STABILITY STRUCTURES ON LIE ALGEBRAS, AFTER KONTSEVICH
AND SOIBELMAN

D. HUYBRECHTS

These are notes for a talk on parts of Section 2 in [1]. We follow [1] quite closely but add
some arguments, mostly completely elementary, which may be helpful. Many thanks to Jacopo
Stoppa for his help in preparing this talk.

1. NILPOTENT LIE ALGEBRAS

We will consider the following situation: g C gl(V') a sub Lie algebra such that all X € g are
nilpotent endomorphisms of V. The ground field is an arbitrary field of characteristic zero, but
the vector space V is allowed to be of infinite dimension.

Recall that for A € gl(V) with A* = 0, one has ad(4)*~! = 0 in gl(gl(V)). So for all
X € g C gl(V) not only X as an endomorphism of V' is nilpotent, but also ad(X) as an
endomorphism of g.

Remark 1.1. i) If g is a (finite dimensional) nilpotent Lie algebra, then the image of the adjoint
representation ad : g—gl(g), i.e. the adjoint Lie algebra ad(g) C gl(g) satisfies our condition.
Passing from g to ad(g) we only loose the center ¢(g) C g of g which is an abelian Lie algebra.

ii) If g C gl(V') contains only nilpotent endomorphisms and g is finite dimensional, then g is
a nilpotent Lie algebra by the theorem of Engel.

Proposition 1.2. Let g C gl(V') be a a sub Lie algebra containing only nilpotent endomorphisms
of V. Then G := {exp(X) | X € g} C GI(V) is a subgroup. Moreover,

i) exp: g—=G and

ii) exp(X) -exp(Y) = exp(X YY) with X *Y given by the Campbell-Hausdorff formula.

Proof. First note that exp(X) = Y"° % is actually a finite sum for any nilpotent X € gl(V),
so in particular for any X € g. Since exp(X) - exp(—X) = 1 (easy), this finite sum defines an
element in GI(V).

The inverse map is given by log(A4) = >°;° %(A — 1)¥*1 which is also finite for every
A = exp(X) with X € gl(V) nilpotent.

The fact that G is a group follows from the Campbell-Hausdorff formula in ii).

For later use we recall: X «Y = X +Y +(1/2)[X, Y]+ (1/12)[X, [X, Y]]+ (1/12)[Y, [Y, X]] +
(1/24)[Y, [X,[Y, X]]] + ... or in closed form

= (—1)k 1 ad(X) ad(Y)™  ad(X)% ad(X)™*
XsY =X+Y X
. + +kzl k:+1z£1+...£k+1 0 A RO
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where the second sum runs over all £1,m1,..., 4, my > 0 with ¢; +m; > 0. One can show that
for X and Y nilpotent, the sum is again finite. This shows that exp(X)-exp(Y) is again in the
image of exp : g—GI(V). O

The group G is also called the adjoint group Ad(g) of the Lie algebra g.

The proposition holds for any finite dimensional nilpotent Lie algebra. This can then be
generalized to the infinite dimensional case if g comes with the structure of a pro Lie algebra.
Since this is, as far as I can see, not assumed in [1], we make the additional assumption that
g C gl(V) is as above. By the proposition, the group G does not depend on the choice of V.

In the next step we will deal with Lie algebras which are not nilpotent but can be written
as the inverse limit of nilpotent Lie algebras. So we will consider (infinite dimensional) Lie
algebras of the form limg; with g; (possibly infinite dimensional) Lie algebras satisfying the
assumption of the proposition. If G; denote the adjoint groups of the g;, then we let G be the
group lim G;, which comes with a bijective exponential exp : lim g; — lim G; = G and the limit
of the Campbell-Hausdorff formula.

Let us begin with an arbitrary graded Lie algebra g = @761“ gy, where I' ~ Z%. So in
particular for a(v;) € g,, one has [a(71), a(72)] € Gy, 4.

Example 1.3. Let us consider the simplest case d = 1, i.e. g = @™ gi- Note that go :=
@1° gi C gis asub Lie algebra (to which we usually restrict) and Jq := @, ;8i C g>o0 for d > 0
is an ideal. Moreover, g<4 := g>0/Jq is a Lie algebra with ad(X) nilpotent for all X € g<4.
Tacitly we will assume that g<g satisfies the assumption of the proposition or that it is finite
dimensional. (For the latter case see [2].) In any case, we let G<4 be the adjoint group of g<g4.
The natural Lie algebra homomorphisms g<g4, == g<q, for do > d; give rise to the limit limg g<4
and the group G := lim G<4.

A similar construction can be performed for g.g, but note that gg may destroy the nilpotence
of the truncations.

If I' ~ Z% with d > 1, then a similar construction can be performed once certain cones
and their truncations have been fixed. In the situation we are interested in, they depend on
additional data that will be discussed next.

2. STRICT CONES AND TRIANGLES

We will consider cones in I'g := I' @7 R ~ R? and in R? which will be related via certain
additive maps Z : I —=C = R? (or rather their R-linear extensions Z : I'g —R?).

Cones in R™ need not be open or closed, they can be degenerate (i.e. of strictly smaller
dimension), but we will always assume that the origin is not contained in the cone. Cones in
I'r are usually denoted by C' C I'r where as in R? they are called V C R2.

In [1] a cone is called strict if no line (without the origin) is contained in it. It seems that
implicitly a slightly stronger notion is used for cones V' C R? by requiring that the angle is
strictly smaller than 7. So the upper half plane would be strict in the general sense, but as a
cone in the target of an additive map Z : I' —=R? we would want to exclude it. (There may be
a way around this problem, but we leave this for later.) In [1] cones that are strict are called
strict sectors.
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In particular a ray in R? is a strict cone and those will be denoted £ = Rygz with z € C*.

If V C R? is a strict sector, then by A C V one denotes a bounded region in V cut by an
affine line. For obvious reasons, they are called triangle and V' can be seen as a direct limit of
its triangles. (Here we use the stronger version of ‘strict’.)

In order to associate to a strict cone V' C R? a strict cone in I'r we will need an additive map
Z : T —=R? and a quadratic form @ on I'r. (Often, only the R-linear extension Z : 'y —R?
is really used.)

Definition 2.1. For a strict cone V C R? let
C(V.Z,Q) CTr
be the cone generated by the set {0 #x € I'r | Z(z) € V,Q(x) > 0}.
Clearly, Z(C(V,Z,Q)) C V and the next observation is
Lemma 2.2. C(V, Z,Q) is strict.

Proof. Let us first consider the special case V = /.

If Z(Tr) N ¢ =0, then C(V,Z,Q) = 0. In the other case, pick # € I'g with Z(x) € ¢ and
consider zR @ ker(Z) C I'g. Then Z~1(¢) = Ruox @ ker(Z). Any element y € C(¢,Z,Q) can
be written as y = Y (ANiz + y;) with A\; > 0 and y; € ker(Z). Hence —y cannot be of the same
form.

The same proof works when V' is not just a ray but Z(I'r) is one-dimensional.

If Z(Tr) = R?, then we pick 1,22 € I'r such that V is the sector between RsoZ(z1) and
R<0Z(x2). Then elements y € C(V, Z,Q) are of the form > (Njz1 + pixe + yi) with Aj, u; > 0
and A\; + u; > 0 and y; € ker(Z). Which excludes the possibility that also —y € C(V, Z,Q). O

Note that so far we have not made any assumption on the restriction of @ to ker(Z2).

Remark 2.3. Warning: C(V,Z,Q) may contain elements x € I'r with Q(z) < 0 and this
can even happen for a ray V = £. As an example consider I' = Z? and Z such that Z(es) =
Z(—2e3+e1) € R% If Q(x) = 23 — 23 and V = R5¢Z(ea), then ez, —2e5 + ¢ € C(V,Z,Q)
and hence also e; € C(V, Z, Q) which has negative square. However in this example @ is not
negative definite on the ker(Z), which is a requirement later.

But if @ is assumed to be negative definite on ker(Z), then any =z € C(V, Z,Q) satisfies
Q(z) > 0. Let us prove this for V = £. Then either Z~!(/R) = ker(Z), and then C(¢, Z, Q) = 0,
or there exists a Q-orthogonal decomposition Z~!(/R) = Rxg @ ker(Z) with Z(zg) € £. In the
latter case, C'(¢, Z, Q) is either empty (if Q(x¢) < 0) or spanned by elements z = Azo @ y of
positive square with y € ker(Z) and A > 0. If Q(zg) =0, then C(¢, Z,Q) = Rsgzg. Otherwise,
Q on Z~1(/R) is a quadratic form of signature (1,n) and therefore the set of elements of positive
square has two connected components. The condition A > 0 ensures that C(¢, Z, Q) is spanned
by elements z = Azg @ y all contained in one of the two connected components and hence
C(¢, Z,Q) is contained in this component too. In particular Q(z) > 0 for all z € C(¢, Z, Q).
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Let us now consider a strict sector V C R? and a triangle A C V. For a given Z and Q
consider

0v,z,Q = II o and Ja:= 11 gy Cov,zQ-
vel'nC(V,2,Q) veI'NC(V,2,Q),Z(v)¢A
Then let
oA = 0v,z,Q/JA-

Lemma 2.4. gy 7z is a Lie algebra and Jn C gv,zq is an ideal. The induced Lie algebra
structure on ga 1is nilpotent, i.e. for any X € ga the endomorphism ad(X) € gl(ga) is nilpotent.

Proof. The first two assertions follow immediately from the fact that C(V, Z, Q) is strict. (Note
that we really use the boundedness of A.)

For ga being nilpotent it is crucial that go is not contained in gy,z . The assertion follows
from the observation that for v € C(V, Z,Q), X € g,, and k > 0 the endomorphism ad(X)k
sends gv,z,o to Ja. O

As in the case I' ~ Z we will tacitly assume that ga (which is the analogue of g<g4) is finite
dimensional or that it satisfies the assumption of Proposition 1.2.

If Ay C Ay, then Ja, C Ja, and the induced map ga, —>ga, is a Lie algebra homomorphism.
Clearly lima ga ~ gv,z,o- But viewing gy, z ¢ as the limit of nilpotent Lie algebras allows one
to associate the group Gy z g = lim G, where Go = exp(ga). Recall that also for the limit

the exponential map exp : gv,z,0 Gy, z,Q 1s bijective with the inverse given by the logarithm.

3. STABILITY STRUCTURES

Let g = ., gy be a graded Lie algebra with I' ~ Z4. We shall write I't. := Hom(I', C) for
the set of additive maps Z : '—C. We fix a norm || || on I'g, but the notion of a stability
structure will turn out to be independent of it.

Definition 3.1. (Stability structure, algebra version) Stab(g) is the set of pairs (Z, a) with
Z eT¢ and a=(a(y)) € l_IgW
7#0

satisfying the support property (SP):
There exists a constant C' > 0 such that for any a(y) # 0, one has

Iy <C-[Z()l-

Remark 3.2. Here are a few consequences of the support property.
i) If Z(y) = 0 for v # 0, then a(y) = 0.
ii) For a strict sector V C R? = C and a triangle A C V the set

{Z(v) [ v €T, Z(y) € A,a(y) # 0}

is finite. Indeed, since A is bounded, it suflices to show that this set is discrete. Suppose there
is an accumulation point Z(;) —z. Then for this sequence the norm |Z(;)| is bounded from
above, say by D, and the support property shows that ||v;|| < C-|Z(y;)| < C- D and hence the
set {7;} is bounded. But a bounded set in I' must be finite.
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Observe that it is easy to construct examples with Z(I') N A not finite. The inequality in the
support property, implied by the additional condition a(y) # 0, is really needed.

iii) For general Z € I'{ any strict sector V', which is not just a ray, will contain infinitely many
rays of the form R-¢Z(v). Even only allowing those with a(vy) # 0 for a given (Z,a) € Stab(g)
will not change this. However, due to ii) there are only finitely many rays in V' spanned by
Z () which are contained in a fixed triangle A C V and such that a(y) # 0.

Lemma 3.3. The support property for (Z,a) is equivalent to the following condition: There
exists a quadratic form Q on I'r which is negative definite on ker(Z) and for which a(y) # 0

implies Q(y) > 0.
Proof. As a first check, one observes that this condition also implies i) in the above remark.

If (Z, a) satisfies the support property, then define @ by Q(v) := —||v||?+C?-|Z(v)[?. Clearly
with this definition @ is negative definite on ker(Z) and for a(vy) # 0 the support property shows

191> < C? - 1Z()]?, ie. Q) = 0.
For the converse suppose @ is given. Then write I'g = ker(Z) @ W with W := ker(Z)* (use

that @ is non-degenerate on ker(Z)). Next choose a norm || || on I'g such that Q(y) = —|v||?
for all v € ker(Z) (using that @ is negative definite on ker(Z)) and such that the direct sum
decomposition is also orthogonal with respect to || ||. Since Z is injective on W, there exists a
constant C2 such that Q(7) + ||v||> < C%-|Z(7)|? for all v € W. If v = 71 @ ¥ with Z(y1) =0
and 72 € W, then Q(v) = —[[* + Q(12) < ~[lm* + C?-1Z(72)[* — [72l*. Thus, a(v) # 0,
which by assumption on @ implies Q(v) > 0, also yields ||v|] < C - |Z(y)|. Therefore, the
support property holds. [l

Frequently, both descriptions of the SP will be used simultaneously. E.g. the inequality in
the SP then holds for any element v with Q(v) > 0.

The subset of all (Z,a) € Stab(g) for which a fixed @ satisfies the condition in the lemma is
denoted Stabg(g). So,
Stab(g) = _JStabg(g).

Remark 3.4. Let (Z,a) € Stabg(g). Consider another quadratic form @’ which is negative
definite on ker(Z) and satisfies @ < @Q’. Then (Z,a) € Stabg(g).

Remark 3.5. Let us rephrase the finiteness in Remark 3.2, ii) in terms of Q. For (Z,a) €
Stabg(g) the set {Z(v) € A | v € I',Q(y) > 0} is finite. (Obvious, since the inequality
Q(7) > 0 implies the inequality in the support property for well chosen C and || ||.)

Definition 3.6. (Stability structure, group version) For a given quadratic form @ on I'g the
set Stabg(g) consists of all pairs (Z, A) with
Z e FE and A= (Av S GvyzQ))

with V running through all strict sectors in R? and such that Q is negative definite on ker(Z)
and for a disjoint decomposition of a strict sector V' = Vi [[ Va2 into strict sectors in clockwise
order one has the factorization property (FP):

Ay = Ay, - Ay,.



6 D. HUYBRECHTS

The last equation takes place in Gv,z g, where we consider the natural inclusions Gy, z g C
Gv.zo- If A CV is a triangle, then we will denote the projection of Ay to Ga by Aa.

Part of the data of (Z, A) € %Q(g) are the group elements A, € Gy z g for any ray ¢ C R%
As will been shown next, they determine all the others.

Lemma 3.7. Suppose A C V is such that there is exactly one ray £ = R-oZ(y) C V with
a(y) #0 (or Q(y) > 0) and Z(y) € A. Then the images of Ay and Ay in Gyna C Ga coincide.

Proof. (Note that we do not exclude that some small multiples of v may also be mapped to A.)
Omne again applies the factorization property. Decompose V = Vi | |£| | V2 clockwise, so V; and
Vs, are the parts of V' left respectively right from ¢. (Draw a picture!) Then Ay = Ay, - A+ Ay,.
For A; := ANV, consider Aa, € Ga,. Now Ga, = exp(ga;) with ga, = [ gs with the product
over all § € C(V;, Z,Q) N Z~Y(A;) NT, which is empty. Hence Ax, = 1 and hence Ap = Ay,
which proves the claim. O

Let now V C R? be an arbitrary strict sector and let A C V be a triangle. Suppose
i =RooZ(7vi), i = 1,...,k are the only rays in V with Z(v;) € A and with Q(~;) > 0. See
Remark 3.5 for the finiteness. Then decompose V = |_|IfJrl V; clockwise such that ¢; C V; (e.g.
requiring that the V;, i = 1,... k, are closed on the right with boundary ray ¢;).

Then the factorization property yields Ay = Ay, -...- Ay, - Ay, in Gy,z. This implies
An = Ap, - ... Ap,,, in Ga for any triangle A C V, where A; := AN V;. Now apply the
lemma to see that the A-truncations of Ay and the product Ay, -...- Ay, coincide.

Remark 3.8. The factorization property comes also in an infinite version. If V. = | |,.; Vi is
an arbitrary union indexed by a totally ordered set I such that V; < V; (in clockwise order) if
i < j, then

(3.1) Ay =T Av.

Let us explain what this means. For any triangle A C V let A; := A NV, be the induced
triangle in V;. Due to Remark 3.5 only finitely many of the A; will contain an element of the

form Z(v), v € T with Q(y) > 0. Thus, in the product [~ Aa,, which is taken clockwise,
only finitely many terms contribute. So (3.1) means that for any A one has

An=T[  Aa.

Typically this is applied to a decomposition of a strict sector V' such that each V; contains
exactly one ray of the form R-oZ(7), v € I with Q(7) > 0. This is then written as

Av = HECVAE’
where of course only those rays ¢ C V contribute that are of the form R~¢Z(v), with v € I" and
Q(y) 2 0.

The lemma also shows

Corollary 3.9. If (Z,A) € %Q(Q), then the Ay determine the Ay uniquely. O
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Taking logarithm of the A, yields
log(Ae) €gezo= [ s c [ o
YELNC(¢,2,Q) Z(y)et

which shall be written as an infinite sum ) a(y) with vy € 'NC(¢, Z, Q). Since for fixed Z each
7 determines the ray Z(v), this defines a = (a(v)) € [[,.0 8-

Lemma 3.10. If (Z, A) € S/t;bQ(g), then (Z,a) € Stabg(g).

Proof. We have to verify the support property or, equivalently (see Lemma 3.3), that a(y) # 0
implies Q(y) > 0. If a(y) # 0, then the y-component of log(Ay) is non-trivial which by
construction of log(A;) as an element in gy 7 o implies v € C(¢,Z,Q). Thus Q(v) > 0 (see
Remark 2.3). O

Proposition 3.11. Associating (Z,a) to (Z,A) € S/ta)Q(g) as described above yields a natural
bijection
Stabg () —> Stabo(g).

Proof. We have seen that (Z, A)F(Z,a) defines a map S/tzE)Q(g)AStabQ(g). Since Ay =

exp (ZveC(Z,Z,Q) a('y)), the image determines the Ay and hence, by Corollary 3.9, also A itself.
This proves the injectivity.

For the inverse of this map recall that for (Z,a) € Stabg(g) the inequality a(vy) # 0 implies
Z(y) # 0 and Q(vy) > 0 (see Lemma 3.3). In particular, if a(y) # 0, then v € C(R>0Z(7), Z, Q).
Hence for any ray ¢ the infinite sum 3, 1, a(7) is contained in g¢ 7, and we let Ay € Gy z,0
be its exponential. Now use Lemma 3.7 and its generalization to conclude. Explicitly, any
Ay is determined by its truncations Ax. Each A can be decomposed into finitely many A,
i =1,...,k, each meeting only one ray of the form R-¢Z(~;) with Z(v;) € A and a(v;) # 0 (or
Q(7i) > 0). Then one sets Ap = H’f As,na, where ¢; = Ro0Z(7;). Clearly, the Aa form an
inverse system and thus really determine an element Ay. The factorization property of the Ay
follows from the construction. O

The bijections S/taEQ(g) —>Stabg(g) yield a bijection

Stab(g) > Stab(g),

where @(g) is obtained by gluing the @Q(g) via an equivalence relation ~, that is defined
as follows. One says (Z,A) € §a\bQ(g) and (Z',A") € @Q, (g) are equivalent if Z = Z’' and
there exists a quadratic form Qo negative definite on ker(Z) = ker(Z’) such that Q,Q" < Qo
and for all strict sectors V' one has Ay = A}, in Gy 7,9, (For the latter one uses the natural
inclusion Gy, z,g C Gv,z,Q,-) It is easy to see that with this definition (Z, A) ~ (Z’, A") if and
only if (Z,a) = (Z',d’) in Stab(g).

4. TOPOLOGY ON Stab

Proposition 4.1. There is a natural topology on Stab(g) such that a map
¢ : X —Stab(g), z+—=p(z) = (Zs,as) = (Zy, Az)
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from a topological space X is continuous if and only if the following conditions are satisfied:
i) The composition X —=Stab(g) —TI'{ is continuous.
i) ¢~ (Stabg(g)) C X s open for all Q.
ii1) If for a closed strict sector V. C R? and a point g € X one has Zyy{y | az,(v) # 0}NOV =0,
then x+—log(Azv) € [ g, is continuous in xo.
Here [] g, ts endowed with the product of the discrete topologies on the g- .

Remark 4.2. The first condition says that Stab(g) —1I' is continuous and the second that
the sets Stabg(g) C Stab(g) are open.

A map ¢ : X — [[ gy is continuous in xg if the composition with each of the projections
Py 1 [[ 9y — g, is locally constant. It does not mean that ¢ itself is locally constant. In other
words, the open neighbourhood of xg on which p, o is constant will in general depend on 7.
In particular this shows that we cannot hope to phrase condition iii) as a continuity condition
for A,, we need to pass to log(A;). On the other hand, iii) can neither be phrased purely in
terms of the a,(7y). Indeed, we do have log(Azr) = > 5,y @a(7), but V=€ = R50Z(7) is
not even considered in iii). For those strict sectors V' C R? that are considered in iii) we know
that log(A,y) can also be expressed in terms of the a,(y) with Z(v) € V, but the expression
involves the Campbell-Hausdor{f formula and condition iii) says that the part of the Campbell-
Hausdorff formula in all a,(7;) contributing to the g,-component is locally constant in xy. See
also the comment at the end of Example 4.4, ii).

The proof of the proposition is omitted. In fact any given class of maps from topological
spaces into a given set defines a topology on the latter. Usually, the class of continuous maps
gets larger in the process, but it is not difficult to check that this does not happen here. Actually,
the agsertion that a topology can be defined in this way is of no practical interest. What really
matters is which maps from topological spaces into Stab(g) one wants to allow and this is stated
explicitly in the proposition. Later only continuous maps from intervals in R or from open sets
in R™ will be needed.

Remark 4.3. It is not difficult to check that Stab(g) is Hausdorff. For this, consider a sequence
(Zn,an) = (Zn,An) € Stab(g) converging to two distinct points (Z,a) = (Z,A4),(Z',d") =
(Z',A") € Stab(g). Since Stab(g) —T is continuous and I'{. is Hausdorff, one has Z = Z'.
If (Z,a) € Stabg(g) and (Z',a’) = (Z,d’) € Stabg(g), then there exists a quadratic form Qg
such that Q) is negative definite on ker(Z) = ker(Z’) and Q, Q" < Qp. (Take the maximum of
Q and @' on ker(Z) and add a very positive form on its complement.) Then by Remark 3.4
(Z,a),(Z',d") € Stabg,(g).

For any given v € I we have to show that a(vy) = /(). Fix a strict sector V' and a triangle
A C V such that rays of the form R-¢Z(¢), with Z(d) € A, 6 € T, and a(vy) # 0, all coincide
with ¢ := Rs0Z(7y). Moreover, we assume Z(v) € A. Then the A-truncations of Ay and A,
coincide (cf. Lemma 3.7). Similarly for A}, and Aj. By assumption, log(Ay) and log(Aj,) are
both limits of log(A,y) and hence their y-components coincide, for g, is Hausdorff. Therefore,
also the ~-components of log(A,) and log(A}) are equal, i.e. a(y) = d'(7).

Example 4.4. To make the comments in Remark 4.2 more transparent, let us study particular
cases.
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i) First, consider the case that ¢, := R50Z;(T") is a ray for x close to xg. If V is a closed
sector with ¢, in its interior, then iii) in Proposition 4.1 says a,(y) for all 7 is locally constant
in xg.

ii) Now consider the case I' ~ Z? = v,Z @ 7»Z and a continuous path of stability structures
(Zeyar) = (Zt, Ae), t € [0,€). Let v =1 + 72 and assume Z;(7) # 0 for all ¢, i.e. £y = Rs0Z(7y)
is a ray.

Suppose Zo(7y:) € Lo, but R50Z¢(71) < Rs0Z(72) (in the clockwise order) for ¢ # 0. It should
be helpful to write down explicitly how the a;(y) changes.

So let V' be a small strict sector with ¢y in its interior. Moreover, fix a triangle A C V such
that the only elements in I with image under Z; (for small ¢) contained in A are 71,7v2,7 =
~v1 + 2. (This is not quite realistic, as it seems that certain small multiplies of 7; or v may
also be mapped into A, but as one will see this does not affect the calculation.)

Then the truncation A;a of Ay is constant for small 0 < t. Moreover, for ¢ = 0 one has
Aoa = Aggyna whose logarithm in gena is ap(y1) + ao(2) + ao(y1 + 72)-

On the other hand, one can decompose V clockwise as V' = Vi, | | 4| | Vor and consider the
induced triangles Ay := AN V. Then

Aoa = Aia = Ainy, - A - Avn, -

For t > 0, Aia,, is the truncation of Ay,,, where ¢;; = R-0Z(v;), and, moreover, Aip,, =
exp(at(7i)). The remaining factor Ay,~a for ¢t > 0 is exp(a(y)).
The Campbell-Hausdorff formula then shows

ao(71) + ao(12) + ao(y) = ar(n) + ar(v2) + a(y) + (1/2)[ar(11), ar(12)]-

In other words, for t > 0 one has ag(7y;) = a¢(vi) and

(4.1) ao(y) = ar(7) + (1/2)[ar(m), a:(2)] = ar() + (1/2)[ao (1), ao(72)]-

In particular, the a;(y;) are locally constant in ¢ = 0, but a;(7) is not. Its jump is expressed by
the Lie bracket [ag(71), ao(7y2)].

If one follows the path for t < 0 and assumes that then R-oZ(7v2) < Rs0Z(71), then ap(y1)
and ap(72) get interchanged in (4.1). This then yields

a>0(7) = a<o(y) + [ao(71), ao(72)];

where a<o(7i) = aso(7i) = ao(7)-
(The Campbell-Hausdorff formula a priori also produces terms of the form [at(71),at(7y)] €
04,4~ but those are trivial in the truncation ga and in any case do not contribute to the

~-component.)

The last example shows that the a;(vy) may not be locally constant in a given point ¢ = 0,
at least if the map Z; : I'—C changes its behavior, e.g. if its rank drops. This is made more
precise by the concepts of walls. In the following a quadratic form @ is fixed and only linear
functions Z are considered for which @ is negative definite on ker(Z2).

For two linearly independent 1,72 € I' with Q(~;) > 0 one considers the wall

Woine =12 €It [ Ru0Z(m) = R>0Z(72)},
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which is of real codimension one. Sometimes it is convenient to think of walls as associated
to sublattices I'g C I' with rk(I'g) = 2. Then the wall would be the set of those Z such that
rkZ(Ty) = 1.

Proposition 4.5. Suppose (Z;,a;) € Stab(g), t € [0,1], is a continuous path. Consider v € T'

and assume that Z; ¢ |J W, ~o for all t. Then ai(y) is constant.

Y1+v2=Y

Note that in Example 4.4, iii) the assumption does not hold, as Zy € Wy, ,.

Proof. A wall W,, y, with 71 4+ 2 = 7 will be called a ~y-wall. So the assumption says that Z;
are not contained in any ~-wall.

We prove that a(7y) is locally constant in ¢ = 0.

First fix @ such that (Z:, a;) € Stabg(g) for all ¢ close to 0. If Q(y) < 0, then a;(y) = 0 and
there is nothing to prove. So assume Q(vy) > 0.

Then choose a generic small triangle A such that all Zy(d) € A with Q(J) > 0 are contained
in the ray ¢y through Zy(y) € A. For ¢ close to 0 we may assume that M := {6 € ' | Q(d) >
0,Z:(6) € A} is independent of t. The set of rays I; := {R-¢Z;(0) | 6 € M} may depend on
t, but it will always be finite. For ¢ = 0 it reduces to ¢y or, in other words, Zy(0) € ¢y for all
oeM.

By continuity, the y-component log(Aa )~ of log(Asa) will be constant. For ¢t = 0 it is ag(7).

For t # 0 one writes A;a = H;t Apona. Then Ay = exp (D ai(d)), where the sum runs
over all § € M with Z;(6) € ¢. Applying the Campbell-Hausdorff formula to the product

Hezt exp (D a(0)), one computes its y-component as a sum of Lie expressions [...[...[, ]...]
in the a;(9) with 6 € M.

i) Consider first the case that to all Lie expressions entering the formula for log(A;a)~ only
one of the rays in I, contributes. Whenever a Lie expression in the formula for log(A:a )y
involves only one ray, say ¢ € I, then Z;(vy) € ¢. Since Z;(7) can only be contained in one of
the rays in I;, all Lie expressions contributing to log(A¢a ) involve the same single ray. In the
Campbell-Hausdorff formula for X * Y there is no monomial of degree > 1 involving only X
(or Y). Thus, a;(v) appears in log(A¢na) = D at(d) and there can be no other contribution of
higher degree to log(Asa ), involving only £. Thus, a;(y) = log(A¢a), which is locally constant.

ii) Now consider the case that one of the Lie expressions in the Campbell-Hausdorfl formula
for log(A¢a )~ involves more than one ray. Then v =1 + ...+ 6, k > 1, with Z;(d;) spanning
different rays. If the Z;(d;) are written in clockwise order, then for v := §; and v := 09 +
...+ 0r the images Z;(v1) and Z;(72) are linearly independent in R2. Hence ; and 7y, are
linearly independent in I'g. On the other hand, Zy(v;) € R-¢Zo(7y) which then contradicts the
assumption that Zj is not contained in any y-wall. U

Consider a path (Z:,a;) = (Z¢, Ay) € Stabg(g), t € [0,1], such that each wall W,, -, is
intersected only finitely often. A value t € [0, 1] is a discontinuity point for v € T if v = 71 + o
with Q(v;) > 0 and Z; € Wy, .

Lemma 4.6. A fized v has only finitely many discontinuity points.
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Proof. First note that Z;() is bounded for ¢ € [0,1]. Then if Z; is contained in a ~-wall
Wi 05 one has | Zi(vi)| < [Zi(7)|, because Z;(y1) and Z;(y2) are both contained in Rs0Z; ().
Since Q(v;) > 0, the inequality in the support property holds and hence the |v;| are bounded
universally by C-max{|Z;(v) | t € [0,1]}. Thus the set of potential (1, y2) for which Z, € W, -,
with 1 + 72 = 7 is bounded and discrete and hence finite. (See the arguments in the proof
of Lemma 3.3 and Remark 3.4. One may have to decompose [0,1] in finitely many intervals
and so to work with finitely many constants C' and norms || ||, but this does not affect the
argument.) O

So for fixed v and any ¢ € [0, 1] the value of a;(7) will be constant for ¢ + ¢ and for ¢ — ¢ for
small ¢ > 0. They are denoted a; () respectively a; (y). Of course, if ¢ is not a discontinuity
point for  then aif(y) = a;(7). In general the relation between af(v) and as(v) is described

by the following

Proposition 4.7. Wall-crossing formula: Let ¢ = R-0Z;(v). Then the following formula holds
Z'n Géth’Q.'

(42) I1 e [ S artm ) e [ 3 e |-

n>1 n,n>1

where on both sides p runs through all primitive elements in I' with Zy(u) € £ := RsoZi(7).
The product is taken in clockwise order with respect to Zyic ().

Proof. As we will see, the proof actually uses that Z;4+. is not contained in any wall Wy, s,
(where 61 + d2 may or may not be 7). In fact, it is enough to exclude walls Ws, 5, with
Z:(0;) € Ru0Z¢(7y). But it does not matter on how many walls W, -, (with 41 +~2 = 7 or not)
Z; happens to lie.

First observe that the right hand side of the equation is just A;,. Next, consider a sequence
of triangles A; satisfying the following conditions:
1) Ayl = (0,4 - Z(7y),
ii) The sector corresponding to A; is generic (in the sense of Proposition 4.1, iii))
iii) If € is small and § € I with Q(6) > 0 and Z;_.(6) € A;, then Z;(6) € £.

Then A ynn, = Ara, and log(A¢ a,) = log(Asie a,) for small e. (Use continuity and condition
ii).) Now Ajte A, can be written as the finite clockwise product [[ A¢ze a,ne;, where the £; run
through the rays spanned by Z;+.(d;) € A; and Q(J;) > 0 (see Remark 3.8).

Use Apre ayne; = exp (D arre(np)) o, with the sum over all primitive p € I' with Zyi. (1) € ¢;
and all n > 1.

As Z;4. is not contained in any wall (of type W, 5, with Z;(9;) € £), there is at most one prim-
itive p for each £; actually contributing. Hence Aire A, = [[ Atze,nyne, = Hu exp (D, Gite (n,u))Ai
with the product over all primitive u with Z;1.(pn) € A,.

Therefore At inn, = Arn, = Atren, = H“ exp (D, atie(”#))Ai with p € T primitive. In
other words, the A;-truncations of the two sides of the asserted equation coincide. [l

Example 4.8. Suppose I' = Z? and Q(z,y) = xy. We shall write a(y) = a(m,n) for v =
(m,n). Consider a path in Stabg(g) with Z;(I") of rank one and such that Z;_. is injective and
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orientation preserving and Z;i. is injective and orientation reversing. Then the wall crossing
formula says:

— <

I, o0 >a | =TI, o> dmn

k>1 k>1

So only the ordering of the product with respect to the natural ordering of m/n € Q has changed
while crossing the wall.

Proposition 4.7 can in particular be used to express for fixed v the value a4 (y) after going
through a discontinuity points for v in terms of a;—.(y) and a finite collection of a;—(7;). Since
there are only finitely many discontinuity points ¢ € [0, 1] for a fixed v, one would hope that
this eventually leads to expressing aj(y) in terms of ag(7y) and finitely many ag(v;). As after
each wall crossing, there are more elements one has to keep track of, the finiteness needs to be
proved carefully.

Proposition 4.9. Suppose (Z;,a:) € Stabg(g), t € [0,1], is a continuous path. Then a1(7y) can
be expressed (using the Lie algebra structure of g) in terms of finitely many ao(y;).

Proof. TBC U

The arguments used to prove the Proposition 4.7 also show that any continuous path Z; € '},
t € [0,1], with @ negative definite on all ker(Z;) can be lifted to a unique continuous path
in Stabg(g) once (Zy,ap) € Stabg(g) is chosen. If a path connecting Zy and Z; is chosen
generically in the sense that only one wall at a time is crossed, then the small perturbations
of the path will not change the lift (Z1,a1). So if it can be shown that the monodromy of a
loop around an intersection point of two or more walls will have trivial monodromy, then the
lift (Z1,a1) will only depend on (Zp, ap) and not on the path connecting Zy and Z;.

This is the rough idea for the following

Proposition 4.10. (Theorem 3) Fiz (Zy,ap) € Stabg(g). Then over the connected com-
ponent of U of the open set {Z € Tt | Qlier(z) < 0} that contains Zy the natural projec-
tion Stabg(g) —T¢, (Z,a)F—Z admits a unigque continuous section U —=Stabg(g) through

(Zo,ap).

Proof. 1. Let us first look at the ‘global monodromy’ of the connected component U of the open
set {Z € TG | Qlier(z) < 0}. Claim: m(U) ~ Z with a generator given by e?™it. 7 t e 0,1].
Indeed, TBC

If Z is not contained in any of the walls, then neither is any of the Z; := e*™ . Z. Hence, the
wall crossing formula in this case says that the constant path a; = ag yields the unique lift of
the path Z;.

2. The difficult part is to show that going from Zy to Z; does not depend on the choice of
the path connecting Zy and Z;. The path can be chosen generic, i.e. crossing walls for at most
finitely many ¢ € [0,1]. (In principle a path could also spend time within a wall, but it would
jump only when meeting another wall.)

First observe, that the collection of walls is locally finite. Indeed, TBC
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3. Suppose (Z;,as) € Stabg(g), t € [0,1) is a continuous path with Z; not contained in any
wall for ¢ < 1 and such that Z;, t € [0,1), can be extended to a continuous path Z;, t € [0,1] in
¢ with @ still negative definite on ker(Z;). The wall crossing formula determines a; uniquely.
With this choice, (Z1,a1) is a stability condition and (Z;,a;), t € [0,1], is a continuous path in
Stabg(g).

If Z1 is contained in exactly one wall, then the path can be perturbed a little without changing
ai. If, however, Z; is contained in two walls W = W,, , and W/ = inﬂé, then the value of ay
will in general change. So, in this case one has to show that crossing both walls is independent
of the chosen path. Or, in other words, one has to show that also for Z € W N W' the lift
locally around Z is unique.

In [1] only the case of the intersection of two walls (and not more) is sketched and we will
follow them. Set A := (y1,72) and A’ := (v],75). Then Ly := RZ(A) and Ly := RZ(A’) are
both of dimension one.

There are two cases, Ly # Lg or L1 = Lo. In the first case, the wall crossing formula
related to A; and As happen in different slices of the Lie algebra and therefore commute. Thus
only the case L1 = Lo needs to be discussed. Then IV := A + A’ is of rank at least 3 and
RZ(I) =Ly = Ly =: L.

One may assume IV =T, as only for elements v in I crossing the walls W and W’ will affect
a(7y). Now pick a decomposition in strict sectors R%\ {0} = Vi || V2| V3| |Vs with L\ {0}
contained in the interior of V4| |V3. Then condition iii) of Proposition 4.1 holds for all four
sectors V; and therefore Ay; is locally constant around Z.

Thus for all Z’ close to Z any lift contained in a small neighbourhood of (Z, A) will have
constant Ay; and will, in particular, be unique. Now use Remark 4.11. Il

Remark 4.11. Suppose a decomposition R? \ | |V; into strict sectors is given. Then for a
given Z a stability condition (Z, A) uniquely determined by the Ay,. One has to show that
the a(y) are determined. Consider the sector V' = V; that contains Z(7y). Then choose a
decreasing sequence of triangles Ay C Ay C ... in V such that A1 \ A; contains exactly
one Z(v) with a(y) # 0 (or Q(y) > 0), it shall be called 7;4;. Clearly, Aa, determines a(y1).
In fact, exp(a(y1)) = Aa,. Then proceed by induction. Suppose a(v1),...a(y;) are already
determined. Use FP to write Aa,,, as a product of Ay na,,,,
by Z(v1),-..,Z(7i). Then a(v;4+1) will occur in the logarithm of one of the factors. All the
other ones will involve only a(71),...,a(v;). The Campbell-Hausdorff formula then allows one
to express a(v;+1) in terms of log(Aa,,, and a(v1),...,a(y;). This proves the claim.

where the rays f; are spanned

Clearly, one consequence of the theorem is that Stab(g) —TI'¢ is a local (in Stab(g)!) home-
omorphism, which is reminiscent of Bridgeland’s result.
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