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Algebra II - Local fields

1. Exercise sheet

Exercise 1 (4 points):

1) Find the 7-adic expansion of 2/5 ∈ Q up to 73, i.e., the coefficients in {0, 1, . . . , 6} in front of
70, 71, 72.
2) Find the full 7-adic expansion of 1/6 ∈ Q.
3) Find a solution of the equation x2 = 2 in Z7 up to 73.

Exercise 2 (4 points):

1) Let p be a prime and a ∈ Z coprime to p. Show that ap
n

, n ∈ N, is a Cauchy sequence in Qp

and hence converging to some element x ∈ Qp. Show that x ∈ Zp.

Hint: Prove first that a(p−1)pn−1 ≡ 1 mod pn.
2) For a, x as in 2) show a ≡ x mod pZp and that xp−1 = 1. In particular, deduce that the
polynomial Xp−1 − 1 splits completely in Qp.

Exercise 3 (4 points):

Let K be a field and let |− | : K → R≥0 be a norm. Show that the completion K̂ of K with respect

to |− | is a topological field, i.e., K̂ is a field and addition/multiplication/inversion are well-defined

and continuous. Here, K̂×K̂ is equipped with the product topology and K̂ \{0} with the subspace
topology.

Exercise 4 (4 points):

1) Let p be a prime. Show that any continuous ring automorphism of Qp is the identity.
Remark: We will eventually see that any ring automorphism of Qp is continuous.
2) Show that any ring automorphism of R is the identity.
Hint: Show first that each ring automorphism must preserve the order on R.
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