ON THE HODGE AND BETTI NUMBERS OF HYPERKAHLER
MANIFOLDS

OLIVIER DEBARRE

ABSTRACT. Let X be a compact Kahler manifold of dimension m. One consequence of the
Hirzebruch-Riemann—Roch theorem is that the coeflicients of the x,-genus polynomial
px(y) == Y (1)BPUX)yP € Z[y]
P,q=0
are (explicit) universal polynomials in the Chern numbers of X. In 1990, Libgober—-Wood de-
termined the first three terms of the Taylor expansion of this polynomial about y = —1 and
deduced that the Chern number [ ¢;1(X )¢y, —1(X) can be expressed in terms of the coefficients
of the polynomial px (y) (Proposition 2.1).
When X is a hyperkahler manifold of dimension m = 2n, this Chern number vanishes.
The Hodge diamond of X also has extra symmetries which allowed Salamon to translate the
resulting identity into a linear relation between the Betti numbers of X (Corollary 2.4).
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1. SYMMETRIES OF THE HODGE DIAMOND OF A HYPERKAHLER MANIFOLD
Let X be a compact hyperkahler manifold of dimension 2n and let o be a symplectic form
Apart from the usual symmetries

on X.

(1)

WP(X) = h1P(X) = h2P2=e(X)

coming from Kéahler theory and Serre duality, there is another symmetry

WPA(X) = h2nPa(X)

coming from the fact that the wedge product A o”(*?) is an isomorphism Q% = Q% ". So the

Dat

Hodge diamond of X has a Dg-symmetry.
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Example 1.1 (n = 2). We represents the various symmetries of the Hodge diamond for an
irreducible hyperkéhler fourfold (note that the extra “mirror” symmetry (1) is only visible
here on the outer edges of the diamond). The numbers in blue are for the Kumy-type and the
numbers in are for the K3&-type.

1 bo
0b1 010y =—
s 0T
g b3 030 %:
108 b4 140 531 0622
7 be 142 \5\_/ 1
0b1 043) =——= 34
1o 144

So, a priori, there are only three “free” Hodge numbers: h't, h%', and h?2. We will see in
Example 2.6 that there is a relation between them.

Example 1.2 (n = 3). We represents some of the symmetries of the Hodge diamond of an
irreducible hyperkahler sixfold. The numbers in blue are for the Kums-type, the numbers in
are for the K3Bl-type, and the numbers in red are for the OG6-type.

1o | 100}
0b1 ] 0109 0017
7by S 1201 5119 102!
s b3 421) =—=
51 by 199 40" % 422173 41312 04!

56 b5 0507 @ zm 4140 205!

45 bg 1994 160! 5516 4742173 47p331144 4724173 4150 06!
56 b7 " 0619 4529 9443 =——=1,34) 4259 016Y

So, a priori, there are only six “free” Hodge numbers: h'', A%, h3L, h?2 K32 and h33. We will
see in Example 2.7 that there is a relation between them.

2. SALAMON’S RESULTS ON BETTI NUMBERS
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2.1. Hirzebruch—Riemann—Roch. Let X be a compact Kahler manifold of dimension m.
Following [H], we set

XP(X) =) (1) TI(X) = x (X, 9%),

which satisfy

(2) XP(X) = (=1)"x""(X)
by Serre duality, and we define the yx,-genus

(3) px(y) =Y _X"(X)y" = > (=1)hPI(X)y’ € Zly).

For instance,

® px(—1) = Xtop(X) = e(X),
e px(1) is the signature of the intersection form on H™ (X, R) (which vanishes when m is
odd).

Serre duality translates into the reciprocity property (—y)™px (%) = px(y).

One consequence of the Hirzebruch-Riemann-Roch theorem is that x?(X) can be ex-
pressed as a universal polynomial T}, ,(c1, ..., ¢p) in the Chern classes of X evaluated on X
([H, Section IV.21.3, (10)]) that is,

(4) Zy / (X, em(X)) = /X Tou)(e1(X), ., en(X)),

where T,,(y) := szo Tonpy?, a polynomial with coefficients in Qlcy, .. ., ¢y]. One has
L4 Tm,p = (_1)m m,m—p and (—y)me(%/) = Tm<y)7
o To=tdn(ct,. ., cm).
Libgober-Wood found in [LW, Lemma 2.2] the first three terms® of the Taylor expansion of the
polynomial 7, (y) about y = —1:
(5) Tnly—1)=cm — mcmy—l— 12( m(3m — 5)cm + ¢1Cm— 1)y + -
The following is [LW, Proposition 2.3] (reproved later in [S, Theorem 4.1]).

Proposition 2.1 (Libgober-Wood). If X is a compact Kdihler manifold of dimension m, one
has the relation

(6) /XC1( Cm—1( IZ — Im(3m + 1)) x*(X).

p=0

Proof. The Taylor expansion of the polynomial px about the point —1 is
x(y—1) Z X*(

1t is not difficult to find the next term in this expansion:
Tm(yf 1) =Cm — %mcmy+ 12( (3m75)cm + c1Cm— 1)y - i(m 2)( m(mig)cm‘i’clcm—l)yg“i""

But this does not bring any new information since it is in fact a formal consequence of the reciprocity property
(—y)™ T, (i) = T} (y). The y*-term involves 7 Chern numbers. On a hyperkiihler manifold, where all odd Chern

classes vanish, perhaps this term only involves ¢, and cac,,—o (this holds for m < 8; to be checked in general).
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p=0

Using the Hirzebruch-Riemann-Roch theorem (4) and comparing with (5), we get, by identi-
fying the coefficients, the relations?

(7) px(—l)—‘—%ﬂlXcm@¥)=:§:(—1y‘%w?CYL
P (—=1) = %/X(%m(Bm —5)em(X) + 1 (X)em-1(X)) = 22(—1)” <]2?) XP(X),
from which it is not difficult to get (6). O

The following consequence of the proposition was obtained in [G, (1.14) and Proposi-
tion 2.4] using modular forms (but seems to have been known to Hirzebruch).?

Corollary 2.2 (Gritsenko). If X is a compact Kihler manifold of dimension m that satisfies
c1(X)r =0, one has

8) Lme(X) =Y (~1)P(3m—p)"x"(X) =2 Y (=1 (im —p)*x"(X).
p=0 0<p<m/2

In particular, when m is even,* me(X) is divisible by 24.

Proof. The first equality in (8) is easily obtained from the relations (7), and the second equality
from the symmetries (2). O

Remark 2.3. The polynomials 7, can be computed. Setting for simplicity ¢; = 0 (the case of
interest for us), we have, for even dimensions m € {2,4,6} (see [LW] or [D, Section 9]),

Toly—1) = c2—coy+ 50207,
Ty(y—1) = ¢4 —2 Teay? — Lo + 22(3¢2 — c)y?
4(y ) Cq Yy + 5 C4Y 6C4Y + 720( Coy C4)y )
Ts(y—1) = c6— 3cey + %cﬁyQ — %cey?’ + ﬁ(—cg + cycy + 62c6)y*
+ 25(3¢3 — Beacy — 6¢6)Y” + gors5 (1063 — ¢ — 9eacy + 2c6)y°.
Setting x := td,, (this is the constant term and leading coefficient of T},,), we get
Ty) = x+(2x —c)y +xy",
2The first two relations are in fact formally equivalent upon using the symmetries (2), which give
=S (1P m - PP (X) = —mpx (~1) — py(~1)
p=0
(see footnote 1).
3Gritsenko also gives in [G, (1.13)] relations between the x?(X) when m € {4,6,8,10}, but they are all

rewritings of (8).
4Gritsenko does not make this assumption but when m is odd and we write m = 2n + 1, we have
m=3e(X —22 )277 —22 n(n+ 1) —p(2n + 1) + p*)x?(X),
0<p<n 0<p<n

which is divisible by 4. So what we get is that “53¢(X) is divisible by 24.
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(9) Tu(y) = x+(4x — tca)y + (6x + 2c)y” + (dx — tc)y® + xy™.

2.2. Application to hyperkahler manifolds. Assume now that m is even and that we have
the extra “mirror” symmetry h?9(X) = h™P9(X) like we do when X is a hyperkéhler manifold.
We define polynomials

m

hx(s,t) = Z P X)sPt? € Z[s, t],
bx(t) := zm:bj(X)tj = hx(t,t).

The polynomial hx is symmetric and px(y) = hx(—1,y). Now we use the evenness of m and
the extra symmetry to get

0%hx _ S p+a1,p.q

= >~ (m = plg(= 1) H(Y)

—82hX —1,-1)+m Z 1)Prappa(X)
83075 =

0?hx Ohx

—1,-1) —m=—>(-1,-1
5o L —m (=1, -1),

so that

82hX ahX /

In terms of the polynomial by, we have, by symmetry of hx,

/ _ ahX

b (t) = 2 5 (1, 1),

D*hx O*hx
asat(t,t)—l—Z o2 (t t),

(10) 2

by (t) =2

so that we get, using (10),
(11) U (1) =2p(=1) ,  bx(=1) = —mpi(=1) + 2px (-1).

Proceeding as in the proof of Proposition 2.1, we write the Taylor expansion of the polyno-
mial bx about the point —1:

x(t—1) Zb )(t — 1)
- X_gwx—w IOIEE () + e nee(]) -

Using (11) and (7), we get

D bi(=1Yj = by (=1) = =2k (=) =m | en(X),
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S bCO(-17 (3) = 41 = bk (1) + 5 (1)

= m? /X en(X) + ¢ /X(%m(Bm —5)em(X) + 1 (X)em-1(X)).

Putting everything together, we obtain the analogue of (6) ([S, Theorem 4.1]):

2m

2/ 1(X)em1(X) =D (=1)7(65% — m(6m + 1))b;(X).

X =0

Corollary 2.4 (Salamon). If X is a compact hyperkdhler manifold of dimension 2n, one has’®
in
D (=1) (357 = n(12n + 1))b;(X) = 0.
=0

Using the symmetry b; = by,_;, one checks that one gets the equivalent relations (in the
spirit of (8))

ne(X)zGZ(—l)jjszn_j(X) : nb2n<X):22(_1)3‘(3]'2_71)5%_]-()().

Example 2.5 (n

1). We obtain by(X) = 22 and e(X) = 24.
). Salamon’s relation reads

Example 2.6 (n =2
by(X) = 46 + 10by(X) — by(X).

On an irreducible hyperkahler fourfold, because of the symmetries, there are only 3 unkown
Hodge numbers: h''(X), h?'(X), and h*?(X). One has

bo(X) =2+ R"M(X) , by(X)=2R*"(X) , by(X)=2+20"(X)+ h2(X).
Salamon’s relation translates into
h*2(X) = 64 + 8h'(X) — 2?1 (X).
There are two Chern numbers, ¢4 := [} ¢4(X) = e(X) and ¢ := [ c2(X)?. They satisfy
3=x(X,O0x) =Tu(0) = tds(X) = =25(3¢5 — c4).
But we also have, using (9),
X'(X)=12—lc , X(X) =18+ Z¢y.

A priori though, the value of ¢4 is not enough to determine all the Hodge numbers but, once
we know ¢4, one Hodge number determines all the others.

The Chern numbers for the two known deformation types of irreducible hyperkahler four-
folds are in the following table.

Xtop = € = C4 | C
Kums 108 756
324 828

SThere is a misprint in [Hu, 24.4.2].
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Example 2.7 (n = 3). Salamon’s relation reads

be(X) = 70 + 30bo(X) — 16b5(X) + 6bs(X).

Because of the symmetries, there are only 6 Hodge numbers: h''(X), h?'(X), h3'(X), h?2(X),
h*(X), and h*3(X). One has

ba(X) =2+ R (X),

bs(X) = 20*!(X),

by(X) =2+ 2R (X) + h?2(X),
bs(X) = 2h*(X) + 2h*(X),

be(X) =2+ 2h'(X) + 20 (X) + h**(X).

Salamon’s relation translates into

h¥(X) = 140 + 28hM (X)) — 32h*1 (X)) + 12h°1(X) + 4h*(X).

There are three Chern numbers, ¢5 := [, c6(X) = e(X), cacs := [, c2(X)es(X) = e(X), and
= [y c2(X)?. They satisfy

4=x(X,0x) =T5(0) = tde(X) = 55155 (103 — 9eacy + 2c6).

The three known examples in dimension 6 are in the following table taken from [N2, Re-
mark 4.13] (see also [N1, Appendix A]) and [MRS, Corollary 6.8].

Xtop = €(X) =g | cacy c
Kums 448 6784 | 30208
3200 14720 | 36800
0G6 1920 7680 | 30720
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