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Moduli of sheaves

X = projective variety (over field k), e.g. X =P" ~» Coh(X), D*(X)

Goal: AM & E sit. all T-flat & are pull-backs: &—— &

| |

XXT—XxM

Problems and Questions:

1. Boundedness; 2. Hausdorff; 3. Compactness; 4. Geometric description

e Mumford’ 62, Gieseker & Maruyama '77 e Fix ample O(1) ~> stability
e Simpson ‘94 (Le Potier) e Fix c¢; or Hilbert polynomial
e Langer’'04 e Translate into GIT stability

e Halpern-Leistner, Heinloth o ¢-stability
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Example: Picard

C = smooth projective curve
~> Picard group Pic(C) = { L | line bundle } = H'(C,O})
Pic(C) c  Pic(C)

= | |Pic?(C) = | |Pic?(C) varieties

e k=C: o Pic’(C) = H'(C,0¢)/H'(C,Z) = CI/T = Pic’(C), torus
e Pic?(C) = Pic’(C) not canonical

Better: torsor Pic®(C) x Pic?(C) — Pic(C), (L,M) > Lo M

e k =general: e Pic’(C) is an abelian variety

e Pic’(C) 2 Pic’(C)

0 — Pic(C) — Pic(C)(k) — Br(k) — Br(C)

2/12



Moduli of twisted sheaves

X = projective variety & A = Ox-algebra (associative but not commutative) & ...

Examples: o A = Dy differential operators; A = Sym*(Qx)
e A = &End(E) with E locally free
e A = Azumaya algebra, i.e. étale locally
Concretely: L, M € Pic(X), L?2 = Ox < M? L% < Oy < M®?
~A=0xdLoMa(LeM)withé-m=-m-tand 2 =1=m?
ie. L ~ X2 X étale and then A = Ox @ (0 ® M)

H' (X, un) X H' (X, un) — { Azumaya }

I
(L.L"=0))  (LLM)o>@LeM, withtm=,-me, " =1=m"
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Moduli of twisted sheaves

~» coherent A-modules: Coh(X, A)

Simpson: (char = 0) 3 M = locally projective moduli space of

semi-stable coherent A-modules
Special case A = Azumaya. When is A = End(E) with E locally free?
~>  obstruction @ = {ajx} € H*(X,Gp): Coh(X,A) = Coh(X, {e}) ‘twisted sheaves’
Lieblich '07, Yoshioka '06, Hoffmann—Stuhler ‘04, ...
C = smooth projective curve over a field k & Azumaya A
~> Pic#(C) = moduli of locally free A-modules of minimal rank rk(A)"/2
e k =k = Pics(C) = Pic(C)
e k general = Picx(C) is a Pic(C)-torsor

For later: Pica(C) # 0 = Pic4(C) = Pic(C) & [A] =1
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Brauer group: algebraic

k = K(X), R, number field, ... Brauer-Hasse—Noether, Albert, Witt, ...

Cohomology: k = field ~ H'(k,G) = 0 (Hiloert 90)

H2(K,Gp) = ?
Algebraic: Br(k) ={ A | csa/k }/. = { D | division algebra/k }/~ with A = M,(D) ~ D
= H?(k,Gp) (csa = Azumaya over Spec(k))
e K/k ~ Br(k) — Br(K),a = [A] = ax = [A®K]
e [K:k] <o = Br(K/k) = Ker(a — ax) is finite
= H?(Gal(K/k), K*) = k*/N(K*) for cyclic Galois K/k
[ABHN ’32]: If k is a number field with u, C k, then everyone is cyclic!
H' (|I|<,un) x H'(k.up) - Br(k)[n],  (€.m) = Dk - (x'y))

K/ (k)" with xy =&y x, x" =€, y" =m.
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Splitting, period, and index

Splitting field: o € Br(k) = 3 K/k with 1 = ay € Br(K)

Classical theory: maximal fields K c D split [D] € Br(k)

Period = exponent = order: per(a) = |a|

Index:
ind(e) := min{ [K : k] | ax = 1} = min{ dim(A)"2 | @ = [A] }

Index vs period:
per(a) | ind(e) | per(a)V

For number fields: N = 1
Witt, Amitsur, Roquette, Clark, Saltman, ... :

Use K/k with trdeg, (K) > 0 to split @ € Br(k)
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Brauer group: geometric

Grothendieck *64 - 66 (Bourbaki & ‘Dix exposés... ’): Brauer |-l ;hhemeri
L . Grothendieck
X = projective variety over k ~» Pic(X) = H'(X,0y) = H'(X,Gn) Group
H?(X,Gp) = ? o

Grothendieck, Gabber, de Jong: Br(X) = H?(X, G )ors

Br(X) = { Azumaya }/. Morita equivalence: A ~ A® End(E)
[ X factorial
Br(K(X)) Recall: L®2 < Oy <> M2 ~ A=0xoLoMa (Lo M)
. = & = Azumaya ~ [A] € Br(X)
o else = [Aly] € Br(U) — Br(K(X))
J
Br(X)
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Brauer group: Hodge theory

X = smooth projective over C

Pic’(X) = H'(X,0x)/H'(X.Z) Br) (X) = H*(X,0x)/H*(X.Z)
=~ C9/T abelian variety = CP/I  wild
U U
torsion = (Q/Z)%d Br(X) =~ torsion = (Q/Z)®=*

(= Br(C) = (1))

weight = 1 Hodge structures weight = 2
Pic(X)wrs = { L |3 X5 X finite étale } Br(X) = {a |3 X X finite }
with fL = Ox with Fa = 1

Geometric [ABHN]: H' (X, u,) X H' (X, un) = Br(X)[n] (not surjective!)
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Splitting Brauer classes

Change of perspective:
Br(X) ={ n: P — X | Brauer—Severi variety }/.

@ =[P] = (@)= ker(n*: Br(X) — Br(P))= ker(Br(K(X)) — Br(K(P)))

Corollary: 3 T% finite ag =1 = per(a)|deg(X — X)
P—3x
" f\' ac =1 = per(a) 129(C) -
P—X

Question: [Clark, Saltman, ..., Roquette, ...] Fix @ € Br(X).
(3 C, » X, 9(C,) =1 withag, =17 [de Jong—Ho ’12, Antieau—Auel '15]: ind(a) < 6

(i) 3 A, — X, abelian torsor with s, = 1?7 [Ho-Lieblich '21]: dim(A,) ~ ind(a)™(®)
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Splitting Brauer classes by uniform abelian torsors

Theorem [H.—Mattei '23]: 3 A — X generic abelian scheme such that
¥ « € Br(X) 3 A-torsor A, — X with s, =1
Note: dim(A,) = dim(A) =~ g(C;) where | C; = X

In progress: « € Br(K(X)) ?

Idea of proof: Pick C — X birational & moduli space M = Pic#(C/B).

l
@ = [A B=P"" ~ A, =MxgC — C— Xtorsor over

A = Pic(C/B) xs C - C — X

& numerical condition: 3 universal Poincaré # — M xg C

= Pisa Ay, -module of rank tk(A)"? = @, =1
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Period—-index conjecture

Conjecture [Colliot-Théléne]: For X over k = k and @ € Br(K(X)):
ind(a) | per(a)dm)-1

OK if dim(X) = 1 (Tsen), dim(X) = 2 (de Jong), X = abelian 3fold (Hotchkiss—Perry)

Conjecture [de Jong—Perry]: Weaker version for @ € Br(X): 3 e(X) with
ind(«) | per(a)®™.

OK if Lefschetz standard conjecture holds for H2(X) = H2"2(X)

Theorem [H.— Mattei '23]: OK always with e(X) ~ 2g(C).

Idea of proof: Same construction & ¢: Pic,(C,) — Pic(C,), L — L&

~ A,-module H(Pic,(C,), P, ® ¢*O)

(¢©)d
g!

= ind(e)|dim( )= ~ per(a)?

Alternative (Antieau—Auel, Lieblich): Restrict to ¢~'(0). 2



Hyperkahler geometry

Example: S — P! elliptic K3, @ € Br(S), ~ S, = Pic?(S/P') — P!
Then ind(a) = minimal degree of multisection of S, — P!
Using S, — S, L — L% ~» expect: ind(a) | per(a)?
But [Ogg, Shafarevich, Lichtenbaum, de Jong]: ind(«) = per(a)
Use Pic'(S,/P') = S, and Pic?(S,/P') = S,a (= Sifd =|a|) & sectionof S — P!

General: 3 C - S genus one family = ind(«) | per(a) - deg(C/S)

Conjecture: X = hyperkahler, dim(X) = 2n, @ € Br(X):
ind(a) | per(a)”
OKif: eX=K3l"
o X - P" of K3["-type

e X — P" general but with exponent 2n 12112



