!

Full list of simple modules?
Theorem ([KX12]). For an affine cellular algebra A as above, the simple modules are parametrized by
{(jym) | 1 <j <n, certain mazimal ideals m C B;}.

GOAL: Use this theorem to obtain a full list of simple modules of nTL !
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