Geometry of K3 surfaces and hyperkahler manifolds
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§1 From elliptic curves to K3 surfaces and beyond

Topology of Riemann surfaces (~ algebraic curves)

g;o g=1 g>1

Geometry: Add conformal / complex / algebraic structure

e complex: Astorus C/I, T =Z@®Zr, T €
Elliptic curves: { e algebraic: As zero set of y? Oy 1 ax+b, e.g. X3 +yd=1

e arithmetic: Solutions of (x) but with x,y € Z, Q, F,



Choices in higher dimensions
Complex: C?/I,Z* =T c C? equations?
Algebraic: x* + y* + z* =1 uniformization?

~» K3 surfaces: Kéhler, Kodaira, and Kummer

... et de la belle montagne K2 au Cachemir’ (A. Weil)

Think of K3 surfaces (hyperkéahler) as alternative

to replacing elliptic curves C/I" by complex tori C"/T.

K3 surface: simply connected & 3 holomorphic symplectic form o-.
(locally o = f dz; A dz, with f holomorphic without zeros)

Hyperkéhler: same definition in dim > 2 & o~ unique & 3 Kahler metric



§2 What do we want to know

How many geometric structures?

Riemann surfaces

unique 1-dim family 3g-3-dim family: M,

e complex 20-dim: wild & ergodic
K8 surfaces:

e algebraically 19-dim: My, d = 2,4.,6,...



Topological description

Elliptic curves, abelian varieties, complex tori:

H ~ N ~ ol 1
topologically ~ C"/T ~ S' x---x S

2n copies

K3 surfaces: topologically all the same ~ Fermat quartic

Hyperkahler manifolds dim > 2: More interesting!
o At least two topological types in each dimension!

¢ Only few topological restrictions known. Classification largely open.



Some typical questions

Uniformization o3 C2 > 'S with det(df) £0?

e C—'> S with f(C) c S Zariski dense ?

Points and curves excS => 3 P' -~ S with x € f(P")

ex.%€S = 3 C—>Swithc=PorCc=C/r
and xi, x2 € f(C)

Bundles e E — S : parametrization & moduli spaces

e Existence & Chern classes



§3 Linear algebra: the most efficient tool

Abstract Hodge theory FIXA=Z"orA=Q" ~ Ac=C"

Hodge structure of weight 1: A = A0 g A0

e C-vector spaces eveANl o ve A

Hodge structure of weight 2: Ac = N0 AT @ N\O2

o C-vector spaces evelNl o VeA? eveA o veAl

{ weight one } { weight two }

Kuga—Satake



Hodge theory from geometry (weight one)

eTorus T=C2/T ~ A:=H(T,Z)=T"
Ac = H'(T,C) 2 H'O(T) @ HO(T)
————
=(dz, dzp)
e Riemann surface / algebraic curve C ~ A= H'(C,Z)
Ac = H'(C,C) 2 H'°(C) @ H' (C)

——
Torelli theorem g-dim
eTori: Ty =T, & H'(Ty,Z) = H'(T.,Z) compatible with (+)

e Curves: Cy =C, © H'(Cy,Z) = H'(C,,Z) compatible with (x) & (.)

Open: What happens if ( . ) is dropped?



Hodge theory from geometry (weight two)

eTorus T=C?/T ~ A:=H¥T,Z)= N\2H'(T,Z)
Ac = H(T,C) 2 HRO(T) @ H"(T) @ HO2(T)
———
= <dZ1 A d22>
o K3 /hyperkdhler S ~ A:=H?(S,Z)&(.)
Ac = H(S,C) & H29(S) @ H'" (S) ® HY2(S) orthogonal wrt. ( . )
———

= <O' = de1 A d22 |OC.>

Kuga—Satake: weight two ~» weight one

K3 surface ~» complex torus.

Open: Geometric description.



Lattices A = H2(S,Z) with rk = 22 & sign = (3,19)
A = H*(S, Z) with tk = 24 & sign = (4, 20)
& Leech / Niemeier lattices N, . .., Nas with tk = 24 & sign = (0, 24)
Theorem Finite group G and Mathieu group Mz € Mps € O(N2):
e G C Auts(S) & G C My with > 5 orbits
e Aut(D(S)) & Conway groups

e Mathieu moonshine & CFT

Higher dimensions: A = H?(S, Z) with rk = r & sign = (3,1 - 3)
Open: Which lattices can arise (~ topological classification)?

Known: rk(A) = 7,8, 22,23, 24. Can rk(A) = 3 be excluded?



Complex geometry Sy K3/ hyperkahler
~ H(S0,C) 2 H2O(Sy) @ H' () @ HO2(Sy)
Surjectivity of period map

e Every Hodge structure on A = H2(S,,Z) comes from some S

7N

Algebraic description of S, e.g. Linear description of S

as zero set of x* + y* +z* =1 by Hodge structure H?(S,Z)
\_/

Example

e Not all S = K3/ hyperkahler are described as zero sets (algebraic)
e Sisalgebraic & JaeH?*(S,Z)NH"(S): (a.a) >0



Torelli theorem S;, S, K3 surface / hyperkéhler manifolds
¢S/ =2S, & H(S,Z) = H?*(S5,Z) & (¥) & (. ) & (**) in dim > 2
Open: What happens if ( . ) is dropped or Z ~» Q?

~> Hodge conjecture
K3 surface S

oy e H'(S) N H(S,Z) = ACcSYacH(S): (y.a):fca.

Products of K3 surfaces S; x S,

o ¢ H3(S;,Q) — H?(S,,Q) with (HPI(S;)) C HPI(S,)
= 3Zc 8 xS (¢(a).) = [(aix )
Theorem

e OK for ¢ orthogonal (= OK for S with CM)



§4 New ways in geometry

Points and curves
~» Chow groups and Chow motives (linearizing geometry)

Linearizing points: x€S8S ~ CHy(S) ={ X nix}/~, where
X; ~ X2 € S equivalence relation generated by:
3 f: P' —= S : x1, X € f(P") & natural generalization

Theorem If g: S — S, then:

eg=idon H*%(S) & g=idon CHy(S)

Linearizing S: Grothendieck’s philosophy of motives ...



...Linearizing S: Replace geometry by linear category Mot (pseudo-abelian)
S ~> hs € Mot

Mor(Sy,S;) set ~ Mor(bs,,bs,) Q-vector space
- { S1 — 82 } = CH2(S1 X Sg)

Open: Are all hs finite-dimensional’ ?

Motivic Hodge / Torelli S;, S, K3 surfaces

e hs, = hg, multiplicative & H?(S;,Q) = H?(S;, Q) compatible with () & ( .)

Open: What happens if ( . ) is dropped?



Bundles ~> linear category

Instead of one bundle ~»  consider complexes

E_s5S B s withd =0

~» D(S) triangulated (dg) category (or ‘twisted’ version D(S, @))

Categorical Hodge / Torelli S;, S, K3 surfaces

e D(Si,aq) =+ =2D(Sp,a2) & H?(Sy,Q) = H2(S,, Q) compatible with (+) & ( . )

Open: What happens if ( . ) is dropped?

Further questions: Relation to other motivic and categorical invariants:

o Ky(Var), Ko(trcat) e CH(S) & D(S) for S/Q °...



§5 Unexpected findings

Cubic hypersurfaces X c P®, e.g. zero set of xg +o+x=1

Geometric: ~ F(X)={L c X|line} (Fano variety of lines)

is hyperkahler of dim = 4

Hodge theory: ~ H*(X,C) = H¥'(X) @ H*3(X) @ H'3(X)
frequently ~ H?(Sx, C) = H2%(Sx) @ H"'(Sx) ® H®?(Sx)

Open: What is the geometric relation:
F(X) <> S <1>X
Clearer picture: Using motives and categories
brx) ~ S%bs, and by ~ by

D(F(X)) e S2D(Sx) and D(Sx) = D(X)






