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1 Introduction

Torelli’s theorem states, that a curve is uniquely determined by its polarized Jacobian
variety. There are many variants and generalizations of this theorem. Based on [3] the
goal of this thesis will be to establish the following generalization:

Theorem 1.1. Let C and D be two smooth, projective, irreducible curves of genus g > 2
over an algebraically closed field k. If CD = D@ for some d > 1, then C = D.

Here C@ denotes the d-th symmetric power of the curve C, i.e. the quotient of the
d-fold product C% by the action of the symmetric group S4. One can think of the points
of CD) as the degree d effective divisors on C. The statement of the theorem is then, that
this data is enough to uniquely determine the underlying curve itself. This is an exten-
sion of Torelli’s Theorem because the image of C(9~1 in J(C) determines the canonical
polarization. So Torelli’s theorem would be the case d = g — 1 in Theorem 1.1.

In section 2 we will start with recalling some definitions and establishing some general
constructions, the most important being, that we may reconstruct the Jacobian variety
from the symmetric product. Section 3 will cover the case d < 2g — 2. The idea is to
use the above mentioned interpretation of points of C9 as effective divisors to deduce
combinatorial statements.

Before we can continue with the proof for d > 2g — 2 we have to do some preparations.
In section 4 we will introduce Picard sheaves, which can be seen as a special case of Fourier—
Mukai transformations. We will establish general properties of Picard sheaves with the
two goals being the calculation of their Chern classes and to investigate their connection to
the symmetric product. These statements will be used in section 5 to explicitly calculate
the connection between the Chern classes associated to the symmetric products, which
allows us to finish the proof with a criterion by Matsusaka.

Finally in section 6 we will investigate how Theorem 1.1 extends to smaller genus and
how it does not. The main result will be, that there are non-isomorphic genus two curves
with isomorphic second symmetric power, hence the theorem does not extend to the case
d=g=2.

Deutsche Zusammenfassung

Das Hauptziel dieser Arbeit wird sein, die folgende Verallgemeinerung von Torellis Theo-
rem zu beweisen

Theorem. Seien C und D zwei glatte, irreduzible, projective Kurven tber einen allge-
braisch abgeschlossenen Kérper. Wenn fir ein d > 1 gilt, dass C'9 =~ D@ dann gilt
schon C' = D.

Hierbei bezeichnet C@ das d-te symmetrische Produkt einer Kurve, also den Quo-
tienten von C¢ nach der Aktion der symmetrischen Gruppe durch Vertauschung. Dies ist
eine Verallgemeinerung von Torellis Theorem, da die Polarisation der Jakobischen Varietat
durch des Bild von C9~Y in der Jakobischen induziert ist. Dies wird vom Fall d = g — 1
in unserem Theorem abgedeckt.

Der Beweis verlauft fiir d < 2g—2 iiber die Interpretation der Punkte von C@ als effek-
tive Grad d Divisoren auf C'. Damit kann man den Fall durch kombinatorische Uberlegun-



gen abhandeln und braucht nur an einer Stelle Schnitttheorie, um einen Automorphismus
von J(C') zu konstruieren.

Fiir d > 2¢ — 2 lauft der Beweis sehr verschieden. Hier bildet C'(9) ein projektives
Biindel iiber J(C) (im Fall d = 2¢g — 2 miissen wir vorher einen Punkt entfernen). Um
die Chern Klassen dieses Biindels auszurechenen werden wir Picard Garben einfiihren, fur
die diese Berrechnung einfacher ist und ihre Verbindung zu den symmetrischen Produkt
untersuchen. Sobald wir die Chern Klassen berechnet haben, konnen wir ein Kriterium
von Matsusaka nutzen um den Beweis abzuschlieflen.

Im letzten Abschnitt werden wir untersuchen, wie sich das Theorem auf Genus kleiner
drei erweitern lasst. Es wird sich herausstellen, dass es nicht isomorphe Kurven in Genus
zwei gibt, mit isomorphen zweiten symmetrischen Produkt. Damit kann das Theorem
insbesondere nicht auf den Fall d = g = 2 erweitert werden.
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2 Definitions and preparation

In this thesis a curve will be irreducible, smooth and projective, unless specified differently.
We first recall some important definitions.

Definiton 2.1. Let X be a variety. An Albanese variety for X with a given point x € X is
an abelian variety Alb(X) with a morphism a,: X — Alb(X) with the following universal
property. Any morphism f: X — A into an abelian variety A satisfying f(z) = 04 factors
uniquely over Alb(X) by a morphism of abelian varieties.

f

1
.
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% 71
.

Alb(X)

X A

Indeed any variety has an Albanese, see for example [11, IT §3] and the Albanese is
uniquely determined by its universal property. For a curve C we have an explicit model of
Alb(C). We can consider Pic(C'), the set of degree zero divisor modulo linear equivalence
or equivalently degree zero line-bundles modulo isomorphism. One can equip it with the
structure of an abelian variety to get the Jacobian J(C'). Given a point ¢ € C the albanese
morphism into J(C) = Alb(C) is then given by ¢’ — [¢’ — ¢] when working with divisors
respectively ¢ — O(¢’ — ¢) if one works with line-bundles. Given a positive integer n one
can further consider the n-fold product C™ of C. It comes with a natural Sg4-action by
permuting the factors.

Definiton 2.2. We define the n-th symmetric product C™ of C' to be the quotient of C™
by the &, action: C(™ = C"/&,,.

The points of C™ correspond to effective degree n divisors on C. This gives rise to
a natural morphism ¢, : C4 — J(C),(c1 + -+ ¢u) = [c1 + -+ + ¢ — nc] given a base
point ¢ on C. For 0 < n < g denote the image of C™ in J(C) by W™. For the second
curve D the image of D will be denoted by V™. We will identify C' with its image W.
This is possible for g(C) > 0 as then a. is injective for any c € C.

Next we want to investigate, how we may reconstruct .J(C) from C.

Lemma 2.3. For a smooth projective curve C there is an isomorphism Alb(C™) 2 J(C)
for anyn > 1.

In the setting of Theorem 1.1 the condition C(%) 22 D@ thus establishes J(C) = J(D).
As dim(J(C)) = g(C) this also shows, that we may drop the condition, that C' and D
have the same genus.

We will prove Lemma 2.3 in a more general setting. First we need a theorem which
allows us to compare the maps from a product into an abelian variety with maps defined
on the factors.

Theorem ([11, II. Thm. 3]). Let V,W be varieties over k and let A be an abelian
variety. Let f: V x W — A be a rational map. Then there exist two rational maps
f1: V —=» A fo: W -=» A such that for any point (P,Q) on V x W where both are defined
one has f(P,Q) = fi(P)+ f2(Q) and fi, fa are uniquely determined up to an additive
constant.



We can extend this from rational maps to morphisms via the following statement:

Theorem ([16, Thm. 3.1)). Any rational map f:V --+ A from a non-singular variety
into an abelian variety is defined on the whole of V.

Proposition 2.4. Let X andY be non-singular varieties over k. Then Alb(X) x Alb(Y')
together with the map X xY — Alb(X) x Alb(Y) induced by X xY — X — Alb(X) and
X xY =Y — Ab(Y) is an Abelian variety for X x Y.

Proof. We show directly, that Alb(X) x Alb(Y') satisfies the universal property of the
Albanese variety of X x Y with base point (x,y0). Here xo respectively yo are the base
points chosen for Alb(X) and Alb(Y'). Take any morphism f: X xY — A into an abelian
variety A. By the above theorems we get fi: X — A and f3: Y — A which are unique
up to a constant with f(x,y) = fi(x) + f2(y). Chose the constant such that fi(xg) =0,
then f(xg,yo) = 0 implies fao(yo) = 0. By the universal property of Alb(X) and Alb(Y)
we get morphisms g1 : Alb(X) — A and go: Alb(Y') — A such that

X ——— A Y ———— A
/7‘ /7[
ax 0 ax‘ g2
Alb(X) Alb(Y).

So we get a map g: Alb(X) x Alb(Y) — A, (a,b) — gi(a) + g2(b). Obviously g is a
morphism of abelian varieties when equipping Alb( ) x Alb(Y') with pointwise addition.
(

We then have g(axxy(z,y)) = g1(ax(2)) + g2(ay (y)) = fi(x) + fa(y) = f(z,y) for all
(z,y) € X x Y. This morphism is unique, as any map Alb(X) x Alb(Y) — A factors as a
sum of morphisms Alb(X) — A, Alb(Y) — A, unique up to a constant. So consider

XxY f A
g
\ %

Alb(X) x Alb(Y).

By factorizing both g and ¢’ with fitting constants we get

\ﬁ \f

Alb(X Alb(Y

Now we may use the universal property of Alb(X) and Alb(Y') to get uniqueness.

With this we are equipped to prove the promised generalization of Lemma 2.3:

Proposition 2.5. Let X be a non-singular variety over k, then Alb(X™) = Alb(X) for
any n € N.



Proof. First by Proposition 2.4 we know Alb(X"™) = Alb(X)". Now for an abelian variety
A and a morphism f: X — A we can consider the diagram:

xn Py xtm L 4
R
\ //;0

Alb(X)".

The vertical composition is G,-invariant, as p is. So the constructed morphism ¢ will be
Gy -invariant as well. The following lemma concludes the proof. O

Lemma 2.6. Given an abelian variety B and a symmetric morphism of abelian varieties
p: B" — A there is a unique factorization

B ——* A

=
s
s
-
S pid
s

B
where s(by,...,by) =b1 + -+ by.

Proof. Uniqueness is the easy part, since s is surjective. In order to show existence we
have to show, that ¢ is constant on the fibres of s. For this fix b € B. Then we have
s71(b) = {(b1,...,bn) | b1 + - -+ + b, = b}, which is isomorphic to B! via

(bl, ce bn—l) — (bl, eeybp1,b— (bl + -+ bn—l))-
On this fibre ¢ has the form

o(biy. ooy bp—1,b—b1 — - —bp_1)
=@(b1,...,bp—1,b) —(0,...,0,b1) — -+ — ©(0,...,0,b,-1)
=@(b1,...,bp—1,b) — ©(b1,0,...,0) — -+ — ©(0,...,0,b,-1,0)
= @by —b1,...,bp—1 —bp_1,b) = ©(0,...,0,b).
Altogether we see, that ¢ is indeed constant on fibres. O

This enables us to do the following construction, allowing us to assume that C(4) = D@

over a common Jacobian J: Use Lemma 2.3 to fix an abelian variety J = J(C) = J(D).
Then we are given a diagram

cd _~ p@

o [#2

J J.

We can use the universal property of J being the Albanese of C® and D@ to get mor-
phisms f, f': J — J fitting into a diagram

o) _~_ pld

ol g e

- 3t
J J..

S -

f/



Now f, f’ give isomorphisms on J. To see this apply the uniqueness part of the universal
property of the Albanese variety, implying f o f' = idy = f’ o f. We may replace D = V!
by f~1(V1) to assume that f is id;. Hence we are in the following situation

3 The case d < 2g—3

We first want to prove the case d < g — 1, following Martens approach in [12]. So assume
C@ =~ D which by our preliminary construction implies W% = V¢, Recall that W¢
and V% denote the images of C@ respectively D(® in J under ¢4. This will be enough
to conclude C' 22 D, we may even allow that W% and V¢ differ by a translation. First we
will collect the statements we will need later in the proof.

3.1 Combinatorial preliminaries

We begin with a bit of notation. For a subvariety Z of J we denote by Z, = {a+z2 | z € Z}
its translate by any a € J and by Z~ its image under the reflection map u — —u of J.
Let K denote a canonical divisor on C. For subsets A and B of J(C) we set

A6 B = ﬂ A,
beB

Here one can observe that u € A © B exactly when u+ b € A for all b € B. The latter
is the case precisely if B, C A. For the sake of readability we will loosen our convention

a bit and drop the index n from the maps ¢,: C™ — J, so for an effective divisor A we
have p(A) = [A — deg(A4)c].

Remark 3.1. In the following we will frequently use, that we may interpret the fibres
of ¢, as complete linear systems. We can interpret A, B € C™ as effective divisors and
©(A) = ¢(B) implies A—nc~ B—ncso A~ B and ¢~ !(x) is the complete linear system
of x € J. More generally if A is of degree n and B is of degree m then ¢(A) = ¢(B) if
and only if A—nP ~ B —mP so A+ (n—m)c~ B.

We will need a few combinatorial preliminaries.
Lemma 3.2. Let0<r<t<g—1anda,beJ. Then
(i) W C Wi exactly when a € W)™"
(i) Wewr =wl!
(iii) BC As (A6 B) for all subsets A,B C J

Proof. (i) If a € W}™" then a = b+ ¢(A) for an effective degree t — r divisor A on C.
Hence for any ¢ = a + ¢(B) € W) we have ¢ = b+ p(A) + ¢(B) = b+ p(A+ B) € W/,
using A + B has degree (¢t — r) + r. This establishes W) C W.

4



Conversely assume W, C W{. Since a € WI C W} we get an effective degree t divisor
A with a = ¢(A) +b. For any degree r effective divisor B we find by assumption an
effective degree t divisor B with a + ¢(B) = b+ ¢(B). Then p(B) + p(A) = ¢(B) and
thus B + A ~ B + rc. By Riemann-Roch we have

RO(K — A) = h%(A) —deg(A) +g—1=h"(A) —t+g—1>hro(A) > 1.
For B we get
(K -B)=h"B)—deg(B)+9g—1=h"(B)—t+g—-1>g—t

So we find an effective divisors A’ and a linear system of dimension g —t — 1 of effective
divisors B’ with A+ A’ ~ K ~ B+ B’. Note that this linear system is independent of the
choice B. Combining this with ¢(B)+p(A) = ¢(B) implies B+ B’ ~ A’ +rc. Now B was
an arbitrary effective degree r divisor so we get hO(A’'+rc) > r+(g—t—1)+1=g—t+r
if we vary B and B. So by Riemann Roch h°(K — A’ —rc) > 1 and we in particular find an
effective divisor A of degree t —r such that A+ A’ +rc ~ K givingus A+rc~ K—A' ~ A.
Thus ¢(A) = p(A’) and a = b+ p(A) € W ™", what was to be shown.

(ii) We have u € W} & W exactly if W/, , C W{. The later is by part (i) equivalent to
a+ué€ Wbtfr and thus to u € W,f:;.

(iii) We have for all b € B that (A© B), C (A_p), = A, hence be Ac (Ao B).
O

The next lemma might seem a bit technical, we will need it in the proof of Lemma 3.4
and later in the actual proof.

Lemma 3.3. Let 0 <r+1<t<g—1, 2z € W',y € W=, Then WI*t! c W! or

+r—y

W(;"-i—l N Wt

a+r—y = Wg—&-m U (WZL‘—’_I N (Wé—y © (Wl)_)) (1)

Proof. We can write x = ¢(p) for a point p on C and y = ¢(A) for A an effective degree
t —r divisor. If pis a point of Athena=y—z+x+a—y=p(A—p)+a+2—y and
thus a € Wé;;:ly By Lemma 3.2.(i) we get W/t c W! So we assume p is not a
point of A.

Consider some u € W/t U W +a—y» SO there are effective divisors £ and E' on C
of degree r + 1 respectively ¢ with v = p(E) +a = ¢(E') + a + x — y. This gives us
©(E)+ ¢(A) = ¢(E') + ¢(p) and therefore E + A ~ E' + p.

If E+ A= FE +p, then p is a point of E, as we assumed it is no point of A. Then

+z—y-*

u=p(E)+a+z—y=9oE)+a+z—p(A)
=p(E—p+A)+at+z—9(A)=p(F—p)+a+x

with E — p being an effective divisor of degree r. Thus u € W, , meaning it lies in the
right hand side of (1).

For the final case we assume E + A # E’ 4 p. Then h?(E + A) > 2 as its linear system
contains two effective divisors. Take any point ) € C'. Then by Riemann—Roch
WE+A-Q ="K -F-A+Q)+deg(E+A-Q)—g+1
>hO(K —E—A)+deg(E+A) —g+1-1=hE+A) -1>1.



This especially gives us an effective degree t divisor Q' with Q + Q' ~ E + A. Then we
get u = o(E) +a= (@) +¢Q) — p(A) +a, thus u € W!_ . As Q runs over C,
©(Q) runs over W1 so

we (VWi =W, omwh
qew?

Moreover u = ¢(E) + a and deg(E) = r + 1 implies u € WL, In total we have shown
the C inclusion of (1).

Now consider the opposite inclusion. Assume first v € W, ,, so we have a degree r
effective divisor F such that u = ¢(F)+a+zx=p(E+c)+a=p(E+A)+a+x—y,
with deg(E + ¢) = r 41 and deg(E + A) = t. This implies u € W, ™' N W[, . Observe
that (Wi_, © (W')7)) € Wl ,_, as the left hand side is an intersection and the right
hand side is a set of those we intersect. So in total

Wyt nwi_, e wWhHT) cwitt nw!

a+r—y*

We come to the final combinatorial Lemma:

Lemma 3.4. Let 1 <t < g—1 and assume W' = V! for some c € J. Suppose for some
1<r <t andsomebc J the intersection V' N Wy contains two different points u and v,
then V1 is contained in a translate of W™ or (W")~.

Proof. Since u,v are in W} and since © is defined as an intersection, we have

3.2. (4
wi D e wr cwt awt, = v AvE,,
Now we may apply Lemma 3.3, with W replaced by V, r=t—1,a=c—u,z =u,y = v,
to the intersection on the right, to get

Wy Ve, NV, =V U (VL N (Vi © (V7))
Observe that Wg_r is irreducible so W,f_r is contained in one of the sets of the right hand
side union. In the first case we get W, " C V™! and hence

Otherwise we have W}™" c V!, _, © (V!)~. Then

3.2.(idi)

vh- < vt o (V!

C—Uu—v C—UuU—v

oWhH )W, e Wh =W, _,.

In the first case V! is contained in a translate of W7, in the second one it is contained in
a translate of (W")~, establishing the claim. O

As a last ingredient we will need to introduce some endomorphisms of J:



Definiton 3.5. Let Y be a divisor on .J. Then we define an endomorphism a(W1!,Y) of
J by

a(WhY)(u) = S(W! - (Y, —Y))
for w € J. This means we intersect W' with a translate of Y minus ¥ and then add up

the resulting points with multiplicity with respect to the addition on J. Analogous we
define a(V1,Y).

In order to analyse the morphisms we will need the following proposition, for a proof
see [11].

Proposition 3.6 ([11, VI, Thm. 3]). For a divisor X on J there is a unique x € J with
X ~Wot —wol,
Moreover x can be expressed as v = S(W! . X).

Corollary 3.7. In the above setting we have

-1 -1
Yo=Y ~ Wiy — WO

Corollary 3.8. We have (W', W91) =id;.

Proof. We trivially have Wi —wel Wi — W91 50 the uniqueness part of Propo-
sition 3.6 gives us the desired. O

Altogether we deduce
(VI Y)(w) = SV (Yu = Y)) = S(V' - (W vy — W)

=a(VLWI™Hoa(WhY)(u)

and the analogous statement with V' and W exchanged.
In particular

idy = a(VLVI™) = oV, W9 o (W, VIt
idy = a(WH, W™ = (WL VI oV wo

so a(V, W91y and a(W?,V9~1) are inverse automorphisms of J.
We have collected all results we will need for the proof.

3.2 The proof

Recall we are assuming W% = V;)d for some b € J. Let r be the smallest integer for which
an inclusion of the form V! ¢ W+l or (V1)= c W/*! holds for some a € J. Assume
V1 c W+l in the other case the argument is the same with an extra involution at the

end. As V! € V¥ we surely have r < d. We consider intersections of the form V! ﬂWagJ:;_y

where z € W' and y € W97, If for some z and all y € W9~1=" we had V! C W(f_:;_y,
then N
Vflafa: - ﬂ Wf;l = w9l o wo—i-r 3'2:(“) W

yeW9—1-7



This would imply V! c W/ & contradicting our minimality assumption for 7. So we find
an y such that for at least one z € W' we have V! ¢ wol Fix this y. We want

at+zr—y"*
to investigate, for which € W' we have V! ¢ Wf;;,y. For a fixed v € V! we have
{zedJ|v—=z¢ Wag:;} =J\ (Wf:;,v)_ is open, as W91 C J is closed. This means

{zed|Vigwil = lzedlv-2¢ Wi}
veVl

is open as well and so is its intersection with W1. So the x for which V! ¢ Wf;;_y form a

non-empty, open and hence dense subset of W!. Now recall V1 c Wi+l so VI ¢ WY A

at+zr—y
implies Wi+ ¢ Wé’;;_y. Then by Lemma 3.3 applied for ¢t = g — 1 we have

W AW, = Wi, UWIH 0 (W2 o (Wh7)).

at+r—y ~

Intersecting it with V1 c W +! yields

VinWi,_, =WVinwi,,)u(VinA)
with A C J independent of x. If we take the sum over the intersection points, the left
hand side is just a(V, W91)(a+ 2 —y). On the right hand side, V! N A gives some fixed
element z € J and V! N W/, contains by Lemma 3.4 exactly one point of V! with some
multiplicity k. So we see that an open subset of the translate of W1 by a —y gets mapped
by « into a translate of ¥V := {kv | v € V'} by 2. In total this yields an isomorphism
¥ of J, which maps an open subset of W' into V1. As W' is irreducible and *V! is
irreducible and closed, ¥ has to map all of W' isomorphically onto ¥V,
So in total we get a morphism

Taliad TR gl
To this composition we want to apply Hurwitz’s theorem:

Theorem (Hurwitz, [5, IV.2.4]). Let f: X — Y be a finite separable morphism of curves.
Let n = deg(f). Then
29(X) —2=n(29(Y) — 2) + deg(R)

where R denotes the ramification divisor.

As g(V1) = g(D) = g(C) = g(W') > 1 we get, that the above composition is unram-
ified and has degree one, so it is an isomorphism. This completes the proof in the case
d<g-—1

Remark 3.9. With further arguments it is possible to prove k = £1, which gives rise to
a slightly more general theorem

Theorem. Let C' and D be complete non-singular curves and assume J(C) = J(D) = J.
If for some t, 1 <t < g—1 some translate of V! coincides with W', then there exists an
automorphism \ of J such that \(W1) is a translate of V.

For details see [12].



3.3 Extension to g < d <2g-—3

With a small trick we may apply Theorem 3.9 to the case g < d < 2g — 3 as well. Let K
denote a canonical divisor on C. Then by Riemann-Roch for every E € C(49 we have

R(E) = h°(K — E) + deg(E) — g + 1.

So h°(E) > d — g + 1 exactly when h°(K — E) > 0. We can interpret the fibre of og at
[B] € J as complete linear system of dimension h%(B 4 dPy) — 1. So the divisors where
the fibre dimension is bigger than d — g form a subvariety isomorphic to W?2972=¢ under
the isomorphism induced by F +— K — E. The analogous result holds for D. By our
preliminary construction C@ = D(@) respects fibres, so we get W29—2-4 — y29-2-d_ Ag
0 <2g—2—d< g we may use Theorem 3.9 and get C' = D.

4 Picard Sheaves and Chern class of the symmetric product

Before we are able to prove Theorem 1.1 for higher d, we first need to collect some pre-
requisites. Following [19] we will introduce Picard sheaves associated to a curve, which
we use to calculate the Chern classes corresponding to C@ . For another approach to
the calculation of the Chern classes see also [15]. From now on we will consider Pic? as
line-bundles rather than as divisors.

4.1 Introduction of Picard sheaves and first properties

Let C' be a complete, non-singular curve of genus g defined over an algebraically closed
field k& and ¢ € C a fixed basepoint. We can consider the invertible sheaf &, = O¢(nc)
corresponding to the divisor nc. This gives an exact sequence of sheaves:

0— §n71 — gn — gn/énfl —0 (2)
The last sheaf has support ¢ and restriction O, there. This comes from the exact sequence
0= Oc(—c) = Oc — 0. —0

by tensoring with &,.

Given an abelian variety J, a curve C', z € J and y € C we have four canonical maps
we will need in the definitions below, 7;: J x C = Jng: J x C = Cliy: J — J x C
and j,: C — J x C. These are given by m;(z,y) = z,7c(z,y) = y,iy(x) = (x,y) and
Jz(y) = (@, y).

Definiton 4.1. A pair (J, &) of an abelian variety J and an invertible sheaf & on J x C
is called a Picard variety for C if p(z) = j*2 defines an isomorphism ¢: J — Pic®(C).
To ensure that (J, &) is uniquely defined, we demand ;% = O} for the base point ¢ € C.
The sheaf & is called a Poincaré sheaf for C.

For any curve C' the Jacobian can be equipped with a line bundle to form a Picard
variety of C, see [11].



Definiton 4.2. The sheaves
En =711.(P @75é,) and F, = Rr; (2 ® Teén)

are called Picard sheaves on J. Here R'm;, denotes the first derived functor of 7y, or in
other words the first higher directed image.

Remark 4.3. The motivation, why we consider & ® 75§, is its pull-back along the
morphism ¢, : C™MxC — JxC induced by Yn. For A =c1+-- ¢, € C™) we can consider
&n P on the fibre of A. There it is just (@, 0j4)* L = j::n(A)‘@ =0(c1+ -+ cp —nc).
So &, is chosen such that the fibre over ¢;+---4c¢, is Oc(c1 4+ - -+ ¢,). We will investigate
this more thoroughly in section 4.4.

Proposition 4.4. For each integer n there is an exact sequence
0—=&1—=E —>05— Fno1 — F— 0. (3)

Proof. We take the exact sequence (2) and apply the exact functor & ® 7/,(—) to get a
short exact sequence

0= PRrién1 = P Rnsén — P 1560 /En—1) — 0.

Denote & @ mf(£,/6n—1) by M. Now we can consider the long exact sequence we get
from the right derived functor of 7y,:

0—=E& = &1 = 75 (M) = Fuot = Fp — Ry (M)

The sheaf M has support J X ¢ and restricts there to O;. So first we get 75, (M) =
0. Next we use, that we have an explicit description for R'7;,(M), namely it is the
sheaf associated to U — H'(r; (U),M) = H'(U,0,(U)). So it is the same sheaf as
R'(id;,)(O,) which is 0 since id,, is exact. O

To investigate the structure of Picard sheaves further we need a proposition from EGA.
For this let f: Y — X be a proper morphism, .# an f-flat Oy-module and x a point of
X. We denote by %, = .# ®0, k(x) the fibres of .# along f. Then:

Proposition 4.5 ([, III, Prop. 4.6.1]). If we have H"(f~(z), %) = 0 for some n >0,
then R" f.(Z#) = 0 in some neighbourhood of x. Furthermore the canonical morphism

R (F)y — HH(f H2), Fu)
18 surjective.

The proposition is a bit stronger in EGA, there we have surjectivity for F, replaced
by F ®0, (Oz/ m2™) but we will only need the case p = 0. We will apply this proposition
for my: J x C — J and Z locally free, so .% will surely be mj-flat. The fibre of .% at x is
jx# and the fibres of 7; can be identified with C.

Corollary 4.6. (i) For alln > 1 we have R"m (%) =0

(i) The natural morphism R'm; (F ), — HY (7' (z), F,) is surjective for all x € J.
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i) If H' (77 (2), . %,) = 0, there is a neighbourhood of x in which Rimwy,(F) is zero
J
and Rm 7, (F) is locally free.
iv) If H(n 7Y (), %,) = 0, there is a neighbourhood of x in which ROm;,(F) is zero
J
and Rim;, (F) is locally free.

Proof. The first two statements follow from Proposition 4.5 by observing dim C' = 1
implies H"(f~(x), #;) = 0 for n > 1.

To prove (iii) we apply Proposition 4.5 to get a neighbourhood U of x, where R, (%)
is zero. Furthermore as the Euler characteristic of the fibres is locally constant we may
assume the fibres .%,/ for 2’ € U all have the same Euler characteristic. Combining this
with the vanishing of h! (7' (2'), Z,/) implies h°(7 ;' (2'), F,) is constant on U. Choose a
basis for HO(le(x), Fz). Since the homomorphism 77, (%), — HO(le(x), Fy) s surjec-
tive, again using Proposition 4.5, we may extend this basis to sections in a neighbourhood
U’ C U. These sections remain linearly independent so R07;(.%) is free in U’.

The proof for (iv) works similar but we have to use (ii) to get the surjectivity of
Ry (F)y — HY (7, (2), Fu). O

The first statement will not be used later, but it motivates why we only consider R s,
and R'm;,, because those are the only non vanishing higher direct images. By applying
the corollary to the situation of Picard sheaves we get:

Proposition 4.7 ([19, Proposition 2/3]). We have that &, is torsion-free for all n. If
n < 0 then F, is locally free of rank g — n+ 1, if n < g then &, is zero and conversely if
n > 2g — 2 then &, is locally free of rank n — g+ 1 and F, is zero.

Proof. Since the pushforward of a torsion free sheaf along a dominant morphism is torsion
free and observing that & ® {5, is torsionbfree as it is a line bundle, we get that
En =11 (P @wEE,) is torsion free as well.

For the other statements we notice, that HO(n;'(2),j22 ® &,) = 0 for n < 0 as
j:? € Pic®(C) so j:P ® &, has degree n < 0 and hence no global sections. Then
Corollary 4.6 gives that F,, is locally free for n < 0. To get the rank we apply Riemann—
Roch to the fibre to get hl(n;'(2), jE 2 @&,) = —x(jiP ®&,) = —(n—g+1). Forn<g
the morphism ¢, : cm — g (C) is not surjective. Take any point x € J not in the image,
then the linear system of z is empty, hence HO(7;'(2), 2% ® £,) = 0. Altogether we
get that there are fibres where &, vanishes. Since &, is torsion free this already implies
En=0.

If n > 2g — 1 we have H' (7, (2),j: 2 ® &,) = H*(C,wg (22 ® £,)*) = 0, where we
denotes the canonical line bundle on C. Here we used Serre duality and that there are
no global section because of deg(we ® (j5P ® &,)*) = 29 —2 —n < 0. Then apply the
Corollary 4.6 again. O

Remark 4.8. For 0 < n < g — 1 we still have that F,, is locally free on the set of x € J
with HO(r;*(2), i ® &,) = 0. This is the complement of W™, as the fibres of ¢,, are
exactly the linear systems. Furthermore for g < n < 2g — 2 we know that F,, vanishes at
all z € J for which H'(r'(2), 52 ® &,) = 0, which by Serre duality is the complement
of O(W227") for 0: J — J, L+ we @ L* @ Oc(—(2g — 2)c).

As special cases we see that Fy is locally free in the complement of one point which we
will use quite frequently. In the other boarder case F3,_2 vanishes in the complement of
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one point . By using (3) one sees, that it has at most rank 1 there. On the other hand
there is an epimorphism Foq_2, — H'(C,w), so it has exactly rank 1 at x. This will be
useful for Proposition 4.21 as the corresponding projective fibred variety will consist of
one point.

We need to investigate the connection between &, and F; for high r and low s.

Proposition 4.9. Forr > 2g — 2 and s < g there is an exact sequence
0=-&E - M—=F,—0

where M is a successive extension of (r — s) copies of Oy. Especially we get for the total
Chern classes that c¢(&)c(Fs) = ¢(M) = 1.

Proof. We want to use the exact sequence (2) to get a sequence
056 —& =T —0 4)

where 7 is an extension of (r — s) copies of O.. Then we could apply & ® 7/.(—) and the
long exact sequence of Rm, to get

Es—=&E M= Fg—= F,

At last we observe that r» and s are chosen such that & =0 = F,.

So we are left to construct (4). For this we want to show in the general setting, that
given a morphism f: A — B and an injective morphism ¢g: B — C, coker(g o f) is an
extension of coker(f) by coker(g). We have the following diagram

A-L,p < coker(f) —— 0
| b b
Ao 2 coker\(/gof) — 0
] ’

0 5 S — cok;r(g) — 0.

Here ¢ and v are constructed by the universal property of cokernels. It remains to show,
that the sequence

0 — coker(f) % coker(g o f) i coker(g) — 0

is exact. This is a direct diagram chase, where the most involved part is to show, that
¢ is injective. So take an x € ker(¢). Then x = «(b) for some b € B. Furthermore
0 = p(a(b)) = B(g(b)) and exactness of the middle row implies g(b) = g(f(a)) for some
a € A. By injectivity of g we get b = f(a) and therefore x = a(f(a)) = 0. O

Next want to show a duality statement for &, and F34_2_,. Define K ¢ PicO(C') by
K = wc ® &-_24 so the canonical line bundle has the form we = K ® &4—2. Consider the
automorphism 6 of Pic® that is given by 6(£) = K ® £*. This also gives an automorphism
of J. It extends to J x C as 0 x id, which we shall denote by 6. We are interested in the
pullbacks of the Picard sheaves under 6.
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Lemma 4.10. There are isomorphisms
0 (En) 21y, (0" P @ mhER) =y, (TEK @ P* @ whén)
0" (Fp) = R'nj (0" P @ mh&n) = Rim g (mK © P @ nhtn)

Proof. First we notice that since 6 is an endomorphism of J we can use flat base change
to get 0*n,.F = 75, (0*F) and 0*R'7m;,. 7 = R'm;,(0*.F). We are left to show

0" (P @ mhbn) = 0* P @ mhbn = TEK @ P* @ mhién

The first equation follows from 5*7% = (rgof)* = m¢. For the second we see that the
line bundles 6* % and oK ® &% are equal on every fibre over x € J, where both are
K ® L. Here L, denotes the line bundle corresponding to x. At last observe that both
line bundles are equal on the fibre of ¢ € C so by the seesaw principle we are done. ]

An important consequence of this is, that applying 0* to (3) yields an exact sequence,
the sequence we get when we replaced & by &2* @ n/5K in the proof of (3).

It will be convenient to prove the duality in a slightly more general setting, as we will
need this form to construct the isomorphism to the symmetric product. For this consider
a variety X and a morphism h: X — J. This defines a diagram

XXCLMJXC

o | |7

) QLN §

On X we can define the sheaves
hen = x. (WP @ mE&,) and  hO*F, = (R'rx,)(h*0* P @ miéy).

In order to prove the general duality for these sheaves we will need Grothendieck-Verdier
duality in the form of [10, Thm. 3.34]. For a proof see [0].

Theorem 4.11. Let f: Y — Z be a morphism of smooth schemes. Set dim(f) = dim(Y)—
dim(Z) and wy = wy ® f*wy. Then for all F* € D(Y),E®* € D%(Z) there exists a
functorial isomorphism

Rf.RHom(F*, Lf*E®* ® we[dim(f)]) = RHom(Rf.F*, E*). (5)
Proposition 4.12. There is an isomorphism A, : h0* Faog_2_p, = h&} for alln > 2g—2.

Proof. We want to apply Theorem 4.11 to nx: X x C' — X, E® the complex consisting
of Ox in degree 0 and F* the complex consisting of h* % @ T&En in degree 0. Abbreviate
WP ® 5én to . Then Ly E® = Oxxc, dim(ry) = 1 and we have to calculate wy .
For this use wxxc = Tywx X mawe, thus

Wry =Wxxc @ Txwy = Towe = 15 (K ® &ag-2).
In total (5) reduces to

Rrx RHom(.F ,wr[1]) = RHom(Rrx,(.%),O0x).
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Then the left hand side in degree 0 is
R'x (F* @wry) = Rlnx, (mEK @ W P* @ 1héag—a—n) = h0* Fog oy

Since n > 2¢g — 2 we know that Rmwy.(#) = h&, is locally free so RHom can be computed
by Hom. Hence the right hand side in degree 0 is just R'mx,(.%)*. Altogether we have

ho* Fog o n = RMx (TEK @ B* P* @ mhbag a2 n) = ROTtx (WP @ €9y 2)* = hEL.
O

Remark 4.13. For n = 2g — 2 there is an analogous isomorphism in the complement of
one point. To prove this we use that Rrx,(%) is locally free in the complement of one
point by the considerations of Remark 4.8.

Remark 4.14. It is possible to show an isomorphism h&, = ho*F5,_,_, for all n when ap-
plying Serre duality to the fibres. See [19, Prop. 5] for the idea, but it is quite cumbersome
to get the details right.

Theorem 4.15 ([19, Thm. 1]). When n > 2g — 1 then there are isomorphisms
9*]:2972771 = 6;; and En = 0*}'§g_2_n.

Proof. We get the first isomorphism directly by applying Proposition 4.12 for X = J and
h = id;. For the second statement we get a dual isomorphism A; : &% — 0°F5 o
which we compose with the epimorphism &, — £:*. The latter is an isomorphism when
&, is locally free, which by Proposition 4.7 is the case for n > 2g — 1. O

Applying this to Proposition 4.9 allows us to relate the Chern classes of &, and 6*E;:.

Corollary 4.16. Forr > 2g — 2 and s > 2g — 2 there is an exact sequence
0—=& > M—=0E—0

where M is a successive extension of (r + s — 2g + 2) copies of Oy. In particular we get

for the total Chern classes that ¢(&,)c(6*Es) = ¢(M) = 1.

4.2 Varieties associated to Picard sheaves and their Chern classes

Given a coherent sheaf E on J we will consider the projective fibred variety associated to
E defined as P(E) := Proj(Sym®(E)). For E locally free this is the associated projective
bundle. First recall two general statements for the projective fibred variety, for proofs we
refer to EGA.

Lemma 4.17 ([, II, 4.1.2]). Let E and F be coherent sheaves and u: E — F an
epimorphism of sheaves. Then it induces a closed immersion q: P(F) — P(E) and

7" Op(g)(1) = Op(p(1).
Lemma 4.18 ([, II, 4.1.3]). Let h: X — J be a morphism, then

P(h*E) 2 P(E) x; X.
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Furthermore we will need a more concrete lemma which will be used to calculate the
Segre classes of F,.

Lemma 4.19. If u: E — F is an epimorphism of O j-modules with ker w = Oy, then
the immersion q: P(F) — P(E) is represented by the sheaf of ideals Opgy(—1) dual to
Op(g)(1).

Proof. The hypothesis gives us a short exact sequence

050, 5E%F S0

From this we get another exact sequence

0 = Sym®*(E)[—1] & Sym®(E) % Sym*(F) — 0.

Here Sym®(FE)[—1] denotes the same sheaf of rings as Sym®(FE) but with grading shifted
by one. On any open set we define f(e; ®---®e, 1) = €1 ®@---@e,_1 @ f(1) respectively
ule1®---®ep) =ule]) ®---@u(e,) and extend linearly. Both definitions are symmetric
in the e; and hence descend to well-defined morphisms of the symmetric algebras.

Now [4, IT 3.6.2] states, that the closed immersion corresponding to @ is exactly corre-

sponding to k;r\(g) Observing SymT(\E_]j[—l] = Op(g)(—1) yields the claim.
O

As an next step we want to consider the varieties associated to the Picard sheaves.

Definiton 4.20. We define C,, = P(6*Fpg_2—,). Write m,: C,, — J for the projection
and Oy (1), O,(—1) for the tautological sheaf and its dual. By Lemma 4.17 we get a closed
immersion C),—1 — C, from applying 0* to (3), which we denote by g,.

Let us investigate the structure of the C,, more closely.

Proposition 4.21. Forn < 0, C), is empty and for n > 0 we have dim Cy, = n. Moreover
forn >2g —1, C, is a projective fibre bundle with fibre P9,

Proof. By Proposition 4.7 we know 6*F,, is zero for n > 2g — 2 and locally free for n < 0.
This directly gives that C,, is empty for n < 0 and that it is a projective bundle for
n > 2n — 1. Furthermore F3,_2 is supported at a single point so Cp consists of a single
point. For n =0 and n > 2g — 1 we thus already have that C), is irreducible of dimension
n. Let j: X — J be the inclusion of a subvariety and consider the sequence

j*OJ £> j*G*-FQQ—Q—n — j*e*f2g—1—n — 0

which we get from the sequence (3) by right exactness of j* and #*. First we inductively
show, that dim C,, < n. The induction start n = 0 is already done. So assume C,, had a
component of dimension bigger than n and let X be its support. By Lemma 4.18 we know
P(j*0* Fog—2—n) is m, 1 (X). The fibre of P(j*0*Fog_2_p) at z € X is just the projective
space corresponding to j*60*Fog_a_pn ® k(x). The above sequence tells us therefore, that
the dimension of the fibres of 7, !(X) have at most one bigger dimension than the fibres of
ﬂ;_ll(X ). Therefore C;,—; would have a component of dimension at least n, contradicting
the induction assumption.

On the other hand we can use the same argument from above. Then dim Cy,_1 = 2g—1
yields dim C,, > n so altogether we get the desired dimension. O
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The idea of the proof can be extended, which will enable us to apply Proposition 4.19:
Proposition 4.22. If X = supp 0" Fay_2_y and j: X — J is the inclusion, then
0: 705 = 70" Fag_a_n
given by applying 7*0* to (3), is a monomorphism.

Proof. We want to show that otherwise C;,_1 had a component of dimension n. For this
assume that ¢ were not a monomorphism, then we have an ideal sheaf 7 on Z with

0—>7— OX £> j*e*fgg_g_n — j*e*.fgg_l_n -0

Ideal sheaves are torsion free, so supp(Z) = X. Further Z ® k(x) does not vanish so
by dimension arguments we know that the fibres of 7, 1(X) and 7@}1 have the same
dimension, so Cp,_1 has a component of dimension n. This is the desired contradiction. [J

We are ready to prove an important theorem over the C,,. It will allow us to calculate
the Segre and Chern classes of the Picard sheaves.

Theorem 4.23. The closed immersion qn: Cn—1 — C,, is associated to the sheaf of ideals
On(—1). If « € CHY(C,,) is the class of Cp_1, then a” is the class of Cy_,.

Proof. By Proposition 4.22 we may apply Lemma 4.19. Thus ¢,: C,—1 — C), is associated
to the sheaf of ideals O, (—1). Now ¢}O,(1) = O,—_1(1) implies ¢ O,(—1) = Op_1(—1).
So we can express o as ¢*« € CH!(C,_;) which represents the subvariety C,_o of Cp,_1.
Continuing this inductively yields the theorem. O

In order to calculate the Chern classes of the Picard-bundles we will also need their
Segre classes and how they are connected with the Chern classes. We will use the definition
given in [2].

Definiton 4.24. Let X be a smooth projective variety, £ be a vector bundle of rank r on
X and 7: P(€) — X be its projectivization. Set ¢ = c1(Op(g)(1)). The i-th Segre class of
€ is the class

si(€) = m (¢ € CH'(X)

and the (total) Segre class of £ is the sum
s(E)=1+51(E) +52(E) + -
Proposition 4.25. The Segre class and the Chern class are reciprocals of each other:
c(&)s(€) =1
Proof. See [2, Prop. 10.3]. O

Finally we have gathered all statements we will need in order to calculate the Chern
classes. Let W,, = m,(C),) and U, = 6(W,,) for 0 < n < g and denote the classes of
Ug—i, Wy—; in the Chow ring of J by u; respectively w;. We will later show C (n) o C,, as
projective bundles, so W,, will coincide with W™.
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Theorem 4.26. We have ¢;(E,) = (—1)'u; for n > 29 — 2 and c¢;(F,) = w; forn < g.

Proof. Let n > 2g — 2 and abbreviate 0* Foy_o_,, to .#,. Denote the Chern class of .7,
by > d;. We want to calculate its Segre class. By Proposition 4.7 we know that Foy_o_p,
is of rank n — g + 1, so we have s;(%,) = m (¢P~9tD-1H) = 7, (("9H) where ¢ is
c1(Op(z,)(1)) = c1(O¢, (1)) = (—a). Thus s;(F,) = m((—a)"~9""). By Theorem 4.23 we
know that o”~9%" represents the class of Cp,_(,_g4s) = Cy—i, 50 8i(Fn) = me((—a)"9)
is the class of (—1)""9%in(Cy_;) = (—1)" 9 w;.

Applying Proposition 4.25 for .%,, gives the equation

> di > (—1)w = (=)

Now if we consider the dual of .%,, using ¢;(.:Z}) = (—1)%c;(:%,) and s;(F}) = (—1)is;(Fn)

we get
> (=1)id; Y wi = (-1)"Y.

Theorem 4.15 gives us £, = 6*F5 _,_,, and hence ¢(&,,) = > (—1)id;. By Corollary 4.16 we
have c(0*E}) = c(£,) 7! = (—=1)"9 Y w; for n > 2g — 2. Using ¢;(0*EF) = 0*((—1)'c;(En))
we conclude

c(&n) = Z(—l)iui for n > 2g — 2.

In a similar way Proposition 4.9 gives us ¢(Fs) = ¢(&) ! for s < g and ¢t > 2g — 2, so we
conclude

o(Fp) = Zwi for n < g.

4.3 Structure of fibres

We want to investigate 7, 1(X) for subvarieties X of J. In particular we are interested
the structure of the fibres of m,. In order to do so we have to relate h*6*F,, and h0*F,, to
each other. Recall that

WO Fo = B0 R'n; (P @ 1p&n) WO Fo = (R'ax.) (W0 P @ nin)
We will further need a theorem to connect the fibres of R f, and the fibrewise cohomology:

Theorem 4.27. Let f: X — Y be a proper morphism of Noetherian schemes and assume
y = dimy,,) HP (X, %) is constant, then

RPYTF @ k(y) — Hp_l(Xy,g’?y)
is an isomorphism for ally € Y.

For a proof see [1%, 5 Cor. 2].

Proposition 4.28. Let h: X — J be a morphism, then there is an isomorphism
up: W*0*F = hO*F,

for all n.
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Proof. Recall that we are working in the following setting:

XXC%JXC

sl

X foh

which can be interpreted as a fibre product diagram. Abbreviate & ® 7., by .#. Then
by [5, III 9.3.1] we get a natural map

h*H*leJ*(ﬁ) — (lex*)(h*ﬁ*ﬁ). (6)
We have to show, this map is an isomorphism. First we claim, that for all x € X
Rlnx (R*0*F) @ k(z) = H(C, jih*6*.7).

To see this observe, that mx: X x C' — X is proper by base change, as C' is smooth
and projective hence proper. Applying Theorem 4.27, using H?(C,.%,) = 0 as C is one
dimensional, establishes the claim.

For any point z € X we thus have

Rimx (W0 F) @ k(z) = HY(C, j;h*0"F) = H'(C, jja) F) = R'msF @ k(0(h(2))).

Here the last isomorphism is shown the same way as above. So in total (6) induces
isomorphism on all fibres and thereby is an isomorphism. O

Combining this with Lemma 4.18 yields:

Proposition 4.29. Let X be a subvariety of J and h: X — J the corresponding inclusion.
Then m; 1 (X) = P(h0* Fag—2-_n) and the closed immersion 7, " (X) — 7,1 (X) is induced
by hg*fzg_g_n — he*Fgg_l_n.

Proof. We have 7, 1(X) = C,, x; X 18 P(h*0* Fag—2—n) 28 P(h8*Fag—2-rn). We also get
7 (X) = P(h0* Fag_1-n). O

n—1

Applying this to X a closed point = of J furthermore gives us:

Corollary 4.30. For a closed point x € J, m;'(x) is isomorphic to the projective space
associated to HY(C, j: P ®¢&,) and ﬂ;_ll(:c) 1s the subspace corresponding to sections van-
ishing at c.

Proof. Tn this case the map is h: {&} — J with o = j,: {z} x C — J x C. We have
h*F3_o_,, = h&, by Theorem 4.15. Now by breaking down the definitions we observe
hén = ey, (12 ® &n) = HY(C,j:? @ m&y), which establishes the first claim. For the
second part we have to investigate the map h0* Fay_2_,, — h0*Fay_1_,. This comes from
HYC,j:P ®&n1) — H(C, 22 ® €,) with image those sections, vanishing at c. O
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4.4 Application to the symmetric product

In order to apply our calculations of Chern classes we have to relate C,, and C™. This
section is therefore dedicated to the construction of an isomorphisms r,,: C™ — C), over
J. By [5, IL7.12] in order to give a map r,,: C™ — P(0*Foy_o_,) over J it suffices to
give an invertible sheaf £ on C™ and an epimorphism of sheaves ¢ (0*Foy—2_n) — L.
Recall that ¢, is the canonical map corresponding to some basepoint ¢ € C' given by
1+ +cy = O(er + -+ ¢y —ne). So the first step is to construct an appropriate
invertible sheaf and an epimorphism.

Consider on C'™ the divisor X consisting of points ¢; + - - - 4+ ¢,—1 + ¢ containing the
base point and on C(™ x C the divisor X’ consisting of points (¢; + - -- + ¢,,¢1) where
the second coordinate is contained in the first. Denote the corresponding line bundles
on C"™ respectively C x C' by L, respectively L!. Moreover we extend ¢, to a map
Gn = P X idc: O x C — CM x C:

C) w0 -y JxC

7rc(”)l lﬂJ

cmn) % 7
First we want to investigate, how the sheaves £,, and L/, are related.

Proposition 4.31. L], = 1o *Ly @ ¢5(P @ n8&n), where & is a Poincare sheaf for C
in the sense of Definition 4.1.

Proof. We want to apply the seesaw principle, using that C' is a projective, hence complete
variety. Consider both side on the fibre of ) at A = ¢ +---+¢,. We have to calculate
its pullback under j4: C — C™ x C. We do it for each factor separately. First

ek o~k

Japnmeén = (0 0 P 0 ja) én = ide&n = O(ne)
JaTom Ly = (Mo 0 ja) Ly, = consty L5, = Oc.
Japn" P = (Pnoja) P = jzj)(A_nc)‘@ =0(c1 +- +cn —no).
In the last step we used the universal property of &2. Finally for the fibres of L], we have
to consider the intersection of X’ with {A} x C. By definition of X’ this intersection
consists exactly of the points in A so j4L;, = O(c1 + -+ + ¢,). In total both sides are
Oc(c1 + -+ -+ ¢,) on the fibre.
To complete the proof we must in addition find a point of C' over which the fibres

of the line bundles agree. The canonical choice is to try the basepoint ¢. Then for the
inclusion i.: CW — C(™ x C we have:

*_

TapnTién = (0 © Pn o) &, = constiéy = Opn
iZWg(n)ﬁn = (Wc(n) o} ZC)*L:’H = idg(n) ;Cn = L:n = Oc(n) (X)
ZZ‘PNn*«@ = (Pnoic) P = (icopy)” = @:ﬂzg =, 05 = Oc(n)-

Lastly we observe, that £’ on the fibre of ¢ corresponds to X’ N C™ x ¢ which is X x ¢,
hence L/ ., = Ocm (X). So in total both line bundles are O (X) at the fibre of
|C(m) x{c} c c

the basepoint, finishing the proof. O
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With this we can construct an epimorphism ¢} (0* Fog—2—n) = L. As L, is invertible,
it is enough to find a nowhere vanishing section of (¢} (6* Fag—2-1))* ® L. Consider the
above constructed subvariety X’ of C(") x C. Let s € O(X') be a section representing X’ in
its linear system, then s vanishes exactly at the points of X’. By the previous calculations
s is a section of 77, Ln ® §),(F ® 75&,). 1f its corresponding section T, (s) of the
sheaf

7TC(">*(7%'(n)£n ® Gp(P @ 7H6n)) = Ln @ Tom) (G P @ T6én) = Ln ® PE,

is zero at A = ¢1 + -+ + ¢, € C™ then X’ contains m, '(A). This is not possible since
W(;(ln)(cl + -4 ¢,) consists of all tuples (¢ + - - - + ¢y, ¢) with ¢ € C arbitrary, while X’
only contains those where ¢ appears in ¢; + -+ - + ¢;.

We have ¢,&, = (95,0 Fog—2—pn)* by Proposition 4.12 and 4.28, so 7o), () gives the
desired nowhere vanishing section. Altogether we get a morphism r,: C(™ — C, such
that Ty o 1 = @ and 75,0, (1) = L.

Theorem 4.32. The morphism ry, induces an isomorphism between C,, and the symmetric
product C™ forn > 2g — 1.

Proof. We want to track, how 7, acts on a fibre ¢, !(x) for x € J. For this let P denote
the projective space corresponding to HY(C, j* % ®&,,). Then by Corollary 4.30 we know
P is isomorphic to m,(x). By tracing the effect of r,, through the last propositions [19]
claims, that r, maps c;+- - -+c¢;, to the section of j; Z ®¢,,, vanishing exactly at c1,. .., cp.
So it is the identification of ¢, !(z) with the complete linear system of . Be aware that
the author did not manage to check the details. In the following we will assume, that r,
has this form on the fibre. Especially r,, is fibre wise an isomorphism. For n > 2g — 1 we
know that C(™ is a projective bundle so 7, is an isomorphism. ]

As always the result holds for n = 2g — 2 over J without one point.

Remark 4.33. By combining Theorem 4.32 with Theorem 4.26 we get the main result
of this preparatory section, namely that for n > 2g — 1 we can express C'(™ as P(E)
for a rank n — g + 1 vector bundle E on J with Chern classes ¢;(F) exactly the class
of (W9~%) in the Chow ring of J. As mentioned at the beginning of this section, there
are other approaches leading to the same result. The advantage of this approach is, that
the isomorphism C'(™ 2 (), extends to smaller n where both are only projective fibred
varieties. We kind of used this for the case n = 2g — 2. Moreover one can apply the
machinery of Fourier—Mukai transformations to the Picard sheaves. The latter is done by
Mukai in [17, §4, §5].

5 The case d > 2g — 2

Assume g > 2 and d > 2g — 1. We can return to the proof of Theorem 1.1.

By considerations of the Picard sheaves we have C(9) = P(E), DY) = P(Ep) for rank
d — g+ 1 vector bundles E¢, Ep on J. By Theorem 4.26 we have ¢;(E¢) = [0(W977)]
respectively ¢;(Ep) = [(V977)] for 1 < j < g — 1. To relate Ec and Ep we need the
following result:
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Proposition 5.1 ([2, Cor 9.5]). Let E and F' be vector bundles such that P(E) = P(F).
Then there is a line bundle L on J with E = F ® L.

For the following calculations we will need a result about the behaviour of Chern classes
under tensoring with line bundles:

Proposition 5.2 ([2, Prop 5.17]). Let £ be a rank r vector bundle and L be a line bundle,
then

k

€00 =3 (; 1) )aerate) ™

=0

Denote [#(W9~1)] by ac and [#(V9~1)] by ap. Poincaré’s formula states that for
1<j<g—1wehave W97 = [W9~1) /il and [V9~7] = [V9~1)7 /41 . Thus we also deduce
[O(W99)] = al, /4! and [§(V9~T)] = af,/j!. We claim, that we already get af ' = a% '
Let r denote the rank of Eo and EFp. Then since Ec = Ep ® L we get by the case
€ = Ep,k =1 of Proposition 5.2 that ¢1(E¢c) = ¢1(Ep) +reci(L), so ¢1(L) = (e —ap)/r.
Applying Proposition 5.2 again for £ = 2 we deduce:

>c1(ﬁ)2co(ED) + <T | 1> er(L)er(Ep) + <T 0 2) ea(Ep).

r

e2(Fo) = (2

Plugging in c2(Ec) = a2 /2, c2(Ep) = a%/2 and ¢1(L) = (ac — ap)/r leads to

% _ r(r—1) (ac — ap)?
2 2 r2

a0 — Q « oo+« ac — Qo a?
c DaD_'_iD:(r_l)( c Dgi c D)Jr QD'

+(r—1)

Which can be rearrange to
Loy 2
This gives o% = a2D. For g = 3 we are already done, for higher g we have to consider the

third Chern class as well. So we plug in k = 3:

T r—1

e3(Ec) = <3) c1(L)%co(Ep) + ( ) >cl(£)201(ED) + <r I 2> c1(L)c2(Ep) + c3(Ep).

3
Use again our calculation of c3(E;) = o} /3! and ¢1(£) = (ac — ap)/r, then °€ equals

oo — ap OJ% O¢3D

Tr — T — oo — 3 T — T — oo — 20[
( 125( 2)(CT3 D) +( 1)2( 2) (ac TQD) D4 (r—9) - . D,

Collect the different o terms to get

g (r—1)(r-2) 3+—3(r—1)(r—2)+3(r—1)(r—2) 9

6 672 ac 612 @cap
+3(r —1)(r—2)—6(r —21)(7' —2)+3r(r—2) acad,
6r
—(r—=1)(r—=2)+3(r—1)(r—2) = 3r(r —2) +1r? 3
+ 67‘2 aD.
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Reducing and expanding with 672 yields
0=(2-3r)as +3(r — 2)acah + 4a3,.

As a last step we have to use the proven equality a% = a% to get 0 = 4(0% - a?]’)) which
gives a?é = aSD.

These two equalities are sufficient as we may write g — 1 = 2a + 3b for some natural
numbers a,b. Then o ' = (a2)*(02)? = (a})*(a})’ = % . One should note, that
these calculations fails in the genus two case as we can not directly show ac = ap.

To finish the proof, we will need Matsusaka’s criterion for the Jacobian. First one can

observe

Proposition 5.3 ([13, Prop. 3]). Let J be the Jacobian of a complete, non-singular curve
C and © = W9~L(C) its theta divisor, then deg(©9) = g! and ©9~1 = (g — 1)!C modulo

numerical equivalence.
The result of Matsusaka is that the reverse is true in the sense of:

Theorem 5.4 ([13, Thm. 3]). Let A be an n dimensional abelian variety, X an irreducible
divisor on A and C a 1-cycle on A. If deg(X") = n! and X"~ ! = (n — 1)!C modulo
numerical equivalence in A, then C' is irreducible, A is isomorphic to the Jacobian of C
and X 1is a corresponding theta divisor.

Denote [W9~1] by 6 and [V9~1] by @p. Then from o ' = %" we get 6% = 6%
as well. Applying Proposition 5.3 to (J,C) gives us 9%_1 = (g — 1)!C and applying it to
(J, D) gives us deg(6%) = g!. Together with 8% ' = %" this gives 8% ' = (9—1)!C. Then
Theorem 5.4 implies that €p is a theta divisor for C' and (J,60p) is a polarized Jacobian
for C. Since the theta divisor is unique up to translation we can conclude W9~ = V¢ -1
Applying our proof of the case d < g — 1 gives C' = D. Alternatively one can argue that
(J,0p) is a polarized Jacobian variety for both C' and D, which is the original form of
Torelli’s theorem.

Extension to d = 2¢g — 2

With more care one can extend the calculations to the case d = 2g — 2 as well. Here C'(9)
is no longer a projective bundle over J, but it is in the complement of one point. There
we still have C(@) =~ P(6*Fog—2-a) = P(Ec) and E¢c are locally free. So after removing
one point we still find a line-bundle £ relating Ko and Ep. Moreover E¢c and Ep have by
Theorem 4.26 still the same Chern classes. As removing one point does not change Chern
and Segre classes except for the top class we can still do the above calculations. Note
that we never needed the top Chern class. For ¢ = 3 we only needed the second Chern
class and for higher g the second and the third. Thus we get the case d = 29 — 2 as well,
finishing the proof of Theorem 1.1.
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6 Extensions to smaller g

In this section we want to discuss extensions of Theorem 1.1.

First of all it extends trivially to the case of genus zero and one. In genus zero there
is only one curve namely the projective line. In genus one any curve is itself an abelian
variety so J(C) = C. Moreover we have shown in Lemma 2.3 that Alb(C(Y) = J(C).
Altogether we can directly recover the curves C, D from their symmetric products.

Next we want to see, that Theorem 1.1 does not hold in total generality. There are
non-isomorphic curves in genus two whose second symmetric products are isomorphic. For
this we need to understand how second symmetric power and Jacobian are related.

Lemma 6.1. The second symmetric power of a smooth curve C' of genus 2 is isomorphic
to the blow-up of the Jacobian J(C) at one point.

Proof. Fix a basepoint ¢ of C' and consider the canonical map ¢o: C? — J(C). We want
to compute the fibre of this map at £ € J(C). This fibre is the linear system associated
to L£(2¢) = L ® O(2¢) with dimension h°(£(2¢)) — 1. Denote by wc the canonical bundle
of C'. By Riemann—-Roch

h2(L(2¢)) = h(we ® L* ® O(=2¢)) + deg(L(2¢)) — g +1 = h%(we ® L* @ O(—2¢)) + 1.

Now we ® L* ® O(—2c) is a line bundle of degree zero so h°(we ® L* @ O(—2¢)) = 0 except
if we ® L* ® O(—2¢) = O¢ then h%(we ® L* ® O(—2¢)) = 1. So up to one point the
fibres all consist of exactly one point. The fibre at wo(—2¢) is a complete linear system
of dimension one, thus it is isomorphic to P! . So ¢y is a birational transformation of
surfaces with w(—2c¢) being a fundamental point. Thus by [5, V Prop. 5.3.] we know that
2 factors over the blow up of J at w(—2c¢). This is only possible if the induced morphism
C®?) — Blp(J) is already an isomorphism.

O

There are indeed non-isomorphic smooth curves C' and D of genus two with isomorphic
Jacobians. Notice that they are isomorphic as abelian varieties, not as polarized abelian
varieties since that would contradict the classical Torelli’s theorem. We refer to [7, &, 9]
for examples over C, over Q and in positive characteristic. Then C' and D have isomorphic
second symmetric products, possibly after a translation of one blow-up-point to the other.
On the other hand by construction the curves themselves are not isomorphic.

Remark. The author does not know whether the theorem is true for genus two and d > 2.
Note that the reasoning of [3] in this case is not quite correct, which was communicated to
and confirmed by Fakhruddin. It may still be possible to use the results of [17]. Another
approach for the opposite direction would be to investigate whether one can construct
C@ for some d > 2 directly from C®. With this one would be able to extend the above
counter example from the case d = 2.

Remark. In another related direction, one can investigate the automorphisms of c),
Indeed one can prove, that all these automorphisms come from automorphisms of C'. For
this result we refer to [1].
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