THE LOOIJENGA-LUNTS-VERBITSKY ALGEBRA AND APPLICATIONS
ALESSIO BOTTINI

ABSTRACT. In this notes, following Looijenga-Lunts and Verbitsky, we define a Lie algebra
(called LLV algebra) that acts on the rational cohomology of a Kéhler manifold. We describe
this algebra in the case of an Hyperkéhler manifold. Morever, we give a proof of Verbitsky’s
Theorem: the subalgebra generated by degree 2 classes inside the rational cohomology is an
irreducible representation of the LLV algebra.

1. INTRODUCTION

1.1. Let V = ®rez Vi be a finite dimensional graded vector space over a field k, and denote
by h the operator:

hly, = kid.

Definition 1.1. Let e : V—V be a degree 2 endomorphism. We say e has the Lefschetz
property if

ek : V,k%Vk
is an isomorphism.
Theorem 1.2 (Jacobson-Morozov). The operator e has the Lefschetz property if and only if
there exists a degree —2 endomorphism f:V —V such that

[eaf]:h'

We say that the triple (e, h, f) is a sla-triple. Indeed, we can define a representation of the
lie algebra on the vector space V' as follows

sla(k) —End(V)
o)
—e.
0 0
(1 0 ) = h.
0 -1
0 0
(1 0) — f.

This review was prepared in the context of the seminar organized by the ERC Synergy Grant HyperK, Grant
agreement ID 854361. The talk was delivered on April 23, 2021.
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Remark 1.3. The set of operators with the Lefschetz property is a Zariski open subset of
Endy (V).

In particular we are interested in the graded vector space V. = H*(X,Q)[n], where X is
a compact kihler manifold of dimension n. To any class a € H?(X,Q) we can associate the
operator in cohomology obtained by taking the cup product with alpha:

eq t H*(X,Q)— H*(X,Q), wr—a.w.
The operator h becomes
h“H"*k(X,R) = (n — ]f)ld
From Theorem we see that if e, has the Lefschetz property (for example if « is kéhler),
there is an operator f, of degree —2 that makes (eq, h, fo) an sly-triple. Moreover, the map
f:H*X,Q)—End_(H*(X,Q)),

that sends « to the operator f, is defined on a Zariski open subset and rational.

Remark 1.4. If o € H!(X, Q) is kiihler, from standard Hodge theory it follows that everything

can be defined at the level of forms, where the dual operator is f, = * leqa*. The sly action

preserves the harmonic forms, and so induces the action in cohomology.

Definition 1.5. Let X be a compact kdhler manifold. The total lie algebra gio1(X), or LLV
algebra, of X is the Lie algebra generated by the sla-triples

(€as P, fa),
where a € H%(X,Q) is a class with the Lefschetz property.
We state without proof a general result about this Lie algebra for compact kéhler manifolds.
Denote by ¢ the pairing on H*(X,C) given by
o(0,8) = (-1)7 [ a5,
if o has degree n + 2q or n + 2q + 1.

Proposition 1.6 (JLL97, Proposition 1.6]). The lie algebra giot(X) is semisimple and preserves
¢ infinitesimally. Moreover, the degree O part giot(X)o is reductive.

1.2. Now let X be a compact hyperkadhler manifold of complex dimension 2n. If we fix an
hyperkéhler metric g on X we get an action of the quaternion algebra H on the real tangent
bundle T'X. This means that we have three complex structures I, J, K such that

1J=—-JI =K.

To each of this complex structure we can associate a kéhler form w; = g(I(—),—),ws =
9(J (=), —),wx = g(K(—),—) and a holomorphic symplectic form o7 = w; + iwgk,0; = wg +
Wi, 0K = Wy + 1wy.



Definition 1.7. We call the 3-plane
< [wl]a [WJ]a [WK] >=< [wf]v [gRO-I]u [%UI] > HQ(Xv R)
the charateristic 3-plane of the metric g, and denote it by F(g).

Definition 1.8. Denote by g, < End(H*(X,R)) the Lie algebra generated by the sly-triples
(e, hy fo) where a € F(g).

Remark 1.9. This algebra is can be generated just by the three sly-triples associated to a =
[wr], [wr]; [wi]-
2. THE ALGEBRA g,

In this section we study the smaller algebra g, and its action on cohomology.

2.1. Let V be a left H-module, equipped with an H-invariant inner product
(=, —): VxV—=R
As before we have three complex structures I, J, K on V with corresponding “kéhler” forms
wr,wy,wig € AN2V*,
and holomorphic symplectic forms 07,07, 0k

Definition 2.1. Let g(V) < End(A*V*) be the Lie algebra generated by the sly-triples

(6)\7 h7 f)\>/\:w17WJ:UJK .

In particular this definition makes sense for the rank 1 module H, and we get an alge-
bra g(H) < End(A*H*). We denote by Hy the pure quaternions, i.e. linear combinations
of I,J,K. We also denote by g(H)y the degree 0 component of g(H) (here the degree is
meant as endomorphisms of a graded vector space). It is a Lie subalgebra, and we denote
by g(H); := [g(H)o, g(H)o] its derived Lie algebra.

Proposition 2.2. In the notation above we have the following.
(1) There is a natural isomorphism g(V') ~ g(H).
(2) There is an isomorphism g(H) ~ so(4,1).
(3) The algebra decomposes with respect to the degree as
g(H) = g(H)—2 ® g(H)o ® g(H)2.

Furthermore, g(H)+2 ~ Hy as Lie algebras, and g(H)o = g(H)j @ Rh with g(H){ ~ Hoy;

this last isomorphism is compatible with the actions on A*V*.
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Proof. Proof of (1). Since (—, —) is H-invariant, we can find an orthogonal decomposition
V=H®. -®H.

Taking exterior powers we get A°V* = A°H* ® --- ® A*H*. This gives an injective map
g(H) —End(A*V*), given by the natural tensor product representation. It is a direct check
that the image of this morphism is exactly the algebra g(V).

Proof of (2). Consider the subrepresentation W < A*H* given by

W = A°H* @ (wr,wy, wi ) ® ATH*.

We equip it with the quadratic form given by setting A°H* @ A*H* to be an hyperbolic plane,
orthogonal to the 3-plane, and {wy,ws,wk} to be an orthonormal basis of the 3-plane. By a
direct computation we can see that the action of g(H) respects infinitesimally this quadratic
form. This gives a map

§(H) —so(W) = s0(4, 1),

that we next show to be an isomorphism.
Since W has dimension 5 the Lie algebra so(W) has dimension 10. Now consider the following
10 elements of g(H):

h.er,ey,ex, fr. f1, frx, Ky, Kix, Kk,

where K1y := [er, f7], Kix = |er, fx] and Ky = [ey, fx]. Verbitsky [Ver90] showed that
K71 acts like the Weil operator associated with the Hodge structure given by K, and similarly
K ik and Kjg. This means that on a (p,q) form with respect to K it acts as multiplication
by i(p — q). It follows that the ten operators above are linearly independent over W, hence the
map is surjective. Moreover they generate g(H) as a vector space. Indeed, they generate g(H)
as a Lie algebra, and one has the following relations (see [Ver90)):

(K K] = Ky, [Kau, H] =0,
[K/\,meu] = 2ey, [KA,wfu] =2f,
[KA,/uel/] =0, [Kk,wfu] =0,
where A\, u,v € I,J, K and v # A\, v # p. This implies that they are a basis of g(H), hence the

map is an isomorphism.

Point (3) follows using this explicit basis. Indeed we have

o(H)—2 = {f1, fs, fK),
g(H)2 = {er, ey, ex),
g(H)o = (K1, Kjx, Kix) @ Rh.



In particular we have

g(H)o — Ho,
K[JHK,
KJKI—>I,

K[KI—>J.

Since I, J, K € Hy act like Weil operators in cohomology, the isomorphism is compatible with
the actions. O

Now we can compute the algebra g,. As above we denote by (g4)o the degree 0 part, and by
(99)0 = [(8g)0, (gg)o] its derived Lie algebra. One can show that g is reductive in a similar
way to Proposition so the derived subalgebra is the semisimple part of (gg)o.

Proposition 2.3. Let (X,g) be an hyperkdhler manifold with a fized hyperkihler metric.

(1) There is a natural isomorphism of graded Lie algebras gq ~ g(H).
(2) The semisimple part (gq), acts on H*(X,R) as derivations.

Proof. Proof of (1). Consider the Lie subalgebra g, < End(Q% ), generated by the sl,-triples
(ea, h, fo) at the level of forms, with a € F(g). From the previous proposition, we see that
for every point x € X there is an inclusion g(H)——End(Q; ). This gives an inclusion
g(H)— [ [,ex End(£2; x). It follows from the definitions that the two algebras of g(H) and gg
are equal as subalgebras of [ [,y End(Q} ).

Since the metric g is fixed, the sly-triples (eq, h, f,) preserve the harmonic forms H*(X), and
so does g(H). Since H*(X) ~ H*(X,R) we get a morphism

g(H) —g,-

This map is surjective, because the image contains the sly-triples that generate g,. Moreover,
by explicit computations similar to the proof of the previous proposition, we can see that
dim g, > 10. Hence the map is an isomorphism.

Now we prove (2). We have

(89)0 ~ a(H), ~ Ho.

Hence it suffices to prove the statement for the action of I, J, K. Each of them gives a complex
structure, and acts as the Weil operator on the associated Hodge decomposition. So, the action

on (p,q) forms is given by multiplication by i(p — ¢), which is a derivation. ]

Remark 2.4. In particular, we see that g, ~ s0(4, 1).
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3. THE TOTAL LIE ALGEBRA
The goal of this section is to prove the following result.

Theorem 3.1. In the above notation we have:

(1) The total lie algebra giot(X) lives only in degrees —2,0,2, so it decomposes as:

Otot (X) = Gtot (X)—2 D gtot (X)o D Gtot (X)2.

(2) There are canonical isomorphisms giot(X )42 ~ H2(X,R).
(3) There is a decomposition giot(X)o = gtot(X)fy ® Qh with gror(X)f ~ so(H*(X,Q), q).
Furthermore gyt (X)j acts on H*(X,Q) by derivations.

The main geometric input in the proof is the following result.

Lemma 3.2. If X is a compact hyperkdihler manifold, then [fa, fy] = 0 for every a,be H?*(X,R)
where f is defined.

The proof relies on the following fact.

Proposition 3.3. The set of charateristic 3-planes is open in the Grassmannian of 3-planes in

H?(X,R).
This fact is a consequence of a celebrated Theorem by Calabi and Yau.

Theorem 3.4. Let X be an hyperkihler manifold, and let I be a complex structure on X. If w
is a kdhler class, then there is a unique hyperkdhler metric g such that [wr] = w.

Proof of the lemma. Fix an HK metric g on X, then for every a,b € F(g) we have [fq,, f] = 0.

We can see this holds already at the level of forms, using the definition f, = * leg*. Let

a € H?>(X,R) be a class where f is defined. Since f is rational, the condition [f,, f;] = 0 is
Zariski closed with respect to b € H?(X,R). From Proposition it follows that the set

{be H*(X,R) | a,b € F(g) for some metric g}

is open. Since [ f,, fp] = 0 for every b in this open set, we get [fa, f»] = 0 for every b where f is
defined. 0

While the statement of Theorem is over Q, we will give the proof over R following [LLI97].
Proof of the Proposition. Consider the subspace
Vi=Vao@®WdVa < gt(X),

where V5 is the abelian subalgebra generated by e, with a € H?(X,R), V_5 is the abelian
subalgebra generated by the f, with o € H?(X,R) where f is defined, and Vj is the subalgebra
generated by [eq,ep]. To prove (1) and (2), it is enough to show that V is a subalgebra
of giot(X). Indeed, since gio1(X) is generated by elements contained in V' this would imply
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V' = gtot(X). Since Vo and V_5 are abelian subalgebras, it suffices to show that [V, Vo] < V;
and [Vp, V_o] < V_,.

For this, consider the subalgebra V{ := [Vj, Vo]. We first show that Vp = Vj @ Rh where
V{ acts on cohomology via derivations. Since the set {(a,b) | a,b € F(g) for some metric g}
is open, the argument in the lemma above shows that Vj is generated by the elements [eg, f3]
with a,b € F(g). If we fix the HK metric g, the elements [eq, f] with a,b € F(g) generate
the algebra (g4)o and their brackets the subalgebra (gg4);. Thus the subalgebra Vj is generated
by the various algebras (gq); and their brackets. Since the algebras (g4) act via derivations,
the same is true for their the brackets, hence V{ acts via derivations. This argument combined
with point (3) of also shows the decomposition Vj = Vj + Rh. The sum is direct, because
h ¢ V§ < giot (X)), since giot (X )o is reductive (Proposition and h is in the center.

Now we show that [V, V2] < V4. Since the adjoint action of h gives the grading, it is enough
to show that [V{, V2] = Va. Let u e V{ and e, € Va. For every z € H*(X,R) we have

[u, eq](z) = u(a.z) — au(z) = u(a).x = e4(x),

because v is a derivation.

The inclusion [Vp, V_2] < V_g is more difficult. Consider G, ¢ GL(H*(X,R)) the closed
Lie subgroup with lie algebra V{. For every t € Gj, we have te,t~! = €4(a) and tht™! = h, by
integrating the analogous relations at the level of Lie algebras. Since the third element of an
sl,-triple is unique, we get that ¢f,t~1 = Jt(a)- This implies that the adjoint action of G| leaves
V_ invariant, hence so does the lie algebra Vj.

To summarize, at this point we showed (1) and (2), and also that g (X)(, acts via derivations.
It remains to see that got(X)h ~ so(H2(X,R), q).

We begin by defining the map gtot(X)h —=s0(H?(X,R), q).For this, we consider the restric-
tion of the action of giot (X)) to H2(X,R), and show that it preserves infinitesimally the BBF
form. We can fix an HK metric g and check this for (g4)(, because these subalgebras generate
gtot (X )(. From Proposition it is enough to check it for the Weil operators associated to the
three complex structures I, J, K induced from g. Fix one of them, say I, we have to verify that

q(Ie, B) + q(a, IB) = 0,
for every a, 8 € H?(X,R). This follows with a direct verification using the g-orthogonal Hodge
decomposition
H?*(X,R) = (H**(X) ® H**(X))r) ® H"' (X, R),
with respect to the complex structure I. To conclude the proof it remains to show that this
map is bijective, for this see [LLI7, Proposition 4.5]. d

Definition 3.5. We define the Mukai completion of the quadratic vector space (H?(X,Q), q),

as the quadratic vector space

(H(X,Q),q) := (H*(X,Q),q) ®U
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where U is an hyperbolic plane: a two dimensional vector space with quadratic form given by

(o)
10
Corollary 3.6. There is a natural isomorphism
Frot (X) =~ 50(ﬁ(X7 Q),9).
Proof. Recall that for a rational quadratic space (V,q) there is an isomorphism

A’V == 50(V,q),

vy (o, )b~ afb, - )a)

The desired isomorphism follows from this, at least at the level of vector spaces. The compu-
tations to show that it is in fact an isomorphism of lie algebra are carried out in [GYJLR20,
Proposition 2.7]. O

Example 3.7. If X is a K3 surface, then the Mukai completion H(X7 Q) is the rational
cohomology H*(X,Q) with the usual Mukai pairing. This identification is compatible with the
action of gyt (X).

Corollary 3.8. The Hodge structure on H*(X,R) is determined by the Hodge structure on
H%(X,R) and by the action of giot(X)2r ~ H?(X,R) on H*(X,R).

Proof. Let I,J, K be the three complex structures associated to an HK metric g, and assume
I is the given one. As recalled before, the commutator K x = [es, fik] acts like the Weil
operator for I; hence it recovers the Hodge structure. By definition, it depends only on the
classes [wr], [wik ] and their action on H*(X,R). Since the Hodge structure is given by the class
of the symplectic form [o7] = [ws] + i[wk], the thesis follows. O

Recall that if g is a Lie algebra, the universal enveloping algebra of g is the smallest associative
algebra extending the bracket on g. It is defined as the quotient of the tensor algebra by the
relations:

t@y-y®z—[r,y] ryeg
In particular if g is abelian, then Ug = Sym™*g.

Corollary 3.9. There is a natural decomposition:
Ugtot (X) = Ugtot (X)Z'Ugtot (X)O'Ugtot (X)72-
4. PRIMITIVE DECOMPOSITION

Definition 4.1. If V is a g0 (X )-representation, we define the primitive subspace as:

Prim(V) = {z € V | (gtot(X)—2).z = 0}.



9
IfV = H*(X,Q) is the standard representation we denote the primitive subspace as Prim(X).

Remark 4.2. The primitive subspace Prim(V') is a gtot,0(X)-subrepresentation. This follows
from the fact that [giot(X)o, Gtot (X)—2] < Gtot (X)—2.

Definition 4.3. The Verbitsky component SH?(X,Q) € H*(X,Q) is the graded subalgebra
generated by H?(X,Q).

Proposition 4.4. The cohomology H*(X,Q) is generated by Prim(X) as a SH%(X, Q) module.
Moreover, if W < Prim(X) is a giot(X)o irreducible subrepresentation, then SH?(X,Q).W <
H*(X,Q) is an irreducible gior (X )-module.

Proof. Since giot(X) is semisimple, we can decompose the cohomology in irreducible giot(X)-
representations:
H*(X,Q=Vi® - ®V.

The primitive part is compatible with this decomposition, so we get the decomposition
Prim(X) = Prim(V1) @ - - - @ Prim(V%),

of gtot (X )o-representations.

We first want to show that SH?(X,Q).Prim(V;) = V;. We have
(4.1) SH*(X,Q).Prim(V;) = Ugior(X)2.Prim(V;) = Ugiot(X).Prim(V;) < Vi,

where the first equality follows from the fact that gyt (X )2 is abelian, and the second from Corol-
lary [3.90 Thus SH?(X,Q).Prim(V;) is a giot(X) subrepresentation of V;, but V; is irreducbile,
so the equality holds. This proves the first part of the proposition.

To prove the second part it is enough to show that Prim(V;) are irreducible as giot(X)o-
representations. Assume it is not and write Prim(V;) = W7 @ Ws. The identities show
that acting with SH?(X,Q) gives a decomposition V; = SH2(X,Q).W; ® SH*(X,Q).Ws.
Again, this is a contradiction to the fact that V; is irreducible. O

Corollary 4.5. The Verbitsky component SH*(X,Q) c H*(X,Q) is an irreducible gior(X)
subrepresentation.

Proof. By definition we have SH?(X,Q) = SH%(X,Q).H(X,Q), and H°(X,Q) < Prim(X).
So it is enough to show that HY(X,Q) is preserved by got(X)o. Thanks to Theorem we
only need to show that it is preserved by the action of h and giot (X ). The first is obvious, and
the second follows from the fact that the action of g (X)( is via derivation. O

5. VERBITSKY’S THEOREM

In this section we give a proof of a result by Verbitsky on the structure of the irreducible
component SH(X). The argument presented is due to due to Bogomolov [Bog96|, and works
over C. For the statement over Q see [Ver95, Proposition 15.1], [GYJLR20, Proposition 2.15].
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Theorem 5.1. There is a natural isomorphism of algebras and gior (X )o-representations:
SH2(X,C) ~ Sym*(H(X, C))/(a™ | g(a) = 0).
Lemma 5.2. Denote by A the graded C-algebra Sym*(H?(X,C))/{a"*! | g(a) = 0). Then we

have:
(1) Ay, ~C.
(2) The multiplication map A X Agy_p—> Aay induces a perfect pairing.

Proof of the Theorem. From the Local Torelli Theorem we have that a”*! = 0 for an open
subset of the quadric {a € H?(X,C) | ¢(o) = 0}. Since the condition a™*! = 0 is Zariski closed,

we get that it holds for the entire quadric. Consider the multiplication map
Sym*(H?*(X,C))— SH?*(X,C).

The kernel contains {a"*! | g(a) = 0}, hence it factors via the ring A. It is an algebra
homorphism by construction, and a map of gt (X )o-representations because giot (X)) acts via
derivations.

The induced map A—=SH?(X,C) is surjective by construction. If it were not injective, by
the above lemma, the kernel would contain As,. But this is impossible, because in top degree
the map Ay, — H*"(X,C) is non-zero. Indeed if o is a holomorphic symplectic form, the form

(o + @) is non-zero. O

Example 5.3. If X is of K3[2]-type, for dimensional reasons, the Verbitsky component SH (X
is the only irreducible component in the cohomology, that is we have an equality H*(X,Q)) =
SH(X).

6. SPIN ACTION

In this section we study how the action of so(H?(X,Q),q) integrates to an action of the
simply connected algebraic group Spin(H?(X,Q),q). Recall that there is an exact sequence of
algebraic groups

1 — +1—Spin(H2(X,Q), q) —SO(H(X,Q), q)—1.

Proposition 6.1. The action of so(H*(X,Q),q) on H*(X,Q) integrates to an action of the
algebraic group Spin(H?(X,Q), q) via ring homomorphism. On the even cohomology it induces
an action of SO(H?*(X,Q),q).

Proof. The first part of the statement is clear: we can always lift the action because the algebraic
group Spin(H 2(X,Q), q) is simply connected, and it via ring homomorphism because the Lie
algebra action is via derivation.

To show the second part of the statement we proceed as follows. We first notice that the
inclusion so(H2(X,Q),q) < so(H(X,Q), ) induces an inclusion

Spin(H*(X,Q),q) < Spin(H (X, Q), ),
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that sends —1 to —1. The last fact can be checked via the construction with the Clifford algebras.
At this point it is not hard to show (see [Tae21, Lemma 5.1]) that —1 € Spin(H (X, Q), §) acts
like (—1)" on H*(X,Q). Hence the action of Spin(H?*(X,Q),q) on even cohomology descends
to an action of SO(H?(X,Q), q). O
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