A SPLITTING FORMULA FOR
SPECTRAL FLOW ON CLOSED
-MANIFOLDS

Benjamin Himpel

Submitted to the faculty of the University Graduate School
in partial fulfillment of the requirements
for the degree
Doctor of Philosophy
in the Department of Mathematics

Indiana University
May 21, 2004



Accepted by the Graduate Faculty, Indiana University, in partial fulfillment of the
requirements for the degree of Doctor of Philosophy.

Paul A. Kirk, Ph.D.

Charles Livingston, Ph.D.

Krzysztof Wojciechowski, Ph.D.

Zhenghan Wang, Ph.D.

May 21, 2004

ii



Copyright 2004
Benjamin Himpel
ALL RIGHTS RESERVED

1ii



To my parents, Florian and Tabassum



Acknowledgements

First and foremost, I would like to thank my thesis advisor Paul Kirk. He is not
only a very good mathematician, but has been an inspiration to me over the years.
He guided my project from the very beginning with great enthusiasm, patience and
support, while his honest criticism made me a better writer and improved the mathe-
matician in me. Also, I wholeheartedly thank the remaining members of the commit-
tee for providing helpful comments after reading the many drafts; Charles Livingston,
Zhenghan Wang and Krzysztof Wojciechowski.

My destiny brought me to Indiana University, where I have had the opportunity
to work with many bright mathematicians, both professors and graduate students
alike. In addition to the faculty mentioned above, Scott Baldridge, Jae Chun Cha,
Jim Davis, Allan Edmonds, Chris Judge, Ayelet Lindstrauss, Bruce Solomon and
Matthias Weber taught me topology and geometry, spent generous amounts of time
discussing mathematics as they answered all my questions.

[ would like to particularly thank Lisa Jeffrey, whose work is the motivation behind
my thesis. Several other mathematicians have engaged me in helpful conversations
on Lisa Jeffrey’s thesis and Witten’s 3-manifold invariants; David Auckly, Dror Bar-
Natan, Jerome Dubois, Stavros Garoufalidis, Ruth Lawrence, Lev Rozansky and
Dylan Thurston. I am also grateful for the experience of working on a joint paper
with Paul Kirk and Matthias Lesch. In preparation for this project Chris Herald and
Scott Baldridge helped me understand Cliff Taubes’s paper on the gauge theoretic

version of Casson’s invariant.



It has been my pleasure and motivation to be surrounded by fellow topology grad-
uate students, Karl Bloch, Jefferson Davis, Andrew Durta, Jennifer Franko, Tobias
Hagge, Qayum Khan, See-Goo Kim, Taehee Kim, John McAtee, Mike McCooey, J.P.
Nogami, Justin Pati, Noah Salvaterra, Eric Wilson and Jonathan Yazinski. Other
colleagues and friends who have made the Bloomington experience a little bit more
sane and enjoyable are Saleh Aliyari, Serban Belinschi, Stefano Borgo, Nathan Carter,
Eduard Chiru, Justin Gash, Boehae Im, Dan Jordan, Hayoung Lee, Brian Milleville,
Alberto Montero, Fred Picard, Vivek Ranjan, Jason Shaw, Jason Teutsch, Adam
Weyhaupt and Ignacio Viglizzo, to name a few.

The Indiana University Mathematics Department has always been a supportive
community. Many thanks to Misty Cummings and the rest of the administrative
staff who have helped in any way they could whenever needed. Credit is due to
Norman Danner for this excellent KTEX package, which has been used to typeset this
dissertation.

The Bloomington experience was unique because I had the opportunity to play
jazz with so many talented musicians like Ariel Alexander, Matt Cashdollar, Cam
Collins, Michael Eaton, Joshua Goldberg, Matt Holman, Joel Kelsey, Bryson Kern,
Rich Merrick, Jonas Oglesbee, Colin Renick, Jesse Wittman and last, but not least,
my advisor Paul Kirk.

I would also like to say Dankeschén to Britta Broser, Ulrich Callmeier, Stephan
Hell, Marco Schmidt, Mark Simon and Nadja Weihmann who have been such won-

derful friends and colleagues from our very first years of studying mathematics. I am

vi



indebted to Elmar Vogt and Hans-Giinter Bothe who started teaching me topology.
Elmar Vogt suggested that I pursue the subject of gauge theory and encouraged me
to get my doctorate degree at Indiana University, Bloomington, USA. I am thankful
for his continued interest in my progress and for giving me the opportunity to talk to
him whenever I am in Berlin. Undoubtedly, Elmar Vogt, Hans-Glinter Bothe, Britta
Broser, Stephan Hell and Marco Schmidt were responsible for initiating my interest
in topology. Special thanks to Stephan Hell and Marco Schmidt for reading the final
draft and commenting on it.

Lastly, I would like to express my gratitude to my parents, Anne and Emil Himpel
for having undying faith in my mathematical and musical endeavors. Their encour-
agement and love has known no bounds. I am grateful for my brother, Florian Himpel,
who has been a constant musical inspiration. Personal thank yous to Linda and Jim
Aldrich who have supported me throughout my time in the US. I am thankful to my
wife, Tabassum Farhat who has put up with a lot, especially since I am gone from
home so often and for so long. Also thanks to my wife’s brother Salim Mohammed
and his wife Naveen for the time we spent together in the USA as well as their support

over the years.

vii



Abstract

In 1989 Edward Witten defined a topological quantum field theory using certain 3-
manifold invariants involving the Feynman path integral. This integral is not mathe-
matically rigorous, but Witten’s invariants have two different interpretations. A com-
parison of these predicts a relationship between an entirely combinatorial description
in terms of the axioms of topological quantum field theory and gauge theoretic quan-
tities. In 1992 Lisa Jeffrey verified that the TQFT and the asymptotic expansion are
consistent for lens spaces. She also confirmed this for torus bundles over the circle
but left some details involving spectral flow unresolved. Based on her analysis she
made a conjecture involving the spectral flow of the odd signature operator between
flat SU(2) connections on torus bundles over the circle.

This thesis establishes a splitting formula for spectral flow of the odd signature
operator between flat SU(2) connections on a closed 3-manifold M. It describes
spectral flow on M = S U X in terms of spectral flow on the solid torus S, spectral
flow on its complement X (with certain Atiyah-Patodi-Singer boundary conditions),
and two correction terms which depend only on the endpoints. The central ingredient
to the proof of this theorem is a result by Liviu Nicolaescu about the relationship
of spectral flow and the Maslov index of Cauchy data spaces, as well as extensions
by Hans Boden, Chris Herald, Mark Daniel, Paul Kirk, Erik Klassen and Matthias
Lesch.

The main application of this splitting formula is the proof of the above conjecture

by Lisa Jeffrey. A major part of this dissertation lies in the technical issues involving
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the Atiyah-Patodi-Singer boundary conditions and in the detailed analysis of spectral
flow on S with these boundary conditions. This is used in this thesis for the study of
spectral flow on torus bundles M over the circle, which also relies on computations

of the twisted cohomology of X = M — S, where S is a certain embedded torus.
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CHAPTER 1
Introduction

1.1. Gauge Theory

Gauge theory is an exciting recent development in mathematics which combines
ideas from mathematics and physics to gain new insights in both fields. It has re-
ceived a lot of attention by topologists after Donaldson’s work in the 1980’s. Simon
Donaldson had found a deep, but mysterious link between Yang-Mills theory and
4-dimensional differential topology. Donaldson’s use of gauge theory showed that the
differentiable classification of smooth 4-manifolds is very different from their classifi-
cation up to homeomorphism [Do, DoK, FU, LJ.

In gauge theory, we study connections on principal G-bundles, that is, certain bun-
dles over manifolds with fiber a Lie group G. A G-connection is a way to lift paths
in the underlying manifold to a path in the principal G-bundle. The space of con-
nections turns out to be an infinite dimensional affine space, namely any connection
is the sum of a fixed connection and a vector in an infinite dimensional vector space.
Gauge transformations provide an equivalence relation on the space of connections.
We may form the quotient space of the connections modulo gauge equivalence. We
can gain topological information about a manifold by studying the collection of all
connections, a submanifold of solutions to a differential equation or their respective
quotient spaces.

This dissertation lies in the realm of Chern-Simons gauge theory which analyzes

the Chern-Simons function on the space of connections. It is a 3 dimensional theory,



meaning the underlying manifold has dimension 3. For an excellent introduction to

this subject see [Hul].

1.2. Topological Quantum Field Theory

In the past 30 years, several topological arguments have been used systematically
in quantum field theory.

In 1988, Michael Atiyah [At1] posed two problems for quantum field theorists.

(1) To give a physical interpretation to Donaldson theory. This was done by
Edward Witten in the same year [Wil]. Witten interpreted Donaldson-
Floer theory as a topological quantum field theory in dimension 3+ 1 (space
and time).

(2) To find an intrinsical 3-dimensional definition of the Jones polynomial in
knot theory as a topological quantum field theory in dimension 2 + 1. This
was covered by Witten in 1989 [Wi2].

Witten’s work is the starting point of what is now known as topological quantum
field theory. His 3-manifold invariants led to a lot of interesting work by mathemati-
clans trying to interpret, axiomatize, analyze and compute them. A nice introduction

is given in [At3].

1.3. Witten’s Feynman Path Integral Invariant

In 1989, Edward Witten [Wi2] defined 3-manifold invariants (one for every integer
k) by an integral over the gauge orbits of all connections involving the Chern-Simons
function. This integral, called the Feynman path integral, does not have a rigorous
mathematical meaning because there is (in general) no measure on the orbit space.

Nevertheless Witten’s physical insights led mathematicians to give interpretations
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of his new invariants by formally manipulating the integral in analogy to the finite

dimensional case. The two main interpretations are the following.

(1) Witten argued that his invariants have certain nice properties, particularly
their behavior under cutting and pasting of manifolds. His invariants were the
prototypes of a topological quantum field theory (TQFT). Mathematicians,
notably Atiyah [At2, Atl], axiomatized Witten’s invariants and used these
axioms to compute the invariants.

(2) Witten proposed that one also has an asymptotic expansion of his invariants
(as k approaches infinity) using the method of stationary phase by analogy
with the finite dimensional setting, in which we have an expansion about the

critical points of a Morse function f.

Daniel Freed and Robert Gompf computed the invariants for lens spaces and
certain Seifert fibered 3-manifolds using the TQFT axioms and a computer [FG, Go].

Physicists assume that both interpretations are valid, which predicts a relationship
between an entirely combinatorial description in terms of the axioms of TQFT and
gauge theoretic quantities. A confirmation of this relationship for all or a large family
of 3-manifolds is very interesting at the least and was the main objective of Lisa
Jeffrey’s thesis, which is contained in [J].

For more information on Chern-Simons field theory and Witten’s 3-manifold in-

variants as well as their relation to other quantum invariants see [Wi2, Gu, J, O,

RT].

1.4. Lisa Jeffrey’s Thesis

In 1992, Lisa Jeffrey [J] attempted to relate the two interpretations of Witten’s
3-manifold invariants for two families of manifolds. She verified that the TQFT and

the asymptotic expansion are consistent for lens spaces. She also confirmed this for



torus bundles M over the circle (or equivalently mapping tori over the torus), but
left some details involving spectral flow unresolved. The spectral flow SF(D;) € Z is
roughly defined to be the algebraic intersection number in [0, 1] X R of the track of all
eigenvalues (with multiplicities) of the path of self-adjoint differential operators D,
and 0. She considered a one-parameter family of certain differential operators, namely
the odd signature operator D 4, twisted by a path of SU(2)-connections A;, and made
her Conjecture 5.8 in [J] about spectral flow between flat connections. A connection
is flat if it lifts homotopic loops in X to paths in the principal SU(2)-bundle with the

same endpoints.

1.5. Work of P. Kirk and E. Klassen

In 1994, Paul Kirk and Erik Klassen [KK2] analyzed the spectral flow on a torus
bundle M over the circle. For a certain pair of irreducible, flat SU(2)-connections Ay
and A; they considered a specific splitting of M = S ur X into a solid torus S and
its complement X along a torus 7, so that there is a path A; from Ag to A; which is
flat on X.

Kirk and Klassen computed the spectral flow on X and S and related it to the
spectral flow on M. They showed that the spectral flow on M is 0 mod 4, provided
that the dimension of the cohomology of T twisted by the holonomy hol(A;|7) does
not jump up as t varies. The holonomy hol(a) of an SU(2)-connection a on T assigns
to a path v : [0,1] — T with v(0) = (1) = p € T the difference g € SU(2)
between the endpoints of a lift to the principal SU(2)-bundle. If a is flat, hol(a) is
a representation of the fundamental group of 7" with values in SU(2). With some
more work this might prove Conjecture 5.8 in [J] for irreducible connections, provided

that the twisted cohomology of T" has constant dimension as t varies. In any case,
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Kirk and Klassen proved a topological property of torus bundles over S! predicted
by physical reasoning.

The twisted cohomology of T being constant as ¢ varies is equivalent to the ker-
nel of the tangential or boundary Dirac operator of D 4, having constant dimension.
This restriction is well-known to people who work with paths of Dirac operators on
manifolds with boundary.

Kirk and Klassen proposed that it might be possible to always arrange it so that
the dimension of the twisted cohomology of T" does not change. Unfortunately, this
is not always the case. An example of a torus bundle over S is provided in Lemma
6.2.1 where we will always run into the problem that the dimension of the twisted
cohomology jumps. More examples have been found, where we will always run into
this problem. Some have been listed in Section 6.2. Thus we are forced to deal with
the case that the dimension changes, which is analyzed in this thesis. The core of
this thesis deals with these dimension jumps.

We will also make extensive use of some further results in the work on spectral flow
of the twisted odd signature operator by Kirk and Lesch [KL] and Boden, Herald,
Kirk and Klassen [BHKK].

1.6. Motivation and Application

The motivation for this thesis is Lisa Jeffrey’s Conjecture 5.8 in [J]| involving
spectral flow of the odd-signature operator on torus bundles over S!. We develop the
necessary tools for dealing with the case that the dimension of the twisted cohomology
of the torus changes. When we apply them to torus bundles over S!, we take the
original approach of Kirk and Klassen in [KK2].

In order to compute spectral low between two flat connections on a torus bundle

M over S!, the strategy is to split M into the solid torus S and the complement X,



so that there is a connecting path of connections which is flat on X. In order to relate
the spectral flow on S and X to the spectral flow on M we develop a splitting formula
for spectral flow on closed 3-manifolds. The main challenge lies in the fact that the
dimension of the twisted cohomology of the boundary torus is allowed to change.
For the spectral flow on manifolds with boundary we need to introduce boundary
conditions, which may vary with the connection.

Once the splitting formula is in place, we can use topology to try to compute
spectral flow along the path of flat connections on X, because the kernel of the odd-
signature operator can be identified with twisted cohomology.

In order to compute spectral flow on S we consider certain lens spaces, that is,
two solid tori glued along the boundary, and apply our splitting formula for spectral
flow to deduce information about the spectral flow on the solid torus with our chosen

family boundary conditions.

1.7. Summary of Results

In Chapter 3 we define a family of Atiyah-Patodi-Singer boundary conditions,
which forms the technical heart of this work. We first choose a family of connections
a5 On the torus T parametrized by (a, 3) € R?, which covers all gauge equivalence
classes of flat connections on 7. Then we introduce a space R? and a continuous

1

smooth surjection 7 : R2 — R2, where 71((3Z)?) is a collection of circles and 7 is a

homeomorphism on 7~ (R? — (3Z)?), and we construct a nice family P of boundary
conditions parametrized by ¢ € R2. In particular we show that given a family of
connections A, on a manifold with boundary 7" parametrized by ¢ € U f{Q, the
odd signature operator D4, with boundary conditions P, is self-adjoint, elliptic and

varies continuously in ¢ € U. This provides a convenient framework for working with

the odd-signature on a manifold with torus boundary.
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In Chapter 4 we develop a splitting formula for spectral flow, which expresses
spectral flow between flat connections on a closed three manifold in terms of spectral
flow on the solid torus and its complement with the boundary conditions from Chapter
3. For a precise statement see Theorem 4.5.5. Its main feature is that it allows
the dimension of the twisted cohomology of the torus to change along the path of
connections.

The application to keep in mind is the computation of spectral flow of the twisted
odd signature operator between flat connections, whenever it is possible to find a path
which is flat in the complement of a solid torus.

Chapter 5 presents an explicit way to compute spectral flow on the solid torus S
with the boundary conditions from Chapter 3. We extend the family a, g of connec-
tions on 7" to a family of connections A, s on S. In Theorem 5.3.9 we give a cycle in
R? so that its algebraic intersection number with a path p in R> gives the spectral

flow of Dy, . with boundary conditions P;, where 7 is the projection of R? to R

xop

In Chapter 6 we analyze spectral flow on torus bundles over S'. Given two flat
connections on M we find a thickened knot S in M, so that there exists a path of
connections on M which is flat on the complement of S. We investigate twisted
cohomology to conclude that the spectral flow of the odd signature operator between
two irreducible flat connections on a torus bundle over the circle is 0 mod 4. This

generalizes Theorem 7.5 in [KK2], removing the technical assumption that a “good

pair” can be found.






CHAPTER 2
Preliminaries

The dissertation requires some knowledge in functional analysis, low-dimensional
topology, gauge theory, harmonic analysis, Hodge theory, Lie groups and group theory.
This chapter contains the necessary background material. Please note that most of

our notational conventions are collected in the appendix.

2.1. Linear Operators

Linear operators are the usual suspects in functional analysis. The facts sum-
marized in this section are only necessary to rigorously define spectral flow in the
following section. For a detailed discussion of linear operators see [K| and [BLP].

We first need to set up some basic notation for linear operators. Let H and H' be
Hilbert spaces. A (linear) operator D from H to H'is a linear function on a subspace
P(D) of H. Z(D) is called the domain of D. An operator D : H — H' is densely
defined if 2(D) is dense in H. An operator D : H — H' is bounded if there is a
constant C' > 0 such that |Dy|g < C|¢|g for all ¢ € Z(D). A bounded operator
D : H — H'is compact, if (—B) is compact in H' for any bounded set B < H. Denote
by B(H, H') the set of bounded operators from H to H'. An operator D : H — H'

is closed if {(h, Dh) | h € @} is closed in H x H'.

DEFINITION 2.1.1. Let D : H — H’ be a closed operator. Then the resolvent set

of Dis

R(D)={CeC|(D—¢)" e B(H' H) exists)
9



and the spectrum of D is X.(D) = C — R(D). The operator-valued function
P(¢)=(D—¢)~ : R(D) — B(H', H)

is called the resolvent of D.

It is shown on page 187 in [K], that P((y) being compact for (, € R(D) implies
that P(() is compact for all ( € R(D). Thus, if such a (, € R(D) exists, we simply

say that D has compact resolvent. We have the following.

THEOREM 2.1.2 (Theorem 6.29, [K|). Let D : H — H be a closed operator with
compact resolvent. Then the spectrum of D consists entirely of isolated eigenvalues

with finite multiplicities.

Two operators D : H — H' and D' : H — H are called adjoint if (Dh,h") =
Chy D' for all h e 2(D) and ' € 2(D'). If D : H — H' is densely defined, then
there is a unique operator D* : H' — H, such that if D and D’ : H' — H are adjoint,
then D’ is a restriction of D*, that is, Z(D') ¢ 2(D*) and D'(h') = D*(I') for all
h' € 2(D'). The operator D* is called the adjoint of D. The domain of the adjoint is

9(D*) = {h' € H' | there is an h € H such that {h', Dg) = {(h, g) for all g € (D)}
and for ' € 2(D*) one defines D*(h') to be the unique h € H with
(W, Dg)y =<{h,g) for all g € 2(D).

For a proof see page 167 in [K].
A densely defined operator D : H — H is called self-adjoint it D = D* and

2(D) = 2(D*). Such an operator has the following important property.

THEOREM 2.1.3 (Theorem XI.8.1, [Y]). A self-adjoint operator D : H — H has

real spectrum.
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A densely defined operator D : H — H is symmetric if {(Dh,h"y = (h, Dh’) for

all h,h' € (D), or equivalently if (D) c 2(D*) and D*|4py = D. Note that a
self-adjoint operator is symmetric, but not vice versa. The following shows when the

spectrum Y(7') is continuous in 7.

THEOREM 2.1.4 (Theorem 4.10, [K]). Let D : H — H be self-adjoint and A :
H — H be a bounded, symmetric operator. Then D" = D + A is self-adjoint with
2(D") = 2(D) and dist(%(D), 2(D")) < |A|u, that is,

sup dist(¢, 2(D)) < |Alr and  sup dist((, (D)) < | Al
¢ex(D) cex(D")

The gap between subspaces K and L of H is defined to be

g(K, L) := max|g(K, L),g(L, K)] where g(K,L)= sup dist(u,L).

lluf|=1

Let JZ be the set of subspaces of H. The gap topology is the topology on 7 induced

by this function, that is, the open sets of .7 are unions of the open balls
B(K,r):={Le | g(K,L) <r},

where K € ¢ and r > 0.

The function g is not a metric. But there is a metric d called gap metric on €,
such that g(K,L) < d(K,L) < 2g(K,L) for all K,L € 5. Notice that d and g
induce the same topology. See pages 197-199 in [K] for details.

The product space H x H is again a Hilbert space in the obvious way. Then
the graph metric on the space of operators is given by d(Dy, Ds) = §( Py, P»), where
P, ={(h,D;h) | he 9(D;)} € H x H is the graph of D;.

2.2. Spectral Flow

Even though spectral flow is a very intuitive concept, several difficulties can arise

when working with unbounded operators. For detailed information see [BLP)].



Let Dy, t € [0,1], be a l-parameter family of (possibly unbounded) self-adjoint
operators with compact resolvent, continuous in the graph metric. Then Theorems
2.1.2, 2.1.4 and 2.1.3 imply that the spectrum ¥(D;) is a discrete subset of R for
all ¢ € [0, 1] and changes continuously in ¢t. Note that we also allow the domains to
vary continuously in the gap metric. In the case where our operators act on smooth
sections of a vector bundle over a manifold M with boundary, we simply call these
domains boundary conditions.

A rigorous definition of spectral flow can be found in [BLP] in the case where M
is a compact Riemannian manifold with boundary ¥ and Dy is a family of symmetric
elliptic differential operators of first order and of Dirac type on M acting on sections
of a fixed Hermitian vector bundle E with coefficients depending coninuously on t,
and a norm-continuous family {P;} of orthogonal projections of L?(3; Fx) defining
well-posed boundary problems.

For the results in this paper, however, it is sufficient to confine ourselves to Atiyah-
Patodi-Singer boundary conditions (see Section 2.9 for a definition) on a manifold
with a collar. It is shown in [KK3], that by choosing a continuous family of Atiyah-
Patodi-Singer boundary conditions the spectrum of D; varies continuously in ¢ (see
[KK3, Theorem 4.1 and Section 5]).

So we can assume that Dy and D; have discrete spectra. We may choose £ > 0
smaller than the modulus of the largest negative eigenvalue of Dy and D;. Then the
spectral flow SF(D;) € Z is roughly defined to be the algebraic intersection number

in [0,1] x R of the track of the spectrum

{(t,\) | t € [0,1], X € Spec(Dy)}

and the line segment from (0, —¢) to (1, —¢). We call this the (—e, —¢)-convention.

The orientations are chosen so that if D; has spectrum {n+t | n € Z} then SF(D;) = 1.
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EXAMPLE 2.2.1. Define a 1-parameter family of (unbounded) operators by D, :=
iZp+tp for e L*(S1,C), t € [0,1], with 2(D;) = H'(S*; C). Integration by parts
yields for ¢, ¢ € H'(S; C)
2m 2
(L oste) bdo=—| wi-Lodo+ | o-thdo—

0 0 0 0
and thus (D;p, ¥y = {p, Dyp). Furthermore D; is self-adjoint, because ¥ must be

2 21

0
© - (2%15 + t1)) df

at least once (weak) differentiable. The set {€™™},,cz is a (Hilbert space) basis of

H'(S'; C) with D™ = (t — m)e™™". Then SF(D;) = 1.

FiGURrE 2.2.1. The spectrum of D, as a function of ¢

REMARK 2.2.2. There are other conventions for spectral flow. In particular
L. Jeffrey, P. Kirk and E. Klassen [J, KK2]| define it to be the algebraic intersection
number of the eigenvalues with the straight line from (0, —¢) to (1,¢). We relate to
this as the (—¢,e)-convention. However, the (—e, —¢)-convention has the advantage
of being additive. When we relate the spectral flow to results of Jeffrey or Kirk and
Klassen, we need to subtract the dimension of the kernel of the differential operator

at the endpoint.

2.3. The Lie group SU(2) and its Lie Algebra

Lie groups and Lie algebras as well as their nice properties are being exploited in

most areas of mathematics and physics.



We will identify the Lie group SU(2) ~ S? with the unit quaternions
{fveRPRI®RjDRE | [v] = 1}.

The group multiplication will be the usual multiplication in the unit quaternions,
where ij = k, jk =i, ki = j and i* = j2 = k* = —1. Its Lie algebra su(2) is the
tangent space of SU(2) at the identity element and can be identified with the vector
space Ri @ Rj @ Rk = Ri @ Cj of imaginary quaternions. The adjoint action ad
of SU(2) on su(2) corresponds to the conjugation of imaginary quaternions by unit

quaternions. The inner product on su(2) = Ri®@Rj@®RE is given by < v, w >= vw.

2.4. Connections and Representations

Connections are the objects of interest in gauge theory. Representations are inti-
mately related to flat connections.

Let P be a principal bundle with structure group G over a manifold M, that is,
a smooth manifold P with a free (right) G action with orbit space M such that the
orbit map 7w : P — M is a locally trivial fiber bundle. We denote the right action of
geGonpe Pby Rjp=1i,9=p-g. Let g denote the Lie algebra T.G of G. The
fundamental vector field on P determined by X € g is X% (p) = (i,)«(X).

There are several equivalent definitions for connections, but the following seems
the most convenient for our purpose. However we will introduce several different
ways of thinking about connections and discuss their relationship to representations.
A G-connection on P is a g-valued 1-form A on P, such that

(1) A(X#) = X for all X €g.

(2) A is equivariant, that is, R}(A) = ad(g™")A for all g € G.
Let Ap denote the space of connections on P. If P = M x G is trivial, we write
Ay = Ap. If P is trivializable, we have a nice way of describing Ap, which we will

discuss in Proposition 2.4.2.
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A (principal bundle) automorphism g of P is a fiber bundle automorphism of P,

which preserves the right action of G on P, that is, for p € P and h € G we have
g9(p-h) = (9(p)) - h.
Denote the group of automorphisms of P by Gp. Notice that for g € Gp and h € G
we have go R, = Ry 0g and g o, = ig).
LEMMA 2.4.1. There is a left action of Gp on Ap defined via pulling back by
Gr x Ap3(g,A) —g-A=(g7")"4,

where (g*A)(v,) = A(g«(vp)) for g€ Gp, v, € T,P and p € P.

PROOF. We have the defining property (1)
(97" A)p(X7) = Agplga(ip) o X) = Agp((90ip) s X) = Agp((igy)sX) = X
and property (2)
Ri(g' - A) = Rig"(A) = g"Rj(A) = g*ad(h )A = ad(h ")g*A = ad(h *)(g " - A).
Thus ¢ - A is a connection on P. We also have g - (h - A) = (g o h) - A, because for
v, € T,P
(g (h-A)(vp) = (- A)((g7)wvp) = AR )ulg™)svs)

= A((hg™)wwp) = Al((g 0 1) ™)a(wp)) = ((g 0 1) - A)(up)

We call Gp the group of gauge transformations.

PROPOSITION 2.4.2. Let P be a principal G-bundle over a manifold M.
(1) Gp can be identified with C* (M, G).
(2) Suppose P is trivializable. A trivialization of P induces an identification of

Ap with Lie-algebra-valued 1-forms Q* (M) ® g on M.



ProOOF. Consider (1). To see that Gp =~ C®(M, G) as groups, let g be a (smooth)
automorphism of P. Let p be in the fiber P,, of P over m € M and choose an
isomorphism ® : P,, — G. Let k,, be the unique element in G such that k,,®(p) =

®(g(p)). Then k,, is independent of p since

km®(p - h) = km®(p)h = ®(g(p))h = 2(g(p) - h) = (g(ph)).

Furthermore if we choose p € P,, with ®(p) = 1, then for a different isomorphism
v : P, — G we have k,,®(p) = k,¥Y(p) = k,,. Thus k,, is independent of the
trivialization of the fiber, and k : M — G is a map. Since ¢ is smooth, k is smooth.

Let us turn to (2). Let A € Ap. By trivializing P = M x G, we can split the
tangent space of P at p = (m,g) € P as T,P =T,,M x T,G.

Let j : M — P = M x G be the embedding j(m) := (m,1). Then we can define
a homomorphism

UV:Ap - Q(M®g
A — j*(A).
On the other hand given A € Q(M: g), define a 1-form ®(A) := Aon P = M x G

where
Apmg) (Vmy wg) = A (Vi) + (Lg=1) a0y
Then for X € g and p = (m, g) € P we have X# = (i,)+X = (0, (Ly)+X) and thus
A (X#) = A,,(0,) + X = X.
Since ad(h™!), = ad(h™!) we have
R A(vpn, wy) = A0, (B)swy) = A(0) + (Ligny-1)s(Rr)sw,y = ad(h™)(Lg-1)swy.

This way we have a homomorphism ¥ : Q'(M; g) — Ap.

Furthermore, the maps ® and ¥ are inverses of each other, because

(W 0 B(A)) v = §*(Apn)(0m) = Ay (Wi 0g) = At
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and
(© 0 U(A))(Um,wy) = VA(vy,) + (Ly-1)swy = A(Vy, 04) + A(0py, wy) = AU, wy).
That is, Ap =~ Q' (M) ® g as (affine) vector spaces. O

In this dissertation we are only interested in manifolds M of dimension dim M < 3.

In this case we have the following result.

LEMMA 2.4.3. Let G be a simply connected Lie group. Fvery principal G-bundle

P over a manifold M with dim M < 3 is trivializable.

PROOF. Isomorphism classes of principal GG-bundles over a manifold M are in 1-1
correspondence with homotopy classes of maps from M to the classifying space BG
of G, [M, BG] (see [DavK]). Thus all we need to show is |[M, BG]| = 1. Let EG be
the universal cover of BG. The long exact sequence of homotopy groups associated

to the fibration G — EG — BG yields
0=m,EG — 7,BG > 7, |G — 7, {EG =0

for n > 1. Since any Lie group has m, = 0 (see [C, Browd]), G is 2-connected and
thus m;BG = 0 for 1 < i < 3. Since EG is contractible, BG is connected, that is,
moBG = 0. Thus BG is 3-connected. By obstruction theory any map from an n-
dimensional C'W-complex to an n-connected space is null-homotopic. Thus any map

from M to BG is null-homotopic. 0

We are only interested in principal SU(2)-bundles P over M. SU(2) is 2-connected.
Thus, after fixing a trivialization once and for all, we have Ay, = Q'(M) ® su(2) and
Gy = C*®(M,SU(2)).

In this trivialization we have a nice description of the action of a gauge transfor-
mation g € C*(M,SU(2)) on an SU(2)-connection A on M

1 1 1

g-A=gAg~ ' +gdg" =gAg " —dgg".



Notice that dpg~"' : T,,M — Ty-1(,,y)SU(2), thus gdg~' is an su(2)-valued 1-form.
gAg~! is conjugation on the coefficients, so is an su(2)-valued 1-form as well.

We will also frequently think about connections in terms of covariant derivatives.
A covariant derivative V : Q°(E) — QY(E) on a vector bundle E is a R-linear

homomorphism satisfying the Leibniz-rule
V(ifra)=df @a+ f A Va
where f € Q°(M), a € Q°(E) and d is the usual exterior derivative. We extend V to
an R-linear map
vV QFE) - QFYE)
by tensoring with the de Rham complex: For w € QF(M) and o € Q°(E) we let
Viwra)=do®a+ (—1)fw A Vo

We are going to work with the adjoint vector bundle. Let ad : SU(2) — Aut(su(2))
be the adjoint representation of SU(2). Then the adjoint bundle associated to the
principal SU(2)-bundle P over a manifold M is

adP = P x,q su(2) = P x su(2)/(pg, ad(g™)u) ~ (p, u).

In our case, dim M < 3, we have P x,q su(2) = M x su(2) induced by the choice of
trivialization P = M x SU(2). (The identification is given by (M x SU(2)) X aasu(2) 3
[((m,g),v)] — (m,ad(g)v) € M x su(2).) Thus a choice of trivialization gives an
identification

Q*(adP) = Q* (M) ® su(2).
Now we can associate to a connection A on P a covariant derivative or twisted exterior

derivative on adP = M x su(2) by defining
da: QM@ su(2) — Q'(M)® su(2)

a — da+[A,al,
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where [-, -] means taking the Lie bracket on the coefficients and wedging the form
part. As before, extend the covariant derivative to 2*(M) ® su(2) by the Leibniz

rule.

DEFINITION 2.4.4. The Hodge star operator = on differential p-forms on M is
defined via a A #0 = {a, f)vol, where {«, ) is the inner product on p-forms induced
by the Riemannian metric on M and vol denotes the volume form. We extend the
Hodge star operator to QP(M) ® su(2) by applying it to each matrix entry. For
example in dimension 3 we have locally *vdx = vdy A dz, where v € su(2) and
dx, dy and dz are orthonormal. If dim M = n, then for the Hodge star operator
acting on p-forms we have %2 = (=1)P(P) and d* = (—1)"P*D+! x dx. Notice that
#2d = (—1)"*'d%2. Then similarly d* = (—1)"®+D+! & 4 % Notice that the Hodge

star operator is self-adjoint.

We also need to frequently use the following terms.

(1) The curvature Fs of a connection A € Q' (M)®su/(2) is the 2-form in Q*(M)®
su(2) defined by [Fa, ¢] := d4¢, where ¢ € Q°(M) ® su(2). We have Fy =
dA+ A A A.

(2) We call A flat, if F4 = 0. Let Fp < Ap be the set of all flat connections on
M. If P is trivial we write F); instead of Fp. If A is flat, then the holonomy
hol(A) : ;M — SU(2) is a representation.

(3) A € Ay is in cylindrical form in a collar of ¥ = OM if A = i*a, where
is: X —>Xx[0,1] € M and a € Asx.

Let xg(M) be the variety of conjugacy classes of G-representations of the funda-
mental group m(M). The following relationship between conjugacy classes of rep-
resentations and gauge equivalence classes of connections will be exploited in the

following chapters.



PROPOSITION 2.4.5 (Proposition 2.2.3, [DoK]). Suppose

(1) G is a simply connected, compact Lie group,
(2) M is a 3-manifold,

(3) P is a principal G-bundle over M.

Then the holonomy map induces a homeomorphism between Fp /G and xa(M).

2.5. The Odd Signature Operator and the Tangential Operator

The odd signature operator is related to the Chern-Simons function. For a con-
nection A € Q'(M;su(2)) on a 3-manifold M the Chern-Simons function is given

by

cs(A) LJ tr(A A dA + %AA AnA).
M

~ 82

At a flat connection it is an extension of the Hessian of the Chern-Simons function
by a “ghost” operator with symmetric spectrum. Thus the spectral flow of the two
operators between flat connections is equal when the ghost operator has nonzero
kernel at the endpoints. With our (—&, —¢) convention, the spectral flow of the two
operators is the same up to the dimension of the kernel of the ghost operator at the
endpoints.

Let ¥ a surface and X a 3-manifold with collar [0, 1] x X, where 0X = ¥ cor-
responds to {0} x X. We set Q/(X;su(2)) := QY(X) ® su(2) and Q1 (X; su(2)) :=
Q(X; su(2)) @ QY(X; 5u(2)).

DEFINITION 2.5.1. We write the restriction of Q%*1([0,1] x ¥; su(2)) to ¥ = 0X

r: QUFH([0,1] x s su(2)) — QU su(2))

(0.7) = (3(0), (), (4 ),
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where 4, : ¥ < [0,1] x ¥ is the inclusion at u, - denotes contraction and # is the

Hodge star on differential forms on the 2 manifold 3. This also gives us a restriction

map of Q% (X; su(2)) to QUFIH2(3; su(2)).

If we write 7 = 3 + wdu, where u is the coordinate in [0,1] and 3 does not
have a du component, then a more intuitive way to write the restriction map is
r(o, B + wdu) = (o|x, fls, *(w]s)). At first glance it might seem odd that we get an
extra 2-form when we restrict, but observe that the differential forms are sections
of the cotangent bundle over the manifold. The restriction map is induced by the
restriction of bundles, which must preserve the dimension of the fiber. The fiber in
the case of 0 and 1-forms on a 3 manifold is 1 + 3 dimensional. The fiber in the case
of 0 and 1-forms on a 2 manifold is 1 + 2 dimensional. Thus we need to have an extra
dimension, which the 2-forms on the 2-manifold provide. This way of describing the

restriction map is unique to dimension 3.

DEFINITION 2.5.2. For an SU(2)-connection A € Q'(M; su(2)) the odd signature

operator twisted by A is defined to be
Dy QUY(M;su(2)) — QM su(2))
(a,8) = (d4f,#daB + dac).

DEFINITION 2.5.3. For an SU(2)-connection a € Q'(X; su(2)) the tangential op-

erator S, of D4 (also called de Rham operator) is defined to be
Sy QUPIF2(S su(2)) —  QUFIFE(S; su(2))
(a,8,7) = (xdof, = xdoc — do % 7, do % ).

The operator D4 @ D4 is the tangential operator of the signature operator from

the positive eigenspace of the Hodge star operator to the negative eigenspace

da+ d% : QF(adP) — Q~ (adP).



LEMMA 2.5.4. Let ¥ and M be closed 2 and 3-manifolds respectively.

(1) S, is a first-order self-adjoint elliptic differential operator with respect to the
L? inner product {a, ) = — [ tr(a A #[3).
(2) D4 is a first-order self-adjoint elliptic differential operator with respect to the

L? inner product {a, By = — [, tr(a A =0).

SKETCH OF PROOF. The self-adjointness is proven using integration by parts and
the fact that the trace is invariant under conjugation. Also S, is a Dirac operator,
because S? differs from A, and thus from A by a 0-degree differential operator. Thus

S, is elliptic. The same argument works for D 4. O

The following observation will come in handy when studying eigenspaces of S,

and harmonic forms.

LEMMA 2.5.5. If a € QY(3; Ri), then the operator S, preserves the splitting of
QO+1+2(2; SU(?)) — QO+1+2(2; RZ) &) QO+1+2 (E; C]),

and the action of S, on the Ri part is independent of a.

PROOF. The proof can be reduced to analyzing d,, because * does not change
the coefficients. Let a € Q0F12(3; Ri) < Q0F1*2(3; su(2)). We certainly have da €
QOF1+2(33: R4). Since coefficients in Ri commute with each other, we also have [a, o] =
0 for all o € QF1+2(3; R4). Thus d,a € Q°F1+2(3; Ri). Consider a € QOF12(2; Cj).
Again one has da € QF'*2(3; Cy), and [Bi, 1) + k] = 2(Bak — Basj) € Cj
implies [a, a] € QUF1H2(%; Cy) O

2.6. The Twisted Laplacian and Harmonic Forms

The tangential operator S, and the twisted Laplacian share some important prop-

erties. Harmonic forms turn out to be the kernel of S,. This puts Lagrangians in the
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twisted cohomology and the scattering Lagrangian into perspective and shows the
importance of harmonic forms for this work.

Let ¥ be a surface. Define A, := d,d*+d*d, to be the Laplacian on Q"2 (3; su(2))
twisted by a € Ax. The following important identity is an immediate consequence of

d?> = 0 if a is flat.
LEMMA 2.6.1. A, = S? if a is flat. U

Denote by HO™2(%; su(2)) := KerA and HIT2(3; su(2)) := KerA, the har-
monic 0, 1 and 2-forms of A and A, respectively. As an immediate consequence of
Lemma 2.6.1 a M-eigenvector ¢ of S, is a A\2-eigenvector of A,. But a slightly modified

reversed statement also holds.

LEMMA 2.6.2. If a is flat and ¢ is a A\*-eigenvector (A > 0) for A,, then o+ %Sago

is a tA-eigenvector for S,. Furthermore KerS, = KerA,.

PROOF. Observe, that each eigenvector of A, with nonzero (that is, positive)
eigenvalue yields exactly two eigenvectors of Sg, for if Ay = N2 (A # 0) and if we
take Y = ¢ + %Sago, then

1 1 1
Sath = Sap + XAaSO = Sup + X)‘290 = A (90 + XSaSO) =\,

that is, 1 is a A-eigenvector of .S,.
If S, = 0, then certainly A, = S?p = 0. On the other hand, since S, is

self-adjoint, we get

1Satp]? = {Sup, Sap) = (SZp, 0y =0,

if S2p = Ay =0. O

LEMMA 2.6.3. If a € Q'(3; su(2)) is flat, then

H2+1+2(2§ su(2)) = H0+1+2(Z; 5U(2)nol(a)),



where HOV'2(3; su(2)noi(a)) s the cohomology of ¥ with su(2)-coefficients twisted by

the holonomy hol(a).

PrRoOOF. Hodge theory with d, gives us the isomorphism between harmonic forms

and twisted De Rham cohomology. 0J

Denote by F, , the p-eigenspace of S, and let

L2
}ZZ/ = SpanL2{¢ |SL¢)::ﬁ“ﬁau >'V} ::<:>11LH )
u>v
7[/2
Py, = spanpa{y [ S =, p< —vy= @ Eap
n<—v
E;fy = @ E,, and
Oo<u<sy
E,, = @ Eu.
—r<u<0

If a € Q'(3; Ri), abbreviate
P := Py, Pg;:= P n L*(Q""'*?(3; Ri)) and P;_,_Cj = P n L2(Q"T12(3; CY)).

Notice, that the Ri-part of the eigenspaces of S, do not depend on a, because S, =
Soe + [a, ¢] = Spp. Thus we write Pg; instead of P, and H*"*2(T'; Ri) instead of
HOHF2(T; Ra).

By the spectral theorem for self-adjoint elliptic operators we have the splitting
(2.6.1) L*(QHH2(3, su(2))) = P @ KerS, @ Py .
Naturally S, preserves the splitting (2.6.1) restricted to its domain into eigenspaces.

We may combine the splitting (2.6.1) with Lemma 2.5.5 to get a finer splitting:
LEMMA 2.6.4. Let a € QY(X; Ri). Then S, preserves the splitting
L2(Q0F12(5: 5u(2))) n 2(S,)
= {(PR, @M (5 Ri) @ Pr;) @ (Prlg; @ Hy W (5 CH) @ Prcy)} 0 Z(Sa),

where HOTH2(T; Cj) = HITIT2(3; su(2)) n QUH+2(3; Cj). O
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2.7. Symplectic Vector Spaces and Lagrangian Subspaces

Symplectic vector spaces and Lagrangian subspaces provide a convenient frame-
work when dealing with differential operators on a manifold with boundary. Par-
ticularly a boundary condition is a Lagrangian subspace of the bundle restriction of
domain to the boundary.

An almost complex structure on a real Hilbert space is an isometry J such that

J? = —Id. We can define an almost complex structure on L?(Q°1*2(3: su(2))) by

J(@, 0,7) = (=7, %0, xa).
It is easy to check using the properties of the Hodge star operator in Definition 2.4.4
that J> = —Id and that J is an isometry of L*(Q0T1*2(3; su(2))). Furthermore J
preserves the splitting of L2(Q2071%2(3; su(2))) into the direct sum L?(Q°+1+2(%; Ri))
and L2(Q0F1+2(3; Cy)).
LEMMA 2.7.1. For an SU(2)-connection a € Q'(X; su(2)) we have

JS, = =S, J.

PRrRoOOF. We have
JSu(, B,7) = J(xdof, — % decv — dy %7, dg % 3)
= (= xd, % 3, — > dya — %d, % 7, %%d, )
= (—#dy% B, —#d, %y +d, %> o, —d, ¥* )
= —S,(— %7, %0, xa) = =S, J(a, 3,7).
U

A subspace A in a real Hilbert space with almost complex structure is Lagrangian

if JA = A+. Lemma 2.7.1 implies the following.

COROLLARY 2.7.2. Let a € Fx;. Then



(2) JTHEFH2(E: su(2)) = HeH 2 (3 su(2)).

(3) HO12(3; su(2)) is a finite dimensional symplectic  subspace  of
L2(QOF12(3; su(2))).

(4) If L is a Lagrangian in H2T172(3; su(2)), then L @ PE is Lagrangian in
L2 (Q0F12(3; su(2))).

2.8. Cauchy Data Spaces and Adiabatic Limits

Cauchy data spaces play an important role in this dissertation because of their
relation to spectral flow. Liviu Nicolaescu analyzed this relationship in his thesis
[N1]. Before we can state his theorems we need to learn about Cauchy data spaces
and adiabatic limits.

We will state all results in this section in terms of the twisted odd-signature
operator, but they apply to other Dirac type operators as well.

Let X and Y be oriented 3-manifolds with oriented boundary ¥ = ¢X = —0Y

using the outward normal first convention. We introduce the notation

XP=XU([0,R]x¥) and X®=Xu([0,00)x ),

YE=Y U ([-R,0]x¥) and Y*=XuU ((-,0] x %)

for R > 0. Let A be a connection on X, which is in cylindrical form in a collar of
Y. Denote the restriction to ¥ by a. As before denote by P, the L2-span of the
positive eigenspace and P, the L2-span of the negative eigenspace of S,. There is
a one-to-one correspondence given by restricting X® to X between L? solutions to
D4(o,7) = 0 on X*® and the solutions to Da(c,7) = 0 on X whose restriction to X

lie in P .

DEFINITION 2.8.1.
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(1) The Cauchy data space of D 4 is

L2

Axa:=Ax(Da):=rKerDy)
where r @ Q"X su(2)) — QOFIH2(S; su(2)) is the restriction map from
Definition 2.5.1 and D, : Q°7(X; su(2)) — QX su(2)) is the odd sig-

nature operator twisted by A.

(2) We call

ZLx.A = PIOjkers, (Ax,a N (P~ U KerS,))

the scattering Lagrangian or the limiting values of extended L? solutions,

See [BB| for more information on Cauchy data spaces, particularly Definition
2.20 in [BB]. Note that we can extend D4 to X and that A¥ , := Ayr(Da)
is a continuous family of Lagrangian subspaces by Lemma 3.2 of [DanK]. Denote
AS 4 = limp e A%A.

Lemma 8.6 in [KL| and Proposition 4.9 in [APS] describe the scattering La-

grangian at a flat connection in several useful ways, one of which is the following.

LEMMA 2.8.2. If A is a flat connection on X, then ZLx a is isomorphic to the

image of H*(X; su(2)noi(ay) — H*(0X; 5u(2)noi(4))-

Here H*(X; su(2)noi(4)) is the cohomology with values in su(2) twisted by hol(A).
We will write H*(X; su(2)4) instead of H*(X; su(2)noi4)). Recall, that we have the
orthogonal orthogonal decomposition

L*(Q0H1*2(5: 5u(2))) = P, @ KerS, @ P = P ,®E,, ®KerS,®E}!, ®F;,

Kirk and Lesch [KL] give a more detailed decomposition in the spirit of the Hodge

decomposition (dropping the index a everywhere including d,)

L2(Q72(555u(2))) = Py @ d(E)) @ d*(E)) @ KerS @ d(E,) @ d*(E;) @ P,



which can be conveniently written as an orthogonal sum of symplectic spaces
(2.8.2)
L2(Q12(85su(2))) = (P @(P))) @ (d(E))@d*(E;)) @ (d* (B ) @d(E, ) ) @KerS.

Cauchy data spaces are complicated and we wish to relate them to simpler ones.
It is particularly nice when D, has non-resonance level 0.
DEFINITION 2.8.3. D4 has non-resonance levelv = 0, if P, n Ax 4 =0

Nicolaescu’s adiabatic limit theorem describes the adiabatic limit of Dy4.

THEOREM 2.8.4 (Corollary 4.11, [N1]). Let A be flat. If D4 has non-resonance
level 0, then
A§,A = P;_ @XX,A

This adiabatic limit theorem can be extended as follows.

THEOREM 2.8.5 (Theorem 8.5, [KL]). Let A be flat. There exists a subspace
W, < d(E;fy) c Py
1somorphic to
Im (HO*(X, 55 su(2)4) = HO'(X; su(2)4))
so that if W~ denotes the orthogonal complement of W in d(E} ), then with respect to

the decomposition (2.8.2) into symplectic subspaces, the adiabatic limit of the Cauchy

data spaces decomposes as a direct sum of Lagrangian subspaces:
Xa=PL@W.@J(W;) ©d(E,,)®Zs
where Ly < KerS, = H*(X; su(2)4) denotes the scattering Lagrangian on X.

If A is irreducible, then we have Im (H°(X,X;su(2)4) — H°(X;su(2)4)) = 0

(Proposition 4.3 in [KK2]). The following proposition will help with our computation.
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PROPOSITION 2.8.6 (Proposition 2.10, [BHKK]). Suppose that A is a flat con-
nection on a 3-manifold X with boundary ¥. Let a be the restriction of A to X. If

Q < KerS, is any subspace (not necessarily Lagrangian), then there is a short exact

sequence

0 — Im(H'(X,S; su(2)4) — HY(X; su(2)4) — KerD4(PT @ Q) 5 Lxan Q — 0,
where KerD (P} @ Q) consists of solutions to Da(o,7) = 0 whose restriction to the
boundary lie in P} @ Q.

In particular Proposition 2.8.6 implies:

COROLLARY 2.8.7.
(1) By letting Q = 0, we get the isomorphism given in [APS]
Axan Pl =~Im(H' (X,3; 5U(2)noi(a)) — HY(X; 5U(2)nol(4)))-
Thus 0 non-resonance level is equivalent to
Im(H' (X, Z; su(2)noiay) = H' (X su(2)noiay)) = 0.
(2) Assuming 0 non-resonance level, we get the isomorphism
Axan (Pf@Q)~ %y nQ.

The following fact about stretching collars will also be very useful.

LEMMA 2.8.8 (Lemma 8.10, [KL]). Let A be a connection on M = X uy Y, and
let a be its restriction to 3. Let V < KerS, be a Lagrangian subspace.
(1) The dimension of the intersection A% , 0 Af 4 is independent of R € [0, o).
(2) The dimension of the intersection A% , n (Pt @ V) is independent of R €
[0, 0].
(3) The dimension of the intersection (Py @ V) n A{ 4 is independent of R €
[0, o0].



2.9. Boundary Conditions

Let X be a 3-manifold with boundary . We will review boundary conditions in
the context of the odd signature operator D 4 twisted by A € Ax and of the tangential
operator S, twisted by a € As.

Let B < L2(Q°F1*2(3; su(2))) be a closed subspace. A solution ¢ € L?(X) to
D 4(¢) = 0 satisfies the boundary condition B, if () € B n LQ%.

A Lagrangian subspace P < L?(QY*2(3; su(2))) is called an Atiyah-Patodi-
Singer (APS) boundary condition, if P contains all eigenvectors of the tangential
operator S, with sufficiently large eigenvector.

The APS boundary conditions are non-local (or global) boundary conditions. A
local boundary condition is a boundary condition B < L?(Q%*2(3; su(2))) which

for any open cover U; of ¥ can be written as the intersection

m{w < LH QA (Sssu(2))) | ¢lu, € Bu,},

where By, © L2(Q0T1+2(U;; su(2))).

2.10. Maslov Index

Let H be a symplectic Hilbert space with compatible almost complex structure
J. A pair of Lagrangians (L, M) in H is called Fredholm if L + M is closed and both
dim(L n M) and codim(L + M) are finite. Consider a continuous path (L;, M;) of
Fredholm pairs of Lagrangians in H. Continuity is measured in the gap topology.
If L; and M, are transverse at the end points, that is, intersect trivially, then the
Maslov index Mas(Ly, M,) is roughly defined to be a count of how many times L,
and M, intersect with sign and multiplicity, that is, counting the dimension of the

intersection. For a careful definition see [CLM], [N1] or [Dal].
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Nicolaescu’s main theorem in [N1] applied in our context states
SF(DAt) = MaS(AX(DAt)> AY(DAt))7

where Ax(D4,) and Ag(Dy,,) are the Cauchy data spaces associated to the restrictions
of Dy, to X and S, which are Lagrangian subspaces of L?(Q0T12(X: su(2))). We
want to use the homotopy invariance and additivity of the Maslov index facts as
well as facts about the adiabatic limits to express spectral flow in terms of a sum
of Maslov indices which will in turn correspond to spectral flow on X and Y with
certain boundary conditions.

Note that Nicolaescu assumes that the Cauchy data spaces are transverse at the
end points. In [Da2] this result has been extended to the situation when the Dirac
operators are not invertible at the endpoints. Also see Theorem 7.6 in [KL] for a
proof of the same result.

In this case a compatible convention must be chosen for computing Maslov index.

DEFINITION 2.10.1. Given a continuous 1-parameter family of Fredholm pairs of
Lagrangians (L, M;), t € [0, 1], choose € > 0 small enough so that
(1) e*/L; is transverse to M; for i = 0,1 and 0 < s < ¢, and

(2) (e*? Ly, My) is a Fredholm pair for all ¢ € [0,1] and all 0 < s < e.

Then define the Maslov index of the pair (L;, M;) to be the Maslov index of (e*L' L, M;).

Then the precise statement of the extended version of Nicolaescu’s splitting the-
orem in the context of the odd-signature operator and SU(2) connections is the

following.

THEOREM 2.10.2 (Theorem 4.3,[Da2]). Suppose M is a closed 3-manifold decom-
posed along a surface ¥ into two pieces X and 'Y, with ¥ oriented so that ¥ = 0X =

=Y. Suppose A, is a continuous path of SU(2) connections on M in cylindrical



form in a collar of X3. Then (Ax(Da,)), Ay(Da,)) is a Fredholm pair of Lagrangians

and

SE(Da,) = Mas(Ax (Da,), Ay (Da,))-

We also have a relative version of this theorem (see [Dal] and [IN1]) which relates
spectral flow on a manifold with boundary with APS boundary conditions to some

Maslov index. It is implied by the results in [DaZ2].

THEOREM 2.10.3. Suppose X is a 3-manifold with boundary 3. If A; is a path of
connections on X in cylindrical form near ¥ and Py is a continuous family of self-
adjoint APS boundary conditions, then the spectral flow SF(D ,|X; P;) is well defined
and SF(D,|X;P) = Mas(Ax(Da,), Pr).

Given three Lagrangians Ly, Ly and Lz in H, we may define an integer 75 (L1, Lo, L3)

as the signature of the symmetric quadratic form
Q:Li®dLdLls — R
(w1, 29, 73) — (w1, T2)n + (T2, T3)m + {T3,T1)H
This is the maslov triple index usually considered in the literature. See [CLM].
We will use a different Maslov triple index as defined in [KL], which is up to
normalization the same as Bunke’s Maslov triple index in [Bu]. (For an alternative
on the subject of the n-invariant see [Wol] and [Wo2]). It is convenient for our

purpose to define it using the main characterization of this Maslov triple index. The

following definition summarizes formula (6.24) and (6.21) in [KL].

DEFINITION 2.10.4. Let P,, Q; and Ry, t € [0, 1], be paths of Lagrangians of H
so that they are pairwise Fredholm. Then the (twisted) Maslov triple index 7, is

determined by

7, (Po, Qo, Ro) — 7.(P1, Q1, R1) = Mas(P, Q) + Mas(Q, R) — Mas(P, R)
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7, and 7y share some properties. By Proposition 6.11 in [KL] we have the useful
property 7,(P, P,Q) = 7,(Q, P, P) = 0. Furthermore 7, is additive under direct sums

(symplectic additivity).

2.11. Twisted Cohomology

Twisted cohomology plays a crucial role in the computation of the scattering
Lagrangian. Computing the scattering Lagrangian is difficult in general because it
depends on the metric on X. However, in the case of the odd signature operator
twisted by a flat connection A, the De Rham and Hodge theorems provide an identi-
fication of the scattering Lagrangian with the image of the twisted cohomology of X
in the cohomology of 0X as in Lemma 2.8.2.

Let X be a space and p : 7 — Aut(V') be a representation of 7 = 71X on a vector
space V. Let H*(X;V,) be the cohomology of X twisted by p. See for example page
98 in [DavK] for a definition.

If X = K(m,1) is an Eilenberg-MacLane space, then H*(X;V,) is isomorphic to
the group cohomology H*(m,V,). We will review some facts about group cohomology.
For detailed information see [E] and [Brown].

One chain complex computing H*(m,V,) is the bar resolution. This complex
consists of C°(m,V,) = V and C"(r,V,) = Maps(7", V). The coboundary maps are
defined by

Ow)(z) = z-v—v=(s—1)-v, and
5" F(21y o 2ng1) = 21 f(2a .y Zngt)
+i(—l)if(zl,...,zizm,...,znﬂ)
+Z(:—11)"+1f(zl,...,zn)

forveV, z; e mand f € Maps(m, su(2)), where (z + 2') - v means p(z)(v) + p(2')(v).



We will mostly be interested in computing the zeroth and first cohomology. The

relevant coboundary maps are
)z = zov—v=(2—1)-v,
(=) = f&)+z-f(Z) = f(z2)

forveV, z 2 € m and f € Maps(m, V).

DEFINITION 2.11.1. Let p be a representation. A (Fox) derivation with respect to

p is a function f : 7 — V satisying

f(z)Y=f(z)+z-f(&) forall 2,2 en

A derivation has the following nice properties, which follow immediately from the
definition, but help in computations:
e f(1)=0
o f(z7H)=—271f(2).
If Fis the free group generated by A = {z1,...,2,} and p : F — Aut(V) a

representation, we have the following.

LEMMA 2.11.2. Any function f : A — V uniquely determines a derivation on F,

which we will call f as well.

This is not surprising. Its not very illuminating proof may be skipped. The

trouble is that a priori it is not clear whether the extension of f to F' is well-defined.

PROOF. Observe that we can extend f to a function on A U {1} U A™! by the

above properties, where A~! denotes the inverses of all elements in A. For x € A and
a € Z a syllable in A is given by %, where we write 2* = -z andz ¢ = ¢z~ ... 27}
—

for a > 0 as well as 2° = 1. A word in A is a sequence of syllables in A. Then define

inductively f(xy) := f(z) + - f(y), where x and y are a words in A. Furthermore
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we let f(z) = 0 if z is the empty word. First we need to check that f is well-defined

by verifying that f preserves associativity. For words v,w, z,y, z in A, we have

fluz(yz)w) = fv) +v- f(@)+ (vz) - f(y) + (vay) - f(2) + (vayz) - f(w)
(v) +v- (f(zy) + (zy) - f(2)) + (vayz) - f(w)

= f) + f((zy)2) + (vayz) - fw)

(v)

(v)

v

I
~

v

+v- (flay) + (zy) - f(2)) + (vayz) - fw)
= f) + f((zy)2) + (vayz) - fw).
For f to be well-defined when considered as a function on the group 7, we need
to check that f takes the same value on words in A that represent the same element
in 7. Two words represent the same element in 7 if they are related by elementary

expansions and contractions of the form zy°z ~ zz and zy®y’z ~ xy**’z for words

x,y,z1in A and a,b € Z. We have

flay’z) = f(@)+x- f(y"2) = f(@) +2- f°) + (@) - f(2) = f(z) +2- f(2) = f(a2)

and
flay™y’2) = f(x)+a- fy*) + (ay®) - f(0°) + (2y"y") f(2)
= fla)+a- (fly") +y" F") + (ay™y") f(2)
= f(@)+a- fy") + (@y™™) - f(2) = flay2).
Thus f : 7 — Aut(V) is well-defined. 0

We can extend this to arbitrary finitely generated groups. Let

T =21,y 2n | "1, T

be the group with generators S = {z1,...,2,} and relators R = {ry,...,r,}. Let
F be the free group generated by S and let p : I — m be the projection to the

quotient m = F/R. Consider a representation p : F' — Aut(V') which descends to a



representation p : m — Aut(V'), that is, pop = p. Denote p(z)(v) by zewv. The choice
of notation is supposed to remind us that the representation plays a crucial role in
derivations, even though their notation is suppressed in the definition of a derivation.
Observe that in this notation, x - v = T e v, if p(x) = . Note also that for all z € F

with p(x) =1 get p(x) =1d , that is, z -v =v for allv e V.

LEMMA 2.11.3. Let f : FF — V be a derivation with respect to p, and assume that
p factors through w. Then f descends to a derivation f : 7 — V, thatis, fop = f,
if and only if f(r) =0 forre R.

PROOF. Assume that f(r) = 0 for r € R. Then we have f(r—1) = —r"1f(r) =0

as well, and we get for z,y € F

flarly) = f(@) +a- fOr=) + (@) - fly) = fl2) + - fly) = flay).

Thus we may define f(Z) := f(z) if p(z) = Z. Furthermore, if p(z) = # and p(y) = ¥,

then

F@y) = flay) = f(@) + - f(y) = f@) + 2 [@) = [(7) + T ¢ f().
Thus f descends to a derivation f: 7 — V.
On the other hand, if f is a derivation F' — V which descends to m, then in

particular f(r) = f(1) = 0. O

Lemmas 2.11.2 and 2.11.3 provide us with an easy way to keep track of derivations.
This will be used in Chapter 6 for group cohomology computations. Lemmas 2.11.2

and 2.11.3 imply the following.

COROLLARY 2.11.4. Let p : m — V be a representation. Then a derivation on m

18 determaned by its values on its generators.

Since 0 = §'(f)(z,2") = f(2) + 2 f(2') = f(22') for all z,2' € 7 if and only if [ is

a cocycle, we get
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LEMMA 2.11.5. The I-cocycles of the bar-resolution are precisely the derivations

in Maps(m, V). O

EXAMPLE 2.11.6. Let M be a torus bundle over S'. Notice that the universal
cover of M is R3. R3 is contractible, thus mM = m;R? is trivial for i > 2. It follows
that M = K(m M, 1), and so we can use the bar resolution to compute its twisted

cohomology.

EXAMPLE 2.11.7. More generally, let X be any compact 3 manifold with torsion-

free fundamental group. Then it is shown in [He] that X is a K(m(X),1).

The De Rham map provides the isomorphism between De Rham cohomology of
the twisted De Rham complex d4, where A is a flat SU(2) connection on M and
(singular) cohomology of M twisted by hol(A) H*(M; su(2)ne(a))-

DEFINITION 2.11.8. Let 7 : M — M be the universal cover of M. In our context

the De Rham map dR is given by the composition:

) e P hol(A) i ~
dR : Q' (adPyoiay) = (7 adPooiay) = (M) ® su(2) 2 Homgz, (S;(M), su(2)),

where ®(0)(c) = [, o denotes integrating an su(2) valued i-form over a singular chain

in S;(M).

Note that we need to fix a trivialization of the fiber at a fixed lift of the base point

to the universal cover, before we can trivialize Q' (7*adPi(4)) using the holonomy of

A.






CHAPTER 3

Atiyah-Patodi-Singer Boundary Conditions

Our distant goal is to relate spectral flow on a closed 3-manifold to spectral flow
on pieces of a certain splitting. In order to be able to even talk about spectral flow
on a manifold with boundary, we need to impose boundary conditions, which will
ultimately stem from the boundary conditions used in Nicolaescu’s theorem 2.10.3.
In particular the kernel of the path of differential operators will be infinite dimensional
if we do not restrict the domain, that is, impose boundary conditions.

Chapter 18 in [BW] is dedicated to the study of (global) elliptic boundary con-
ditions. We are concerned with particular global elliptic boundary conditions called
APS boundary conditions (see Section 2.9). In the special case of the twisted odd-
signature operator D4 twisted by A € Ay on a 3-manifold Y with torus boundary 7',
the APS boundary conditions ensure that D, is self-adjoint and elliptic.

We define a specific family of APS boundary conditions which is large enough
to be useful and small enough to have a nice parametrization. We first choose a
family of connections a, s on the torus T' parametrized by (a, 3) € R* which covers
all gauge equivalence classes of flat connections on 7. Then we introduce a space
R? (see Figure 3.3.1) with a continuous smooth surjection 7 : R?2 — R2 where
7((32)?) is a collection of circles and 7 is a homeomorphism on 7~!(R? — (1Z)?),
and we construct a nice family P of boundary conditions parametrized by a « € R2.
In particular we show that given a family of connections A, on a manifold with

boundary 7' parametrized by ¢ € U < ﬁz, the odd signature operator D, with

boundary conditions P,, is self-adjoint, elliptic and varies continuously in ¢ € U. This

39



provides a convenient framework for working with the odd-signature on a manifold
with torus boundary.

The results will be applied to the splitting M = X ur S in Chapter 4, where S
is the solid torus. In Chapter 5 we will explicitely compute spectral flow on S with

these boundary conditions.

3.1. Connections on the Torus

All of our analysis requires the SU(2) connections on Y to be flat on the torus,
because then the dimension of the kernel of the tangential operator is independent
of the metric on T" and the kernel is isomorphic to the twisted De Rham cohomology
of T. The gauge-equivalence classes of flat SU(2)-connections on 7" are in one-to-one
correspondence with the conjugacy classes of SU(2)-representations of the fundamen-
tal group mT" by Proposition 2.4.5. Furthermore it is induced by the holonomy map,
which we will use to specify a convenient family of flat SU(2)-connections.

Let xr be the variety of SU(2)-conjugacy classes of representations of the funda-

mental group m 7 of the torus T = S* x S*
xr := Hom(m T, SU(2))/conj.

Denote the space of SU(2)-connections on the torus 7" by Ar. Pick a trivialization
of the principal SU(2)-bundle Py =Y x SU(2) over Y, which trivializes the principal
SU(2)-bundle over T by restricting Py to T. Then we can identify the affine space Ar
with Q' (T; su(2)) := QYT) ® su(2) in the usual way, where the product (or trivial)
connection @ corresponds to 0 € Q' (T; su(2)). Identify SU(2) and su(2) with the
unitary quaternions and imaginary quaternions respectively as in Section 2.3.

Recall that with our identification of Az the curvature can be expressed as F, =

da+ana. Let Fr = {a e Ar | F, = 0} be the space of flat SU(2)-connections on 7.
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Let Gr = C®(T, SU(2)) be the group of gauge transformations. Then the action

of ge Gr on A € A is given by
g-A=g 'Ag+g 'dg.

By Proposition 2.4.5 the holonomy map gives a homeomorphism from .#; :=
Fr/Gr to x(T). Let us analyze this map. Let Ae Fr. Let y: [ - T =T x0c P
be an element of m1(T'), that is, v(0) = (1), and think of v as a loop in the zero
section of P. Consider g : I — SU(2) with ¢g(0) = 1. Then by the rules in Section

2.4 we have

Alyig) = Alkgd) + A(nge)
= A((Ry)s¥e) + A(irg) w97 01)
= Ry (A)(%) + A((9:'907)
= ad(g; A + 9 G-

Let g be the unique solution A(~/g;) = 0 and thus to the ordinary differential equation

—4(t)g™' () = A(())

g(0) = Id.

Then hol,(4) = g(1) € SU(2). If A = —iadm — ifdl with (o,3) € R?, then
hol\(A) = p(a,p) is given in quaternionic notation (see Section 2.3) by
Py m(T) — SU(2)
(3.1.3) 4 e
A > 2B
Notice, that R* — xr, (a, 3) = p(a,g) is a branched cover of yr, with branch points
the half integer lattice, which map to central representations, and covering transfor-

mations (a, 3) — (£a +m,+5 +n), (m,n) € Z*. Each («a, 3) then also corresponds

to an SU(2)-connection —icvdm — i dl on T'. We summarize:



LEMMA 3.1.1. We have a smooth family {—icdm —iS dl} of flat connections with
holonomy p(a,p) as in (8.1.3) parametrized by R2, which projects onto My = xr. The

central representations correspond to the half integer lattice. O

The Hodge star operator = depends on the orientation as well as the metric used
for T. Let T = S* x St be parametrized by (m, ) — (e, e'), where m,[ € [0, 27).
Choose the product metric on T, that is, {aim, %} is an orthonormal basis. Choose

the orientation determined by dm A dl € Q?*(T).

DEFINITION 3.1.2. Let aqp := —iadm — ifdl. In view of the above Lemma
we write Py = PE | P&, 5= Pgj,. ., Hog(T;su(2)) == He (T su(2)),
Aaﬂ = Aaaﬁ, Saﬁ = Saa,ﬁ’ daﬂ = daaﬁ.

3.2. Harmonic Forms on the Torus

PROPOSITION 3.2.1.
(1) HY, 5(T; 5u(2)) is isomorphic to
e R and generated by i for (a, 8) ¢ (3Z)%, and
e R® and generated by i, e'®em+28) j and e'Com 20k for (o, 3) € (3Z)%.
(2) H, 5(T; su(2)) is isomorphic to
e R? and generated by idm and i dl for (o, 8) ¢ (3Z)?, and
e R® and generated by idm, idl, e®om+200jdm, Com+200f dm,
e'Gom+28) 5 dl and "o 2DE dl for (o, B) € (3Z)2.

3) H2 4(T; su(2)) = HC 4(T; su(2)) via the Hodge star.
a,f a,B
ProoF. By Lemma 2.5.5 the twisted Laplacian preserves the splitting
Moty (T 5u(2)) = Ho'ly (T Ri) @ Ho 3 (T Cj).

We recall that HE, 5 (T;su(2)) = Ker(da,s) n Ker(d?, 3). For the 0-forms we have
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First consider ¢ € H), 5(T'; Ri). Then [aq,¢] = 0, that is, dp = dp + [aas, @] =

0. Thus ¢ € Ri is constant. Suppose ¢j € Hy, 5(T; Cj). Then

d(¢j) = —laas, ¢i] = —2aa,ppj = i(2acdm + 20 dl)j

yields ¢j = Cel?em+28) ;' e C, which is a function on T for C' # 0 if and only if
a, € %Z.

A quick computation shows for all su(2)-valued functions ¢, on T that A, (¢, dm) =
&m dm, where @, also denotes some su(2)-valued function on T'. The same holds for
dl. (Actually this fact holds in general.) Therefore any eigenfunction is a sum of
eigenfunctions of the form ¢,, dm and ¢, dl.

Thus let ¢ = @, dm € H,, 5(T;Ri). Then again [aq5, 9] = 0. Thus dp = 0 and
d = p = 0, that is, ¢, € Ri is constant. The same argument works for dl.

Now consider ¢ = oy, j dm € H,, 5(T; Cj). Then by dy spj = 0 we must have

aglm-j dl A dm = dpj = —[aagp, pj] = 2Bi0njdl A dm
and similarly by d s =0

O dm mdl =~ 5l A dim = d % 0] = —[ans, 05] = 2aicon dm A dl.
om om ’

Thus like before pj = Ce’®*m+28D 5 dm which is a function on T if and only if a, 3 €
%Z. The same holds for dI. OJ

3.3. Boundary Conditions

We want a path of self-adjoint operators which is continuous in the graph topology.
Boundary conditions are necessary to make the odd signature on Y (unbounded)
self-adjoint. In order for the odd signature operator D 4, to vary continuously and be
self-adjoint, we need a path of boundary conditions which is continuous in the gap

topology. See [BLP] for details.



It would be particularly nice to have a continuous family of Lagrangians in
L2(QOF1+2(T; su(2))) parametrized by the family a, 5 of connections on the torus
T from Definition 3.1.2, and thus by R?, because any path of connections on Y is
gauge-equivalent to a path which restricts to a path in the family a, g. We would like
to pick a continuous family of Lagrangians in H?{IHQ(T; su(2)) and extend it to a
family of APS boundary conditions in L2(Q0T1+2(T’; su(2))) by P*. Unfortunately we
run into problems when passing through (%Z)2, because the dimension of the kernel
of the tangential operator jumps up. This means that eigenvectors (with non-zero
cigenvalues) from P* have eigenvalue 0 when limiting to (3Z)*. Even worse, for a

smooth path py, t € [—1, 1], through py € (3Z)* we have

tl_i)r(g Ppt 7 tl_igl_ Ppt'
In fact the ngﬁl”(T ; Cj) part of the limits turn out to be orthogonal to each other.
Thus we will introduce the following space to parametrize the Lagrangians. We will
see later, why this is exactly what we need. The advantage of this space is that we can

easily homotop paths of connections together with boundary conditions, thus getting

continuous paths of self-adjoint operators.

DEFINITION 3.3.1. Let R? := R? x S1/ ~, where (o, 3,0) ~ (o, 3,1) if (o, ) ¢
(3Z)2. We will simply write (a, 3, 0) € R2. Alternatively it is convenient to think of

clements in R? as being of the form
(o, 8,0) if (a,8) € (3Z)* and § € S,

(v, B) if (o, 8) ¢ (32).
Denote by 7 : R? — R? the projection (a, 3,0) — («, 3). We are also going to define

a bijection h between R? and the space R? shown in Figure 3.3.1, namely R? with

1

s removed around all half integer lattice points with the induced

open disks of radius

topology.
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We will describe what this bijection looks like around the origin. At all the
other half integer lattice points we get a similar bijection via translation. Away from
disks of radius i around each half integer lattice point the bijection is the identity
map. Identify R? with C in the usual way. Let D < C be the disk of radius i,
D:=DxS'/ ~and A c C the disk of radius 1 with an open disk of radius 1 around
the origin removed, that is, an annulus. Let n : R — [0,1] be a smooth (cut-off)
function with

.
0 t <

o=

n(t) = 4 a homeomorphism onto [0, 1] s <t< g

1 t>
\

Then the bijection h : A — D is given by h(z) := (n(|z]) - z, é) eD.

I

We give R? the topology that makes the bijection h : R? — R2 into a homeomor-

phism. Notice that h is a diffeomorphism away from (%Z)?
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FIGURE 3.3.1. R?2 ~ R?

THEOREM 3.3.2. Let (a, ) € R?* and § € S' < C. Then

(1) P(;—rﬁ : R? — (5Z) — closed subspaces of L*(QQ°*1*2(T; su(2))) is continuous.



(2) Moreover lim;_,g+ P(ia—z,ﬁ)it(ReB,ImG) exists and we can define

+ T + + 0+1+2 (. (V5
K(a,ﬂﬂ) T tli%i P(a,ﬁ)it(Re@,ImG)/P(a,ﬁ) - H(a,ﬁ) (T; Cj).

Note that K(“j:ﬁﬂ) =0 for (o, B) ¢ (32)°.
(3) P;fﬁ &) K(Jj;ﬁe) : R? — closed subspaces of L2(Q°F%2(T; su(2))) is continu-
ous.

(4) If (o, B) = 5(r,5) € (32)%, then K, 5 4 = Ui, 03, Uik, v k}) where

Y = e+ (1 T (iImf dm — iRef dl))

and
Vi = D (dm A dl + (iRef dm + ilmé dl)).
Notice from the explicit description of K* that K (J—; o) = K(i 5._g) Before we

prove this theorem, an eigenspace decomposition will be useful to compute K (Jj; 5.6)
explicitly and study the behaviour of the family P(i B)®K (ia 5.0) around the half integer

lattice. It is a lengthy but straight forward computation.
PROPOSITION 3.3.3. Fiz a = aq 3. We have the following decomposition of
L2(QO+1+2(T; SU(Q))) — L2(QO+1+2(T; RZ)) &) L2(QO+1+2(T; C]))
into eigenspaces of A,:

L2 (QO+1+2 (T; RZ))

L2

= @  sin(rm + slyHO+1+2(T; Ri) @ cos(rm + sl)HO+1+2(T'; Ri)
(r.s)e(52)?
LQ(QO+1+2(T; C]))

L2

— (_D ei(rm+sl)H0+1+2(T; Cj)

(r.s)e(52)?
where HOM ' 2(T; Ri) and HYM'2(T; Cj) are the harmonic forms (of the Laplacian

A) at the trivial connection, m and | are coordinates on the torus and
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(1) the forms in sin(rm + sl)H°T'2(T; Ri) @ cos(rm + sl)HT1+2(T; Ri) are

eigenvectors of A with eigenvalue r? + s%, and

Ga,p

(2) the forms in e HDHOFIF2(T: Cj) are eigenvectors of A, , with eigenvalue

aa”@
(r —2a)? + (s — 283)2.
Proor. We calculate
— sedy xd, TN = —wd, (e"(’”m“l) (irdm +isdl)j + [—ozi dm — fidl, ei(’"mﬁl)j])

= —xdy # (D (ir dm + is dl)j + €D (=20 dm — 234 dl)§)
= —xdy # (D [i(r — 2a) dm + i(s — 28) dl]j)
= —xd, (D [i(r — 2a) dl —i(s — 28) dm]5)
= — (D (Grdm + isdl) A [i(r — 2a) dl —i(s — 208) dm]j
+ [~aidm — Bidl, e D [i(r — 2a) dl — i(s — 28) dm]j])
= — (D[ —p(r — 2a) dm A dl + (s — 2B8) dl A dm]j
+ e[ —2a(r — 2a) dm A dl + 25(s — 23) dl A dm]j)
= — (D[ (r — 20)2dm A dl — (s — 23)* dm A dl]j)

= [ —20)? + (5 — 20)]0™ )



Thus e'"™*Dj is an eigenvector with eigenvalue (r — 2a)? + (s — 28)2. e™+s0 5 dm

is also eigenvector with eigenvalue (r — 2a)? + (s — 23)?, because

— sedy #dye D 5 dm
= —xdy = (D (isdl A dm)j + [—aidm — Bidl, e jdml)
= —xd, x (D (isdl A dm)j + D (=283 dl A dm)j)
= —xd, # (" Di(s — 28) dl A dmy)
= xd, (e Di(s — 28)5)
= x (=D (s —28)(rdm + sdl)j + [—aidm — Bidl, e Di(s — 28)5])
= — () (s — 28)(rdm + s dl — 2 dm — 23 dl);)

_eilrm+s) [(7, . 2@)(8 . 2&) dl — (S _ 2ﬁ)2dm]]
and

—d, #d, %D j dm

= —d, %d,e" 0 5 dl

= —d, ("D (irdm A dl)j + [—aidm — Bidl, e 5 dl])

= —dg = ("D (ir dm A dl)j + €D (=2ai dm A dl) )

= —d, # (e Di(r — 2a) dm A dlj)

= —d, (ei(’"m“LSl)z'(r —2a)j)

= D —2a)(rdm + sdl)j + [—aidm — Bidl, e Vi(r — 2a)j]
s (- — 20) (rdm 4 sdl — 2adm — 26 dl)j

= =Mt (r = 2a) (s — 20) dl — (r — 2a)%dm]j.

Through multiplication by ¢ or application of J we get 6 more (linearly independent)

eigenvectors with eigenvalue (r — 2a)? + (s — 23)? from ¢"™+s0)j and €'+ dm.
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Similarly sin(rm + sl)i, cos(rm + sl)i are eigenvectors with eigenvalue r? + s2.

Multiplication by 7 or application of J gives 6 more eigenvectors. Four of these eight
are 0 if (r,s) = (0,0), otherwise they are linearly independent.

It is well known that {e!™+s0}, and {sin(rm-+sl), cos(rm+sl)},s is an eigenbasis

of L*(C) and L*(R) for A respectively. Furthermore the twisted Laplacian preserves

the form-part, for example A,(pdm) = ¢dm. Thus the above vectors form an

eigenbasis for A,. O

PrROOF OF THEOREM 3.3.2. For the continuity of Po'fﬁ away from (3Z)? see [KK3].
We could use analytic perturbation theory as in [K] to show that for a continuous path
of eigenvalues we have a continuous path of eigenvectors and deduce the existence
of the limit. But we have to explicitly compute K(J—;ﬁﬁ) for (o, B) = 3(r,s) € (3Z)*
using Proposition 3.3.3 anyway to show the continuouity of P;—rﬁ ®K (Jfl 5.0) This will
imply the existence of the limit when we approach half integer lattice points.

By Lemma 3.3.3, ¢ € e/m+sOH0+1+2(T: Cj) is an eigenvector of Ay, g,) = Adia, 1)
for (ay, B;) = 5(r, s) + 3t(Red, Imf) with eigenvalue t? = (r — 204)? + (s — 23;)?. For

@ = e +sD) j we can apply Lemma 2.6.2 to see that
0+ %S(atﬁt)go = ilrms)) (1 — %Z(’f’ —2ay) dl + %Z(S —20;) dm) J
is a t-eigenvector of S(q, g,). This yields
lim (¢ + %S(at,ﬁt)g)) = /rm+sD (1 I (iImf dm — iRef dl)).
For ¢ = ¢™m*sD) j dm A dl we get
Stanpye = €D (i(r — 2a,) dm + i(s — 23;) dl)j.
Thus we similarly get

1 .
lim(y F gS(atﬁt)go) = m+sD (dm A dl + (iRef dm + ilmf dl)) ;.

t—0



By doing this computation for ¢ = e"*+Vk and ¢ = "Dk dm A dl as
well, we get 8 linearly independent eigenvectors, which by definition lie in either
+
Ka50)

operators are the same, which in particular implies that the Cj part of KerS, 3 )

or K (,5,0)° By Lemma 2.6.2 the kernels of the Laplacian and the tangential

is 8-dimensional. Thus the L?-span of the above eigenvectors make up K (J; 5.0) OF
K (@5.0)" This completes the computation of K (i 50)

Now we are ready to prove that P ;@K 5, is a continuous family parametrized by
(R)%. Away from (1Z)? it is clear that the family P @K 4, is continuous, because
K59 =0and P/, changes continuously as long as the dimension of KerS, 5 does

not change. To show continuity at half integer lattice points, it suffices to show that

for any continuous path g, = (&, 3, 6,) in R2 that limits to 5(0) = (0,0, 6y) we have

lim P} . @ K = Ply@® K,

t—0 Ot Bt

For all other half integer lattice points the argument is the same, only the notation

1

would be cumbersome. By definition a path in R? is continuous in a ball of radius 5

around (0,0), if ho gy = py = (v, B;) is continuous in R?, where h : R? — R? c R?

is the homeomorphism given in 3.3.1. We consider two cases:

(1) If |p| = 5 for ¢ small, then p, = (0,0,6,) and 6, continuous for small ¢.
Elementary triangle equality arguments applied to P(J&O) +s(Red,lmd) S small,
show that K, is continuous.

(2) Consider |p| # & for ¢ > 0 small. We have (&, By) = (ou, B)n(\/o2 + 52)
and 6y = 8(ap+ifh) € S*. We need to check that Ky, = hmt”O(Péz,Bt/POTO)'

We can apply Lemma 2.6.2 to see that for the ((2d,)? + (26;)?)-eigenvector
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@ =jof A 5 we get a24/af + (32-eigenvector of San i’
1
- Sdtﬁtgo
24/a} + B}
2i6, dl — 2if3, d
N 10 Zﬁf m
20/ & + 5F
| fon(ai + B)dl — ifm(vai + B)dm
Vain(y/ad + B2) + 5in(y/of + 7)?
1oudl — ifdm
Vai + 67
t—0

28§ 4+ 8(iagdl — iBydm)j = j — (ilmf dm — iRed dl)j

P+

Similarly we get for the other 24/a2 + F2-eigenvectors of Sa,.5 that they

limit to the other basis elements of Kaf 0.0 as given in the statement of Theo-

rem 3.3.2.

O

DEFINITION 3.3.4. Given a continuous family of Lagrangians L of H"*2(T; Ri)
parametrized by a subset U f{Q, define — in view of the splitting in Lemma 2.5.5 —

a family P* (L) of subspaces of L*(Q°T1+2(T; su(2))) parametrized by U as follows

P(J_;,ﬁ,e)(L) = (Pé @ L(a,ﬁﬁ)) @ (PCij,(a,ﬁ) S K(J_;,ﬁ,e))

For our application, the family of Lagrangians L, g ¢ will be independent of («, 3, ).

Notice that K, g¢) vanishes away from (%2)2, while we have “blown up” the points
of (3Z)* and removed the singularities that paths through (3Z)? encounter. Here is

a corollary of Proposition 3.3.2.

COROLLARY 3.3.5. PE(L) is a continuous family of Lagrangians parametrized by

R2. O



The family P*(L) and Corollary 3.3.5 will be used in the following two ways in
the following chapters for a splitting of a closed manifold M = S ur X into a solid

torus S and its complement X.

(1) On S we want to study the spectral flow of the path of odd signature oper-
ators twisted by a path of connections in a family A, 3 given in Definition
5.2.1. After possibly reparametrizing this path so that it lifts to f{Q, we can
find continuous boundary conditions of the form P*(L). Then by Corollary
3.3.5 a path in R? gives a path of continuous connections together with a
continuous path of boundary conditions. Thus we get a continuous family of
self-adjoint, elliptic odd signature operators on S parametrized by R2.

(2) Given a path of connections on X which restricts to a path a,) of connections
on 7' in the family a, s from Definition 3.1.2, we can reparametrize p; so that
p(t) lifts to a path p(t) in R2. This will give us a path of self-adjoint, elliptic

odd signature operators on X.

It is a priori not clear what a (continuous) path in R? looks like near (3Z)* when
viewed as a path in R? with the usual topology. In order to apply the tools provided
in Chapter 4, one usually starts out with a path in R? and needs to know, that this
path will lift to a path in R2. Thus it would be useful to know what continuous paths
in R? look like. However, the following chapters will only deal with linear paths,
which are continuous by Definition 3.3.2.

So even though we will never use them in this thesis, here are some examples of

(continuous) paths in R2.

LEMMA 3.3.6. Suppose (ay, B, 0;) is a (continuous) path in R? with (ou, Br) ¢

(3Z)? for t # 0 and (c, Bo) € (3Z)%. Then (o, B, 6;) is continuous if one of the

following conditions is satisfied:
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(1) (d(o),B(O)) # 0 exists and _&(0)+iBO0)

&(0)2+5(0)2 .
(2) (a(t),B(t)) exists for small t and lim;_,q 70‘%2;@(2)2 —

53






CHAPTER 4

Spectral Flow on a Closed 3-Manifold

We develop a splitting formula for spectral flow, which expresses spectral flow of
the odd signature operator between flat connections on a closed three manifold in
terms of spectral flow on the solid torus and its complement with the APS boundary
conditions from Chapter 3. Even though Nicolaescu provides us with an elegant
expression of spectral flow in terms of the Maslov index of the respective Cauchy
data spaces, it is not of immediate use for actually computing spectral flow, since the
Cauchy data spaces themselves are complicated objects. The purpose of the splitting
formula in Theorem 4.5.5 however is to make computations of spectral flow easier
by shifting the problem to two more tractable ones. The main application to keep
in mind is the computation of spectral flow of the twisted odd signature operator
between flat connections, whenever it is possible to find a path between them which
is flat in the complement of a solid torus.

Let M = X ur S be a closed 3-manifold with S being the solid torus and T the

torus. Let A; be a path of SU(2)-connections on M with the following properties:

(1) A; is in cylindrical form and flat in a collar of T

(2) Ay restricts to the path a,y) (see Definition 3.1.2) on T' for some path p in
R? with o j = p, where 7 : R? — R2? is the projection onto the R2-factor.

(3) Ao and A; are flat on M.

The goal is to compute SF(D,,) in terms of spectral flow on X and S.
Spectral flow does not depend on the path of connections since the space of all

connections is contractible. Thus write SF(Ay, A1) := SF(D4,,). Furthermore note
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FI1GURE 4.0.1. The collar around T

that since we have control over how spectral flow changes if we change endpoints by
a gauge transformation (see Lemma 5.3.10), the splitting formula in Theorem 4.5.5
can be applied to any path of connections A} with flat endpoints. Since we have an
R? branched cover a, s of our moduli space of flat connections on the torus, we can
find a gauge transformations g. so that g. - Al|r = aq. 4.

The main ingredients that we need for developing a splitting formula are the

following.

e Nicolaescu’s splitting theorem in [N1] and its extension by Daniel in [Da2],

Theorem 2.10.2, which expresses spectral flow as the Maslov index of paths
SF(Da,) = Mas(Ax4, Asy),

where Ay, := Ax(Da4,) and Ag; := Ag(Dy,) are the respective Cauchy data
spaces.

e The relative version of Nicolaescu’s main theorem, Theorem 2.10.3 for man-
ifolds with boundary.

e Nicolaescu’s adiabatic limit theorem, Theorem 2.8.4, as well as Kirk and
Lesch’s generalization, Theorem 2.8.5.

e Kirk and Lesch’s result, Lemma 2.8.8. It gives us control over the intersec-
tion of Cauchy data spaces and boundary conditions behaves with respect
to stretching the collar. Specifically the Maslov indices in these situations

vanish.
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Before we can start with the discussion of the spectral flow on M, we need to
analyze the scattering Lagrangian of D4 on S, because it plays a central role in the
splitting theorem. This is an indication of why our splitting theorem only works for

splittings along the torus 7.

4.1. Connections on the Solid Torus

First we need a few conventions, that are necessary to avoid confusion with signs
and orientations.

Denote the space of SU(2)-connections on S by Ag and the space of flat SU(2)-
connections on S by Fgs.

Using the chosen trivialization of the principal SU(2)-bundle Ps = S x SU(2),
identify Ag with

Q(S; su(2)) := Q1S ® su(2)

as before.
Let S = D? x S be parametrized by polar coordinates (ne'™, e), where n € [0, 1],
m,l € [0,27). This way we can consider N.(T) = [1,1 —¢] x S! x ST as a collar of

T in S for € < 1. Fix some small €. Choose a metric on S, so that its restriction to

N.(T) is simply the product metric, that is, {%, %, %} is an orthonormal basis on

N(T') with the outward normal first convention. Choose the orientation determined
by some nowhere zero 2-form a € Q*(T') and 3 € Q3(S), such that a(z%, 2) > 0 and
ﬁp(a%, 6%’ %) > 0 for p € T. Notice that the coordinates n, m and [ correspond to
the outer unit normal v = a%’ the meridian p and longitude A on T respectively (via
the exponential map), as shown in Figure 4.1.2.

It is always convenient to split paths of connections into smaller segments that we

may deal with separately. All of our computational tools for spectral flow depend on

us beginning and ending at flat connections, because only then does the dimension of



FIGURE 4.1.2. The torus

T

the kernels of the odd signature operator and the tangential operator not depend on
the metric. Thus we require the connections on S to be flat whenever its restriction
to the torus can be extended to a flat connection. The following determines when a

flat connection on 7' cannot be extended to a flat connection on all of S.

LEMMA 4.1.1. If an SU(2)-connection aag = —iadm — i dl on T extends to a

flat SU(2)-connection on S then o € Z.

PROOF. Suppose A is a flat SU(2)-connection on S with A|r = asg. Then
hol(A) is a SU(2)-representation of m1(S) = {m(T)|u = 1), such that its restriction
hol(A)|r = hol(a, ) factors through m(S). Thus we have hol(a, )(1) = 1, that is,
a€Z. U

4.2. The Scattering Lagrangian of D4 on S

In view of Lemma 4.1.1 let A be a flat connection on .S which restricts to aq g,
a € Z. In this section we will compute the scattering Lagrangian of D4 on S.

One observes that p : 7(T") — 7(.5) is a surjection and thus hol(A) op = hol(aa.s).
Thus the holonomy of A is determined by a,g. Furthermore, the De Rham map
only depends on hol(A) and the corresponding group cohomology computation only
depends on hol(A) and hol(as ). Thus notice that the scattering Lagrangian does

not depend on the connection A but only on its restriction a, g.
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LEMMA 4.2.1.
o IfeR—3Z, then L5 4 = Ri@Ridl
o I[P € %Z, then Ls s = ‘52\9714 @%7A, where

Zsa = Ri®Ridl

%,A _ ei(2am+2,3l) (C] @ Cj dl)

SKETCH OF PROOF. This can be verified directly by applying D4 for A = —i3 dl
and observing that the scattering Lagrangian depends only on the restriction a, g of
A to T. Then we use a gauge transformation g with g|7 = €™ on the boundary to

compute Ls 4.4 = adyZLs 4. O

4.3. Splitting the Spectral Flow — the Simple Case

We will first describe a proof of the splitting theorem for the case when

(1) Dy, and Dy, restricted to X as well as S have non-resonance level 0 as
defined in 2.8.3, and
(2) p(t) ¢ (32)? for all ¢ € [0, 1], in which case K(Jf)(t)ﬂ) = 0.

Once the principle of the proof is understood with these two assumptions, then
the technical difficulties arising in the general case will hopefully not obscure the
argument.

The first assumption allows us to apply Nicolaescu’s adiabatic limit theorem. Fix
the path R; := ﬁ which corresponds to the parameter that stretches the collar
from 0 to oo. Stretching the collar of S and X yields the adiabatic limit A?fa =
Py ®Zs. and Af}fg = Py . ®Zx. when e = 0 and ¢ = 1, because Ag and A, are flat,
where Zs. and Ly are the scattering Lagrangians of D4|s and Dy|x. The second

assumption ensures that K(Jf)(t),e) = 0 for all . In particular the space Pg, & .,?;,t

varies continuously in ¢, where g;,t =Ri®Ridl c HgfﬁHQ(T; su(2)) as in Definition



5.3.8. The second assumption also implies that L5, = ,,{’;t for all ¢ as we will see
later in this chapter.

The idea of the proof is the following. First we relate the spectral flow to the
Maslov index of the Cauchy data spaces using Nicolaescu’s splitting theorem. Next we
use homotopy invariance of the Maslov index and Nicolaescu’s adiabatic limit theorem
to find homotopic paths of Lagrangians, parts of which correspond to a Maslov index
of Cauchy data space with APS boundary conditions. Now we can use additivity of
pairs of paths of Lagrangians and apply the relative version of Nicolaescu’s splitting
theorem to two of the parts. The remaining summands will either vanish or simplify
a lot.

Figure 4.3.3 may be useful for some to keep in mind the simple structure of
the argument. Once the meaning of the picture is clear, one can easily reconstruct
the argument from it. The diagram indicates how we homotop and split up our
path of Fredholm pairs of Lagrangians using homotopy invariance and additivity
of the Maslov index. More precisely the picture indicates a sequence of paths of
Fredholm pairs of Lagrangians (#;(t), #;(t)), i = 1,...,9, such that the composition
(Mo, Ng) % - - -5 (M1, N1)(t) is homotopic to (Agy, Axt). Then the additivity of the
Maslov index yields Mas(A gy, Axy) = 3o, Mas(#i(t), A;(t)).

Moreover Figure 4.3.3 encodes, which paths correspond to stretching, the path of
Cauchy data spaces, and the path of boundary conditions, and which ones match up,

so that we can apply the Maslov index to them.

e The vertical arrows corresponds to stretching the collar at a flat connection.
They denote Agfo and A%f * respectively.
e The lower horizontal arrows are the paths of Cauchy data spaces Ag; and

Ax,.
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4
Py ® Lo Pr® %, PF®JLs, Pt @ J.ﬁfsﬂg
< >—o L — > Pre.o
5 2 3,4 6 5 7 1 X,1
1 3
Ash A%
0 8.9 1 )
> o ® >
Aso 7 Ag Axo 2 Axa

FIGURE 4.3.3. The path segments .#;(t) (left) and A;(t) (right)

e The upper horizontal arrows are the paths of boundary conditions P, ®.%s
and P, ® J ZLs,.
e Horizontal and vertical paths on the left match up with horizontal and ver-

tical paths on the right respectively.
The following is a description of each of the segments (&, A;),i=1,...,9.

(1) We stretch the collar of S to infinity, so .#; = Agﬁ). A1 is the constant path
Axo.

(2) The path .#; follows the boundary conditions P, @ Zs:, while .45 is the
path of Cauchy data spaces of Dy, |x.

(3) 45 is the constant path P, @ Zs1. We stretch the collar of X to infinity,
so N = A?,o-

(4) #, is again the constant path P @ Zs1. 45 is an arbitrary path from
Pl ® %x1 to Pl ® J%s1. We might as well choose a path which moves
only within H)™2(T; su(2)), meaning A5 = A5’ @ A5", where 45’ is the
constant path and 45" is a path in HIT (T su(2)).

(5) M is Mo backwards. A5 corresponds to the path Pi", @ J %1 4.



(6) For .#s we unstretch the collar of S, so .# = Agb‘t. N 1s the constant
path at Py @ J%s.

(7) 7 is the path of Cauchy Data spaces of Dy,|g. A7 is A5 backwards.

(8) s is the constant path at the Cauchy Data space of Dga,|s. A5 is A
backwards.

(9) Ay is again constant at Agy. A unstretches the collar of X, so Ay = Afgg L

In Figure 4.3.3 all the horizontal paths are parametrized by the connection ay,
while all vertical paths are parametrized by the length R, of the collar of S or T.
By meditating on the picture one might understand the simplicity of the approach
for splitting the spectral flow. It is apparent from the picture, that by “retracting”
everything to the lower horizontal line, the left path is homotopic to Ag; and the
right path is homotopic to Ax,. In fact the composition of .Z;, ¢ = 1,...,6 and .4},
t=3,...,9 are homotopic to the constant path at Agy and Ax ; respectively, because
it is the composition of a path and its reverse. Furthermore one observes, that we
are not following the two lower horizontal lines corresponding to the path of pairs of
Cauchy data spaces simultaneously, the Maslov of which we are interested in. This
will enable us to get a splitting formula.

Let us discuss the Maslov indices of the paths of pairs of Lagrangians in Figure
4.3.3 a little bit. Later we will discuss all the paths in detail. Observe, that by
construction the Maslov index of the 5th path will be 0. By stretching the collar of
S we can reduce the Maslov index of the sum of paths 4 and 8 to the Maslov index
of paths only involving stretching the collar (and not the rotation between .£x ; and
JZs1). The Maslov index of the path 2 and 7 are the spectral flow on X and S
with the APS boundary conditions given by the paths 2 and 7 on the left and right

respectively. All the remaining paths only involve stretching the collar, which turn
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out to have vanishing Maslov indices. Thus in this case we would get the splitting
formula SF(Dy,) = SFs(Da,; P ® JLst) + SEx(Da,; P ® Lsy).

It is a good idea to at least once follow the paths .#; and .#; in Figure 4.3.3 with
the left and right hand simultaneously. Imagine the meaning of each segment and the

consequence toward the Maslov index.

4.4. Splitting the Spectral Flow — the General Case

In the general case we have to fill gaps in the paths of subspaces and match up

the ends in Figure 4.3.3:

e If we pass through representations, which are central on T, the paths of APS
boundary conditions (the upper horizontal lines) are not continuous. We
have to fill in the gaps.

e Stretching the collar on X will in general give you a different limit than
the one given in Figure 4.3.3. We will have to match that up the ends of

stretching the collar with the path of APS boundary conditions.

Unfortunately this is a bit technical and hard to understand unless one keeps
Figure 4.3.3 in mind.

Since Kolzﬁﬂ # K;_F,B,—G for (o, 3) € (3Z)?, the upper horizontal path in Figure
4.3.3 is not continuous if p passes through (5Z)2. Thus, instead of P," @ Ly, we will
use the APS boundary conditions P/;—r(t) with the notation introduced in Definition
3.3.4 and Lemma 4.2.1, which were shown to be continuous for a continuous lift p of
the path p from R? to R2.

If p(0) or p(1) are in the half integer lattice, then the scattering Lagrangians Zs .,
e = 0,1 will not be equal to .,?;,5 . Also the adiabatic limit on X will generally look
different from P;" @ %x 1 (see Theorem 2.8.5). We need to match up the adiabatic

limit with our preferred APS boundary conditions szl)(J ,5%) This is accomplished



by introducing the paths P, @ Lw; ® d(E;,) ® Lx, for X and Py @ Lg, for S as

follows:

DEFINITION 4.4.1.

(1) Fix a path of Lagrangians Lx,; in H*™'*2(T; su(2)) from the scattering La-
grangian Ly 1 to J L5, ® K,
(2) Fix the path of Lagrangians Ly, = e/™W,, @ J(W,:) in d(E} ) @d*(E,, ,)

al,V al,V

from W,, @ J(W;,) to d*(E,, ) = J(Wa) @ J(W;") c P
(3) Fix a path of Lagrangians Lg . ; := ,QQE@ZS’”, e=0,1,in HO"2(T; su(2)),
where lvls,aﬁt is an arbitrary path from .,2\’”;,5 to K_;. Asin Lemma 4.2.1, %75

denotes the Cj part of Zs.. Set Lg; := Lgo,.

In the end the choice of paths in definition 4.4.1 does not matter, because either
way the composition of paths in Figure 4.3.3 is such that it is homotopic to Ag; and
Ax; respectively, and because the Maslov index is a homotopy invariant of paths of

Fredholm pairs of Lagrangians. We chose paths that were as simple as possible.

4.5. A Splitting Formula for Spectral Flow

With the homotopy invariance of the Maslov index we can try to find a formula
for the spectral flow on M in terms of spectral flow on S and X by computing the
Maslov indices of the paths in Figure 4.3.3 separately, as we have indicated before.
A slightly more complicated but more general description of the paths that does not
make any assumptions on the path of connections are given in the Table 4.5.4. Notice
that the indices of the paths have changed slightly. The ends of the paths .#; and
A; are listed in the two middle columns. To the left and right of them, adjacent two
both ends (in the middle columns), are the paths themselves with their indices in

the first column. There are eleven paths altogether. Roughly, paths 1, 4, 8 and 11



i ‘ paths Z;(t) ‘ Endpoints of .#; and A4 ‘

4. SPECTRAL FLOW ON A CLOSED 3-MANIFOLD 65

paths 4;(t)

. Asp Axp n
1 Ao AXo
Py @ Zso| AR -
2 PO_ @Ls’t _ o AXTat
_ o Pﬁ(O) (D%S) AX,O
3 Pﬁ(t) (Zs) — Ax,
P,j_(l) (XS) AX,l
4 constant — A§f1
Py (Zs) AR
(1) X,1
5 constant 4 — — P;;’V ® Lw, ®@d(E,, ,)® Lx,
| Poy(-Z5) | Pay(JLs) —
6 Pf(l_t) (Zs) Pfr(l_t) (JZL5)
: Pioy(Zs) | Piioy(J-Z5) :
7| Py @ Lsa-p constant
by 20| P
8 A};lo’t — constant
Aso | P R) ——
9 Agy — Pﬁ(t)(li”g)
Agq 73;(1)(].,2”3)
10 AF P}, ®Lw1®d(E, ,)® Lx1
’ % AR ’ 7
11 AGy ’ 7 AT
Ag 1 Ax

FIGURE 4.5.4. The paths homotopic to Ag; and Ax, broken up into pieces

correspond to the vertical paths in Figure 4.3.3. Paths 3, 6 and 9 correspond to the
horizontal paths. The rest, namely paths 2, 5, 7 and 10 match up endpoints of the
vertical and horizontal paths. In paths 1 and 2 on X, as well as 10 and 11 on S we
follow stretching the collar with “unstretching” it, because this way paths 1 and 2 are
readily computable. By unstretching we mean the reverse of the path corresponding
to stretching the collar.

By Lemma 8.10 of [KL]| Mas(.#;, #;) = 0 fori = 1,4,8,11. Furthermore, we have
Mas(#o, N5) = SFs(Ar; Py (J Zs)). Since P~ (L) = (P (JZs))* for all ¢, the

Maslov index for the sixth path Mas(.#;, 45) vanishes. The piece Mas(.#3, 43) =



SFx(Ay; P~ (.,5%)) of paths of flat connections has been studied well, but a detailed
computation will depend on X. We will do this explicitly for the case of torus bundles
over S! in Chapter 6. The following lemma deals with the rest of the paths, namely

paths 2, 5, 7 and 10.

LEMMA 4.5.1.

(1) Mas(.#>, M) = Mas(Ls o+, Lx0)

(2) Mas(ty, A7) = —Mas(Lsor K., @ JZsy)

(3) Mas(.#s, N5)+Mas(Mho, Nio) = Mas(Ls, 4, K @J.Ls1)~Mas(Ls,14, Lx.1)

PROOF.

(1) Notice that we may homotop .#5 to the composition of the two paths

Moy = Fy @ Lgpy

'//217 = Poi@K_'_ (’Bcéﬂ;

P01
and 45 to the composition of the two paths
Noa = P, @ (Wo @ J(Wg)) ® d*(Ey,) © Zx 0
Ny = Aﬁfa .

By Lemma 8.10 of [KL] Mas(.#4, A42,) = 0. Then by our choice of Lg; we

get
Mas (Ao, N3) = Mas(Maa, N2a) = Mas(Lsor, Lx0)-
(2) We can directly check:

Mas(//h, </V7) = Mas(L&O,(l_t), K+ (—B J$S70)) = —MaS(ZS707t, K;)Z’i).

£0,%
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(3) The path .}, can be homotoped to the composition of the two paths

t
%1&1 = AS,I

Moy = NG, =Fy ®Ls,
and A1y to the composition of the two paths

Noa = Pi,(JZs)

p(1)

Mo = PJ@® Ly,
Again by Lemma 8.10 of [KL| we get Mas(.#104, -#10a) = 0. Thus

Mas (A1, No) = Mas(P; @ Ls1, P, @ Lwi—« ®d(ET,) ® Lx 1)
= Mas(E] @ ZLsa, Lwa—« ®d(E7,) @ Lx,1-+)

= Mas(Ey, Ly, « @ d(ET,)) + Mas(ZLs1, Lx,1+)
while

Mas(As, N5) = Mas(P, @ K;; ® »5%,17 P/, ®Lw; ®d(E,,)® Lx)

= Mas(E,, Lw; @ d(E;,)) + Mas(K @i/”;,l, Lx.)
Thus

Mas (A5, A5) + Mas( 410, Nio) = Mas(Ls1, Lx—1) + Mas(K,; @ Zs1,Lxy)
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Notice that since Lg; 0 Lgi11-+ and Lx; o Lx -4 are both homotopic to constant

paths, we can compute

Mas (A5, N5) + Mas(A 0, o)
= Mas(Zs,1, Lx1+) + Mas(K; @ .5%,1, Lx,)
= —Mas(Lg1,, ZLx,1) —Mas(Lg,1-+, Jg;,l @K'

pl,i)

= Mas(zgl,t, K ) —

Mas(Ls 1.4, -ZLx.1)
O

Lemma 4.5.1, together with the definition and properties of the twisted Maslov

triple index in [KL] yield the following.

COROLLARY 4.5.2. The sums

Mas( Ay, A2) + Mas( A7, Nz)

@ D%’O, .;%X’O, K+ @ ‘]%70)

£0,t

= (L0, Lx0, K @J%,o)—Tu(K_

PO, P0,%
and
Mas(///g,, %5) + Mas(///lo, </VlO)

= —Tp(iﬂs,h iﬂx,l, K

P10

S) J%J) + (K, @-i/’;,l, Zx1, K, ;@ J-i/’;,ﬂ

are sums of Maslov triple indices and are thus, as expected, independent of the chosen

path Lg.4, € =0,1.
LEMMA 4.5.3. T,u(Lla LQ, Lg) — T,u(Lla LQ, L4) = TH(LQ, L3, L4) — T,u(Lla Lg, L4)

PRrROOF. Fix a path of Lagrangians L3y from L3 to Ly and Lis from L; to Lo. Let

Ly43 be the inverse path of L3y and Lo; the inverse path of Li5. Notice that then

Mas(Ls, L3y) + Mas(Lay, Ly) + Mas(Lq, Lss) + Mas(Lq2, L3) = 0.
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This yields

Tu(Lla L2> L3) - Tu(Lb L2a L4)
= Mas(Lg, L34) — Mas(Ll, L34) = Mas(Lg, L34) + Mas(Ll, L43)
= —MaS(Lgl, L4) —_ Mas(ng, Lg) = Mas(ng, L4) —_ Mas(ng, Lg)

= T,LL(L17L47L3) - T/.L(L27 L47 L3) = _T,U,(Lh L37L4) + T/.L(L27L37 L4)

In order to simplify our formula even more, we compute the following
COROLLARY 4.5.4.
Mas(.Ay, Ms) + Mas( My, N7) = T,(K, ;@ fso, Ls0, Lx0) — Tu(K,, i fsoa i)
and
Mas (A5, M5)+Mas( M0, No) = =7, (K, Z(—Bgs 1, Lo, Lxa) + (K, s gS LK)

PROOF. Lemma 4.5.3 together with linearity under the direct sum of triples and

proposition 6.11 of [KL] shows that:

Mas( Ay, M) + Mas( M7, N7)

= 7,(Ls0, Lx0, K G—)Jgso) (,)OZ@gso,gXO,K @Jgso)

P0,% PO,

= 7u( poz@)fso,fso,fxo) Tu( poz@)fso,fso,KpOz@sto)
= (Kpoz@gso,gs,mgx,o)—n( powgso, pol)—Tu(aég,o,%,mJ%,o)

= ( poz@)gSO?gSngXO)_Tu( pOwD%SOu POZ)

The other sum is simplified analogously. 0



Notice that 7, (K, ;, .,2”5 0, K i) = Tu(K 4, .,2”5 1, K ), since we have an explicit

description of all the ingredients given by Theorem 3.3.2 and Lemma 4.2.1. Thus we

have proven the following.

THEOREM 4.5.5. Let M = X ur S be a closed 3-manifold with S being the solid
torus and T the torus. The orientations are as in Section 4.1. Let A; be a path of
SU(2)-connections on M with the following properties:

(1) Ay is in cylindrical form and flat in a collar of T.
(2) Ay restricts to the path a,q (see Lemma 8.1.2) onT for some path p in R?

with mo p = p, where 7 : R2 — R2 is the projection onto the R2-factor.
(3) Ao and Ay are flat on M.

Then we have the splitting formula:
SF(Da,) = SFs(4s 7’~(t)(<]$s))) +SFx (Adx; P (Z5)5)

+ 1 (K @ Lo, Loo, Lx0) — Tl plZG‘)gSl;gSlagXl)

P05t

A way to compute SFg(Ay; 73~(t)(J$5)) will be given in Theorem 5.3.9. We will
compute SFx(A¢|x; P~ (2)) for our main application in Chapter 6, where M is a

torus-bundle over S! and A, is flat on X.

COROLLARY 4.5.6. We make the same assumptions as in Theorem 4.5.5. Then,

if p- ¢ (3Z)? for e = 0,1 we get:
SF(Da,) = SFs(As; Py (J.Z5)) + SFx (Ai; Py, (£5)).
PrOOF. We have K;—;Z. = 0, thus

TH(Kp_g,i @ cé’;,aa 9%5,67 -i/pX,a) = Tu(iﬂs,a, D%S,e; gX,e) =0
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We make a final observation, which is related and will be useful later.
LEMMA 4.5.7. Let A; be a path of connections and g a gauge transformation, then
SFx (A Pr) = SFx (g - A ad,Py).
In particular if Ay|p = apey and g - Adp = ap, then

SFx (A Py (Z5)) = SFx (g A Py (Z5)). O






CHAPTER 5

Spectral Flow on the Solid Torus

In our main application discussed in Chapter 6 we are interested in computing
spectral flow of the twisted odd signature operator along a path of flat SU(2) connec-
tions on torus bundles M over S'. The main tool is our splitting formula for spectral
flow from Theorem 4.5.5, by which we ultimately need to compute spectral flow on
a solid torus S < M and on its complement M — S with certain APS boundary
conditions.

While the spectral flow computation on M — S certainly depends on M itself, we
can discuss spectral flow on S separately, as it might be interesting and applicable in
other settings.

However, we shall keep in mind that S is a submanifold of some closed manifold
M and that we need our spectral flow computation for a splitting formula like in
Theorem 4.5.5. Specifically, by exploiting the way spectral low on M behaves under
gauge transformations, we can restrict our spectral flow computation on the solid
torus to the fixed family of connections given in Definition 5.2.1 and are still able to
compute spectral flow on M using our splitting formula.

Let us take a closer look at this. The space of connections on M is contractible.
Thus spectral flow depends only on the endpoints Ay and A;, not on the path con-
necting them, and changes by a multiple of 8 if one changes Ay or A; by gauge
transformations. One can compute this change using the Atiyah-Patodi-Singer index

theorem [APS]. Therefore:
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(1) Fix a family of flat connections a, g, o, 3 € R, on the torus 7" as in Definition
3.1.2, which covers the gauge equivalence classes of flat connections on 7.

(2) Extend a,p to a family of connections A, 3 on S which includes all flat
connections up to gauge equivalence, in particular the the family constructed

in Definition 5.2.1 suffices.

Then we may find gauge-equivalent connections Aj ~ Ay and A} ~ A; on M that
restrict to some A, g on S. This can be seen by recalling that any map from a 2-
dimensional submanifold of M to SU(2) can be extended to all of M, because SU(2) is
2-connected. In this case the submanifold is 7' = ¢S. Furthermore we can extend the
family A, g on S to a family of connections on M parametrized by R?, which includes
Al and A]. We will give an explicit family of extensions to S in Definition 5.2.1, but
we can also get such a family for M by obstruction theory, because R? x Q*(M; su(2))
is contractible. We conclude that we only need to compute spectral flow on S for the

family of connections A, 3 on S for it to be useful for splitting formulas.

5.1. Objective

Let S = D? x S! be the solid torus and T' = 05 its boundary. Let A, 3 be the fam-
ily of connections on S as described in Definition 5.2.1 and let A; = A,, 5, be a path
of connections on the solid torus S, so that Ay and A; are flat connections. Boundary
conditions are necessary to make the odd signature D4, on S (unbounded) self-adjoint.
The Atiyah-Patodi-Singer (APS) boundary conditions discussed in Chapter 3 (after
possibly reparametrizing A;) are suitable for our purpose. The goal is to compute the
spectral flow SF(Da,;P;) of D4, on S, which depends on the chosen APS boundary

conditions P;.
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5.2. A Smooth Family of Connections on S Parametrized by R?

We would like to extend the family of flat connections on 7" given in Lemma 3.1.2
to a family A, 3 (smoothly parametrized by R?) of connections on S, so that
(1) A(a,p) is flat for o € Z (by Lemma 4.1.1 there is no flat extension when
a¢Z),
(2) the restriction of A(, g to a collar N.(T') of T'in S'is a(, gy := —iadm—ifBdl €
An.(r)-
Notice that i3 dl makes sense globally as a (flat) connection on S for all 5 € R,
whereas tadm does not for a # 0. Thus we can try to construct the family, so that
(3) A(a,p) is equal to —if dl for a = 0 and 3 € R.

Since mSU(2) = 0, we can find a gauge transformation a on .S, such that
a|NE(T) . NE(T) i SU(2)

(n7€im’eil) — e

The gauge transformation a can easily be constructed factoring through D?. It will

be convenient to fix a(ne™, e') = g(n)e™ + 4/1 — (q(n))2j as in Definition 5.3.12.

Since
(5.24)  alnr) g = a@ema  +ad(ah) = apg + e e dm
= Qap) — 1M = Gat1,),
we get a smooth family of connections A, g) := —a“-i3dl on S, (o, 3) € Z x R, with

the desired property

Al = 0N - a,8) = Aap)-

This can be easily extended to a smooth family of connections parametrized by R?

with A(a,s)| Ny = @(a,8). One possible way is the following:



DEFINITION 5.2.1. Let n : S — [0,1] be a smooth function with n(z) = 1 for
x € N.(T) and n(z) = 0 for z € S — N1 (T), which may as well factor through D2
Let {7, : R — R},ez be a partition of unity subordinate to {(r — 1,7 4+ 1)},ez (see
Figure 5.2.1). For (o, 8) € R? define the family

Aoy = Z () a” - (ni(r —a)dm —ifdl).

reZ

We need to check that A, gy has the desired properties.

LEMMA 5.2.2. The family A gy defined in 5.2.1 has the following properties:

(1) Ao,y is flat for o € Z (by Lemma 4.1.1 there is no flat extension when

a¢Z),
(2) the restriction of A(a,p to a collar Ne(T') of T in S is a(a,p) = —iadm—ifB dl €

-ANE(T)~
(3) A(a,p) is equal to —idl for o =0 and 3 € R.

(4) Awp) =a-A@+1,9)

FIGURE 5.2.1. The partition of unity
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PROOF. First notice, that ni(r —«a) dm—if3dl is an SU(2)-connection (in normal
form) for (a,3) € R* and r € Z on S. Thus A, is a smooth family of SU(2)-
connections (in normal form) on S. It is easy to check, that this family has the

desired properties:
(1) Let a € Z. Then we have 7,.(a) = 0 for 7 # . Thus A, g = —a™* -i3dl,
which is flat.
(2) Since n(x) =1 for z € N.(T), we get
Aplny =Y (@) a - (i(r—a)dm —ifdl) = Y 7.(a)a" - da_rs.
reZ r€Z
Formula (5.2.4) for the action of a gauge transformation then implies

Ap v = Y 7(0) G = Aap):
reZ

The last two points are clear from the definition. O

5.3. Computation of Spectral Flow on the Solid Torus

In this section all connections and odd signature operators are considered on
the solid torus only. Everything that follows depends on a continuous family of
Lagrangians Le g0 in HOF'*2(T; Ri) parametrized by R2. Recall the family A, 4 of
connections from Definition 5.2.1 and the scattering Lagrangian .Zs 4 from Definition
2.8.1 computed explicitly in Lemma 4.2.1.

To avoid technical difficulties we are going to assume that L, e is a family of
Lagrangians in H"'*2(T; Ri), which is transverse to .,ég,A(a_ﬂ) for all (o, 3,0) € Z x
R x {+i} ¢ R2. Later we will fix a specific family of Lagrangians L, g9 in view of

the splitting formula in Chapter 4.

DEFINITION 5.3.1. Define SF(p) := SF(A,mﬁ(t),P;(t)(L)) as a function of paths p

in R2, where 7 : R? — R? is the projection mentioned in Definition 3.3.1.



First we will compute spectral flow on S along a path of flat connections. By

comparing Theorem 3.3.2 and Lemma 4.2.1 we get the following.
LEMMA 5.3.2. Let (o, 3) € Z x 3Z. We have

2 iff = +1,

0 otherwise.

O

The next lemma could be obtained by comparing Lemma 5.3.2 to Figure 1 on
page 531 in [KK2|. However we can directly compute the Maslov index. This works

just like the proof of Lemma 6.4.2.

LEMMA 5.3.3. Let (a,3) € Z % %Z. Then for small enough € > 0 and varying

t € (—¢,¢€) we have

. 2 if g =41,
Mas(La,, K] 5 gerie) =
0 otherwise.
O
LEMMA 5.3.4. SF is additive under compositions of paths in R2. O
LEMMA 5.3.5. SF is a homotopy invariant rel endpoints. l

LEMMA 5.3.6. SF(p) = 0 if p lies entirely in Z x R x {£i} c R2. Note, that

Z x R x {%i} corresponds to the thickened vertical lines in Figure 5.3.2.

ProOF. Since 5([0,1]) € Z x R x {#£i}, A; is a path of flat connections on S.
Thus we can use cohomology to compute the kernel of D4, , on S with boundary

conditions P;B(L). We have Ker(H!(S; 5u(2)noi( A, 5)) — HY\(T; 5U(2)noi(A, ) = 0.
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Then Proposition 2.8.6 and Ly N Zs .4, , = 0 imply that D, , (with boundary
conditions PJ 5(L)) has no kernel. Furthermore K ;.. N %7,4&7;, = 0 when (a, ) €

Z x {}}. Thus SF(5) = 0. 0

LEMMA 5.3.7. There is a cohomology class z € Hl(fiz, Z x R x {£i}), such that
for a path p in R? that starts and ends in Z x R x {+i} c R? the spectral flow equals
2(u), where u := [p([0,1])] € H1(R2,Z x R x {+i}).

PRrROOF. By defining ((}, a;0;) := Y, a;SF(0;) for singular l-simplices o; and
integers a;, we get a map ¢ : $;(R?) — Z, ie. ¢ € SY(R?). By Lemma 5.3.6
the spectral flow descends to a map ¢ : S (R2)/S1(Z x R x {+i}) — Z. Thus
(e SYR2,Z x R x {+i}).

If w is a 2-simplex in R2, then dw = wo f2 —wo f2 4+ wo f2, where f2 are the
face maps. Then as paths, (w o f2) * (wo f2) and w o f2 are homotopic in R2. Thus

by Lemmas 5.3.4 and 5.3.5 we have

C(0w) = ¢((wo f3) * (wo f3)) — C(wo fi) =0.

Now let 3 bjw; € S5(R2, Z x R x {*i}) with integers b; and 2-simplices w;. Let
&uj = Zz Qi055. Then

DC(Z bjw;) = C(&ijwj) = Zaijé(awij) = 0.

Since there is an injection i : S*(R2, Z x R x {#i}) — S*(R?) which is a chain map,
we have i 00( = 0 0i¢ = 0. Thus C is a cocycle. We found the desired cohomology
class z = [(]. O

Equivalently we may say (by Poincaré duality) that there exists an infinite ho-
mology class in Hy(R2 — (Z x R x {+4i}))), such that the intersection number with

(the homology class representing) the path is equal to the spectral flow.



Let us study the spectral flow on the solid torus for a specific family of Lagrangians
Lo e in HOT'H2(T; Ri). Tt will roughly be the Ri part of orthogonal complement of
the the scattering Lagrangian on S. With Lemma 4.2.1 in mind we are going to make

the following definition.

DEFINITION 5.3.8. For (a,f) € R? define %54, := Ri @ Ridl. Note that
%,A(a,ﬁ) = H(T; Ri) ® Ridl < H"'2(T; Ri).

Thus, fix Lagg := JZLs.a,,, = Ridn @ Ridm A dl = Ridm ® H*(T; Ri). Our
goal is to compute an (infinite) cycle as shown in Figure 5.3.2.

With Lemma 5.3.7 in place, we could refer to [KK2] for the mod 8 computation
of spectral flow. This would be sufficient for the main application in Chapter 6.
However, we will extend the results in [KK2] to compute spectral flow mod 0. This
enables us to compute mod 0 spectral flow using the splitting formula for spectral
flow developed in Chapter 4. In any case, it will be interesting to see how this piece of
the puzzle fits together with the rest. Coincidentally we are going to use the splitting
formula for the computation of spectral flow on S, particularly the fact that the

splitting formula does not depend on the lift of p to R2.

THEOREM 5.3.9. If p starts and ends in Z x R x {+i}, then SF(p) is given by the

intersection number p - z where z 1s the cycle shown in Figure 5.5.2.

An example of how to compute the intersection number and thus the spectral flow
is shown in Figure 5.3.3

The lengthy proof of Theorem 5.3.9 is deferred to the next section. However, let
me give a short outline of the proof. Consider a path of connections A; between flat
connections on a certain closed manifold M = S ur X, which restricts to a path A,

in our family of connections on S defined in 5.2.1. An example such a path p(t) in
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FIGURE 5.3.2. Cycle in R2

FI1GURE 5.3.3. An example with intersection number a
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R? is shown in Figure 5.4.5. Now consider a particular gauge transformation g on
M. Suppose (g-A;)|T = Ayw|T. Then we are going to compare the spectral flow of

g - A; with the spectral flow of B; given by

g-A; when restricted to X
Bt ==

Ay when restricted to S,

using some properties of a particular family of gauge transformations, which are

derived in [BHKK], as well as the following well-known fact:

LEMMA 5.3.10. Suppose M is a closed 3-manifold and g : M — SU(2) is a gauge
transformation. If A; is any path of SU(2) connections on M from Ao to Ay = g- Ay,
then

SF(D.4,) = 8deg(g)

PRrOOF. This is an application of the Atiyah-Patodi-Singer index theorem. U

By repeating the above process a few times and applying the splitting formula
for spectral flow in Theorem 4.5.5 for different paths p we will learn how the chains
relate to each other, because the terms of the spectral flow on X cancel. This yields
the (infinite) cycle with three unknowns a,b and c¢. The coefficients in Figure 5.3.2
can then be computed using some lens space examples and by applying the splitting
formula for spectral flow in Theorem 4.5.5.

Before we embark on a proof of Theorem 5.3.9 we adapt some of the definitions
and results in [BHKK] to our needs.

Consider the following group of gauge transformations:

Gut = {smooth maps g : S — SU(2) | g|n.cr)(ne’™, e') = ™+ for some a, 8 € Z}
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There is a well-defined degree for maps (X,7T) — (S3,5') with 0X = T by ob-
serving that Hs(S?, S1;Z) = Z by the long exact sequence of the pair (S3,S') and

H3(X,T;Z) = Z. In particular we have a well-defined degree for elements of G.

LEMMA 5.3.11 (Lemma 4.1, [BHKK]). Let g,¢' € G,y. Then g and g' are homo-

topic if and only if gl = ¢'|r and deg(g) = deg(h).

DEFINITION 5.3.12. Let ¢ : [0,1] — [0,1] be a smooth non-decreasing cutoff
function with ¢(n) = 0 for n near 0 and ¢(n) = 1 for n € [1 — ¢, 1], where ¢ is such
that the family A, is in cylindrical form in the collar N.(7T") of 7. Then consider
the gauge transformations on S = D? x S — SU(2):

(1) a(ne™, ) = g(n)e™ + /1 = (q(n))?),
(2) b(ne™, e'l) = e,

(3) c(ne™, e") is a gauge transformation of degree 1 with ¢|n_(ry = 1.

The exact description of these gauge transformations is not relevant for us. How-
ever, we will need to exploit some of their properties. We have the following up to

homotopy.
LEMMA 5.3.13 (Lemma 4.3, [ BHKK]). [a,b] = ¢ 2
We also have
THEOREM 5.3.14 (Theorem 4.4, [ BHKK]). deg(a®b®c?) = ¢ — ab.
The following lemma will be used frequently
LEMMA 5.3.15. If g : (X, T) — (S3,S%) misses a point p ¢ S, then deg(g) = 0.

PROOF. First note that by the long exact sequence of a pair H3(S?, S') =~ H3(S?)
and H3(S®,S® — p) =~ H3(S®). Thus H3(S?, S') =~ H3(S%, 5% — p). The long exact



sequence of the triple (53, 5% —p, S!), p ¢ S!, then implies, that
H3(S3 - Db Sl) - H3(53a Sl)

is the zero map. Thus, if a map g : (X,T) — (53, S!) misses a point p ¢ S, then
deg(g) = 0. O

We want to consider certain closed manifolds to deduce information about the

spectral flow on the solid torus. We will need to consider gauge transformations on

M.
LEMMA 5.3.16. If 0X =T, any map g : T — SU(2) extends to X.

PROOF. Since m(SU(2)) = m(SU(2)) = 0, there is no obstruction of extending
g to X. O

We are going to use one additional gauge transformation on S. We set 0 = j.
Notice, that even though 0 ¢ G, we have 0gd~! € Gy for all g € Gy Furthermore

the following observation is noteworthy
LEMMA 5.3.17. deg(adad™') = 0.

PROOF. Note that a is homotopic to a/(ne™, e?) = ne™ + /1 —n2j. Then for
(ne™, e') € S we have

o , 1 1
a'da’d ! (ne™™, ) = 2n* — 1 + 2nV1 — n2e™j # — + —i,
(ne™, ") VRN

which implies deg(adad ') = deg(a’0a’0 ') = 0 by Lemma 5.3.15. O

We will make one final observation. Let M = S ur X.

LEMMA 5.3.18. If g : M — S? with g(T) < S, then deg(g) = deg(g|s)+deg(g]x).
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PrROOF. By the relative Mayer-Vietoris sequence we get the commutative diagram

with exact rows

Dy

0 H3(Sv T)®H3(X7T) H3(M7 T) 0
(915)%®(9|x ) g ,
Hy(S%,5Y) @ Hy(S%, SY) — v Hy(S%, 8Y) 0

where on the chain level ®(a,b) = a + b and ®(a,b) = a + b.
The long exact sequences of the pairs (M,T) and (53, S') yield a commutative

diagram with exact rows

0 Hy(M) —— Hy(M,T)
lg* lg*
0 Hy(S%) —2 Hy(S%, 5V 0

We denote the fundamental class of H3(S®) by [S®]. We know, that for the funda-
mental homology class [M] we have g,([M]) = deg(g)[S®]. Then the fundamental
class of Hs3(S®,S!) is given by j.([S®]). The fundamental classes [S] and [X] of
H3(S,T) and H3(X,T) can be written as ([S],[X]) = (®4) ! 0, ([M]) and satisfy
9+([ST) = deg(gls)js([5°]) and g.([X]) = deg(glx)j«([S°]). The commutativity of

the above diagrams shows

deg(g)[S°] = gu([M]) = ()™ 0 Wu0 ((gl)s @ (glx)s) 0 (Pa) ™" 04u([M])
= (Js) 7" 0 Wu(deg(gls)7([S°]), deg(g]x)7«([S°]))

= (J+) 7' ((deg(gls) + deg(g]x))s([S°])) = (deg(gls) + deg(g]x))[S*].

O



5.4. Proof of Theorem 5.3.9

For simplicity consider the lens space M = S vy, S, where h : 0S = T —
05", (e, ell) s (eB3m+il eimtil) Then we have a family flat connections on M which
restricts to a noncentral connections on T'. Figure 5.4.4 shows which flat connections
of the family of connections a, 3 on 1" extend to flat connections on S and S’. The
intersection of the lines corresponding to these flat connections on T' correspond to

flat connections on M.

Flat on S’

Flat on S

FIGURE 5.4.4. Flat connections S and S’

By Lemma 5.3.16 we may extend a, b, ¢ and ? from Definition 5.3.12 to all of M.
Denote the extensions by a, b, ¢ and 0 respectively. (Note, that we can simply choose
0 = j.) Let p(t) be a (straight line) path in R? which starts at (0, 1€ R? and ends
at (1,7) € R? as shown in Figure 5.4.5.

Now let A; be a fixed but arbitrary path of connections on M, which is flat at the

endpoints and equals A,;) when restricted to S as in Definition 5.2.1. Consider the
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FIGURE 5.4.5. Computing o’ = —a

gauge transformation g = a- 0. Define a path of connections on M by

g-A; when restricted to X
Bt ==

Ay when restricted to S,

where p'(t) = —p(t) + (1,0). Notice that Ayuy|r = g Ay |7
Let us compare SF(A;) with SF(B;) by utilizing Theorem 5.3.10. By Definition
5.2.1 we have

BO|S = a(_A0)|S = abA0|S
and
Bils = 0Agls = da ' Ay|s = 0a 0 a " (ad Ay)] .

Notice that Bi|x = a0A;|x. Consider the gauge transformation

, 1 ifreX
g'(x) =
aad!(z) ifxesS.



By exploiting Lemmas 5.3.5, 5.3.4, 5.3.10, 5.3.18 and 5.3.17 (in this order) we get
SF(A;) = SF(g-A;) = SF(adAy,adA;) = SF(By, B;) + SF(By,a0A4;)
= SF(By, By) + 8deg(g') = SF(By, B) + 8 deg(adad™?)
= SF(B;) + 8deg(avad™") = SF(B;) = —SF(B;_).
After applying the splitting formula in Corollary 4.5.6 and Lemma 4.5.7, we see
that the spectral flow terms for X vanish, so that a’ = —a.

Now let k, ! € Z and consider straight line path p(t) which starts at (k, £+ 1) and

ends at (k, % + 2), as shown in Figure 5.4.6.

FIGURE 5.4.6. Computing a’ = 16 + a

As before, let A; be a fixed but arbitrary path of connections on M, which equals
A,y when restricted to S as in definition 5.2.1. Consider the gauge transformation

g = b. Define a path of connections on M by

g-A; when restricted to X
Bt =

Ay when restricted to S,

where p'(t) = p(t) + (0,1). Notice that Ay |r = g- Ayp|r.
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We have

Byls = bAgls

and

Bils = abAg|s = aba™'b7! (baAy)|s = aba”'b7 (bA)|s-

Consider the gauge transformation

, 1 ifreX
g'(x) =
(aba 6 1) Y(z) ifzes.

Then we get

SF(A,) = SF(g-A;) = SF(bAy, bA,) = SF(By, B1) + SF(B1, bA,)
= SF(BQ, Bl) + deg(gl) = SF(BQ, Bl) + deg((aba_lb_l)_l)

= SF(B,) + deg(c?) = SF(B,) + 16.

Application of the splitting formula in Corollary 4.5.6 then shows that a’ = a+16.

Similarly if for the same path p we consider p'(t) = p(t) + (1,0), the gauge
transformation g = d, and we define B; as before, then we have B; = ¢g - A; and thus
SF(A;) = SF(By).

A similar computation gives us the relationship between coefficients for the hori-
zontal simplices.

Let p(t) be a path going half around the origin as shown in Figure 5.4.7, e.g.
p(t) = Lem=32) And let p/(t) be —p(t).

Let g = 0 and define B; as above. Since B; = 0- A;, we immediately get SF(A;) =
SF(B;). The splitting formula from Corollary 4.5.6 yields b = &’. Similarly, if g = @ or
g = b we have B, = ¢g- A;. Certainly, we get the same relationship for the coefficients

c and ¢ in Figure 5.4.7.



FIGURE 5.4.7. Computing b’ = b

Thus we are left with determining the coefficients a, b and ¢ in our cycle in Figure
5.4.8.

To accomplish this we will use our splitting formula from Theorem 4.5.5. The
advantage our splitting formula has over Lemma 4.5 in [BHKK] or Corollary 1.25 in
[Bu] is that we do not need to assume that KersS,, is 0 or constant.

To find the values of b and ¢ we refer to Lemma 5.3.3. For a we consider the
3-sphere M constructed by gluing two solid tori S and S’ with the same orientation
along the boundary using the orientation reversing homeomorphism on the boundary
(e, ) > (e, ™). For X = M — S we get a similar statement as in Lemma 5.3.3,
then we can once more employ the splitting formula in Corollary 4.5.6 for the paths

;

(0,0, emi(z—40)) for ¢ € [0, £]
(4t — 3,0,—1) for t €[5, 1)
p(t) =1 (4,0, for t € [1,3]

(41 —1) — %,0, —1) forte (%, g]

\(O, 0, etmilt=3)) for t € [£,1]



and
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FIGURE 5.4.8. Cycle in R2

(0,0, emitz=10))

(4t — 1,0, —1)
(3,0,-1)
(4(1—t)—3,0,-1)

(07 0, e47ri(t—%))

for ¢ € [0, £]
for t €[5, 1)

for t € [1, 3]

o~

for t € (3, {]

for t € [£,1]
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to see that

0 = SF(DAp(t))_SF(DAp’(t))

= SFs(Day , oriyi PHIZs)) + SFx(Day i P (Fs)
= 2—-a+2—-a)+(2+2).
p(0) = p(1) = (0,0,7) p(0) = #(1) = (0,0,7)

p w E (3,0,-1)

FIGURE 5.4.9. The paths p and p’

The image of the paths in R? is shown in Figure 5.4.9. This shows that a has to

equal 4. O



CHAPTER 6

Spectral Flow on a Torus Bundle over the Circle

We are interested in computing spectral flow on torus bundles over S!, because
it addresses Lisa Jeffrey’s Conjecture 5.8 in [J], the missing piece in her work on
Witten’s 3-manifold invariants [J].

Her conjecture, based on physical reasoning, implies that the spectral flow between
irreducible flat SU(2)-connections on torus bundles over S* is 0 mod 4, which shall
be confirmed in this chapter.

This chapter also serves as an example showing the spirit of applications for The-
orem 4.5.5. Anywhere where spectral flow computations between flat connections are
necessary, Theorem 4.5.5 or a suitable adaptation gives a possible approach.

The full meaning of Lisa Jeffrey’s conjecture needs some interpretation when the
trace of the monodromy matrix is zero as well as “when there are more than one wU
fixing A” (see footnote to Conjecture 5.8 in [J]). Also there may be some other sign
issues involved. Thus we are not able to analyze Lisa Jeffrey’s conjecture in detail.

However, it will be the subject of future research.

6.1. Irreducible SU(2)-Representations of 7 M

By Proposition 2.4.5 flat SU(2)-connections on M and SU(2)-representations of
the fundamental group of M go hand in hand. Group cohomology computations
twisted by representations will be used to compute the scattering Lagrangian and
other information about the kernel of the odd-signature operator and the tangential

operator at flat connections. Therefore it is necessary to analyze the representations
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of the fundamental group. Along the way we will find a knot v so that there exists
a path of representations of 7 (M — ) connecting the two holonomies hol(Ag) and
hol(A;). The facts in this section are mostly due to Kirk and Klassen [KK2], though
detailed (alternative) proofs have been added when it seemed appropriate.

Fix an orientation for T. Let m : T" — T be an orientation preserving homeo-
morphism, M =T x I/(m(x),1) ~ (z,0) be its mapping torus and fix a base point
(#,0) in M. Consider the isomorphism m, : H(T;Z) — H,(T;Z) induced by m on
homology, and fix a meridian = and longitude y for T so that H,(T;Z) =~ mT =
{x,y,||[z,y]) = Z* and so that dz A dy is in the orientation class, when we consider
z,y € Hi(T;Z) =~ HY(T;Z) (see Figure 6.1.1). After identifying « = () and y = (0)

we can write m, as an unimodular matrix. If m,(z) = ax + cy and my(y) = bz + dy,

then
a b
c d

T

FIGURE 6.1.1. The torus

We will frequently make use of the following properties of B.

LEMMA 6.1.1.

(1) |trB| # 2 if and only if det(B + I) # 0
(2) |trB| # 2 implies ¢ # 0 and b # 0.

PRrROOF. Since det(B) = 1 we have det(B + ) = (a + 1)(d + 1) — bc = ad —
bc+1+a+d=2+1trB and det(B —I) = 2 — trB. Thus |trB| # 2 if and only



6. SPECTRAL FLOW ON A TORUS BUNDLE OVER THE CIRCLE 95
if det(B+ 1) # 0. Alsoif ¢ =0 or b = 0, then 1 = ad — bc = ad, which implies
a=d = +1, that is, [trB| = 2. O

The fundamental group of M is an HNN extension of 7T, where 7 is the loop

from (x,0) to (m(x),1):
(6.1.5) M = {x,y, 7|[x,y], o™ = 2%, Tyr ' = by}
Recall that we have the identification

SU(2) ~ S* ~ unit quaternions

with the usual multiplication for unit quaternions.
Each irreducible representation can be conjugated to have a particularly nice

description.

LEMMA 6.1.2 (Proposition 5.5, [KK1]). Let ¢ = (o1, p2) € R% The homomor-
phism
pe: {zy, ) — SU(2)
T =]
T > e

y 627rig02

factors through m M if and only if (B + 1) € Z2.

PROOF. p factors through 7 M if and only if it sends all relators to 1 € SU(2).

We have p([z,y]) = 1. For the other relations we get
j62m'g01 (_j) — (627ri4p1)a(62m'g02)c and j627ri4p2(_j) — (627rig01)b(627ri4p2)d
= e—27ri<p1 — 627rig01a+27ri<pgc and 6—27rig02 — 627ri<p1b+27ri<p2d
= (a+1)p1+cpseZ and by + (d+1)ps € Z

that iS, (QOl, CPQ)(B + I) e 7% O



In other words we get:

COROLLARY 6.1.3. The homomorphism p, is a SU(2)-representation of miM if
and only if (B + I) € Z*. An SU(2)-representation p, is abelian (or reducible) if
and only if ¢ € (3Z)*.

The following is useful when we analyze the space of nonabelian (or irreducible)
representations modulo conjugation. (Note that this space is isomorphic to the space

of flat irreducible connections modulo gauge transformations.)

LEMMA 6.1.4. Any irreducible SU(2)-representation of mi M is conjugate to p,

for some .

PROOF. Let p be an irreducible SU(2)-representation of ;M. It to maps x and
y into a maximal torus, because they commute in 7 M. Since all maximal tori are
conjugate, we can assume that x and y map into C, that is, p(z) = ¥ and
ply) = e*mv=,

Let p() = a+0bi+¢j +dk. Since p is nonabelian, we have p(z) # +1 or p(y) # +1

Thus assume without loss of generality that p(z) # %1, that is ¢ ¢ 3Z. Then
p(@) p(y)° = p(T)p(x)p(r) ™ = cos(2mipn) + (@% + b* — & — d?) sin(2me)y )i
+ 2(b¢ + ad) sin(2me1 )5 + 2(bd — G¢) sin(2my )k
is a complex number p(z)p(y) € C. Thus we have b +ad = 0 and bd — G¢ = 0, which
yields 3(62 + 82) = 0. Since p is nonabelian, 7 cannot get mapped into C, that is,

22+ @ # 0, and thus we get b = 0. Similarly we get @ = 0 from a(¢* + d2) = 0.

Then we get for

C = /11 +2) —sign(d)4/1(1 - )k

that CpC~! = p,, where ¢ = (1, 19). O
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We will need to know which are the conjugacy classes of irreducible representa-

tions. The following criterion will help us find them.

LEMMA 6.1.5. Two SU(2)-representations p, and py of m M are conjugate if and

only if ¢ = +1p + 0 for some 0 € Z2.
PROOF. Let
(6.1.6) Cp,C™" = py

with C' € SU(2). In particular we have CjC~' = j. The only quaternions that

commute with j lie in the unique maximal torus containing 7, so
C = cos(2m0) + sin(270)j € R® Ry,

where 6 € R. Then computing (6.1.6) and comparing coefficients yields for ¢ = 1,2

(6.1.7) cos(2mp.) = cos(2my.)
(6.1.8) cos(4md) sin(2mp.) = sin(2mi),)
(6.1.9) —sin(470) sin(2rp.) = 0.

Line (6.1.7) implies that ¢. = 1.1, + 6. for some 6. € Z and 7. € {1, —1} and also
that ¢. € Z if and only if ¢, € Z. Thus if ¢. € Z for some ¢, then we automatically
get p = Y + 0.

Thus assume that ¢., 1. ¢ Z for e = 1,2. Then equation (6.1.9) implies 0 € iZ,
that is, cos(47d) = +1, which together with equation (6.1.8) yields 7, = 1,. We get
p=xY+0.

On the other hand if ¢ and 1) were such that ¢ = +1+6, we can find a ¢ satisfying

(6.1.8) and (6.1.9), that is, p, and p,, are conjugate. O

Lemma 6.1.5 allows us to restrict our attention to a small rectangle.



COROLLARY 6.1.6. For a SU(2) representation p, we can find a representation

pp conjugate to p,, with ¢’ € [0,1] x [0,3] U (5,1) x (0, 3). ]

Identify T" with T' x {0}. Let v = px + qy be a simple closed curve in 7" and N,
be a collar of v in M. M, = M — N, is homotopy equivalent to T' x I/ ~, where
(x,0) ~ (m(z),1) whenever x ¢ N, nT. Later we will decompose the manifold M
into the two pieces M, and N, such that a given path of SU(2)-connections is flat
on M.,. Therefore let us study representation of m (M,).

The fundamental group 7 (M,) is again an HNN extension of m(T):
(6.1.10) ™ (M,y) = <£E, Y, 7—| [ZL’, y]7 Tiﬁpqu_l - xpa+qbypc+qd>'

Thus in analogy to the proof of Lemma 6.1.2, the homomorphism p,, ¢ € R?, as in
Lemma 6.1.2 factors through m (M) if and only if (B + 1) (5) = 0. Furthermore, if
pzx + qy defines a curve, then such a pair (p, ¢) € Z is relatively prime and thus unique

up sign. This gives the following important result.

LEMMA 6.1.7 (Corollary 7.2, [KK2]). If p, and py are two SU(2)-representations
of mM, then (1 —t)p + ty defines a path of SU(2)-representations of m1(M.,,) as in

Lemma 6.1.2, where v = px + qy, (p,q) is a relatively prime pair satisfying

(6.1.11) (¢—¢)(B+I)<§) ~0.

Moreover, (6.1.11) uniquely determines v (as an unoriented curve) up to isotopy

in terms of ¢ and ¢ if det(B + I) # 0. O

By Corollary 6.1.6 we can find two representations p, and py conjugate to p,,
and py, respectively such that ¢’,¢" € [0, 1] x [0,3] U (5,1) x (0, 5). Particularly the
straight line (1 —¢)¢’ + t¢ does not go through (3Z)?. Given v from Lemma 6.1.7,

then p(_¢)y 1ty is a path of irreducible representations of my (A1,).
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COROLLARY 6.1.8. If p, and py are two irreducible representations, then we can
find conjugate representations py of p, and py of py so that (1 —t)¢' + ty" defines
a path of irreducible SU(2)-representations of m(M,). O

It is important that the whole path of representations is irreducible, because
then the non-resonance level of the odd-signature operator is 0 by Corollary 6.3.6
for all paths between irreducible representations that have not been covered by Kirk
and Klassen [KK2|, namely the paths that pass through representations which are
central on the boundary. In these cases we can directly apply Nicolaescu’s adiabatic
limit theorem.

Even though M is not S? or R3, we still have the notion of meridian p and
longitude A of 7. Let A\ be the curve on 7T parallel to v and u the curve that bounds

a disk in N,. Figure 6.1.2 explains convenient choices and orientations.

A

FIGURE 6.1.2. Longitude and meridian

After a basis change for m;T" change via

o
I

€ SLQ(Z)



where ps —rq = 1, we get

pc+qd

r,s_—1 ra+sb, rc+sd
T YT =1 Y >.

mM = (a,y, 7| [z,y], TPyl = 2Pty

By comparing this to (6.1.10) and since gluing in NV, corresponds to killing the merid-

ra+sb, rc+sd 1

ian, this suggests, that u = x Y Tx "y~ 77" up to orientation. The following

lemma gives a proof.

LEMMA 6.1.9. The longitude \ and meridian p are

A= Py

ra+sb, rct+sd —r, —s,_—1
o= Yy T Yy T,

where r and s are any integers satisfying ps —rq = 1.

PROOF. Since A is parallel to v on T', we can choose A = xPy?. Through a basis
change on T we may assume that A = x. A matrix corresponding to such basis change
is

S T

B'= € SLy(Z),
—q p

where ps — rq = 1. We know that even after this basis change x intersects y exactly

1 1

once. Consider Figure 6.1.3. If we homotop the whole loop u = m.(y)ry ‘7' as
well as N, n T into the interior of 7" x I by pushing it upward and contracting 7 a
little, we get the meridian, because (m.(y), 1) gets identified with (y, 0).

Reversing the basis change via

A~ pr
B = € SLQ(Z)
q S
yields = m*(xrys)TxfryfsTfl — xra+sbyrc+sd7_x7ryfs7_fl. O

Thus we get the following.
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FIGURE 6.1.3. The representation of the meridian
LEMMA 6.1.10. For ¢ = (1, ¢2) € R? we have
Pp(A) = e
pe(p) = e,

where o, 1= cp(ﬁ) and B, := o(B+1)(7).
PRrROOF. We calculate

po(A) = e2mPP1 2mav2 — 62w(§) = 2T

2mi(ra+sb)p1 627m(7”c+5d)502 . 72mrg016727r7,5g02 (_])

pcp(:“) = € je

62m’(r4p1 +spa+(ra+sb)p1 +(re+sd)p2)

e27rw(B+I)(§) — 2mife

We finish this section by a simple observation.

COROLLARY 6.1.11. A representation p, of mi M, restricts to a central represen-

tation on the boundary if and only if o, € %Z and 3, € %Z. O



6.2. An Example

5 2
Consider B = . By Lemmas 6.1.3 and 6.1.6, and since det(B + I) = 8,

21

conjugacy classes of SU(2)-representations of w1 (M) are uniquely represented by all
p, with ¢ € (5Z)? n ([0, 3] x [0,5] U (5,1) % (0,3) for which p(B + I) € Z. There
are only two conjugacy classes of irreducible representations. They are represented
by p, and py for p = (2,1) and ¢ = (1,1).

By Lemma 6.1.7 any pi,4(1—¢)y for ¢ € [0, 1] determines a representation of 7y (M,),
where v = px + qy is such that (p,q) is a relatively prime pair satisfying equation
(6.1.11) in Lemma 6.1.7. In this case we have o(B+1) = (5,2) and v(B+1) = (2,1).
Thus we can choose (p, q) = £(1, —3). A different choice of ¢ and 1 gives us a different
(p,q). E.g. if we choose ¢’ = ¢ and ¢/ = —1), then (p,q) = £(3, 7).

It is conjectured in [KK?2], that one can always find some ¢ and 1 as in Lemma
6.1.6 so that the entire path p;,4(1-¢)y is noncentral, when restricted to dM,. If
this had been true, then their work would have covered all cases of paths between
irreducible flat connections. The following lemma shows that this is false and it is
indeed necessary to consider paths that go through representations which are central

on 0M,.

5 2
LEMMA 6.2.1. Let B = o= Y andy = (1, 1). Let ¢ = o+
2 1

and ' = ¢ + 0 for n,0 € Z* and v a knot as in Lemma 6.1.7. Then both py and

pyr are central when restricted to OM.,.

PRrOOF. We have (p—¢)(B+1) = (3,1) and (po+v)(B+1) = (7,3). Furthermore
for 0 = (61,92) € 22 we get G(B + [) = (691 + 292,261 + 292) = 2(391 + ‘92,(91 + ‘92)
Similarly n(B + I) = 2(3n1 + n2,m + 12). It follows that (¢’ — ¢')(B + I) is a pair

of odd integers. Since (p, q) are required to be relatively prime, one of them must be
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odd. Since (¢' —¢')(B + 1) (Z) = 0, both p and ¢ must be odd. This implies that
o and oy as in Lemma 6.1.10 are half integers. Since 3, and 3, are also integers,

,0go'|aM7 and ,wa|aM7 are central. ]

3 4
A similar example is given by B = Lo =(3.0), ¥ = (i’ %)
2 3

In addition to the above examples there are also examples of paths with represen-

tations in the interior which are central on dM,. The examples

are particularly interesting, because all conjugate choices of p, and p, seem to still
have representations in the interior which are central on the boundary, though no

proof has been found.

6.3. Some Cohomology Computations

In order to compute spectral flow on the knot complement we will make use of
the adiabatic limit theorem (see Theorem 2.8.5). Thus we will need to know more

about the cohomology of M, and 0M,, particularly about

Im(HOH(Mw OM,; su(2)hor(a)) — HOH(MW; 5U(2)noi(4)))

= Ker(H"" (M,; su(2)noiay) = H(0M,; su(2)hoi4)))

and Im(H " (M,; su(2)noicay) — HO(OM,; su(2)noi(a)))-

We can compute H*(m M, ; su(2),,) using the bar resolution as described in Sec-
tion 2.11. By Poincaré duality we only need to find H° and H*.

Let p : mM, — SU(2) be a representation. By Corollary 2.11.4 a derivation on

m M is determined by its values on its generators x, y and 7. Consider the set of 9



derivations {Ezv} on 7y determined for v € {7, j, k} and z, 2’ € {x,y, 7} via

~ ~ v ifz=2
Coo(2) = B, (2) =

0 otherwise.

The set of derivations on M, is identified with the subset of those derivations on
the free group generated by {x,y, 7} that take the relators to 0, as shown in Lemma
2.11.3.

Fix ¢ € R?, such that ¢(B + I) € Z?. Then p, as in Lemma 6.1.2 is a represen-
tation of m; M,. We call its restriction to the boundary p, as well.

As in the proof of Lemma 6.1.9 we will henceforth assume after a basis change via

~

B! that = v and y = z"y*. Then we get m (M) = (z,y, 7|[x,y], a7 !

— xayc>

1

and p = 2by?ry~ 177!, We will denote a cohomology class by one of its representatives.

Recall that p,, : m M, — SU(2) is reducible if and only if ¢ € (3Z).
PROPOSITION 6.3.1. Let [trB| # 2. Then we have

H(M,; su(2),,,)

0 ifpé(
Rj ifpe(
H'(M,; su(2),,)
[ G G(EIDER i) # £
— <{(§ri=§/i)(aﬁ)fgagﬁf}> >R ifp¢ (32)" and p,(\) = £1.
i i) (50 (G Gu) (),
[ (G G) (5) G = R

z)’
z)’

= N

if pe (32)°,

where (., = (55
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PROOF. Let ¢ € R2. Think of su(2) as all imaginary quaternions Ri®Rj®RE =
Ri + Cj. SU(2) acts on su(2) by the adjoint action, that is, by conjugation. In the

case of p, we have to only consider conjugation by e*™ and j, where o € R..

We can write conjugation by u € SU(2) as multiplication by a 3 x 3-matrix C,, on

the left, where a column vector (v;,v;,vx) corresponds to v;i + v;j + vgk € su(2):

v;
C, v; | = u(vii + v;j + vek)u™t.
Vg,
Then we get
1 0 0
Cemia = | 0 cos(4ma) —sin(4ra) |, and

0 sin(4ra)  cos(4dma)

-1 0 0
Ci=| 0 1 0
0 0 —1

By linearity we may denote conjugation followed by addition by one matrix in a

similar way. By the definition of p, and of 6 we get

0 0 0
OO @) =1| o cos(4mpy) —1  —sin(4rp;) ;

0  sin(4mpy)  cos(dmpr) — 1

0 0 0

COw) =10 cos(4mpy) —1  —sin(4mp,) |, and

0  sin(4rpy)  cos(dmps) — 1



-2 0 0
SO@E =1 0 0 o0
0 0 -2

Thus H°(M,; su(2),,) = 0if p, is nonabelian (that is, ¢ ¢ (3Z)?) and H°(M,; su(2),,) =

1
Rj =~ R otherwise.

Let [¢] € H'(M,;s5u(2),,) with ((z) = X, ((y) = Y, and ((r) = T, where
X,Y,T € su(2) and p € R%

Suppose ¢ = (p1,¢2) ¢ (%Z)2. Assume without loss of generality that ¢ ¢ 3Z.
Then 6°(-)(x) maps Cj onto Cj. That is, there is a unique v € Cj, so that ((z) +
6°(v)(z) € Ri. Furthermore §°(-)(7) maps Ri onto Ri. That is, there is a unique
v' € Ri, so that (1) + §(v')(7) € Cj. Note that 6°(¢v')(z) = 0 and 6°(v)(7) € Rk.
Thus we can change ¢ by a unique coboundary, namely 6°(v + v'), so that X € Ri
and T € Cj. So let us assume X € Ri and T € Cj.

A derivation ¢ of my(M,) is 0 on the relators of the group. Since 1 = [z,y] =

zyx ty =t in m (M) we get
O0=C([r,y])=X+z-Y—ayr ' X —ayz 'y ' Y =1-y)- X+ (z—-1)-Y.

Then X € Ri and p,(y) € C imply (1 —y)- X = 0, which gives (1 —z)-Y = 0. Thus
we also get Y € Ri because p,(z) is not a real number.

Since X € Ri and Y € Ri we have y - X = 2-X = X, 7- X = —X and
y-Y =x-Y =Y. Then

0 = ((az*yrz 71

a—1 c—1
= Z oF X 4 2° Z Y 4+ 2%y T — a%yra - X — %S e T
k=0 k=0

= (a+ D)X +cY + (2% —1)-T
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Comparing the R coefficients gives (X,Y) (“H) = 0. This equation defines a 1 real
dimensional subspace of (iR)?, namely ({(;)}), since ¢ # 0 by Lemma 6.1.1.

Also observe that the term x%y¢- T can be written as
2y T = rar ' T = je™ @ -1 Tje ?me -1
e I et = pmb T = \TL. T
Comparing Rj and Rk coefficients in
0=(1—-X")-T=ad(1)(T)—ad (e*™*) . (T) =T — e *™T

implies T' = 0 if a, ¢ 37, that is, if p,(\) # 1, which yields H*(M,; su(2),,) = R.
On the other hand if p,(A\) = +1, then 7" can be arbitrary in Cj, which implies
HY(M,; su(2),,) = R

Consider the case ¢ € (%Z)z. Note that in this case p,(A) = 1. Then (([z,y]) =
0 is automatically true. We can change ¢ by a coboundary, so that T' € Rj. Since
y¥ - X =X and 2" Y =Y we get

0=((zyro'r ) =aX +cY + 2%yt - X + (2" —1)-T=aX +cY —7-X.

Note that 7- X = jX;ij  + X5+ j Xpkj™! = = Xii+ X;j — Xik. Comparing
coefficients gives (a + 1)X; + ¢Y;, (a — 1)X; + ¢Y; and (a + 1) X}, + ¢Y}. Since ¢ #
0, each of these three equations determines a 1-dimensional subspace of R%. Thus
HY(M,; su(2),,) =~ R O

Before we compute what Im(H*(M,; su(2),,) — H*(0M,; su(2),,)) looks like in

detail, let us make the following general observation proved by a standard argument:

LEMMA 6.3.2. Let X be a compact k-manifold with boundary. Then for the twisted

cohomology with V -coefficients and a non-degenerate invariant inner product VxV —

R



(1) dim(Im(H"(M,;V,) = H"(0M,;V,)) = 3 dim H"(M.; V)
(2) dim(Im(H*(M,;V,) — H*(0M;V,)) = & dim H*(0M,; V)
where H* = @Y H' and k = 2n + 1.
For the proof we need to use Poincaré duality for cohomology with twisted coef-
ficients
H'(M;V,) =~ H,—i(M;V,)

and the universal coefficient theorem
H'(M;V,) = Hom(H;(M;V,),R),

where M is a closed n-manifold and V' is equipped with a non-degenerate inner
product < -,- >, as well as the relative versions for manifolds with boundary. In
order to prove Poincaré duality, we will use a triangulation of M and the dual regular
cell complex written M7™ and M’ respectively. The chains and cochains of interest are
Ci(N,V,) := Cy(N) ®z, V and C¥(N,V,) := Homg,(C;(N),V), where N can be M~
or M'. Let
U Cosi(MT) x C;(M') - R

be the (non-degenerate) intersection pairing. Then Poincaré duality can be checked

by directly showing that the map
Cn—i(MT7vp) - CZ(Mlvvp)
oc®uv +— (7 YU(o,T)v)

is a chain isomorphism. The universal coefficient theorem can be shown by proving

that the pairing
C'(M™,V,) x Cy(M™,V,) — R

(fio®@v) = {f(o),v)
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is non-degenerate. (For well-definedness note that f(ro) = rf(o) for r € 7, f €

Ci(MT, Vp) and that ‘1/(7’0', 7') = \II(O',T_lT),)

PRrROOF OF LEMMA 6.3.2. We will omit the coefficients in the notation. Consider
the following diagram made up out of the middle part of the long exact sequences
in homology and cohomology of the pair (X,0X) and the Poincaré-duality isomor-
phisms:

j*

H™(X) H"(0X) —— H" (X, 0X)

1R
1R
1R

Jx

Hyir(X,0X) —*— H,(0X)

H,(X)

Then dim(Imj*) = dim(Imi,) = dim(Kerj,).
Now recall the fact, that if L : V — W is a homomorphism between finite-

dimensional R-vector spaces and L* : W* — V* its induced dual homomorphism,

.....
.....

..........

an isomorphism ¢ : V' — V* can be defined by i(v;) = v} where v}(v;) = J; ;. Then
is : KerL — CokerL* defined by i,(v) := i(v) + ImL* is an isomorphism. On the one
hand i, is injective, since given v = Y\, a;v; € KerL such that i(v) € ImL*, that

is, L*(w*) = i(v) for some w* we have:

i(0)(V;) = Xispr @ivi(0) = Yimppq aidiy =0 1<) <k
L*(w*)(v;) = w*(L(v;)) = w*(0) =0 ifk<j<n

i(v)(v;) =

On the other hand i, is surjective, since given v* = Y  a;v; =€ V* we get v* +

ImL* = 37", ) av; + ImL* since L*(w}) = v} by

L*(w}) (v:) = wj (L(v:)) = w] (ws) = 65 = vy (v")



fory=1,...,k and for i = 1,...,n we have.
With this fact, H(X) = Hom(H;(X),R) = (H;(X))* and H(6X) = (H;(0X))*

we get
dim(Imj*) = dim(Imi,) = dim(Kerj,) = dim(Cokerj*) = dim(H"(0X))—dim(Im;*)

which proves dim(Imj*) = £ dim(H"(0X).

For the second part of the lemma consider the diagram

i

Hi(X) Hi(0X) —— H'*'(X,0X)

~ ~ ~

k—i ‘k—1

He o(X,0X) 2+ Hy (0X) —2— Hy i o (X)

By a similar argument — we only have to be careful with indices — we get
dim(Imj) = dim(H"(0.X)) — dim(Im3, ., ;)

But then

2n+1 2n+1

dim(H*(0X)) = > dim(H'(8X)) = ) (dim(Img}) + dim(Img3, , ;)
i=0 1=0
2n+1

= 2 ) dim(Imy;)

1=0

which proves the second part. O

Given a representation p : m7T = {u, A | [p, A\]) — SU(2). Consider the set of 6

derivations of m(7T") determined for v € {i, j, k} and z, 2’ € {u, A} via

, , v ifz=2
<Z'U(Z) = 5’1}(2 ) =

0 otherwise.
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One can prove the following lemma by applying the De Rham map to the De
Rham cohomology on the torus as in Proposition 3.2.1. However, we provide a proof

using group cohomology as well, because it is very short.

LEMMA 6.3.3. We have

Ri if  pp(N) # £1 or py(p) # +1
su(2) if  pe(N) = +1 and p,(p) = £1

H(0Ms; 5u(2),,) =

Cuin Oty = R? if  pu(N) # £1 or py(p) # +1
Cuwtowy = RY df  po(N) = 21 and py(u) = £1

PROOF. The computation of H°(0M.,; su(2),,) works just like Lemma 6.3.1. The

Hl(aMw; su(2),,) =

©

matrices corresponding to 0(+)(A) and 0(+)(p) look very similar to §(-)(x) and 6(-)(y).
Now let ¢ be a 1-cocycle and ((A\) = X and ((u) = Y. Then just like in Lemma
6.3.1
O0=C(Au) =0 -wmX+A-1)Y

and we conclude that we can change ¢ by a unique coboundary in the case p,(\) #

lle

+1 or p,(n) # %1 so that X € Ri and Y € Ri, that is, H'(0M,;su(2),,)
R?. If p,(\) = +1 and p,(u) = +1, then automatically 0 = (([\, p]), thus
H'Y(0M,; su(2),,) = RE. O

It will be good to know, how these group cohomology computations give you an
explicit description of the scattering Lagrangian in Hg! (T su(2)). In particular
we need to compute the De Rham map from Definition 2.11.8 for the torus. We
already work with a trivialization of P which yields a trivialization of 7*(P), where
7 :T = R? — T is the universal cover. However, the De Rham map does not depend
on a particular trivialization of P. We need to trivialize 7*(P) using the horizontal

lift determined by @, . This induces the correct trivialization of Q"(W*adPhol(aaY ,@))

and lets us compute the De Rham map.



Fix a base point m € T, say (1,1) € St x S* = T and a lift m € R?, say m = 0, to
the universal cover of T'. Trivialize the fiber of i in ad Phoa, 4), that is m x su(2). Let
v(t) = (", 1) be a curve in the torus S'x S' =T =T x0 < T x G = P starting at m
and consider its lift 4 = (¢,0) of v to the universal cover R* = R?x0 c R*xG = 7*P.
Using a, 3 we can trivialize Qi(w*adPhol(am ﬁ)) as follows. We compute the horizontal

lift (3¢, 9:) = 7*P of 4, then the correct trivialization of 7*ad Py, ;) is given by

[((F%, 9¢),v)] — (7, v).

We have (t) = (ie",1). It is not hard to find g satisfying g(0) = 1 and

—g(t)g7H(t) = A(3(t)) = —icv.

We have §; = iag; and get g, = ™. If y(t) = (1,¢e%), then g, = €.

Then the restriction of the map Qf, 4(T’; su(2)) — Q'(T) ® su(2) to the harmonic

forms is given (on the standard basis) by

i i, idm e idm, idl —idl, idm A dl— idm A dl,

when («,3) € R? — (3Z)%. If (o, 3) € (Z)* we also have

eiom+260) 5\ 5 iQom+260) j dpm s j dm,
ei(2am+2ﬁl)j dl — jdl, ei(2am+25l)j dm A dl — jdm A dl,
ei2am+260) 1., k. etam+280) [ g k dm,

eiCom+260 . g1 s k dl, ' Com+26D L dm A dl — kdm A dl.

Furthermore integrating these forms over cycles yields cocycles. Taking this a step

further, namely to group cohomology, we get the following.
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LEMMA 6.3.4. The isomorphism from the harmonic forms Hgfﬁl (T'; su(2)) to group

cohomology H*™(my(T); su(2),, ,) is given by
i i, idm o (i, 1dl >
when (o, 3) € R? — (3Z)%. If (o, B) € (3Z)* we also have

6i(2am+2ﬁl)j — j, ei(2am+261)j dm — Cuj> ei(2am+261)j dl — C)\ja

eiam+281) ., k, eiam+2B0) [ 1y Cuka etRam+280 1. 11 Coge-

This allows us to go back and forth between harmonic forms and group coho-
mology. In particular we can do Maslov index computations for paths of pairs of
Lagrangians in the harmonic forms on 7', while it is a priori not clear how to do this

in group cohomology.
LEMMA 6.3.5. Let [trB| # 2. Then we get

Im (45 : HO(M“/Q SU(2)pw) - HO(aMWQ SU@)%))
Rj ifpe (32)°
0 ifp¢ (32)°

Im (4] : HI(M% SU(2)pw) - Hl(aM% SU@)%))

-

(i + G, A+ 1)) (5 =R if p(\) # £1 or p(p) # +1

¢ (%Z)Qi
Qi + G (d + 1)Ci) (a_-i—cl)7cﬂj7cﬂk}> = if R po(A) = +1
SD - 4L
R3
) and py(p) = +1

(G + 0Cuis (d+ 1)) (59)
(O + 0G5 (d = 1)Gu) ()

(O + G, (d + 1)Cukz)(a:ucl)}> =
( R3

if p € (3Z)




PROOF. By Lemma 6.3.1 we have H°(M,; su(2),,) = 0 and thus Im(3$) = 0 if p,
is nonabelian. In the other case i} is injective (e.g. since H(X, 4; su(2)) = 0 for X
path-connected and A < X nonempty), that is, Im(i5) = Rj.

For the first cohomology note, that i*((.,)(2') = E(z*(z’)) = 5(z’) First consider
the case, when the restriction of p, to the boundary is noncentral. Using the Fox
calculus we get ET]-()\) = ETk(A) =0, ET]-(,u) e Cj and ak(,u) € Cj. Thus z*(z) is
cohomologous to 0 if p, (1) # +£1. We also have Em()\) =i, Em(,u) = bi, Eyi()\) =0
and aﬂ-(,u) = (d + 1)i. Then we get

(6.3.12) Tm(i}) = (i + b, (d 4+ 1)¢u) (,19)) = R

This space is one-dimensional, because b # 0 and ¢ # 0. In other words if we identify
H'Y(0M,; su(2),,) = R? by letting ¢, = (1,0) and {,; = (0,1), then Im(i}) =
{(ub+v(d+1),u) | u(a+ 1) + ve = 0}.

If the restriction to the boundary is central, notice that

+1 = py (1) = po(@"y e (Ty'771) = pu(a"y ") o (y).
In particular p,(z°y®)v = p,(y~")v for v € su(2). If p, is nonabelian (that is, ¢ ¢
(1Z)%), then p,(2) = pa()) = £1 implies p,(y) # +1. Thus Cj(u) = (aPy?—1) -5 =
(y=' —1)-j # 0. Similarly Cr(p) = (6742 — 1)k # 0. So we get

Im(i}) = { (G + bCuis (d+ 1)Cui) (115 G Gur})-

If p,, is abelian, then analogous to equation (6.3.12) we get

(i) = (G + bl (d+ 1)Gu) (1),
(C)\i + bCui> (d - 1)Cm') ( __Cl)a

(Cni + 0Cu, (d+ 1)) (1) 1) = RE.
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By Lemmas 6.3.1 and 6.3.5 we get the following useful observation.

COROLLARY 6.3.6. If ¢ ¢ (3Z)?, then

2 if po(N) = £1 and py(p) # +1
dim(Ker(ig ®iy) =

0 otherwise.
If ¢ € (3Z)?, then dim(Ker(if @ i}) = 1.

In particular the non-resonance level is 0, when p, central when restricted to T,

but irreducible.

6.4. Computation of Spectral Flow on M

We want to compute spectral flow on M between irreducible flat connections A
and A;. The idea is to split M into a solid torus S = nbhd(v) and its complement
X = M, such that there is a path of connections A; connecting A, and A; which
is flat on X. Kirk and Klassen have computed this spectral flow, whenever the
representations p; = hol(A;)|r are noncentral on 7" = 0S5 for all t. Thus we are left
with dealing with the situation when the associated path of representations p; goes
through a representation which is central when restricted to 7', but irreducible on X.

The spectral flow on the solid torus has been completely computed. All that is
left is the spectral flow on X. We will also have to deal with the Maslov triple indices
in the case that we start or end at representations which are central on the boundary.

Observe that then the scattering Lagrangian on X splits into Ri and Cj part:
Lx = g} ® Z, just like the scattering Lagrangian on S. Thus the Maslov triple
indices in Theorem 4.5.5 reduce to T(K'O_(),%,o,%go) and T(Kp_l,%71,%(71).



LEMMA 6.4.1. Let A be flat on X with Alp = aqs with (o, 3) € (3Z)*. Then
‘ _ 2 iff = +1,
dlm(K(;ﬁﬂ) N Lxa) =
0 otherwise.
PROOF. Let (o, ) € (3Z)? and consider ¢ € Kipo N ,?;A. Write

@ =a1; ]+ a)y J + azg; k + aghs k

in terms of basis vectors of K(_a,ﬁ,e) as in Lemma 3.3.2. By Lemma 6.3.5 and the fact

that J . Zx 4 = .Z)%’A we get
Py = om0 panidm, kdm, jdm A dl, kdm A di}.

By comparing this with Lemma 3.3.2, we see that we must have a; = a3 = 0, because
pE ,2\’; 4, and thus is orthogonal to j and k. Furthermore ¢ must be orthogonal to
jdl and kdl, thus ay = a4 = 0 if § # +1. In particular

_ - 2 ifh=+1,
dlm(K(;ﬁﬂ) M fxﬂ) =

0 otherwise.

O

LEMMA 6.4.2. Let A be flat on X and (o, 8) € (3Z)*. Then for small enough

e > 0 and varying t € (—¢, ) we have

~ —_ 2 qff=+1
MaS(K(a7B7€8“), "?X,A) =
0 otherwise

PROOF. First consider the case §# = 1. To make notation simpler assume (v, 5) =

(0,0). Then e~i?em+26) — 1 By Lemmas 6.4.1 and 3.3.2 we know, that K, 5.eti)
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and %( 4 Intersect in
span{j dm A dl — kdm,kdm A dl + j dm}.
Consider the constant path L = span{k dm, j dm A dl} and the path

L; = span{j dm A dl — k(costdm + sintdl),j — k(sintdm — costdl)} K, 5oty

of 2-dimensional Lagrangians in the symplectic subspace

span{j, kdm, kdl,jdm A dl} c H*T'2(M; Cj),

parametrized by ¢t € (—¢,¢), € small. These intersect at ¢ = 0 in span{j dm A dl —

kdm}. We compute

Mas(Ly, L)
— Mas(span{j dm A dl — (e’*k dm), j — k(sint dm — costdl))}, L)
— Mas(Z = e’tspan{j dm A dl — kdm, j — k(sint dm — costdl)} * %, L)
— Mas(e”tspan{jdm A dl — kdm, j — k(sintdm — costdl)}, L)
=1

Y

where
Z(t) = spanf{e "t dm A dl — e Ckdm, e ' (j — k(sint dm — costdl)}
and
Z(t) = span{e’ D jdm A dl — e™ 'k dm, e’ (j — k(sint dm — cost dl)}

are parametrized by ¢ € (0, ). Notice that Mas(.%;, L) = 0 because .Z,n{j —k dm) =
0.
We can can do a similar computation for the orthogonal complement of L, and L

in HOT*2(M; Cy), and we will get the same Maslov index.



A similar computation proves the case § = —1. O

Notice that this implies together with a similar result for the solid torus, Lemma
5.3.3, that the triple Maslov indices are either 0 or 4 each.

Now we are ready to analyze the spectral flow on X, when p passes through the
half integer lattice, but does not cross any horizontal half integer line otherwise. In the
following proposition we are investigating a path 5 in R2, that crosses (a, 3) € (3Z2)?

exactly once and makes n and a half counterclockwise twists at («a, 3).

PROPOSITION 6.4.3. Suppose p is a path in R? with

(1) p(0),p(1) € Z x R — (5Z)*
(2) ﬁ(t) = (04767064(”4_%)&_%)”); (O‘aﬁ) € (%Z)2} ‘9 € Sl, nez fO?"te (i’ %)
(3) mop(t) ¢ R x 3Z fort e (0,7) v (3,1).

Then Mas(Pj, (.,5?;), Axa,,) =4n +2.
PROOF. By corollary 6.3.6 and 2.8.7 we have resonance level 0 on X for all ¢

because 7o p(t) ¢ R x 1Z. Away from (3Z)?, Zs equals Zs and we get
Axin (P @aég,t) =~ (Pt+ (‘Dg{,t) N (P @aég,t) =Zxi N ZLs = 0.
We have .,é;,% N .,?;7% = 0 and thus for j(t) € (3Z)* x S*

-

0 (Zs) N Axay,, = (P%* ® Ky @ Lg 1) N (P; ®Zx1) = (K ®Ls1) N Ly

Koy 0 (xy/Zxy) = Koy 0 Ly

)

exactly (n+3) times, Lemma 6.4.2 immediately shows that Mas (P, (.,2/”;), Ax.a,,) =

N[

This carries over to the Maslov index as well. Since p(t) goes around the circle at p(

O]

4n + 2.

Together with the results from [KK2], where paths were analyzed that do not go

through the half integer lattice, this implies the following.
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THEOREM 6.4.4. Let A; be a path of SU(2) connections on a torus bundle over

St where Ay and Ay are flat and irreducible. Then SF(D4,) = 0 mod 4.






Notation

For reference we summarize notational conventions.

=

A(a,8): Aa,0)

The integers

The real numbers

The complex numbers

A Lie group and its Lie algebra

The Lie group of special unitary 2 x 2-matrices and its Lie
algebra su(2) (Section 2.3)

A closed 3-manifold (in Chapter 6 M is a torus bundle over
S1)

A principal G-bundle over M

3-manifolds with boundary

A closed surface, usually the boundary of X or Y

The standard solid torus D? x S!

The standard torus T' = 0S5 = St x St

The space of connections on (a trivialized principal bundle
over) M

Usually connections on 3, 2-manifolds respectively, usually
identified with 1-forms. Other differential forms which do
not correspond to connections are denoted by «, 3 and 7.
A specific family of connections parametrized by R? (Def-

initions 5.2.1 and 3.1.2)
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Aa
QO (M; 5u(2))

L2(Q (M3 su(2)))

Ho 2 (5 su(2))
By

LA
El,, E,,
J

AX,A

gX,a

Zsa, Do
P

HOY(M; su(2),)

The exterior derivative twisted by A (Section 2.4)

The odd-signature operator twisted by a connection A
(Definition 2.5.2)

The tangential operator of the odd-signature operator
twisted by a connection a (Definition 2.5.3)

The Laplacian twisted by a connection a (Section 2.6)
The direct sum of 0 and 1-forms on M with values in su(2)
Its completion in the L? norm

The harmonic 0, 1 and 2-forms of A, (Section 2.6)

The p-eigenspace of S,

The eigenspaces of S, with eigenvalues greater than v or
less than —v respectively (Section 2.6)

The eigenspaces of S, with eigenvalues 0 < u < v or —v <
p < 0 respectively (Section 2.6)

An almost complex structure on Q°F1+2(3; su(2)), where
¥ is a surface (Section 2.7)

The Cauchy Data space of D4 on X (Section 2.8.1)

The scattering Lagrangian or the limiting values of ex-
tended L? solutions (Section 2.8.1)

The Ri and Cj part of the Scattering Lagrangian (Lemma
4.2.1 and Definition 5.3.8)

Usually a representation

The direct sum of zeroth and first (singular) cohomology
of M with su(2)-coefficients twisted by the representation
p:mM — SU(2) (for example p = hol(A)), where SU(2)

acts on su(2) by conjugation



P(L)

K3s0

SF

Mas

Ty

¢

(@, B), (m, 1)

(01, 92), (Y1,12)

NOTATION 123

See Definition 3.3.1 and Figure 3.3.1

The homeomorphism between R? and R? as in Figure 3.3.1
(Definition 3.3.1)

A specific family of APS boundary conditions parametrized
by R? (Definition 3.3.4)

See Theorem 3.3.2

The spectral flow (Section 2.2)

The Maslov index (Section 2.10)

The Maslov triple index (Definition 2.10.4)

Usually a derivation (Definition 2.11.1, Proposition 6.3.1)
Usually coordinates corresponding to the torus boundary
of X or S, often the collar of a knot

Usually coordinates corresponding to the fiber of a torus-
bundle over S!

Usually the Monodromy matrix a the torus bundle
Usually a knot in the fiber T of the torus bundle

The torus bundle with a collar of a knot v removed
Specific gauge transformations (Definition 5.3.12)

A certain group of gauge transformations (Page 82)






At1]

[At2]

[At3]

[APS]

[BHKK]

[BLP]
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