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Introduction

K3 surfaces occupy a central position in algebraic and complex geometry. First studied system-
atically in the mid-twentieth century, they form a distinguished class of smooth, compact complex
surfaces characterized by trivial canonical bundle and vanishing irregularity. Their topology is decep-
tively simple—indeed, every K3 surface is diffeomorphic to the Fermat quartic—yet their algebraic,
arithmetic, and categorical structures are astonishingly rich.

A powerful modern perspective on the geometry of K3 surfaces arises from their derived categories
of coherent sheaves. For any smooth complex projective variety X, its bounded derived category of
coherent sheaves DP(X) comes equipped with a group Aut(DP(X)) of exact C-linear autoequivalences,
whose structure is, in general, difficult to determine. Beyond the foundational results of Bondal and
Orlov in [BOO1, Thm. 3.1] and [Orl02, Thm. 4.14] in situations where the canonical bundle is ample or
anti-ample, or when X is an abelian variety, very few complete descriptions are known. In particular,
the group Aut(DP(X)) of a general K3 surface X remains hitherto unresolved.

In analogy to the global Torelli theorem—which describes the group Aut(X) of automorphisms of a
K3 surface X via its action on the second singular cohomology H?(X,Z), cf. [Huy16, Cor. 2.3]—one
begins by studying autoequivalences through their action on the full cohomology lattice H (X,7Z).
A classical result of Orlov in [Orl97, Prop. 3.5], building on earlier work due to Mukai in [Muk87,
Thm. 4.9], establishes that every autoequivalence of D”(X) induces a Hodge isometry of H (X,7Z).
This construction yields a natural representation w: Aut(DP(X)) — Aut(H(X,Z)), whose image
was settled in a difficult result due to Huybrechts, Macri, and Stellari in [HMS09, Cor. 3]. To
determine the group Aut(DP(X)), it thus remains to study the kernel of w, which we shall denote by
Auto(DP(X)). This group is highly nontrivial i.a. due to the existence of spherical twist functors, see
Section 1.3. Bridgeland’s theory of stability conditions on K3 surfaces, developed in [Bri08], provides
a conjectural description of the group Auty(DP(X)), see Conjecture 1.3.8.

A major breakthrough was achieved by Bayer and Bridgeland in [BB17, Thm. 1.3], where they
proved Bridgeland’s conjecture for K3 surfaces of Picard number 1. In this setting they further
established the isomorphism

Aut, (D"(X))/2[2) = x5 ([ Q5 (X) [ awer (A (x,2))] )

where Qf (X) is a period space to be introduced later in Section 2.1, and Auts(DP(X)) (resp.
Aut, (H(X, 7))) denotes the group of symplectic autoequivalences of D?(X) (resp. symplectic Hodge
isometries of H(X,Z)). Fan and Lai later observed in [FL23, Sec. 4.3] that in the special case of
degree 2, the correspondence requires a modification.

This isomorphism marks the starting point of the present thesis, which builds on the analysis of
Fan and Lai in [FL23]. For a K3 surface X with Picard number 1, our main objective is to classify
finite subgroups of autoequivalences of the derived category DP(X) up to even shifts. Along the way,
we also derive a description of the group structure of the kernel Auto(DP(X)).

The thesis is organized as follows. Chapter 1 collects the necessary preliminaries: lattice and Hodge
theory for K3 surfaces, the derived category and autoequivalences, and basic facts on modular curves.

Chapter 2 contains the core technical work: We establish that the orbifold [Qf (X)/ Aut (H (X, Z))]
is diffeomorphic to the more accessible modular curve [Ho /I, (n)]. The proof requires a detailed anal-
ysis of the period domain, of the action of symplectic Hodge isometries, and of the geometry of the
punctured upper half plane Hy. We have chosen to present explicit maps and to avoid non-canonical
isomorphic identifications; this choice, although sometimes at the expense of readability, renders a
transparent and precise construction.
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In Chapter 3, the thesis picks up where the reference paper [FL.23] by Fan and Lai begins: Exploiting
the classical theory of modular curves, we compute the orbifold fundamental group 7$*™ ([Ho /I (n)]),
which in turn yields the group structure of Auts(DP(X))/Z[2]. Finally, a careful analysis of the finite
subgroups of free products along with the consideration of the passage from symplectic autoequiva-
lences to general autoequivalences culminates with the classification of maximal finite subgroups of
Aut(DP(X))/Z[2] in Theorem 3.2.7.

Throughout the exposition, whenever in doubt, we have preferred to err on the side of thorough-
ness, so that the reader can freely choose the level of detail at which to engage with the material
rather than regretting the absence of certain details.

Acknowledgements: I am deeply grateful to my advisor, Prof. Daniel Huybrechts, for proposing
such a stimulating topic, which intertwines many areas of mathematics I had long wished to explore,
and for his patience, generosity, and insightful guidance throughout the writing of this thesis. I am
also happy to thank my friends Hannah, Jonas and Susana, whose careful reading of final drafts and
constructive criticism significantly improved the exposition. Por ultimo, agradezco por supuesto a
mi familia, y en especial a mis padres, el apoyo constante e incondicional a lo largo de tantos anos.

Bonn, September 2025

Deutsche Zusammenfassung

K3-Fldchen nehmen eine zentrale Stellung in der algebraischen und komplexen Geometrie ein. Obwohl
sie topologisch durch eine einfache Struktur gekennzeichnet sind — jede K3-Flache ist diffeomorph zur
Fermat-Quartik — weisen sie eine auflerordentlich reiche algebraische und arithmetische Geometrie
auf. Ein moderner Zugang besteht in der Untersuchung der abgeleiteten Kategorie der kohdrenten
Garben DP(X) und insbesondere ihrer Gruppe von Autoédquivalenzen Aut(DP(X)). Wihrend diese in
gewissen Fillen — etwa fiir abelsche Varietdten oder Flichen mit (anti-)amplen kanonischen Biindel
— durch Ergebnisse von Bondal und Orlov in [BO01, Thm. 3.1] und [Orl02, Thm. 4.14] vollsténdig
beschrieben ist, bleibt die Struktur von Aut(DP(X)) fiir eine K3-Fliiche X weitgehend unbekannt.

Durch Arbeiten von Mukai und Orlov in [Muk87, Thm. 4.9] und [Orl97, Prop. 3.5] ist bekannt,
dass jede Autofiquivalenz von DP(X) eine Hodge-Isometrie des Mukai-Gitters H(X,Z) induziert.
Huybrechts, Macri und Stellari lieferten in [HMS09, Cor. 3] eine vollstandige Beschreibung des Bildes
der entsprechenden Darstellung @: Aut(DP(X)) — Aut(H(X,Z)). Die Bestimmung der Gruppe der
Autoéquivalenzen reduziert sich damit auf das Studium des Kerns ker @ =: Aut(DP(X)) dieser Ab-
bildung, welcher unter anderem von sphérischen Twists erzeugt wird und von Bridgeland im Rahmen
seiner Theorie von Stabilitdtsbedingungen in [Bri08] konjektural beschrieben wurde.

Einen entscheidenden Fortschritt erzielten Bayer und Bridgeland in [BB17], wo sie Bridgelands
Vermutung fiir K3-Fliachen X vom Picard-Rang 1 bewiesen und dabei zeigten, dass

Aut, (D°(X))/2[2) = x5 ([ Q5 X) [t (H(x.2))]) -

Diese Arbeit baut auf diesem Isomorphismus und auf den Resultaten von Fan und Lai in [FL23]
auf und verfolgt das Ziel, endliche Untergruppen von Autodquivalenzen von DP(X) bis auf gera-
de Verschiebungen zu klassifizieren. Kapitel 1 fiihrt die notwendigen Grundlagen ein: Gitter- und
Hodge-Theorie von K3-Flichen, die abgeleitete Kategorie und Autodquivalenzen sowie elementare
Aspekte der Theorie der Modulkurven. Kapitel 2 enthélt den technischen Kern und zeigt, dass die
Orbifaltigkeit [Qf (X)/ Aut] (H(X,Z))] diffeomorph zur Modulkurve [Hy /I, (n)] ist. Kapitel 3 baut
schlielich auf der Theorie klassischer Modulkurven zur Berechnung der zugehorigen Orbifaltigkeit-
Fundamentalgruppe 79™ ([Hy /Iy (n)]) auf und liefert daraus eine Klassifikation maximaler endlicher
Untergruppen von Aut(DP(X))/Z[2].

Bonn, September 2025



1 Preliminaries

1.1 K3 surfaces, lattice theory and Hodge structures

While several equivalent definitions exist, for the purposes of this thesis, we shall adopt the following;:

Definition 1.1.1. A K3 surface over C is a projective, smooth and irreducible surface X over C
that satisfies the following conditions:

(i) The irregularity of X is zero, i.e. H'(X,Ox) = 0.

(i) The canonical bundle of X is trivial, i.e. wx = Q% = Ox.
Example 1.1.2. The Fermat quartic V(z§+a2f+x3+23) C P? is a K3 surface, see [Huy16, Ex. 1.1.3].

Interestingly, as a consequence of a result due to Kodaira, one can show that every K3 surface is
diffeomorphic to Fermat’s quartic, cf. [Huy16, Thm. 7.1.1]. Thus, topological invariants alone will
not help us distinguish between K3 surfaces. Using standard tools in algebraic topology and complex
geometry, one finds that the integral singular cohomology of a K3 surface X is given by

HY(X,Z) = HYX,Z)=7 and H*(X,Z)==7%,

with all other cohomology groups vanishing.

Moreover, observe that X can be viewed as a compact oriented real four-dimensional manifold. As
such, we can endow it with a unimodular intersection form on the second integral cohomology—this
form arises naturally from the cup product:

H*(X,7) x H*(X,Z) — 7
(a,b) — (a.b) == {a — b, [X]).

Remark 1.1.3. Observe that, by extending scalars, we obtain an intersection pairing H?(X,R) x
H?(X,R) — R,(a,b) — (a.b). Since X is smooth, we can reinterpret this form in terms of the de
Rham cohomology: If a and b are represented by 2-forms a and g, it holds that

(a.) = ([a].[8]) = /X an B,

The intersection pairing on H?(X,Z) defines an even symmetric bilinear form and motivates, hence,
the following definition:

Definition 1.1.4. A lattice A is a free Z-module of finite rank endowed with a symmetric bilinear
form (—,—): A X A — Z. We refer to the determinant of the Gram matrix of (,) with respect to an
arbitrary Z-basis as its discriminant disc A. Furthermore, the orthogonal group of A, i.e. the group
of isometries A = A, is denoted O(A).

As before, upon extending scalars, we obtain a real vector space Ag := A ®z R, which inherits a
symmetric bilinear form (, )z induced by the R-linear extension of ().

Definition 1.1.5. Let A be a lattice. The signature of A is defined to be the pair (ny,n_), where
n4 (resp. n_) denotes the positive (resp. negative) index of inertia of the bilinear form (,)g on Ag.
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For future reference, we also introduce the discriminant group of a lattice:

Definition 1.1.6. Let A be a lattice and consider the additive subgroup A* := {z € Ag : (z.A) C
Z} C Ag. The discriminant group Ap of A is the cokernel of the natural inclusion iy : A — A* i.e.

Ap = A"/A.
A lattice A is said to be unimodular if A, is trivial.

Remark 1.1.7. The discriminant group of a lattice A is a finite group of order |disc A, see [Huy16,
Sec. 14.0.1].

Example 1.1.8. The second integral cohomology H?(X,Z) of a K3 surface X, together with the
aforementioned bilinear form, defines a lattice. Building on this, we can also endow the total integral

cohomology B
H(X,7Z)=H%(X,Z)® H*(X,Z) ® H(X,Z) = 7**

with a lattice structure by orthogonally extending the intersection form on H?(X,Z) as follows:
H(X,Z) x H(X,Z) — Z
((r1,D1,81), (ro, D2, $2)) +— (D1.D2) — 1189 — 1a581.
As a result of the classification theory of unimodular lattices, one finds that
H*(X,7) = Eg(—1)®? @ U®3,

where U denotes the hyperbolic plane and FEg(—1) represents the standard Fjg-lattice with the
quadratic form modified by a sign change, see [Huy16, Prop. 1.3.5]. Therefore, H*(X,Z) carries
the structure of an even unimodular lattice of signature (3,19). From this, one readily verifies that

H(X,Z) =~ Eg(—1)®? @ U®*,
so H(X,Z) becomes an even unimodular lattice of signature (4, 20).

Let now V be a free Z-module. By V¢ we denote the vector space V ®z C obtained by scalar
extension and refer to it as the complezification of V. Since Z is a subring of R, it follows that the
complex vector space

Ve=VezC=VezRerC)=(VezR)®rC= Vg ®rC =Tk ®r (RPIR)

inherits a real structure, i.e. conjugation yields a well-defined R-linear isomorphism Vg = V. More-
over, if V' is endowed with a bilinear form (, ), we can equip V¢ with its C-linear extension, which we
shall also denote (,) by abuse of notation. It then holds that (a,b) = (a,b) for a, b € V¢.

Definition 1.1.9. Let V be a free Z-module. A Hodge structure of weight n € N on V is a decom-
position of the complex vector space V¢ into direct summands:

Vem @ v
ptg=n
in such a way that V4 = V9P and VP9 = (0 whenever p < 0 or ¢ < 0.
The complexification of the second cohomology H?(X,Z) of a K3 surface X can be endowed with
a Hodge structure of weight 2,
H?(X,Z) @2 C = HX(X,C) = H2°(X) & H"'(X) & HO2(X),

where the subspaces H?*7(X) are given by the Dolbeault cohomology, see [Huy05, Cor. 3.2.12]. We
refer to this decomposition as the natural Hodge structure of weight 2 of H?(X,7Z). Its importance in
the study of K3 surfaces becomes apparent in the classical global Torelli theorem, which establishes
that two K3 surfaces are isomorphic if and only if there exists a Hodge isometry between their
respective Hodge lattices, cf. [Huyl6, Thm. 3.2.4].
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Definition 1.1.10. Let A and A’ be two lattices and let Ac = @ AP? and A = @(A')P? be Hodge
structures of weight n on A resp. A’. A linear isomorphism ¢: A — A’ is called a Hodge isomorphism
if (¢ ® ide)(AP?) = (A/)P9 for all (p,q). A Hodge isometry is a Hodge isomorphism A — A’ that
preserves their bilinear forms. For a lattice A with a given Hodge structure of weight n as above, we
denote the group of Hodge isometries A = A by Aut(A).

For a K3 surface X, the natural Hodge structure of weight 2 on H?(X,Z) induces a natural Hodge
structure of weight 2 on the total cohomology lattice H(X,Z) by setting H(X,C) = H?°(X) @
HY(X)® H?(X) with

H?*°(X) = H*°(X), H“(X)=H""(X)® H°(X,C)® H*X,C) and H**(X):= H*?(X).

For future reference, let us introduce three sublattices of H (X,Z) which will play an important
role in the further development of this thesis. Let us start with the Néron-Severi group.

Definition 1.1.11. Let the Néron-Severi group NS(X) of a K3 surface X be
NS(X) :== H"'(X) N H*(X,Z) C H*(X,Z).

Furthermore, define the Picard number p(X) of a K3 surface to be the rank rk(NS(X)) of its Néron-
Severi group.

Remark 1.1.12. For an algebraic surface S, one usually defines its Néron-Severi group as the quo-
tient NS(S) := Pic(S)/Pic’(S). Suppose now that S defines a K3 surface. Then, one can show that
there are no non-trivial line bundles that are algebraically equivalent to zero, so the natural surjection
becomes an isomorphism Pic(S) = NS(S), cf. [Huy16, Prop. 1.2.4]. Finally, the Lefschetz theorem
on (1,1)-classes establishes that Pic(S) = HY1(S) N H?(S, Z), which is the definition we employ. We
also note that the Picard number is well-defined, as the Néron-Severi group NS(X) of a K3 surface
X can be shown to be finitely generated, see [Huy16, Prop. 1.2.1].

Since the Néron-Severi group NS(X) of a K3 surface X is a subgroup of the free Z-module H?(X,Z),
it is itself a free Z-module as well. Hence, we see that NS(X) inherits a lattice structure upon
restricting the bilinear form (.) on H?(X,Z) to NS(X). As a consequence of the Hodge index
theorem, we obtain that:

Proposition 1.1.13. The signature of the intersection form on NS(X) is (1, p(X) —1).
Definition 1.1.14. The numerical Grothendieck group N(X) of a K3 surface X is given by
N(X):= H'(X,Z) ® NS(X) ® H*(X,Z) = H"(X)n H(X,Z) C H(X,Z).

Remark 1.1.15. By definition, H%(X, Z)®H*(X, Z) forms a hyperbolic plane on the lattice H(X, Z).

As with NS(X), the numerical Grothendieck group inherits a lattice structure from H(X,Z), which,
thus, has signature (2, p(X)).

Finally, we introduce:

Definition 1.1.16. The transcendental lattice T(X) of a K3 surface X is defined as the minimal
primitive sub-Hodge structure T(X) C H?(X,Z) such that H*%(X) C T(X)c. In other words, we
require that the natural Hodge structure of weight 2 on H?(X,Z) induces a Hodge structure on the
sublattice T'(X) C H?(X,Z) via the decomposition T?9(X) := T(X)c N H?(X), with the following
conditions:

(i) It holds that H*%(X) C T(X)c, i.e. T*°(X) = H*9(X),
(i) the quotient H?(X,Z)/T(X) is torsion-free (primitivity) and
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(iii) the lattice T'(X) is minimal with respect to these properties.

Remark 1.1.17. The primitivity requirement ensures that minimality can be achieved. Besides, as
it turns out, one can show that 7'(X) is given by the orthogonal complement NS(X)+ C H?(X,Z) of
the Néron-Severi group of X in H?(X,Z), see [Huy16, Lem. 3.3.1]. If one views T'(X) as a sublattice
of H(X,Z) 2 H2(X,Z), we similarly find that T(X) = N'(X)* C H(X,Z).

As a consequence of the definition of T'(X), we infer the following elementary albeit useful result:

Proposition 1.1.18. [Huy16, Lem. 3.3.3] Let ¢ € Aut(H(X,Z)) be a Hodge isometry H(X,Z) =

H(X,Z) and let ¢ = ¢ ®id¢. It then holds that

@C’ﬁz,O(X) = idﬁz,O(X) Zf and OTlly Zf (‘OC’T(X)C = idT(X)(;a

i.e. ¢ restricts to the identity on f[z’O(X) if and only if it also acts trivially on T(X)c.

Proof. Since, by definition, H>9(X) := H>9(X) C T(X)c, we only have to show that if ¢ restricts
to the identity on H%°(X), then it necessarily does so as well on T'(X )c. For the sake of contradiction,
suppose that this is not the case. Consider then

T' = ker (QOC - idﬁ(x Z)) NH*(X,Z) C T(X) C H*(X,Z).
By assumption, we have that H>?(X) C T”, from which it follows that H%2(X) = H29(X) C T’, as
¢c = ¢r Qr idc. Furthermore,

H*(X,Z)/T' = im (@C —id

2 2
ﬁ(xz)) N H%(X,Z) C H*(X,Z)

is free abelian, for it is a subgroup of the free abelian group H?(X,Z). In particular, we infer that
T' C H?*(X,Z) is a primitive sub-Hodge structure of H?(X,Z) with H*°(X) C T}, which is properly
contained in T'(X). This contradicts the definition of the transcendental lattice T'(X). O

We refer to these isometries as symplectic:

Definition 1.1.19. A Hodge isometry ¢ € Aut(H(X,Z)) is said to be symplectic if p¢ restricts to
the identity on H*%(X). We denote the group of symplectic Hodge isometries H(X,Z) — H(X,Z)

by Auts(H(X,Z)).

1.2 The period domain

In this section, we follow Huybrechts’ approach in [Huy16, Ch. 6] and present two realizations of the
period domain. Henceforth, let A be a non-degenerate lattice with bilinear form (.) and signature

(ng,n_).
Definition 1.2.1. The period domain D, associated with A is defined as
Dy = {[z] e P(A¢) : (z.z) =0, (z.Z) > 0} C P(Ag).

Remark 1.2.2. Observe that the second condition is indeed well-defined, for (Az.\z) = |\|?(z, 7).
Also, note that Dj is an open subset (with respect to the analytic topology) of the zero locus
{[z] € P(A¢) : (z.x) = 0}, which, in turn, defines a smooth quadric as (.) is non-degenerate. Thus,
we can regard the period domain as a complex manifold, cf. [Huy05, Ch. 2.1].

10
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Take now [z] € Dy. Since A¢ comes with a real structure, we can consider the real and imaginary
parts Rex, Imx € Ag and the 2-plane they span:

P, =span(Rez,Imz) C Ag.

One can easily verify that the defining constraints of the period domain ensure that P, is positive
definite with respect to the R-linear extension of (. ) and that Re z, Im « are orthogonal to each other:

4(Rex.Rex) = (z+z.x+ ) = (v.2) +

(
4(Imz.Imz) = —(z —z.2 — %) = —(z.2) — (z.2) + 2(z.2) = 2(z.7) > 0,

4i(Rex.Imz) = (r+z.2 — ) = (z.2) — (z.2) =

Conversely, for an oriented positive definite 2-plane P C Apg, there exists an oriented orthonormal
basis (u,v), e.g. by Gram-Schmidt. It then holds that [u 4 iv] € Dj, and the oriented orthonormal
basis (u,v) is unique up to the action of SO(2) = U(1).

Let GrP(2, Ag) denote the open set of the Grassmannian Gr(2, Ag) consisting of all 2-planes P C Ag
on which the bilinear form (.) restricts to a positive definite form. Furthermore, let GrP°(2, Ag)
denote the manifold of all such planes equipped with a choice of orientation. Summarizing the
preceding discussion we obtain:

Proposition 1.2.3. [Huyl6, Prop. 6.1.5] The following map defines a diffeomorphism:

na: Dy — GrP°(2, Ag)
[z] — P, = span(Rex,Imx).
Remark 1.2.4. For ny = 2, we see that GrP°(2, Ag) has two connected components depending on
the orientation of the planes—see Remark 1.3.6 on how the orientations of two oriented positive

definite 2-planes in Ag can be compared. Thus, for ny = 2, we find that Dy decomposes as the
disjoint union DX LD, of its two connected components DX and D, .

Finally, we present the tube domain realization of the period domain. For this purpose, we first
have to assume that ni, n_ > 0. Sylvester’s law of inertia yields the existence of an orthogonal basis
B = {by,...,bn,,c1,...,¢,_} of Ag such that (b;.b;) = 1 and (¢j.c;) = —1. Let e == 1(b1 + c1),
f = (1 — b1) and note that (e.e) = (f.f) =0 and (e.f) = —1, i.e. Ur = span(e, f) is a hyperbolic
plane. We then consider the orthogonal decomposition Ag = Ug @ W, where W = Uy .

Definition 1.2.5. The tube domain Hp of A with respect to the decomposition A¢ = Uc & We is
defined as
Hp ={2z€ W¢: (Imz.Imz) > 0}.

Remark 1.2.6. The tube domain comes with a natural complex manifold structure.

Proposition 1.2.7. [Huyl6, Prop. 6.1.7] Assume that ny = 2. Then, the following map defines a
biholomorphism.:

Hpy — Dy
z— e+ 3(z.2)f +2].

Proof. Let us first confirm that the map takes values within Dy. To this end, let z € Hy and note
that
(e+ 3(z2)f+2z.e4+ 3(z.2)f +2) = (2.2)(e.f) + (z.2) = 0,

and that

(e—|—%(z.z)f—i—z.e—&—%(z.z)f—i—z) =(e+3(z2)f+z.e+3(22)f+2)

11
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= 1((z-2) + (2.2))(e-f) + (2.2)

= —%(z —Z22z—2)=2(Imz.Imz) >0,

since z € Hp. Moreover, it is straightforward to verify that the map is injective, leaving only the
surjectivity to be established. Take [x] € Dy C P(A¢) with z = ae + Bf + z for suitable o, 8 € C
and z € We. Let us first address the case @« = 0. By Proposition 1.2.3, one finds that Re(8f + z)
and Im(8f + z) span a positive definite plane in Rf @ Wr C Ar with respect to the corresponding
restriction of the R-linear extension of (. ). Note, however, that f is isotropic in R f @ Wg, so it follows
that Rf @ Wgr has at most n, — 1 = 1 positive eigenvalues. Hence, o # 0 and we may assume that
a = 1. Thus, we are left to show that g = %(zz) and that z € Hy, which follow from the definition
of DA:

(zx)=0& (e+B8f+z.e+8f+2)=0
< 26(e.f)+(2.2) =0

and based on the above calculation:
(Imz.Imz) =1 (e—i— Hz2)f+z. e+ 3(z2)f + z) = 1(z.z) > 0. O

In particular, for n, = 2 and n_ = 1, we obtain that W¢ is isometric to C with the standard
quadratic form. Consequently, we have Hy = {z € C : |[Im2|?> > 0} = HU (—H), where H := {z €
C :Imz > 0} denotes the upper half plane.

Corollary 1.2.8. For ny =2 and n_ = 1, the map in Proposition 1.2.7 induces a biholomorphism
H — DX.

1.3 Autoequivalences and Bridgeland’s conjecture

We took inspiration from the exposition in [Bri08, Sec. 1] and [Huy16, Ch. 16]. For a comprehensive
and thorough account on the matter, the reader is encouraged to consult [Huy06].

Let X be a K3 surface.

Definition 1.3.1. Let D*(X) := DP(Coh(X)) denote the bounded derived category of coherent
sheaves on X. It defines a C-linear triangulated category.

In particular, DP(X) comes equipped with a distinguished additive equivalence DP(X) = DP(X):
the shift functor E® — E*[1].

Definition 1.3.2. Let Aut(DP(X)) denote the group of C-linear exact autoequivalences of DP(X),
taken up to isomorphism of functors. We refer to its elements simply as autoequivalences of DP(X).

Besides the shift functor, natural examples of autoequivalences include tensoring with a line bundle
DP(X) = DP(X), E+— L®E for L € Pic(X), see [Huy16, Sec. 16.2.3]. More elaborate constructions,
introduced by Mukai in [Muk87, Prop. 2.25], give rise to spherical twist functors, which play a central
role in the structure of Aut(DP(X)).

Definition 1.3.3. An object E € Ob(DP(X)) is called spherical if

C ifi=0,2

Hom(E, Ei]) = {0 otherwise

12



1.3. Autoequivalences and Bridgeland’s conjecture

For a spherical object E € Ob(D®(X)), the spherical twist functor Tg: D?(X) — DP(X) is defined
by the exact triangle
Hom®*(E,F)® E =% F — Tg(F),

where ev denotes the natural evaluation map. Equivalently, T is the mapping cone of ev.

Indeed, Seidel and Thomas established in [STO1, Thm. 1.2] that Tr defines an autoequivalence of
DP(X) whenever E is spherical.

A fundamental result of Orlov in [Orl97, Prop. 3.5], building on earlier work of Mukai in [Muk87,
Thm. 4.9], asserts that every autoequivalence of DP(X) induces a Hodge isometry of H(X,Z). This
gives rise to a representation

w: Aut(DP(X)) — Aut(H(X,Z)).

Example 1.3.4. Let us revisit the autoequivalences introduced above, cf. [Huy16, Ex. 16.3.4].
(i) The shift functor [1] induces —id on H(X,Z).

(i) Tensoring with a line bundle L of first Chern class £ € H2(X,Z) acts on H(X,Z) by multipli-
cation with (1,4, $¢?) € H(X) N H (X, Z).

(iii) The spherical shift functor Tx associated with a spherical object E € Ob(DP(X)) acts on
cohomology as the reflection H(X,Z) — H(X,Z), a — a+ (a.v(E)) - v(E) in the hyperplane
orthogonal to the Mukai vector v(E) := ch(E)\/td(X) € H(X,Z).

Huybrechts, Macri and Stellari showed in [HMS09, Cor. 3] that the image of @ was precisely the
subgroup Aut™ (H(X,Z)) C Aut(H(X,Z)) of all orientation preserving Hodge isometries of H(X,Z).

Definition 1.3.5. Let A be a lattice with signature (ny,n_). An isometry ¢ € O(A) is said to be
orientation preserving if gr preserves the orientations of positive definite n,-planes in Ag.

Remark 1.3.6. Note that the orientations of two positive definite n,-planes P and P’ in Ag can be
compared via orthogonal projection onto a fixed positive definite n4-plane @, see [Ray06, Appx. Al.
This does not depend on the choice of Q.

Thus, the study of the group of autoequivalences of D?(X) comes down to understanding the kernel
of the representation w, which we shall denote Autg(DP(X)). In the general case of a K3 surface
of arbitrary Picard number, the kernel Autq(DP(X)) remains, at present, largely unknown. Beyond
the double shift [2], note that the square T3 of spherical twist functor lies in the kernel of w, as
reflections are involutions. Furthermore, it is straightforward to check that Tg(E) = E[—1], so we
see that the element T% is of infinite order.

In [Bri08], Bridgeland develops the theory of stability conditions on K3 surfaces and proposes a
conjectural description of the group structure of Auto(DP(X)). Before stating the conjecture, let us
first introduce some notation.

Let P(X) denote the open subset of N'(X)¢ given by
P(X):={x e N(X)c: Rez and Imz span a positive definite plane P, in N(X)r}.

Note that the real and imaginary parts of a given x € P(X) determine the orientation of the induced
plane P, C N (X)g. Therefore, P(X) decomposes as the disjoint union of its two connected compo-
nents P (X) and P~(X). Let PT(X) denote the connected component containing (1,iw, —3w?) for
an ample class w € NS(X)g.

Consider now the root system A(X) := {6 € M(X) : (6.0) = —2} and, for each § € A(X), let
6t = {z € N(X)c : (.6) = 0} denote the corresponding hyperplane complement in N (X)c.

13



1.4. Modular curves

Definition 1.3.7. Let Py (X) denote the open subset of N'(X)c given by

Py (X)=P X)\ |J ¢&

SEA(X)
Bridgeland’s conjecture reads now as follows:

Conjecture 1.3.8. (Bridgeland, [Bri08, Conj. 1.2]) There is a short exact sequence of groups

1 —— m (P (X)) —— Aut(DP(X)) —— Aut™(H(X,Z)) — 1.

1.4 Modular curves

Let SLy(R) = {M € GLy(R) : det(M) = 1} and define PSLy(R) := SLy(R)/{£I2}. Note that
PSLy(R) acts on C U {ico} via M&bius transformations, i.e. for z € CU {ico} we define

b
d

az+b . a (a
v.z = and y.ico = —, where v =
cz+d c c

> € PSLy(R).

In this setting, one easily verifies that Im(y.z) = Im(2) - |cz + d| ™2, so we see that the group action of
PSLy(R) on CU {ico} fixes the upper half plane H := {r € C : Im 7 > 0}. This, together with some
straightforward computations shows that:

Proposition 1.4.1. The map PSLo(R) x H — H, (v,7) — 7.7 yields a continuous and well-defined
group action. Moreover, the group action is transitive and faithful.

Usually, one is rather interested in the action of certain subgroups of PSLy(R), such as congruence
or Fuchsian subgroups:

Definition 1.4.2. For n € N>, define the principal congruence subgroup I'(n) of level n as
I'(n) :=={y € PSLy(Z) : v = I mod n} C PSLs(Z),

where the matrix congruence is interpreted entrywise. A subgroup I' of PSLy(Z) is said to be a
congruence subgroup of level n if I'(n) C I' for some n € N, >;. Finally, a Fuchsian group denotes a
discrete subgroup of PSLa(R).

Remark 1.4.3. Clearly, every congruence subgroup is Fuchsian, for PSLy(Z) forms a discrete subset
of PSLa(R).

Henceforth, let I" C PSLo(R) be a Fuchsian group.

Definition 1.4.4. A point 7 € H is said to be an elliptic point of order j if the stabilizer I, := {vy €
I':y.7=7}of 7in I is finite of order j > 1.

Proposition 1.4.5. The stabilizer I of i in I is finite.

Proof. Let us first determine PSLy(R);, i.e. solve

ai+b _fa b
ard | Wherefy—<c d)EPSLQ(R).

This is equivalent to ai + b = —c + di, and since a, b, ¢, d € R, this can happen if and only if a = d
and b = —c. In particular, we see that

vi=

PSL,(R); := {7 € PSLy(R) : v.i = i}

14



1.4. Modular curves

{(_ab Z) 6M4(R):a2+b2:1}/j:12

~ S/ ~, wherez ~ —z,

which is compact, as it is a quotient of S'. We therefore see that It = PSLy(R); N I" is a discrete
subset of a compact set and, hence, finite. O

Corollary 1.4.6. Let 71, 7o € H. Then, the set {y € I : v.1y = 72} is finite. In particular, the
stabilizer Iy of any point T € H 1is finite.

Proof. Once again, we first solve v.7; = 75 in PSLo(R). Since the action of PSLy(R) on H is transitive,
there exist 71, 72 € PSLy(R) with 41.i = 71 and 2.1 = 75. Thus,

{y € PSLy(R) : v.71 = 72} = {7 € PSLo(R) : (y71).i = 72.i} = 72 PSLa(R);y; !

is also compact, for PSLo(R); is. As before, we conclude that {y € I" : v.71 = 7o} = {y € PSLy(R) :
~v.11 = T2} NI is a discrete subset of a compact set and, hence, finite. O

Another family of special points is given by the cusps:

Definition 1.4.7. A point s € RU {ico} is called a cusp of I if there exists v € I" whose only fixed
point on R U {ico} is s. Let H* :=HU {s € RU {ioo} : s is a cusp of I'} denote the extended upper
half plane with respect to I

Proposition 1.4.8. Let 7 € H* and let ¥ € I'. Then, T is an elliptic point of order j if and only if
7.7 is an elliptic point of order j. Sitmilarly, T is a cusp if and only if 4.7 is a cusp as well.

Proof. Note that we have an isomorphism
F‘r — F:y'r
v A7

For the second claim, observe that for a point 7/ € R U {ico}, it clearly holds that .7 € R U {ico}.
Thus, v € I, fixes another 7/ € (RU{ioo})\ {7} if and only if 97~ ! fixes 7.7’ € (RU{icc})\ {7.7}.0

Remark 1.4.9. For this reason, we will—by abuse of language—also refer to the orbit I7 € H*/I"
as an elliptic point of order j (resp. a cusp) whenever 7 € H* is an elliptic point of order j (resp. a
cusp).

For future reference, let us introduce a topological property of the group action I" x H — H.

Proposition 1.4.10. The action of I' onH is properly discontinuous in the sense of [Thu80, Def. 8.2.1],
i.e. for every compact set K C H, it holds that

Hyel:vKnNK# g} < .

Proof. By [Kap24, Thm. 11], it suffices to show that I'; is finite for every 7 € H and that for any
two points 7, 7/ € H with 7/ ¢ I''7, there exist open neighborhoods U, V' C H of 7 resp. 7/ such
that v U NV = & for every v € I'. The former is Corollary 1.4.6 and the latter follows from [Shi94,
Prop. 1.8]. O

Remark 1.4.11. Let Hy be an open subset of H such that I" fixes Hy. Then, the proof shows that
the induced action I' x Hy — Hy is also properly discontinuous.

In what follows in this section, we also require that I" and PSL2(Z) be commensurable:
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1.4. Modular curves

Definition 1.4.12. Let I} and Iy be subgroups of PSLy(R). Then, I7 and I are said to be
(mutually) commensurable if Iy N I is of finite index in I} and in I5.

Proposition 1.4.13. The cusps of I' are then given by Q U {ioco}.

Proof. By [Shi94, Prop. 1.30], the set of cusps of two mutually commensurable subgroups of PSLy(R)
coincide. Finally, the set of cusps of PSLy(Z) is given by QU {ico}, see [Shi94, Sec. 1.4]. O

Proposition 1.4.14. Let Y(I') denote the quotient space of orbits under I', i.e. Y(I') = H/I.
Then, one can put local holomorphic coordinates on Y (I") such that it becomes a Riemann surface.

Similarly, define X (I') :==H*/I". Then, one can endow H* with a topology extending the analytic
topology of H so that X (I'), equipped with the quotient topology, becomes a Hausdorff, connected and
compact space. As before, one can introduce local holomorphic coordinates on X (I') extending those
on Y (I'), making X(I") into a Riemann surface as well.

Proof. See [Shi94, Sec. 1.3] for the construction of a suitable topology on H* extending the analytic
topology of H. The resulting quotient space X (I") is then clearly connected. Moreover, it is Haus-
dorff by [Shi94, Thm. 1.28] and compact by [Shi94, Prop. 1.31], for I and PSLy(Z) are mutually
commensurable and X (PSLy(Z)) is compact, cf. [Shi94, Sec. 1.4]. Finally, see [Shi94, Sec. 1.5] for
the construction of holomorphic charts on X (I7) turning it into a Riemann surface. g

In this thesis, we will only consider two subgroups of PSLy(R). Let us start with the congruence

subgroup
I'o(n) = { (CCL Z) € PSLy(Z) : ¢ = 0 mod n} .

Then, I'y(n) is clearly Fuchsian and it also holds that it is commensurable with PSLa(Z), see [Shid4,
Prop. 1.43]. The other subgroup of interest for this thesis is the Fricke group FOJr(n)7 given by

0 _ 1
/i Oﬁ> € PSLy(R).

Note that the congruence subgroup Iy(n) is normalized by the Fricke involution w,. Indeed, a
straightforward computation yields

_ —-d ¢ a b
wpyw, ' = (bn _"a> € Io(n), for v = <c d) € Io(n).

Since w, is an involution, we find that I (n) = Iy(n) U Iy(n)w,. Therefore, I'y (n) and IH(n)
are commensurable, from which it follows that I'y"(n) and PSLy(Z) are also commensurable. In
particular, the results gathered in this section apply to both I(n) and I} (n).

IF(n) = (Ih(n),w,) C PSLy(R), where w,, = (

16



2 Two isomorphic orbifolds

Henceforth, let X be a K3 surface with Picard number p(X) = 1. Equivalently, its Néron—Severi
group is of the form NS(X) = Zh, generated by an ample class h, and the degree of h is (h.h) = 2n
for some n € N3;. Throughout this chapter, we shall further assume n > 2. The special case n =1
requires a separate treatment, to which we return in Section 2.5.

In [BB17, Thm. 1.3], Bayer and Bridgeland prove that Bridgeland’s conjecture (see Conjecture 1.3.8)
holds when p(X) = 1. Moreover, they show (see [BB17, Rem. 7.2]) that this leads to the isomorphism
of groups

w0 ([ (X) [ aue (71(x, 7)) ) = Aut(D"(X))/Z[2).

Thus, the study of the group of symplectic autoequivalences of DP(X) up to even shifts comes down
to the computation of an orbifold fundamental group. As we shall see in Section 2.5, this isomorphism
requires a modification when n = 1. B

The aim of this chapter is to show that the orbifold [Qf (X)/ Aut} (H(X,Z))] is diffeomorphic to
the modular curve [Hy /I, (n)], whose structure is considerably more accessible. In Chapter 3 we will
exploit this identification: By drawing on the rich structure and well-developed theory of classical
modular curves, we will obtain a more transparent approach to the computation of the orbifold
fundamental group of [Ho /I (n)].

The organization of this chapter is as follows. In Section 2.1, we introduce the biholomorphic spaces
Q*(X) and H, together with the actions of the groups Aut! (H(X,Z)) and Iy (n). Furthermore,
we show that the two group actions are compatible under the biholomorphism between Q% (X) and
H. In Section 2.2, we restrict to the open subsets QSF(X) C Q"(X) and Hy C H, and provide a
characterization of Hy which will prove useful in Chapter 3. Section 2.3 constitutes a short digression:
as a byproduct of the analysis of Hy, we obtain a structural description of the group Autg(DP(X))
in the Picard number 1 case. Finally, Section 2.4 brings the arguments together, showing that the
orbifolds [QF (X)/ Aut! (H(X,Z))] and [Ho/I,f (n)] are indeed diffeomorphic and that, as a result,
their orbifold fundamental groups are isomorphic. Section 2.5 concludes by revisiting the case n =1
and outlining the modifications required in that setting.

2.1 Compatible group actions

Recall that the numerical Grothendieck lattice N (X) of X was defined as N(X) = H°(X,Z) &
NS(X) @ H*(X,Z) C H(X,Z). Letting ey and ey be generators of H°(X,7Z), H*(X,Z) = 7Z, we find
that M (X) is given by the lattice Zeg & Zh @& Ze, with signature (2,1) and Gram matrix

0 0 -1
Gy=10 2n O
-1 0 0

Definition 2.1.1. Let Q(X) denote the period domain Dy (x) associated with the numerical Grothen-
dieck group N'(X) of X, i.e.

Q(X) ={[z] e PIN(X)c) : () =0, (z.Z) > 0} CPN(X)c).

As observed in Remark 1.2.4, Q(X) has two connected components Q" (X) and O (X). Let
QT (X) denote the connected component of Q(X) containing the element [eg + ih — ney]. We are
now ready to define the period space that appears in Bayer-Bridgeland’s result in [BB17, Rem. 7.2]:
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2.1. Compatible group actions

Definition 2.1.2. Let Q7 (X) denote the open subset of O (X) given by

of(X) =0t X)\ |J (6gnarx)).

SEA(X)

Before analyzing the period space QF (X) and the action of the group Aut? (H(X,Z)) on it, we
will begin by studying the more accessible period domain Q% (X). To this end, recall that

Proposition 2.1.3. Let H := {7 € C: Im7 > 0} denote the upper half plane. Then, the following
map defines a biholomorphism:

Y: H— Q"'(X)

T+ [eg + Th + nr2ey].

Proof. This is a straightforward consequence of Proposition 1.2.7 and Corollary 1.2.8, by noting that,
in this case, A = N(X) and W) = Rh. O

Let us first study how Aut] (H(X,Z)) acts on QT (X). To this end, take a Hodge isometry ¢ €
Aut}(H(X,Z)) and note that, by definition, ¢c(H> (X)) = HYY(X). As N(X) = HY(X) N
H(X,Z), ¢ restricts to an isometry ¢ : N(X) — N(X), which, in turn, extends C-linearly to an
isometry ‘Pajc\/ : N(X)e = N(X)c. As a result, it descends to a well-defined injective holomorphic
map ¢: QF(X) — Q(X), [a] = [¥ (2)].

Proposition 2.1.4. The isometry @ﬁ[: N(X)r — N(X)r preserves the orientation of positive de-
finite 2-planes in N (X)g.

Proof. Let U = span(u1,uz) € N(X)g be a positive definite 2-plane spanned by w1, uz € N (X)g.
Furthermore, let 7y : N (X)r — U denote the projection homomorphism of A (X)g onto U along its
orthogonal complement. Since gpﬁf is an isometry, the 2-plane span(goﬁ{ (uq), wﬁf (uz2)) is also positive
definite. Therefore, we see that (m o @ )(uy) and (7 0 @A )(ug) also span U—otherwise, there would
be a A € R with ¢} (u; — Aug) € ker(my) = U™, which is negative definite as V(X )g has signature
(2,1). Denote by A = (a;;) € R?*? the transition matrix from (uy,us) to (70 @& (u1),7 o @ (u2)).
We want to show that det(A) > 0.

Consider some non-zero o € fl2’0(X). Using Remark 1.1.3 together with the fact that Q;Léo =0,
one easily finds that (0.0) = 0 and that (¢.6) > 0. By the discussion preceding Proposition 1.2.3,
the 2-plane P, C I;'(X, R) spanned by Re(o), Im(o) € }NI(X, R) is positive definite. As a result, we
observe that V' := span(uq, u2, Re(c),Im(c)) yields a positive definite 4-plane in I;T(X7 R). Besides,
since ¢ is a Hodge isometry, we infer that ¢c(o) = Ao for some A € C*, from which pg(Re(o)) =
Re(Ao) and pr(Im(c)) = Im(Ao) follow. Finally, recall that ¢ is orientation preserving, so the
transition matrix B from (uy, us, Re(o), Im(c)) to 7 o pr(uy, uz, Re(c), Im(c)), where m: H(X,R) —
span((u1, uz, Re(o),Im(0))), given by

a1 a2 O 0

a1 a2 0 0
0 0 ReA —Im)|[’
0 0 ImXA ReX

has positive determinant. It follows that det(A4) = ﬁ det(B) > 0. O
Corollary 2.1.5. The map ¢: QT (X) — Q(X) defines a biholomorphism QT (X) — Q1 (X).

Proof. Tt suffices to show that $(QT (X)) C QT (X). This is a direct consequence of Proposition 2.1.4
by using the description of Q(X) in terms of oriented positive definite planes, see Proposition 1.2.3.00
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2.1. Compatible group actions

The action of ¢ € Aut? (H(X,Z)) on QF(X) is thus given by ¢.[z] = [ (z)]. Conversely, the
action of I';"(n) on the upper half plane H is given by Mébius transformations, see Section 1.4.

We will now move on to examine how the group actions of Aut? (H(X,Z)) (resp. IF(n)) on Q+(X)
(resp. H) behave with respect to ¢: H — Q" (X). We took inspiration from [Kaw14].

Let us introduce some convenient notation. First, let O™ (AV/(X)) denote the group of lattice isome-
tries N'(X) = N(X) which preserve the orientation of positive definite 2-planes in A'(X)g. More-
over, define SO (N (X)) to be the connected component of O (N (X)) containing those orientation-
preserving isometries ¢ such that det(¢) = 1 and, similarly, let SOT(NV(X)gr) == {p € OT(N(X)R) :
det(p) = 1}. We can naturally view SO*(N(X)) as a subset of SO1(N(X)g) via ¢ — ¢g.

Note that every element f € SOT(N(X)g) acts on the period domain QF(X) via

QT (X) — Q7 (X)
[z] — [fe(2)].

Indeed, since fc is a complex linear isomorphism N(X )¢ — N (X)c, it induces a holomorphic auto-
morphism P(N(X)c) — P(N(X)c). Because f is an orientation-preserving isometry, this automor-
phism preserves QF(X). Thus, the action of SOT (N (X)g) on Q*(X) is given by biholomorphisms
with respect to the usual complex manifold structure of Q% (X), see Remark 1.2.2.

It is a standard result in complex analysis that the group of holomorphic automorphisms of the
upper half plane is, precisely, PSLa(R). Hence, the biholomorphism 1 induces, by conjugation, a
group homomorphism SO* (NV(X)g) — PSLy(R), which we will show to be an isomorphism below.

In fact, we show that 1 also induces an inverse group homomorphism R: PSLy(R) — SO (N (X))
by conjugation, i.e. with (¢ oyovy~1)([z]) = R(7).[x] for every v € PSLy(R) and every [z] € QT (X).

Note that if R(y) € SOT(N(X)g), then this last condition determines R(7y) uniquely, as we obtain
for instance R(7).leg + ih — nea], R(7).leo + 3ih — Lnes] and R(y).[eo + 3ih — §ney] in terms of v,
and R(y) € SOT(N(X)g) is a linear map with det(R(y)) = 1. We use this observation in order
to describe R(7y) via its transformation matrix M., with respect to the ordered basis B = (eg, h, e4)
of N(X)r. In order to do so, denote by cp the canonical coordinate isomorphism N (X)r — R3,
mapping eg — (1 0 0)7, h+— (0 1 0)7 and e4 — (0 0 1)7.

Proposition 2.1.6. For v € PSLy(R), define

d? 2cd %02 b
M, =1 bd ad+bc %ac , where v = (a d).
nb®>  2nab a? ¢
Then, the following map defines a group isomorphism.:
R: PSLy(R) — SOT(NV(X)R)
’yr—>cBoMWoc§1.

The group isomorphism R can be viewed as being induced by the biholomorphism v through conjuga-
tion. This means that for every v € PSLy(R) and every [x] € QT (X), we have that

(¥ oy oy ™) ([z]) = R()-[z] = [R(7)c()].
Conversely, R™': SOT(N(X)r) — PSLa(R) maps f € SOT(N(X)gr) to the automorphism ~ €
PSLs(R )satzsfymg

7@ ([2]) = 7 (f[2]) = 7 ([fe(@))).
Proof. For ~y as given above, a straightforward computation confirms that

d? 2cd 2

1
=C
det My =det | bd ad+bc Lac| = (ad—bc)® =
nb®>  2nab a?
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2.1. Compatible group actions

and that
]\I:{GJ\/JWV = Gy,

where we recall that G stands for the Gram matrix of N(X)r and the bilinear form (.)g with
respect to the basis B. We conclude that R(v) defines an isometry N (X)g — N(X)g.

So far, this shows that R(y) € SOWN(X)r) = SO(2,1), which has two connected components,
see [Hal03, Sec. 1.4]. The fact that R(y) is orientation preserving will follow with a topological
argument. Indeed, it is a standard result from the theory of Lie Groups that SLy(R) is connected, see
for instance [Hal03, Sec. 1.4]. Since PSLy(R) is a quotient of SLy(R), it is also connected. Besides,
R is continuous, for the entries of M., are polynomials in the entries of +, so the image of PSLa(R)
under R is connected as well. Finally, note that R([2) = idr(x),, which is orientation preserving, thus
showing that R(PSLy(RR)) lies completely within the connected component of SO(N (X)g) containing
the identity. This is precisely SO (N(X)g). Tt follows that R is well-defined as a map of sets.

Before proving that R is in fact a group isomorphism, let us show that it is induced by 1 through
conjugation. Let [z] € QT (X) and v € PSLy(R). By Proposition 2.1.3 we can assume that z =
eo + Th + nr2e4 for some T € H. Now we calculate

R(y).[z] = [R(7)c(2)]

= [(c,c o My ocp-1c)(eo + Th +nr’es)]
= (CB,(C OM,\/) T
n72

d? 4 2cdr + 272
= |egc | bd + (ad + be)T + act?
nb? + 2nabr + na?r?

(cT 4+ d)?

= |cg,c | (a7 +b)(em +d)

n(at + b)?

= [(er +d)?eq + (aT + b)(cT + d)h + n(at + b)%e4]

B -6 +aT+bh+n ar +b 26
I ct+d et +d 4

) ar +b
:w<c7'+d>

= (oo~ (la]).

It follows that R(7) is, indeed, induced by 1 via conjugation. As a result, we see that

R(y7)-la] = (o yi oy ™")([])
=@oyoy o (YoFoy)([z])
= (R(7) o R(7)).[z].

Since the action of SO*(NV(X)) on QF(X) is clearly faithful, we obtain that R(v¥) = R(y) o R(%),
so R defines indeed a group homomorphism. Similarly, R(y) = R(¥) implies that (1) oyo=1).[z] =
(o7 otp™1).[z] for every [x] € QF(X). This can only happen if v.7 = 4.7 for every 7 € H, as ¢ is
bijective. Since the action of PSLy(R) on H is faithful, this forces v = 4, so R is injective. We are
left to show that R is surjective.

20



2.1. Compatible group actions

Let f € SO (NV(X)g) and consider the map
H—H
T (7 o foy)(n).

Since SO*(NV(X)g) acts on @ (X) by biholomorphisms and v: H — Q% (X) is a biholomorphism,
it follows that the map defined above must be a biholomorphism as well. Thus, it must be given by
a Mobius transformation vy € PSLa(R). As a result, we find that

(Wt o fo)(r) =T
for every 7 € H. Equivalently, we obtain that

7 (f [z = (vp 0™ )([2])
& fla]=@orrov ) ([a])

for every x € QT (X). Note that, as already shown, R(v) also fulfills R(v¢).[z] = (¢ oy op™1)([z]),
and since the action of SOT (N (X)g) on QF(X) is faithful, we once again infer that f = R(vy).
Thus, R not only defines an injective but also a surjective group homomorphism. O

In [Kawl4, Sec. 2.4], Kawatani considers the group homomorphism
Autt(H(X,Z)) X 0F V(X)) — OF(WV(X))/+id — =
—~  SOT(V(X)) — SOt (W (X)r) &5 PSLy(R)

and shows, building on a result due to Dolgachev in [Dol96, Thm. 7.1], that its image is precisely the
Fricke group Iy (n).

Proposition 2.1.7. The group homomorphism

U Awtl(H(X,Z) Y5 0T(V(X)) ——— OF(W(X))/Hid —~
L SOYWN(X)) —— SOT(W(X)z) —E 5 PSLy(R)
mapping
P oMo (V]

—_— N 4o ————— RTU(£¢d)

surjects onto Iy (n) and induces a group isomorphism ¥: Aut (H(X,2)) = I (n), o — R~ (xph).
The map OT(N(X))/%id — SOT(N(X)) takes [pN] to @ if det @™ =1 and to —pN otherwise.

Proof. Let us start by addressing the surjectivity onto I} (n). As Aut; (H(X,Z)) C Aut™ (H(X,Z)),
[Kawl4, Prop. 2.9] implies that ¥(Aut? (H(X,Z))) is contained in I;F(n). The reverse inclusion
follows by Kawatani’s proof, which we will follow here. By virtue of [Dol96, Thm. 7.1}, it suf-
fices to show that every map in OT(NV(X))* = ker(ON(X)) — O(An(x))) N OT(N(X)) lifts
to a map in Aut? (H(X,Z))—here, O(Anr(x)) denotes the group of automorphisms of the dis-
criminant group Apr(x). Indeed, by [Huyl6, Prop. 14.2.6], @ € O (N(X))* can be lifted to a
¢ € O(H(X,Z)) such that ¢lp(x) = idr(x). It follows that ¢c restricts to the identity on H20(X),

s0 ¢ € Auty(H(X,Z)). Moreover, ¢ preserves the orientation of positive definite 4-planes in H (X, R),
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2.1. Compatible group actions

as @ preserves the orientation of positive definite 2-planes in N (X)g, @g restricts to the identity on
T(X)r and H(X,R) = N(X)r @ T(X)g. Thus, we see that ¢ € Aut! (H(X,Z)).

We are left to show that ¥ is injective. We modify the proof by Kawatani to fit our setting.
Note that the injectivity is equivalent to id € Aut] (H(X,Z)) being the only map in Aut! (H(X,Z))
that restricts to Fidar(x) in O1(WNV (X)), for the succeeding homomorphisms are injective. Thus,
let ¢ € Aut!(H(X, Z)) such that ¢V e {#£idar(x)y}. Since p(X) = 1, [Ogu02, Lem. 4.1] applies,
and we obtain that ¢! = Lp\T(X) = +idp(x). It follows that ol = idp(x), as ¢ is symplectic. If
oV = idar(x), we are done, since then ¢r = goR @l = dH(X Ry 50 ¢ = ldﬁ(x z)° We still have to
show that there is no ¢ € Autj( (X, 7)) such that ¢ = —idy(x) and o7 = idp(x). For the sake

of contradiction, suppose that such a ¢ € Aut} (H(X,Z)) exists. By [Huy16, Lem. 14.2.5], we obtain
that idawv(x)) = —idav(x)), which requires every element in A(N(X)) to be 2-torsion. Note that
by [Huyl6, Sec. 14.0.2 & Sec. 14.0.3 iv] together with Remark 1.1.7, we obtain

AN(X)) = A(U & Z(2n)) = A(U) & A(Z(2n)) = A(Z(2n)) = Z/2nZ.

Finally, as n > 2, we find that Z/2nZ has elements which are not 2-torsion, so idg /Q,LZ # —idg/onz-
This contradicts the existence of a ¢ € Autj(H(X, 7)) such that oV = —idy(x) and 7 = idp(x).0

Remark 2.1.8. In Section 2.5, we will construct a ¢ € Aut} (H(X,Z)) such that oV = —idn(x)
and o7 = idp(x) for n = 1.

We find that the group isomorphism ¥ is compatible with the biholomorphism :
Corollary 2.1.9. The following diagram commutes for every ¢ € Autj(fI(X, 7)):

Q*(X) L H

o J%a)
o+(x) XL H
Proof. Let [z] € QT (X) and note that
U(p).(v " ([2])) = R (Fer)- 7 ([2]) = &7 ([ (@) = ¥ (g [2]),

where the second equality follows from Proposition 2.1.6. U

Remark 2.1.10. Similarly, the following diagram commutes as well for every v € I'y (n):

H—Y O+(X)

1

H%Q*(X

As a consequence of the compatibility of the group actions with the biholomorphism v, we find
that the quotients H/I}(n) and Q*(X)/Aut] (H(X,Z)) are homeomorphic. Indeed, let 7: H —»
H/ I (n) and pr: QF(X) — Q" (X)/Aut! (H(X,Z)) denote the projection maps and consider the
following commutative diagram:

H S Q" (X) 7 W(r)
H/IG (n) <0 T Ot (X)/ Aut} (H(X,Z)) Iy (n).r 000000 Autd (H (X, Z))4(7).
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2.1. Compatible group actions

Let 7, 7/ € H and suppose that 7(7) = 7(7'), i.e. 7/ = 7.7 for some v € I';"(n). We then find, by
Remark 2.1.10, that

pro $(r) = prow(y.7) = pro (¥ (4))-((r)) = Autt (H (X, 2)).(¥ " (4).(4(7)))
— Aut! (H(X,Z)).-(4(7)
— proy(r).

Therefore, we see that there exists a unique continuous map : H/Ty (n) — Q1 (X)/ Aut? (H(X,Z))
such that ¢ o7 = prop. An analogous argument shows the existence of a unique continuous map
n: QY (X)/Aut! (H(X,Z)) — H/I (n) with nopr = 7 o™l In particular, we observe that
no dom = noproty = mov ! ot = and the uniqueness given by the universal property forces
noy = idy I ()" The other direction follows analogously, so 1 and 7 are inverse to each other, thus
showing that:

Corollary 2.1.11. The map
b /T (n) — QY (X)/ Aut] (H(X,Z))
Iy (n).r — Aut} (H(X,Z)).(¢(1))

defines a homeomorphism.

So far, we have shown that the Riemann surfaces Q7 (X) and H are biholomorphic and that this
biholomorphism ¢ fulfills a “generalized equivariance” property with respect to the actions given by
Aut} (H(X,Z)) and I (n) on QF(X) resp. H, as established in the previous corollary.

Since H is a manifold and the action of I 0+ (n) is properly discontinuous, cf. Proposition 1.4.10, we
can endow the quotient space H/I;"(n) with a natural orbifold structure—see [Thu80, Prop. 13.2.1]
for the construction of the orbifold atlas. In general, quotients of manifolds by properly discontinuous
actions are therefore often referred to as good orbifolds.

Conversely, note that QT (X) naturally becomes a manifold via the biholomorphism ¢~!: Q¥ (X) =
H C C =~ R2. Furthermore, the action of ¢ € Autj(fI(X, 7)) on QF(X) induces an action
on H via conjugation with 1, which by virtue of Corollary 2.1.9 is precisely the action of ¥(y).
Thus, the natural orbifold structure on H/I," carries over to the natural orbifold structure on
Ot (X)/ Aut} (H(X,Z)). Concretely, let

A={(U; CHCR? G; C I} (n), (n|, : Ui —n(Uy)) i€ I}

U

be the natural orbifold atlas on H/IG™ and take a chart (Us, Gy, w|;.), where 7|, induces the home-

omorphism 7;: U;/G; = w(Us). As discussed above, we let ¥~1(G;) C Aut:(ﬁ({(, Z)) act on H as
G, so we obtain a homeomorphism ¥ o n;: U; /¥ ~1(G;) = 9 o 7(U;) induced by ) o 7T|Ui. Thus,

B:={U; CHCR? W\(G;) C Aut] (H(X,2)), (o, : Ui —Pon(U):iecl}

becomes the natural orbifold atlas on Q*(X)/Aut? (H(X,Z)). In order to distinguish between
the orbifold and the underlying topological spaces, we will denote the orbifolds by [H/Ij (n)] and

[QF(X)/ Aut (H(X,Z))] and will continue to denote the underlying quotient spaces as we have done
so far. It is straightforward to confirm that

Proposition 2.1.12. The continuous map v defines an orbifold diffeomorphism
~ + ~
B/ rg )] = [ 27 [ (x )]

as defined in [Car22, Sec. 1.4].
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2.2. The punctured upper half plane Hj

Let now Hp := % ~1(Qd (X)) and recall that our aim in this chapter is to show that

P ([QSF(X) /Autj(ﬂ'(X,Z))D = qorb ([HO/FO*(TL)D .

To this end, we must first show that the punctured quotients remain diffeomorphic orbifolds. Before
proceeding, however, we still need an explicit description of Hy, which will additionally prove useful
later in Chapter 3.

2.2 The punctured upper half plane Hj
Let us start with the observation that
H\Ho=v""[ [J ¢ nQ*(Xx)
SEA(X)

Let now 6 € A(X) and consider the isometry ss: H(X,Z) — H(X,Z) given by the reflection in
the hyperplane Vs := {x € H(X,Z) : (x.0) = 0}:

ss: H(X,Z) — H(X,7)
(2.0)
(6.5)

r—x—2

0=+ (x.0)d.

As T(X) = N(X)*+ and 6 € A(X) C N(X), it follows that T(X) C Vs. Hence, the isometry ss
restricts to the identity on 7'(X) and since H*°(X) C T'(X)c, we find that ss is a symplectic Hodge

isometry, i.e. ss € Auts(H(X,Z)).

Proposition 2.2.1. The isometry ssr = 55 @ R: f](X7 R) — I;'(X, R) preserves the orientation of
positive definite 4-planes.

Proof. Let P = span(x1,...,24) C fI(X, R) be a positive definite 4 plane, and let z; = t; + n;
with ¢; € T(X)r and n; € N(X)g. We may assume that the ordered basis (x1,...,z4) of P is
orthonormal. Furthermore, let 7p: H (X,R) — P denote the orthogonal projection onto P. By the
above discussion, we find that s;r(z;) = x; + (n;.6)0 and further, by a well-known result in linear
algebra, that

4 4
mpossr(T;) = Z(xj + (nj.0)8 . x)wi = 5 + Z((nj.é)(ni.é))xi.
i=1

i=1

Therefore, the change-of-basis matrix A is given by A = I + aa” € R** with a = (a1 ---a4)” € R*,
a; = (n;.6). We claim that A is positive definite. Indeed, letting r :== (r;---r4)T € R*\ {0}, a
straightforward computation shows that

T Ar = rTr +rT (aa®)r = ||7|> + ||rTa|* > 0.

It follows that det(A) > 0. Note that for another (non-orthonormal) basis of P, the corresponding
transition matrix A’ is conjugate to A, so det(A’) > 0 as well. O

Hence, s5 € Aut? (H(X,Z)). As we have seen before, its action on QF(X) yields a biholomorphism
os: QH(X) = QH(X), [x] — [s{;\’{c(x)] = [z + (2.6)d]. This gives the following characterization:

Proposition 2.2.2. The set 6 N Q1 (X) CP(N(X)c) is, precisely, the set of fized points of os.
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2.2. The punctured upper half plane Hj

Proof. Indeed, if [z] € 6% N QT (X), it follows that os([z]) = [z + (2.6)8] = [2]. Conversely, suppose
that [z] € QT(X) is a fixed point of o5, so z + (2.0)d = Az for some A € C*. As a result, we find
that 0 = (A — 1)?(z.2) = (2.6)%(8.6) = —2(.6)?, from which (z.6) = 0 and, thus, [z] € 5 N QT (X)
follow. ]

The next proposition shows that we can also characterize fixed points of o5 (and, hence, points in
5+ N QT (X)) in terms of fixed points of W(ss).
Proposition 2.2.3. Let [z] € QT(X) and § € A(X). Then, [z] is a fized point of os if and only if
Y= Y([x]) is a fized point of ¥(ss).

Proof. Recall that by Corollary 2.1.9 we have the following commutative diagram

Q*(X) L, H

B 1 Jms&)

0 (X) L H.

Suppose that ss.([x]) = os([z]) = [2] for some § € A(X). Then, = 1([z]) = v~ (ss
U(ss).(p=1([x])), so ¥~ 1([x]) is indeed a fixed point of ¥(ss). Conversely, observe that if ¢~
a fixed point of W(s;s), it follows that os([z]) = s5.([7]) = (¥ (s5).(v " ([z]))) = ¥ (¥~ ([x]))

We are left to establish how ¥(s;s) acts on H.

([«])) =
_([x])

.0

Proposition 2.2.4. [FL23, Lem. 4.2] Let 6 = req+dh+sey € A(X) C N(X). The biholomorphism
U(ss): H — H is given by the action of the involution

vid ==\ (s d\ [0 -5 ,

Vnr —y/nd nd r)\yn 0
which lies in the coset I'o(n)w, C Io(n)T. Conversely, every involution in Iy(n)w, has the above
form and, thus, is equal to U(ss) for some suitable § € A(X).

Proof. Let us first show that W(ss) is given, as stated, by the action of

V/nd —ﬁ .
Vnr  —y/nd
Let 7 € H and note that by Corollary 2.1.9:

=¥ (s6.(4(7)))

= (s5.([eo + Th +n7e4)))

= ([eg + Th +n1es + (eg + Th +nrey . Teg + dh + seq)(reg + dh + seq)))
= ([eg + Th + nres + ( s+ 2n1d — n1?r)(reg + dh + sey)])

= ([(=rs + 2nTdr — nt?r? + 1)eg + (—sd + 2n7d* — nT?rd + 7)h

+ (=% 4 2n7ds — nr2rs + nr?)eq)).

U(ss).m

1

Recall that § € A(X), so —2 = (reg + dh + sey.req + dh + ses) = 2nd® — 2rs or, equivalently,
nd? — rs = —1. Upon substitution, we obtain

U(s5).7 =~ Y[(—nd?® + 2nTdr — nt*r?)eq + (—sd + nrd* + rs7 — nrrd)h
+ (—s% 4 2n7ds — n*nd?)ey))
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2.2. The punctured upper half plane Hj

= ([=n(rT — d)%eq — (r7 — d)(ndT — 5)h — (ndt — 5)%e4))

ndr — s s —ndr)?
- wil([eo * n(fr—d)h—’_ 51(7“7' —dd§264D

_ Vndr — %
VnrT —\/nd’

The claim follows, as the action of PSLy(R) on H is faithful. A straightforward computation shows

that
s 1
vid =Y (s A4 (0 T,
vnr  —/nd nd v/ \yn 0
and, furthermore, we see by Corollary 2.1.9 that

U(s6)(P(s5).7) = W(ss) (™ o s500(1)) =9~ ossop(y  ossou(r)) =1

as s4 is an involution. This shows that W(ss) is an involution which lies in the coset I'y(n)w, C I} (n).
Let us proceed with the reverse implication, i.e. that every involution in Iy(n)w, can be written
in this form. Let

N = <‘C‘ Z) € I'y(n) C PSLy(Z)

and suppose that yw,, yields an involution. This implies, again due to the faithfulness of the action,

that )
bvn —= b’n —ad —ab+ %
I, = ('Ywn)2 = \/cﬁ = e |-
d\/n v dbn —cd —ad+ <

Our goal is to show that ¢ = nb, so suppose for the sake of contradiction that this is not the
case. Then, —ab + %¢ = 0 = dbn — cd yields a = d = 0. Hence, it follows that b%n = % = =41,
but this is absurd unless n = 1 and (b,¢) = £(1,—1). This implies that yw; = I, which we
do not regard as an involution. The contradiction shows that, indeed, ¢ = nb. It follows that
2nb? — 2ad = —2det(y) = —2, so deg + bh + aey € A(X), hence completing the proof. O

Corollary 2.2.5. [t holds that T € H\Hy if and only if T is a fized point of an involution in I'y(n)w,,.
Thus, we obtain that

Hp = H \ {fixed points of involutions in I'y(n)wy,}.
Proof. As noted at the beginning, we have that
TeH\Hy & ¢(r) € 65 N QT (X)

for some 6 € A(X). In turn, we found this to be equivalent to ¢ (7) being a fixed point of s5. By
Proposition 2.2.3 and Proposition 2.2.4 this is the case if and only if 7 is a fixed point of an involution
in I'p(n)ws,. O

Before we move on, we have yet to show that Hy C H is an open subspace, in order to define a
suborbifold structure on Hy /I (n). Let us first introduce A+ (X) = {§ = reg + dh + seq € A(X) :
r € Zso} and, similarly, let A=(X) = {d = reg + dh + seqs € A(X) : r € Z.o}. Note that for
§ = reg + dh + sey € A(X), the fact that (8.0) = 2nd?> — 2rs = —2 < 0 forces r # 0, so we obtain a
disjoint union A(X) = A*T(X) U A~ (X). We start with a simple observation:

Proposition 2.2.6. Let § = reqg +dh + seq € A(X). Then, Ps = %—i—i ‘T‘{/ﬁ € H is the unique fixed
point of the involution U(ss): H — H.
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2.2. The punctured upper half plane Hj

Proof. We have to solve the equation ¥(ss).7 = 7 over H. Note that Proposition 2.2.4 gives the
Mobius transformation by which ¥(ss) acts on H. A straightforward computation shows that

U(s;). 7 =7 0=nrr? —2ndr +s, where § =reg + dh + seq € A(X),

and that Py € H is one of the solutions, whereas the other one—its complex conjugate—does not lie
in H. (]

Corollary 2.2.7. We have that
Ho=H\{Ps:0c AX)} =H\{Ps:§c AT(X)}
d 1
= H — i
\ {7‘ i ry/n

Proof. Corollary 2.2.5 yields the characterization Hy = H \ {fixed points of involutions in I'y(n)wy,}.
By Proposition 2.2.3, we know that every involution in I'y(n)wy, is given by ¥(ss) for some § € A(X)
and Proposition 2.2.6 shows that Ps is the only fixed point of W(sg) in H. The first equality follows.
The second one comes down to the observation that Ps = P_g, so it suffices to remove those Ps with

:reZ>o,deZ}.

d € AT(X). The third equality follows from Proposition 2.2.6 as well. O
Im
i —4
[¢] [e] [¢] [e]

Figure 2.1: The punctured upper half plane Hy for n = 2 and (r,d) € [1,20] x [—40, 40].

This description of the punctured upper half plane Hy allows us to establish its openness in H
(with respect to the usual topology) via the sequential criterion:

Proposition 2.2.8. The set Hy is an open subset of H.

Proof. We will prove the equivalent statement that

d 1
H\HOZ{T+iT‘\/ﬁ:T€Z>O,d€Z}

(see Corollary 2.2.7) is a closed subset of H using the sequential criterion. Hence, let (rx)ren € Zso
and (di)ren C Z be sequences such that

dk 1 k—oq
= — +i —= 7€ H.
Tk (Tk +1 T‘k\/ﬁ> T
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2.3. Detour: The kernel of @: Aut(DP(X)) — Aut(H(X,Z))

Then Re(r) = d—)’z — Re(7) and Im(71y) = rk{/ﬁ — Im(7) as k — oo. The latter implies that r
converges as well (posslbly to 00); let r denote its limit. Since Zs¢ is a discrete subspace of R, it
follows that either r = oo or r € Z~y. Observe that the former is not possible, as it would yield
Im(7) = 0, contrary to 7 € H, so it must hold that » € Z > 0. It follows that dj, = Re(7 )7 converges
to Re(7)r = d as k — oo, and since Z is discrete in R, we conclude that d € Z. Putting the pieces

together, we find that 7, — g +i r\l/ﬁ € H\ Hy as k — oo. O

As we will see in Section 2.4, the openness of Hy in H is one of the crucial properties that allows the
orbifold structure of [H/I;F (n)] to carry over to Ho /I, (n). We will revisit this observation shortly,
but before doing so, let us briefly step away from the main discussion to further explore the topological
properties of Hy. As observed by Kawatani in [Kawl13], a more refined analysis leads to the group
structure of the kernel Auto(DP(X)) of the representation w: Aut(DP(X)) — Aut(H(X,Z)).

2.3 Detour: The kernel of w: Aut(D"(X)) — Aut(H(X,Z))

By virtue of [BB17, Thm. 1.3], when X is a K3 surface of Picard number 1, one has an isomorphism

Auto(DP(X)) = 71 (PF(X)). To compute this group, we first revisit the geometry of this period
space. Recall that P (X) is one of the two connected components of

P(X) :={x € N(X)c: Rez and Imz span a positive definite plane P, in N'(X)r}.

Given x € P(X), the real and imaginary parts form an oriented basis of a positive definite plane
P, € N(X)r. In fact, as we will see in Proposition 2.3.2, one can view P(X) as parametrizing
oriented bases of such planes.

Note that GLj (R) acts on P+ (X) upon identifying V'(X)c = N (X) ® R2. This action becomes
more transparent by passing to a matrix model. Recall that A'(X)gr has signature (2,1). Hence, there
exists a basis C' = (c1, cg, c3) of N(X)g with Gram matrix G¢ = diag(1,1, —1). We can then identify
N (X)c¢ with the additive group R?3 of real 2 x 3 matrices endowed with corresponding bilinear form
via the group isomorphism

co: N(X)c — R?*?

aici + asgce + ases +1i (blcl + boco + b3€3) — o1 02 03
by by b

Remark 2.3.1. A direct computation shows that for z, y € N (X)¢

cc(x)GCcc

(Rex.Rey) (Rez.Imy)
(Imz.Rey) (Imz.Imy)) "
N

Hence, the 2-plane P, := span(Rez,Im x) C N (X)g is positive definite if and only if cc(2)Gceo(x)”
is positive definite. Thus, we find that cc(P(X)) = {M € R*? : MGcMT is positive definite}.

In this model, the action of GL§ (R) on P*(X) is simply left multiplication of matrices: cc(A.x) =
Acc(z) for A € GL(R) and x € PT(X). Indeed, for every non-zero v € R?, we have that
v Aco(x)Goco(z)T ATv = (ATv)Teo(x)Goceo(z)T (ATv) > 0 as co(z) € co(P(X)). Therefore,
Ace(x) € co(P(X)) as well. It is now clear that the action is free. For x € P(X), the matrix co(z)
has rank 2, so its columns span R2. If Acc(z) = co(x), then A fixes this spanning set, and hence
acts trivially on all of R2, so A = I.
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2.3. Detour: The kernel of w: Aut(DP(X)) — Aut(H(X,Z))

Proposition 2.3.2. The smooth map

-1
N (X

PHX) —E— GrPo(2, N (X)g) Q(X)

x —— P, :=span(Rez,Imz) —— an(X)R(Px)

induces a diffeomorphism P*(X)/GL3 (R) = QF(X).

Proof. Consider the natural map p: P(X) — GrP°(2,N(X)r), z — P,. For z € P(X) and
M € GLj(R), we see that 2 and M.xr induce the same 2-plane in GrP°(2, N'(X)r). Further-
more, since M € GL3 (R), the orientations of p(z) and p(M.z) are coincident, so p factors through
the quotient P(X)/GLJ (R). Conversely, consider the map GrP°(2, V(X)) — P(X)/GLI (R),
P, — GLJ (R).z. Since GLJ (R).z contains precisely the bases of P, with the same orientation as
x, this map is well-defined and inverse to P(X)/GLj (R) — GrP°(2, N'(X)g). Thus, we obtain a
diffeomorphism P(X)/GL3 (R) = GrP°(2,N(X)gr), GLj (R).z +— P,, which yields an embedding
PH(X)/GLS (R) — GrP°(2, N'(X)g) onto the connected component of GrP°(2, N'(X)g) containing
the plane P, spanned by © = ey + ih — nes. Recall that by Proposition 1.2.3, nX/:EX)R maps this

connected component diffeomorphically to QT (X). a

Note that the holomorphic map H — P (X), 7 +— eg + 7h + n72e, yields a global section of the
projection P+(X) — P+ (X)/GLJ (R) upon identifying P+(X)/CGL (R) = 9+(X) = H.

Proposition 2.3.3. The projection PT(X) — P+(X)/GLF (R) defines a principal GL3 (R)-bundle.

Proof. Since the action of GLJ (R) on P*(X) is free and there exists a global section of the projection
PH(X) — PH(X)/GLj (R), by [Tom08, Prop. 14.1.8] it suffices to show that the map

PFH(X) x GLI (R) — PH(X) x PT(X)
(x, M) — (z, M.x)

defines a topological embedding. We will prove the equivalent statement—recall that co(PT (X))
and Pt (X) are diffeomorphic—that the map

E: cc(PT(X)) x GL3 (R) — cc(PT (X)) x co(PT(X))
(x, M) — (z, Mx)

defines a topological embedding. Indeed, we claim that the map

E (co(P*(X)) x GL] (R)) — cc(PT (X)) x GL3 (R)
(z,y) — (z,y G (2 Gea®) ™)
defines an inverse map. Let (z,y) € E(cc(PT(X)) x GL5 (R)), i.e. © € c¢(PT(X)) and y = M for
some M € GLJ (R). Since GL3 (R) acts freely on P+ (X), this M is unique. By Remark 2.3.1, x G¢ 2T
is positive definite and is, thus, invertible. Tt follows that y Gc x” (x Go2T)™t = M € GLJ (R), so

the map is well-defined as a map of sets. Furthermore, note that it is also clearly smooth, as the
image is polynomial in the entries. Finally, we see that

yGe xT(x Gc xT)_l:r =Mz =y,

hence showing that the constructed map is indeed inverse to F. O

29



2.3. Detour: The kernel of w: Aut(DP(X)) — Aut(H(X,Z))

As we will see, we have an analogous result for 730+ (X), yet its proof requires some modifications.
Letting 6 € A(X) and x € PT(X), Remark 2.3.1 yields the following equivalent propositions:

(2.0) =0 < co(2)Goec(0)T =0 VM € GLS (R) : Mco(x)Goec(0)T =0
& VM € GLI (R) : (M2.5) = 0.

Thus, we infer that Pg (X) is closed with respect to the action of GL3 (R).

Proposition 2.3.4. There exists a diffeomorphism P (X)/GL3 (R) = QF (X). Moreover, the pro-
jection Py (X) — Py (X)/GLS (R) defines a principal GL (R)-bundle.

Proof. Let § € A(X) and take [z] € Q1 (X) with (z.0) = 0. Then, z € PH(X)Né+ and n.;/l(X)R (P,) =
[z]. Conversely, for z € P+ (X) N §t, we see that n;/I(X)R(PI) = [M2z] for some M € GL§ (x). As
(.6) = 0, the above discussion implies that (Mz.0) = 0 as well, so n;fl(X)R(Px) € 9 (X)Né&t. This
shows that the map in Proposition 2.3.2 sends P+ (X) N 6+ surjectively onto QF(X) N d+. Since
Py (X) and QF (X) are open in P*(X) resp. QF(X), and since Py (X) is closed with respect to
the action of GLj (R), it follows that the smooth map in Proposition 2.3.2 induces a diffeomorphism
Pi(X)/GLE (R) = Qf (X).

As before, note that the holomorphic map Hy — 730+ (X), 7+ eg + Th + n12e, yields as well a
global section of P (X) — Py (X)/ GL3 (R) by identifying Py (X)/ GL3 (R) = QF (X) = H.

We are left to show that the projection Py (X) — Py (X)/GL3 (R) defines a principal GL3 (R)-
bundle. Since Py (X) is closed under the action of GL3 (R), and using that (z.6) = 0 & VM €
GLF (R) : Mco(z)Goee(6): = 0, it is straightforward to verify that the proof given in Proposi-
tion 2.3.3 carries over to this case upon substituting Py (X) for P+(X). O

Corollary 2.3.5. It holds that Py (X) = QF (X) x GL3 (R).

Proof. Since the principal GL3 (R)-bundle Py (X) — P (X)/GL3 (R) admits a global section, it is
trivial, i.e. Py (X) is diffeomorphic to (P (X)/GL] (R)) x GL$ (R) = 9 (X) x GL3 (R). O

In particular, we find that computing the fundamental group of Pg (X) comes down to computing
the fundamental group of the space Hy = QF (X), which we have already studied intensively. We
only need one more result:

Proposition 2.3.6. [Kawl3, Lem. 2.12] The set of punctures H \ Hy is a discrete subset of H.

Proof. Take a Ps € H\ Hy with 6 = reg + dh + ses € AT(X) and consider an open neighborhood (in
the usual metric)

1 1 1
=B P, ith () == - — .
Us = Be)(Fs)  with €(9) = 5o (r r+1> >0
We claim that Us "H \ Hy = {P5}. Indeed, let Pss € H \ Hy be different from Py, i.e. such that
8 =1r'eg+ d'h+ s'ey € AT(X) satisfies (r',d") # (r,d). If r # 1/, a straightforward computation
shows that

1 1 1
Ps—Ps/| > |ImPs —ImPy/| > — | — — > £(9).
Py Pyl 2 Py -yl > = (7 - ) > <0)

Otherwise, suppose that v’ = r. We then see that

d—d 1 1 1
Ps — Ps/| > |[Re Ps — Re Pys/| = >->-— d).
|Ps — Pyr| > [Re Ps — Re Py| ’ e e Q)
Thus, we conclude that Us N (H \ Hy) = {Ps}. The claim follows. O
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2.3. Detour: The kernel of w: Aut(DP(X)) — Aut(H(X,Z))

As an immediate corollary, we find that every compact subset of Hy contains only finitely many
punctures. Furthermore, under some mild requirements to be specified shortly, the interior of such
a compact subset is homeomorphic to R? with a finite set of points removed—and its fundamental
group is well-known to be the free product of copies of Z, indexed by the punctures. The next result
combines this local analysis with a limiting argument over an exhaustion of H to determine 1 (Hy, po).
Since the considered subsets are path-connected, and conjugation by paths does not affect the results
we use along the proof, we will suppress the base point in the notation.

Proposition 2.3.7. The fundamental group of Hy is

m1 (Fo) = 5EA>E(X) Z.

Proof. Choose a transcendental ¢ € (0,1) and define, for each j € N, the open connected sets

1
Vi=<7ecH:|Ret <j+C,ImT>.}CH
J { | | Jj+¢

By Corollary 2.2.7, the points of H \ Hy have algebraic real and imaginary parts and, hence, do not

lie on the boundary 0V; for any j € N. Moreover, since Im(FPs) = ﬁ < 2 for any 6 € AT(X), the

set of punctures inside Vj is given by

Ki=cd(Vj))n{reH:Im7 <2} N (H\ Hy)

{TEH: Re7| <j+¢ 2>2Im7 > jh} N (H\ Hy).

This is a finite set, as it is the intersection of a discrete set with a compact one, see Proposition 2.3.6.
We will now proceed by induction on j to show that 1 (V; \ K;) = *keKj Z. Furthermore, we will

establish that, under this isomorphism, the group homomorphisms ¢ : m(Vi\K;) = m1 (Vi1 \ K 11),

induced by the inclusions ¢;: V;\ K; — Vj411\ K41, send generators to the corresponding generators.
The base case j = 0 is clear, as Vo C H is simply connected and is, thus, homeomorphic to R2.

Under this homeomorphism, Vg \ Kq is mapped to R? with |Ky| many punctures, whose fundamental

group is well-known to be isomorphic to *ke Ko L.

Im
1y K
[ iAV B
i . L
1 V] K
[ B
an i Uj
o : I o o | : o
| |
(N ]!
(N !
"o o o ____ !
ey e J
o o o o o o o o
o o o o o o o o o o o o o o
o o o o o o o o o o o o o o o o o o
. § s K % § & %, & % § & % § @ o
| | | |
T T T T Re

Figure 2.2: Open cover of Vj; and thickening along 0V;.

Let us turn to the induction step. By hypothesis, we have m1(V;) = *keKj Z. Let now U; denote
the interior of Vj41\V;. Upon thickening V; and U, along the boundary 0V}, the Seifert-van Kampen
theorem yields the following pushout of groups:
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2.3. Detour: The kernel of @: Aut(DP(X)) — Aut(H(X,Z))

m({x}) ————— m(V;\ Kj)

L

T (Ui \ Kj1) — m1(Vig1 \ Kj41),

where we have used that 0Vj is contractible. As U; is simply connected, we find that U; \ K;41 =
U; \ (Kj41 \ Kj) is homeomorphic to R? with |K;41| — |K;| punctures. Thus, we conclude that

 \ K1) 2 m(U; \ K 4K4§( * Z)(*z)g*z
T1(Vigr \ Kj1) = m(U; \ Kjpa) = m (V| Kj) vere B L2k rem,
where, by construction, ¢5: m1(V; \ K;) — m1(Vj41 \ Kj11) maps generators to the corresponding
generators. This completeb the induction argument.
Finally, observe that, by definition, V; C V;4; and UjeNV = H. Hence, for VO =V;NHy =
V;\K; C Hy, we obtain that V§ = V;NHy C Vj11NHe = V., and that U,y V5§ UjeN(VJ NH,) =
H NHy = Hy, so the inclusions induce the following commutative diagram:

*
[

(V) AN (VY 2 m(VY) 2 ..

\l//

Consequently, we obtain a group homomorphism Q: h_n)lm(V?) — m1(Hy), which we claim to
be an isomorphism. Let us first show that € is surjective. For a based loop ¢: S' — Hj, we see
that £(S') C Hy = Ujen V? is compact, and thus eventually contained in every VO for j large
enough. In particular, the homotopy class [¢] of ¢ in VO is eventually contained in every 7 ( VO)
The surjectivity of 2 follows. As for the injectivity, suppose that two based loops ¢, ¢/: S' — Hjy are
based homotopic in Hy, i.e. there exists a continuous H: S* x [0,1] — Hp such that H(—,0) = ¢,
H(—,1) = ¢ and H is constant on the base point. Again, since S* x [0, 1] is compact, so is its image
H(S'x[0,1]) CHy = UjeN V?. Thus, the homotopy H eventually takes values within V? for j large
enough, so there exists a k € N such that [ﬂ [¢'] in 7r1(V0) for every j > k, thus showing that
the homotopy classes also agree on hm i ( Vo ;). This confirms that (2 is, indeed, an isomorphism of

groups. Finally, taking into account the isomorphisms 71 ( V?) = *ke K; Z along with the fact that
U

; wl(V?) — 7 ( V? +1) sends generators to the corresponding generators, one readily verifies that

*kqu 7= *56A+(X) Z is a colimit of the system 7 (V) 25 (V9 25 . and thus

* o 0) = ,
66A+(X)Z hmm(Vj) ’/Tl(Ho) 0

Theorem 2.3.8. We have the following group isomorphism:

Auto(DP (X)) = ( X Z> x 7.

SEAT(X)

Proof. The affirmative answer to Bridgeland’s conjecture in the case of K3 surfaces of Picard number
1 implies that Auto(DP(X)) = 7 (P; (X)). By Corollary 2.3.5, we have that P (X) = Qf (X) x
GLJ (R), which combined with Proposition 2.3.7 yields

Auto(DP(X)) 2 my Py (X)) = m1(QF (X)) x m (GLE (R)) = (5€A>'5(X) Z) < Z,

where we have used the well-known fact that m (GL3 (R)) = Z, cf. [Hal03, Sec. 1.5]. O
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2.4. Towards the orbifold [Ho /Ty (n)]

2.4 Towards the orbifold [Hj /I (n)]

We established in Proposition 2.2.8 that Hy is an open subset of H, so Qf (X) = w(Hy) is also
open in QF(X) = t(H). Therefore, Hy and QF (X) become submanifolds of H resp. Q*(X),
thus showing that the quotient spaces Ho/I'y" and QF (X)/ Aut} (H(X,Z)) can, as long as they
are well-defined, also be endowed with a natural good orbifold structure. In this section, we will see
that the restriction of 4 to Ho/I};~ defines a diffeomorphism between the orbifolds [Ho /Iy (n)] and

[OF (X)/ Autf (H(X,Z))] and, building on this, we will finally show that their orbifold fundamental
groups are isomorphic.

Proposition 2.4.1. The punctured upper half plane Hy is closed under the action of FJ(n). Simi-
larly, QF (X) is closed under the action of Aut} (H(X,Z)).

Proof. Clearly, the second assertion follows from the first one by Corollary 2.1.9. Hence, it suffices
to show that H \ Hy is closed under the action of I},"(n). This follows from the fact that H \ Hy is
the set of fixed points of an involution in I'y(n)w,, see Corollary 2.2.5. Indeed, let 7 € H\ Hy and let
4 € Iy(n) such that 4w, is an involution and 4w,,.T = 7. We then see that for every v € I',7(n), the
point 4.7 is a fixed point of the involution yyw,y~! € I't(n)ws,, from which v.7 € H \ Hy follows. [J

In particular, Hy /Iy and QF (X)/ Aut? (H(X,Z)) are well-defined. The restriction of ) to Ho /I
yields an embedding from Hy /I, onto {Aut} (H(X,Z)).(¢(7)) : 7 € Hp} € QF(X)/ Aut! (H(X,Z)).
Since 1 (Hp) = Qf (X), we obtain:

Corollary 2.4.2. The map
Yo: Ho/Tih — QF (X)/ Aut} (H(X, Z))
I (n).m — Aut! (H(X,Z)).(4(7))
defines a homeomorphism.

Let us now turn to the orbifold structures. Since Hy is a manifold and I} (n) acts properly
discontinuously on it, see Remark 1.4.11, the quotient Ho /T (;r (n) can be endowed with a good orbifold

structure. As in Proposition 2.1.12, building on this, we can also endow Qg (X)/ Aut? (H (X, Z)) with
a good orbifold structure, and we find that

Corollary 2.4.3. The continuous map ¥y defines an orbifold diffeomorphism
~ ~ + ~
Yo [HO /r;(n)} —— [Qo (X) /Autj(H(X, Z))]-
We are left to show that:

Proposition 2.4.4. There is an isomorphism 7™ (Hy /I (n)) = Wj’rb(Qg'(X)/Autj(fi:(X, 7))).

Proof. This follows essentially from the argument one could invoke with the usual fundamental group.
We let p1: Oy — [Ho/I (n)] and pa: Oy — [QF (X)/ Aut? (H(X,Z))] be orbifold universal covers,
which exist due to Hy and Qf (X) being connected, see [Car22, Thm. 2.3.4]. Since 1 is a dif-
feomorphism, we easily find that (O;, 4 o p1) is a covering of [QS'(X)/Aut:(ﬁ(X, Z))] and that
(O, 1/;071 o p2) is also a covering of [Hy/I (n)]. The definition of universal covers yields the exis-
tence of smooth maps p; : @1 — @2 and pg: @2 — @1 such that the following diagram commutes:

Oy ———— [Ho/ I (n)]

S

o -
Hl}i,uz ¢OJ(:

\

N

Oy —"— [QF (X)/ Aut! (H(X,Z))].
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2.5. The special case n = 1

Once again, the uniqueness given by the universal property implies that p; and po are inverse
to each other, thus showing that @1 and @2 are diffeomorphic as orbifolds. It follows that the
groups of deck transformations Deck(p;) and Deck(pz) are isomorphic by ©: Deck(p;) — Deck(p2),
f+ p10fopus. Indeed, by the definitions of p1 and s, we see that for f € Deck(p):

,0209(f) =p2opy 0 fopuy =¢00p1ofouz :"Z}Oopl O W2 21;001/30710/)2 = P2,
so © is a well defined group homomorphism. One easily confirms that the inverse map Deck(p2) —

Deck(p1), g — poogop is also a group homomorphism, thus showing that © defines an isomorphism.
Finally, by virtue of [Car22, Prop. 2.3.5] along with Deck(p;) = Deck(pz2), we obtain that

7 ([Ho /1yt (n)| ) = Deck(pr) = Deck(p) 2w ([ Q0 (X) [awet (fi(x,2))]) - o

2.5 The special case n =1

Since most of the theory developed thus far carries over to the case n = 1 with minor adjustments,
we will forgo a fully rigorous and detailed treatment of the matter and will instead outline these
modifications and their consequences.

When n = 1, i.e. when X has degree 2, Saint-Donat proved in [Sai74, 5.1] that X arises as a double
cover of P2 branched along a curve C' C P? of degree six. The covering involution of this double cover
defines an automorphism ¢: X = X, which —as established by Nikulin in [Nik83, Cor. 10.1.3]—
is the only non-trivial automorphism a K3 surface X of Picard number p(X) = 1 may have. The
existence of ¢ is, hence, precisely what distinguishes the case n = 1.

The induced Hodge isometry ¢§;: H(X,Z) — H(X,Z) is not symplectic (see [Huy16, Sec. 15.4.3]),
so by [Ogu02, Lem. 4.1], it must be anti-symplectic. One can further show that ¢}; restricts to
the identity on N (X). Consequently, we have that 7L}<{|N(X) = —idpr(x) and 7L7{‘T(X) = idp(x),
which is precisely the counterexample we alluded to in Remark 2.1.8. In particular, we see that
the injectivity result of Proposition 2.1.7 fails for n = 1: The element —t%; € Aut! (H(X,Z)) acts
trivially on the period domain Q*(X), so the action of Aut? (H(X,Z)) on Q*(X) is no longer faithful.
Faithfulness is restored after passing to the quotient by (—u};).

From the perspective of derived categories, the automorphism ¢ € Aut(X) induces an anti-symplectic
autoequivalence ¢* € Aut(DP(X)) by pullback. As shown in [BK22, Thm. 8.1], ¢* lies in the cen-
ter of Aut(DP(X)). Composing the shift functor yields the central and symplectic autoequivalence
v*[1], whose square is the double shift functor: (¢*[1])? = *+*[1][1] = [2]. The image of +* under
w: Aut(DP(X)) — Aut(H(X,Z)) coincides with ¢%;.

Building on these findings, in [F1.23, Sec. 4.3] Fan and Lei give the following corrected result for

n=1:
i ([ 90X [ awed (B(X, 7))/ (—egp) | ) = Auto(DP(X))/Z(* 1)).

Thus, throughout this chapter, when n = 1 every occurrence of Aut} (I; (X,7)) should be replaced
by the factor group Aut} (H(X,Z))/(—t}) and the corresponding adjustments should be made. In
particular, adapting the proof of Proposition 2.1.7 under this convention yields an isomorphism

s Aut! (H(X, Z))/{~0y) — Iy (1)

induced by the biholomorphism v via conjugation. A parallel analysis of the orbifolds, analogous to
that at the end of Section 2.1 and in Section 2.4 finally gives:

Corollary 2.5.1. When n =1, it holds that

7r<1t>rb ({Ho /F0+(1)D = 7r°rb ([ /Aut+ ))/<_LT‘1>D

= Aut,(D(X))/Z(c*[1)).
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3 The fundamental group of the period space
and further classifications

This chapter is dedicated to the computation of the group of autoequivalences and their classifi-
cation, up to even shifts. We begin in Section 3.1 by drawing on the theory of the modular curve
H/Ib(n) to analyze the properties of H/T," (n) relevant for the computation of its orbifold fundamen-
tal group. This will lead to a description of 7™ ([Hy /Iy (n)]), which, in turn, yields the structure
of the group of symplectic autoequivalences modulo even shifts. In Section 3.2, we leverage these
results to accomplish the classification of finite subgroups of Aut(DP(X))/Z[2].

3.1 Computing 7"*(Hy/ I} (n))

Building on Corollary 2.2.5, which provides an explicit description of the structure of Hy, we are
prepared to examine the orbifold fundamental group of [Ho/I(n)]. To that end, we introduce the
modular curves

Yo(n) =Y (Ih(n)) =H/Iy(n) and YOJr(n) = Y(FOJr(n)) = H/FJ(n).

The first modular curve is a classical and extensively studied object, playing a central role in the
classification of elliptic curves along with additional data on their n torsion subgroups, see [DS05,
Thm. 1.5.1]. Tt thus provides a natural starting point for deductions concerning the second curve.
Since our ultimate goal is to compute the fundamental group of the orbifold Y5 (n), we must first
understand its topology and identify the points with non-trivial stabilizers, i.e. the elliptic points.
Finally, we shall examine the orbits of points 7 € H \ Hy in order to discard them.

Rather than working directly with Yy(n) and Yyt (n), we will compactify them by adjoining the
corresponding cusps. The reason for doing so is that we can equip the compactifications Xg(n) =
X (Io(n)) = Yo(n) and X (n) == X(I},F(n)) = Y, (n) with local holomorphic coordinates in such a
way that they become compact Riemann surfaces, cf. Proposition 1.4.14. This is convenient because
every compact Riemann surface is homeomorphic to a g-holed torus for some g > 0. In return, we
must keep track of the cusps, which will eventually need to be removed. Hence, denote:

v;(n) := number of elliptic points of order ¢ in Yy(n),
Voo(n) == number of cusps in Yy(n), i.e. points in Xo(n) \ Yo(n),

g(n) == genus of Xy(n).

Similarly,
vt (n) == number of elliptic points of order i in Y;"(n),
vt (n) == number of cusps in Y (n), i.e. points in X (n)\ Y, (n),
gt (n) = genus of X (n).

Remark 3.1.1. There are only finitely many elliptic points in Xg(n), cf. [DS05, Cor. 2.3.5], and
likewise, only finitely many cusps exist, see [DS05, Lem. 2.4.1]. Besides, we have v;(n) # 0 only for
1 € {2,3,00}, see [DS05, Cor. 2.3.5]. Explicit formulae for these values and the genus of the curves
can be found in [DS05, Cor. 3.7.2, Sec. 3.8 & Thm. 3.1.1].
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3.1. Computing ﬂ-?rb(HO/FJ‘(n))

Note that for n = 1 the Fricke involution w; is contained in Ip(1), so we see that X (1) & X(1).
For n > 2 this is not the case anymore and the fact that I'y(n) C I (n) = Io(n) U Ip(n)w, is an
index 2 subgroup induces the following ramified double covering map:

7n: Xo(n) — X (n)
Io(n).r — Iy (n).,

Lo(n).(wp.m) — Ty (n).7.

Fricke classified the ramification points of this map in his book [Fri28] which we recount here. First,
let h(D) denote the class number of primitive integral quadratic forms of discriminant D and define

¢ = h(—4n) if n # 3 mod 4,
"7V h(=n) + h(—4n) if n =3 mod 4.

For D < 0, the class number h(D) can be computed algorithmically, cf. [Coh93, Alg. 5.3.5]. Thus,
&, can also be computed algorithmically.

Proposition 3.1.2. [Fri28, II, 4, §3] For n > 2, the covering map m, ramifies at &, many ordinary
points. Furthermore, for n = 5, only ordinary points occur as ramification points.

The following proposition helps us gain the full picture about the distribution of ordinary, elliptic
and cusps points in X (n) with respect to Xo(n):

Proposition 3.1.3. Let n > 2. Away from the ramification locus, w, maps an ordinary point to an
ordinary point, an elliptic point to an elliptic point of the same order, and a cusp to a cusp. Along
the ramification locus, it maps an ordinary point to an elliptic point of order 2, an elliptic point of
order i to an elliptic point of order 2i, and a cusp to a cusp.

Proof. The case of cusps follows from the fact that the set of cusps Q U {ico} is closed under the
action of I (n), see Proposition 1.4.8.

Now, let 7 € H and v € Iy(n). Then, clearly, v.(w,.7) = 7 if and only if w,.7 = vy *.7. In
particular, 7 can only have non-trivial stabilizers in the index two subgroup I'y(n)w, C Iy (n) if it
lies on the ramification locus of m,. This solves the case away from the ramification locus. For the
second case, suppose that I'o(n).(w,.7) = Iy(n).7. We then have w,.7 = 4.7 for some 7 € Iy(n).
Recall that Ih(n); C Ip(n) denotes the stabilizer subgroup of 7 in Ij(n) and observe that, for
v € I'p(n), the following holds:

1

Y(wpT) =TS (V) T=TESYE Fo(n)Tﬁ/_l.

We conclude that the stabilizer of 7 in the subgroup Iy(n)w, is given by I'y(n),5 !, which has the
same order as I'y(n),. Hence, along the ramification locus of 7, the order of any point doubles. This
completes the proof. O

The following figure summarizes the situation:

In(n).r Io(n).(wn.7) ordinary ordinary elliptic ¢ elliptici  cusp cusp
Unramified: \ / \ / \ / \ /
I (n).r ordinary elliptic 7 cusp
Ion(n).m = Io(n).(wn.7) ordinary elliptic 4 cusp
Ramified: I I I |
If(n).r elliptic 2 elliptic 24 cusp

Figure 3.1: Fibers of m, along and away from the ramification locus.
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3.1. Computing 7™ (Hy /I, (n))

+

We are now ready to determine v~ as well as g*.

Proposition 3.1.4. [FL23, Lem. 4.4] When n = 1,2,3,4, we have that g*(n) = 0, and the other
non-zero invariants along with the branch loci of the covering w, are as follows:

(n=1) vy (1) =vs (1) =vL(1) =1, no branch locus in this case.

(n=2) V;(Q) = v (2) = vL(2) = 1, where two elliptic points form the branch locus.
(n=3) vy (3)= ( ) =v1(3) =1, where two elliptic points form the branch locus.
(n=4) vy (4) =1, vL(4) =2, where the elliptic point and a cusp form the branch locus.

Forn = 5, only u;(n), u;(n), v (n) and g™ (n) are possibly non-zero, and they are given by the
following formulae:

va(n)
2

iy =" e w20 ey 2 e gy gL G

Forn > 5, the branch locus consists of &, many elliptic points of order 2.

Proof. Let us first start with n > 5. By Proposition 3.1.2, the covering m, ramifies at exactly &,
ordinary points in Xo(n), thus producing &, elliptic points of order 2 in X (n), see Proposition 3.1.3.
Away from the ramification locus, Proposition 3.1.3 implies that the covering 7,, reduces the number
of each type of existing elliptic and cusps points in Xo(n) by half. These observations together with
Remark 3.1.1 yield the formulae and the statement about the branch locus. Finally, the formula for
the genus g7 (n) is a straightforward consequence of the Riemann-Hurwitz formula.

The case n = 1 follows from the fact that Yp(1) = Y, (1) and from the corresponding statement
for Yo(l)

Thus, let us turn to n € {2,3,4}. In this case, we have that g(n) = 0. By the the Riemann—Hurwitz
formula, we obtain

2t =20 +1-7 Y (er-D=1-3 ¥ (ep-1<L

PcXo(n) PeXp(n)

so we see that g7 (n) = 0 and, therefore, that m,, ramifies at precisely two points. By Proposition 3.1.2,
one of them is ordinary. The curve Y;(2) (resp. Yy(3)) has one elliptic point of order 2 (resp. 3) and two
cusps. Furthermore, one can easily verify that 7o (resp. 73) also ramifies at the elliptic point—along
with the previously mentioned ordinary point. The formulae and the assertion about the branch
locus follow by Proposition 3.1.3. Finally, let us address the case n = 4. The curve Yy(4) has no
elliptic points and three cusps, and the covering 74 ramifies at one of the cusps besides the mentioned
ordinary point. Once again, Proposition 3.1.3 yields the formulae and the distribution of the branch
locus. |

Thus, we now have a complete description of the distribution of cusps and elliptic points on
X (n). Nevertheless, in order to compute the orbifold fundamental group of [Hy /I, (n)], it remains
to examine the orbits of the points in H\ Hy, as they must likewise be removed. The following results
provide precisely this information:

Proposition 3.1.5. [F1.23, Lem. 4.5] Let n > 2. Then the set of orbits I} (n).7 for T € H\ Hy is
precisely the set of orbits I}y (n).7 on the branch locus of m,, for which I'y(n).7 is either ordinary or
elliptic of odd order.

Proof. First, let 7 € H\ Hy. So in particular, I'h(n).7 is not a cusp. By virtue of Corollary 2.2.5,
there exists a v € I'y(n) such that yw, is an involution and yw,.7 = 7. It follows that I'y(n).7 lies on
the ramification locus of m,. Suppose now that I'y(n).7 is elliptic of even order, i.e. that IH(n), has
an even order. Since Iy(n), is a group, this can only happen if it contains an involution 4. We claim
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that yw,, =4 € I'y(n), contradicting wy, ¢ I'n(n). This then shows that I'h(n).7 is either ordinary or
elliptic of odd order. Indeed, recall that the action of PSLy(R) on H is transitive, so let f € PSLa(R)
be a Mébius transformation such that f.r = i. Then, both fyw,f~! and f4f~! are involutions in
PSLy(R) fixing i. By Proposition 1.4.5; we see that for every g € PSLo(R); with g # Io, it holds that

2 2
2 a®+b 2ab . b
g ( 2ab  a®+b? 2 & (a,b) = (0,£1), where g b a

Since (a,b) = (0,£1) yield the same g in PSLy(R), we conclude that there is only one involution in
PSLy(R);, from which fyw, f~! = f4f~! and, thus, yw, = 7 follows. This concludes the forward
inclusion.

Conversely, let 7 € H and suppose that the orbit 'y (n).7 lies on the branch locus of 7, and
that I'g(n).7 is either ordinary or elliptic of odd order. By Proposition 3.1.3, it follows that I(n),
has an odd order i and I'; (n), 2 Ip(n), has an even order 2i. Thus, there exists an involution in
IF(n) \ Io(n) = Iy(n)w, fixing 7, which by Corollary 2.2.5 implies that 7 € H \ Hy. O

In the n = 1 case, recall that Ih(1) = I;7(1). Letting 7 € H \ Hy, Corollary 2.2.5 yields the
existence of an element v € I'h(1) such that yw, is an involution fixing 7. In particular, I'h(1).7 has
a non-trivial stabilizer which, by Proposition 3.1.4, is either of order 2 or of order 3. In the latter
case, there would be another involution in I'y(n) fixing 7, which we have shown not to be possible.
Consequently, I"(n).7 = Io(n).7 is the elliptic point of order 2.

Combining this and the previous proposition with the description of the branch loci given in
Proposition 3.1.4, we find that:

Corollary 3.1.6. The set of orbits 7 (n).7 for 7 € H\ Hy consists of
(n=1,2,4) the only elliptic point of order 2,
(n=3) the two elliptic points, one of order 2 and the other of order 6,
(n = 5) &-many elliptic points of order 2.

Finally, we need an elementary result on the fundamental group of certain orbifolds, which we will
later make use of when computing 7$™ ([Ho /I (n)]).

Proposition 3.1.7. Let O be the orbifold whose underlying topological space is the open disk D C R?,
endowed with k punctures and, for each j > 2, with a; cone points of order j, where Zj>2 aj < oo.

Here, a cone point of order j is a marked point with local model R?/(Z/37Z), where Z/3i7 acts on R?
by rotations around 0, cf. [Car22, Ex. 1.1.6]. Then

w(0) =z (X (2/iny )
i>2
Proof. We proceed by induction on the data (k,as,as,...).

Let us start with the base case. If k = 1 and all a; = 0, then O is just the punctured disk, which
deformation retracts onto S*. Hence, by [Car22, Ex. 2.2.1], we have 7*(0) = 7, (0) & 7,(S') = Z.
If k=0 and a; = 1 for some j (with all other a; = 0), then O is a disk with a single cone point of
order j. By [Car22, Ex. 2.2.2] one obtains 7' (0) = Z/5Z.

Let us turn to the induction step. Suppose the statement holds for some orbifold O as in the
proposition. Let O’ be obtained from O by adjoining an additional puncture (resp. an additional
cone point of order j). Choose open connected subsets U,V C O with O' = U UV such that
U = O, V is homeomorphic to D with a puncture (resp. a single cone point of order j) and UNV is
contractible. By virtue of the Seifert-van Kampen theorem for orbifolds—see [Car22, Thm. 2.2.3]—,
we obtain

FB(O) 2 7P (U) o )y 7P (V) 2 78P(O) 5 7PV,

By the base cases, we know that 7™ (V) 22 Z (resp. = Z/jZ). The desired formula follows from the
induction hypothesis on O. O
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Remark 3.1.8. In our setting, elliptic points of order j are modeled locally as cone points of order
j. Indeed, let T € Hy be an elliptic point. In the good orbifold atlas of Hy /Iy (n), a neighborhood of
the image of I, (n).7 has local model U, /T (n),, where U, C Hy is simply connected and I} (n)7
denotes the stabilizer of 7 in I'; (n); see [Thu80, Prop. 13.2.1]. By [Shi94, Prop. 1.16], I};"(n), is
cyclic, generated by some v € I 0+ (n). Furthermore, we note that v has no more than two fixed
points. Consequently, by [Thu80, Prop. 13.3.1], the local orbifold chart around 7 is isomorphic to the
standard cone-point model of order j.

We now turn to the computation of the orbifold fundamental group of [Hy/I},f (n)], leveraging
the results obtained thus far concerning the closely related modular curve X (n). This latter space
features a cusp given by the F0+ (n)-orbit of ico for each value of n. Throughout, a cusp not given by
I;F(n).ico will be called a real cusp.

Proposition 3.1.9. [FL23, Prop. 4.6] We have that

7.+ (2/31) ifn=1
7% (2/4Z) if =2
A ([ /rre]) = 22 foa

(Z)22)*F % (Z)3L)* 3 « L+  1* (5 1) g (ot1-%) if n>5

where, for notational simplicity, we have suppressed the n in the notation of v; and g. Furthermore,
a copy of Z is denoted by Z (resp. Z) if it is generated by a loop around the I (n) orbit of a point
in H\ Hy (resp. a real cusp).

Proof. Let us first address n = 1,2. By Proposition 3.1.4 and Corollary 3.1.6, we find that [Hy /I, (1)]
(resp. [Ho/Iy (2)]) has a unique elliptic point of order 3 (resp. of order 4). In both cases, the
underlying topological space consists of a sphere with two holes: one arising from the orbit of H \ H
and the other one from the cusp ico. The formulae for their orbifold fundamental group follow
now from Proposition 3.1.7 and Remark 3.1.8 upon noticing that a sphere with one puncture is
homeomorphic to an open disk.

We turn now to n = 3,4. Again, by Proposition 3.1.4 and Corollary 3.1.6, neither [Ho /I (3)] nor
[Ho /Ty (4)] have elliptic points. The underlying space is, in both cases, a sphere with three punctures:
For n = 3, two come from the orbits of H \ Hy and one from the cusp ico; for n = 4, one corresponds
to the orbit of H \ Hy, one to the cusp ico, and one to a real cusp. Again, Proposition 3.1.7 and
Remark 3.1.8 yield the desired result.

Finally, let n > 5. Proposition 3.1.4 and Corollary 3.1.6 show that [Ho/I}," (n)] has 1vs(n) elliptic
points of order 2 and %V?,(?’L) elliptic points of order 3. Furthermore, the underlying topological space
is a genus-g™ (n) surface with 1vu(n) 4+ &, punctures, of which &, correspond to orbits of H\ Hy and
Vs (n) to cusps.

We decompose [Hy/I},7(n)] = S U D, where S is a connected oriented genus-g*(n) surface with
one puncture, D is an open disk that contains all the elliptic points and punctures, and SN D is an
annulus. The Seifert-van Kampen theorem for orbifolds together with [Car22, Ex. 2.2.1] yield

7oTP ({Ho /p(j(n)D = 71(S) #my (snp) T (D).

We proceed to analyze the factors separately. Let us start with 71(S), where we will show by
induction on the genus g(S) of S that 7 (S) = Z*29(5) such that the counterclockwise loop around
the puncture generates the last copy of Z in the free product. For g(S) = 0, S is homeomorphic to a
sphere with a puncture, which is contractible. Hence, its fundamental group is trivial.

We now move on to the induction step. Thus, consider a connected oriented surface S of genus
g = ¢(S) > 0 with one puncture and suppose the claim holds for genus g— 1. Choose open connected
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subsets S, U C S with § = S’ UU such that S’ is homeomorphic to a connected oriented surface
of genus g — 1 with one puncture, U is homeomorphic to a torus T \ {p1,p2} with two punctures
and S’ N U is an annulus. Using the description of T as a quotient of [0, 1]?, note that T'\ {p1, p2}
deformation retracts onto the union of three copies of S' touching pairwise, which is homeomorphic to
S1v Sty 8. Therefore, its fundamental group is Z *Z+Z. Moreover, by the induction hypothesis, we
find that 7, (S") = Z*(29-2) where the counterclockwise loop w around the puncture of S’ generates
the last copy of Z in the free product. Note that w also generates 71(S' N U), for we glue S’ to U
along the puncture of S§’. Thus, the factor generated by w in m1(S' N D) = Z[w] gets absorbed into
7m1(U) in the amalgamated product. In other words, the Seifert-van Kampen theorem gives

m1(S) = 11(S") 5y 510y T (U) = 27973 5 7% = 729

Note that the counterclockwise loop w’ around the puncture of S satisfies [w] = ab~!, where a,
b generate the last two Z factors of 71(S). Upon noticing that (a,b) = (b,ab™!), we can write
71(S) = Z*299) in such a way that w’ generates the last Z factor. This concludes the induction.

By Proposition 3.1.7, we obtain that 7™ (D) & (Z/2Z)*F « (Z/37)* 3 x 7. w751 * Z, where
the last copy of Z is generated by a loop around ico.

We now return to the amalgamated product 71 (S) #, (snpy 72">(D). Note that m (S N D) is
generated by a loop around the puncture of 71(S) which, by the discussion above, generates the last

Z factor of m(S) = Z*29" (") As before, this factor gets absorbed into 7$™(D) in the amalgamated
product. Consequently, we have that

wt ([Ho /1 (n)]) = ma() 5e.(0m) (D)
>~ 772" 4y ((Z/QZ)*%2 * (Z/3L)"F 5 1 7 -1) Z)
= 7°C0 0 o (@)22) % « 2/32) % + 176 7 (57 1 7)

v3

v

~ (2/22)" % « 232y % « 26 20 (1) s gr(om1-%)

b

where the last isomorphism follows from 2g™(n) = g(n) + 1 — 3&,, see Proposition 3.1.4. O

3.2 Classification of finite subgroups of Aut(D(X))/Z[2]

Having determined the orbifold fundamental group of [Hy/I}"(n)], we can turn to the ultimate goal
of this thesis: The classification of finite groups of Aut(DP(X)) modulo even shifts. Let us start by
combining previous results:

Proposition 3.2.1. Let n > 2. It then holds that

7« (Z/AZ) if n=2
Aut,(DP(X))/Z[2] = { Z + Z if n=3,4
(Z)2Z)*F « (Z/32)*% « zrloritmten) 4>

Forn =1, we have that
Aut,(DP(X))/Z(*[1]) = Z x (Z/37Z).

Proof. By virtue of [BB17, Rem. 7.2 & Prop. 7.3], when n > 2 we find that

Auty(D"(X))/Z[2] = 75 ([ Q5 (X) [auet (7 (x,2))]) -
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At the same time, Proposition 2.4.4 yields the isomorphism

o ([ Q0 [ auer (B (x,2))]) =78 ([Ho /1) ]) -

The result follows now by Proposition 3.1.9.
For n = 1, we similarly obtain the result by combining Corollary 2.5.1 and Proposition 3.1.9. O

With these formulae, we are now ready to classify finite subgroups of symplectic autoequivalences
up to even shifts. In order to do so, we first need a technical result on finite subgroups of the free
product of groups:

Proposition 3.2.2. Let G = *iel G; be the free product of some groups G;. Then, the finite
subgroups of G are precisely those of the form gHg™', where g € G and H 1is a finite subgroup of
some G;.

Proof. By the Kurosh subgroup theorem, any subgroup H C G can be written as

H="Fss (ijngjgj 1)
for some subset S C G and some index set J with g; € G and such that every H; is a subgroup of
some G;. Here, Fs denotes the free group on the generating set S.

Furthermore, we easily see that the free product A x B of two non-trivial groups A, B is always
infinite. Indeed, letting a € A\ {14} and b € B\ {1p}, we find that the words w, = (ab)” =
ab---ab € Ax B with length 2n cannot be further reduced, as the letters alternate between A and B
and none of them are the identity. Since the lengths are strictly increasing, the words w,, are pairwise
distinct, so we obtain an infinite cyclic subgroup in A % B generated by w; = ab.

This, along with the fact that non-trivial subgroups of free groups are free, so in particular of
infinite order, shows that H C G as given above is finite if and only if S = @, |J| =1 and H; is a
finite subgroup of some Gj;. ]

Our attention now turns to maximal subgroups, as they encapsulate all the information required
for the classification.

Proposition 3.2.3. [F1.23, Lem. 4.8] Every mazimal finite subgroup G, C Auty(DP(X))/Z[2] is of
the form

7./6Z if n=1
o~ ALY/ if n=2
)1 if n=3,4

1,Z/27 or Z/3Z if n > 5.

When n = 1,2, there is precisely one such group up to conjugation. When n > 5, there exist precisely
# (resp. #) many such subgroups isomorphic to 7./27 (resp. Z./3Z) up to conjugation.

Proof. For n > 2, the statement follows by combining Proposition 3.2.1 and Proposition 3.2.2, along
with, again, the fact that non-trivial subgroups of free groups are free and, therefore, of infinite order.

Thus, let us address the case n = 1. In this setting, we have the following chain of inclusions
of subgroups: Z[2] C Z(:*[1]) € Auts(DP(X)). By [BK22, Thm. 8.1], Z(:*[1]) lies in the center of
Aut,(DP(X)). Consequently, each inclusion is, in fact, an inclusion of normal subgroups: Z[2] <
Z(1*[1]) < Aut,(DP(X)). The third isomorphism theorem yields the canonical projection

Aut, (D (X))/Z[2]
Z( )/ 22

f+ Auty(DP(X))/Z[2] = Aut, (D(X))/Z(c*[1])
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with kernel Z(.*[1])/Z[2]. We obtain the following short exact sequence of groups:

1 —— Z(t*[1])/Z[2] — Auts(D"(X))/Z]2] SN Auty(DP(X))/Z(*[1]) — 1.

Let C3 = 7,/37Z denote the subgroup of Aut,(DP(X))/Z(:*[1]) generating its (Z/3Z) factor in Propo-
sition 3.2.1. Observe that Cj3 fits into the new short exact sequence:

1 —— Z(1))/Z[2] —— f~1(C3) —» C3 —— 1.

Since Z(¢*[1])/Z[2] has order 2 and C5 = Z/3Z has order 3, we see that f~!(Cs) has order 6 and
is, thus, isomorphic to either Z/6Z or to the symmetric group Ss. Note, however, that the latter
is not possible, as Z(:*[1])/Z[2] C f~'(C3) and S; has a trivial center. It follows that f~!(C3) =
Z/6Z. We claim that f~1(C3) is, up to conjugation, the only maximal finite subgroup subgroup of
Aut,(DY(X))/Z[2].

Indeed, take a finite group H C Aut,(DP(X))/Z[2] and note that f(H) C Aut,(D"(X))/Z(:*[1]) is
finite as well. By Proposition 3.2.1 and Proposition 3.2.2; we find that f(H) is either trivial or equal
to f(a)Csf(a)~! for some a € Aut,(DP(X))/Z[2]. Regardless, we have that H C af~!(C3)a™ .
The claim follows. U

Thus far, we have solved the classification problem up to even shifts in the symplectic setting. As
the following proposition will demonstrate, this turns out to be no substantial limitation.

Proposition 3.2.4. [FL23, Lem. 4.12] It holds that
Aut(DP(X))/Z[2] = (Auty(DV(X))/Z[2], Z[1)/Z[2)) = Auty(DV(X))/Z[2] x 7,/2Z
As sets, we have that Aut(DP(X))/Z[2] = (Aut,(D"(X))/Z[2]) U (([1] - Auts(D®(X)))/Z[2]).
Proof. Since [1]/Z[2] ¢ Aut,(D"(X))/Z[2] and it commutes with every element of Aut,(D"(X))/Z[2],
the group-theoretic description implies the set-theoretic one. We now turn to proving the former.
Recall that T(X) C H(X,Z) denotes the transcendental lattice of X. By [Ogu02, Lem. 4.1],

when p(X) = 1, every Hodge isometry of H(X,Z) restricts to +id on T(X). Furthermore, we note

that w([2]) = idﬁ(X z)» S€e Example 1.3.4, so the representation w: Aut(DP(X)) — Aut(H(X,Z))

factors through Aut(DP(X))/Z[2]. Thus, we obtain a group homomorphism from Aut(D®(X))/Z[2]

to O(T(X)) = {#id} = Z/2Z by restricting the action of every ® € Aut(D"(X))/Z[2] on H(X,Z) to
T(X):
g: Aut(DP(X))/Z[2] —— Aut(H(X,Z)) Ireo, O(T (X)) = Z/27 = Z[1]/Z[2).

By Proposition 1.1.18, we see that the kernel of this group homomorphism is Auts(D®(X))/Z[2], so
we obtain the following short exact sequence:

1 —— Aut,(DP(X))/Z[2] —— Aut(D*(X))/Z[2] —L Z[1]/Z[2] — 1,

which right-splits, as the surjection g has a section given by [1] + [1]. It follows that Aut(D®(X))/Z[2]
splits as a semidirect product

Aut(DP(X))/Z[2] = Aut,(D"(X))/Z[2] » Z[1)/Z[2].

This yields
Aut(D"(X))/Z[2] = (Auts(D"(X))/Z[2], Z[1] /Z]2]).

Moreover, since Z[1]/Z[2] lives in the center of Aut(DP(X))/Z[2], the semidirect product becomes a
direct product, thus showing that

Aut(DP(X))/Z[2] = Aut,(D(X))/Z[2] x Z/2Z. 0
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Remark 3.2.5. In fact, the statement in Proposition 3.2.4 holds for every K3 surface S with odd
Picard number, as the only Hodge isometries of the transcendental lattice T'(S) are still +id, see
[Huy16, Cor. 3.3.5]. Hence, the proof extends to this more general setting.

In particular, we obtain the following

Corollary 3.2.6. Let G be a subgroup of Aut(DP(X))/Z[2] and let G5 = G N Auty(DP(X))/Z[2]
denote its subgroup of symplectic elements. Then,

G
- {Gs U1)/Z]2] - Gs = Gy x Z/2.

Theorem 3.2.7. [FL23, Thm. 1.2] Let X be a K3 surface of Picard number 1 and degree 2n and let
G be a mazimal finite subgroup of Aut(DP(X))/Z[2]. Then, G is isomorphic to one of the following:

7./67 x 7./2Z if n=1
G = 7/AZ x 7.)2Z. if n=2
7/2L,7.)27 x /2L or T/3Z. x Z/2Z. if n > 3.

Forn =1, 2, there is a unique such group up to conjugation. For n > 3, the number of conjugacy
classes of subgroups isomorphic to Z/27 x 7./27 is given by

2k=1 ifn = 2t copp® with € € {0,1}; k,a; € Nxq; and p; = 1 mod 4 is a prime number,
0 if n is divisible by 4 or by a prime p = 3 mod 4.

Similarly, the number of conjugacy classes of subgroups isomorphic to Z/3Z x Z/27Z is

28— ifn =3t - pP* with £ € {0,1}; k,a; € Nsq; and p; = 1 mod 3 is a prime number,
0 if n is divisible by 9 or by a prime p = 2 mod 3.

Proof. By Corollary 3.2.6, every finite subgroup G of Aut(DP(X))/Z[2] with subgroup of symplectic

elements G = G N Auts(DP(X))/Z[2] is either identical to G or equal to Gs U [1]/Z[2] - G5 =

Gy X Z/2Z. If G is a maximal finite subgroup, the latter must hold and Proposition 3.2.3 yields the

description of G together with the number of such subgroups up to conjugacy in terms of vo(n) and

v3(n). The explicit formulae follow from [DS05, Cor. 3.7.2]. |

Remark 3.2.8. In general, constructing autoequivalences of finite order modulo Z[2] is a non-trivial
task. For completeness, let us record two examples:

(i) For n = 1, we have already seen that the autoequivalence ¢* induced by the covering involution
t: X =5 X has order 2 both in Aut(D"(X)) and in Aut(D®(X))/Z[2].

(ii) When n = 2, consider the autoequivalence © = (— ® Ox (1)) o Tp,, where Tp, denotes the
spherical twist along Ox. It then holds that ©* = [2], see [FL23, Ex. 4.9].
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