Fourier Theory

Manuel Hoff

These are notes for a talk I am giving in the Kleine AG on the Weil conjectures, organized by Mingjia Zhang
and Ben Heuer and taking place in the winter term 2021/2022 in Bonn. I thank both of the organizers for their
effort and in particular Mingjia Zhang for helping me with some confusion. References for the material are
[ | and | ]. There are probably some mistakes in these notes (that are all my fault), so use them at
your own risk!

The goal of our Kleine AG is to prove the following theorem.

Theorem 0.1 (Main Theorem, Deligne). Let f: X — S be a map of algebraic k-schemes and let F be a T-mized
sheaf on X. Then also the direct images with compact support R®f,(F) are T-mized and we have

w(R fi(F)) < w(F) + .

We have already reduced this to a fairly concrete statement about certain sheaves on the affine line. The goal
of this talk is to prove this statement (see Proposition 5.1) and thus finish the proof of the Main Theorem.

1 Notation

o n,m,m’ will always denote positive integers with n | m | m’. w will always denote a real number.

e We fix a finite field x of characteristic p and cardinality q. Let k be a fixed algebraic closure of x and denote
the geometric Frobenius a — a'/? on k by Fr. Also let k,, be the unique degree n extension of x inside k and
write Fr,, = Fr".

o X always denotes an algebraic x-scheme (i.e. a k-scheme that is separated and of finite type). We write | X]|
for the set of closed points of the underlying topological space of X. Given z € X we write d(z) := [k(z) : K]
and N(z) := |k(z)| = ¢?®),

 Fix a prime number ¢ # p and an algebraic closure Q, of Q,. Also fix an isomorphism 7: Q, — C of
(abstract) fields.

o When we say sheaf we really mean Weil-Q,-sheaf. We denote the derived category of sheaves on X by D%(X).

« We identify sheaves on Spec(k,,) with finite-dimensional Q,-vector spaces with an automorphism Fr,,. Given
an abstract finite field extension ' of k of degree n and a sheaf F on Spec(x’) we can still obtain a Q,-vector
space with an automorphism Fr,, but it is only well-defined up to noncanonical isomorphism. Nevertheless we
still obtain a well-defined characteristic polynomial det(l —tkr, !.7-' )

e Given K € D%(X) and x € X (k,,) (resp. = € | X|) we write K, for the stalk of K at z, i.e. the pullback of K
along Spec(ky) — X (resp. Spec(k(z)) = X).
Similarly we write RT'(X, K) (resp. RT'.(X, K)) for the derived pushforward (with compact support) of K
along X — Spec(x) and H' (X, K) (resp. H!(X, K)) for its cohomology.

o Forbe QZ we denote by L the lisse sheaf of rank 1 on Spec(x) with associated character Fr — b.

o We write ||| for the standard norm on the space of C-valued functions on some finite set.

2 Generalities on /-adic cohomology

Theorem 2.1 (Base Change). Let
x X
N
s -2 S
be a pullback diagram of algebraic r-schemes and let K € D%(X). Then there is a natural isomorphism

g RA(K) 2 Rf g (K).



Theorem 2.2 (Projection Formula). Let f: X — S be a map of algebraic r-schemes and let K € D%(S) and
L € D% X). Then there is a natural isomorphism

K @* RA(L) = RA(f*(K) @ L).

Theorem 2.3 (Grothendieck Trace Formula). Let K € D%(X). Then the following identities hold:

TT T det(t — 4 By |7 (5),) ™ = [T det(1 — ¢ e [ Ei(X, 1))

i€Z ze|X| i€Z
ST Y (0 tr(Fry [ (K)e) =) (—1) tr(Fr, | HA(X, K))
1€Z x€X (Kp) i€EZ

Theorem 2.4 (Poincaré Duality). Suppose that X is smooth and let K € D%(X). Then there is a natural
isomorphism
RU(X, KV)(d)[2d) = RTo(X, K)".

3 Pure, Mixed and Real Sheaves

Definition 3.1. Let G be a sheaf on X.

o G is T-pure of weight w if we have |7(a)|? = N(z)¥ for all x € | X| and eigenvalues a € 6; of Fry(z): Go — G-
e G is T-mixed if there exists a filtration of G whose graded pieces are T-pure (possibly of varying weight).
e G is 7-real if the characteristic polynomial 7 det(1 — tFry(,) |Gs) € C[t] has coefficients in R for all z € | X]|.

o We define
w(G) == sup maxlogy, (|T( )?) R
ze|X| ¢
where « runs through all eigenvalues of Froq): G, — Gg.
o We define functions f9: X(k,) — C (depending on n) by setting f9(z) := 7 tr(Fr, |G ).
o We define ' )
191 = sup{p € R | limsup "+ | 9] > 0} e R,

We also extend the definition of f9 to objects K € D2(X) by setting fX = Ziez(—l)if;fw(m

Theorem 3.2. Suppose that X is smooth of pure dimension 1 and let G be a T-mized sheaf on X that does not
admit sections with finite support. Then we have ||G|| = w(G).

Theorem 3.3. Let G be a 7-real sheaf on X. Then G is T-mized.
The following lemma doesn’t really belong here but I don’t know where else to put it.

Lemma 3.4. Let V be a finite-dimensional C-vector space and let v: V — V be a (C-linear) automorphism all
of whose eigenvalues o € C* satisfy |a|?> = u for some fized u € R~q. Then the the characteristic polynomial of
the automorphism o ® (u-p~1): VOV =V &V has real coefficients.

4 The /-adic Fourier transform (after Laumon)

4.1 The Fourier Transform for Finite Abelian Groups

Let us first recall the Fourier transform for finite Abelian groups. Let G be a finite Abelian group and let
¥: G x G — C* be a symmetric nondegenerate pairing.

Definition 4.1. Given a function f: G — C we define its Fourier transform Ty f: G — C by the formula
(Ty)(h) = f(g
geG
The Fourier transformation has the following properties:
Lemma 4.2. Let f: G — C be a function on G.

(Fourier Inversion): We have (Ty-1 o Ty)(f) = |G| - f



(Plancherel Formula): We have || Ty f| = |G]*? - || f]|.
In the following we will be interested in the finite abelian groups x.,.
Notation 4.3. We introduce the following notation (where 1) denotes a character of x,,).

o We set 1y, =19 Try, /g, This is now a character of k.
o Given b € k,, we write i, for the character £, 3 a — ¥(ba).
These constructions are compatible in the sense that ., » = ¥b ., -
Now given a nontrivial character ¢ of K we have an associated symmetric nondegenerate pairing on x,, that is
given by
(a,b) — z/J(TrK,n/,Q(ab)) = Y., b(a).

We denote this pairing again by .

4.2 Artin-Schreier Coverings
Definition 4.4. We define the n-th Artin-Schreier map

p™: Al & AL L A—
We also define the maps

m/n—1
m,n) . 1 1 in
almm s AL 5 AL T — Z x? .

=0

One immediately checks the identity (™ a(™m) = (™),

Lemma 4.5. (") is a finite étale geometrically connected covering of degree q". After extending scalars to ki,
it is Galots (even Abelian) with automorphism group

Kn %Aut(p(’;)), a— (x—x+a).

K

Under this isomorphism the map Aut(p,&?) — Aut(p,(.!fj) induced by o™™) identifies with Try /rnt Km = K-

Notation 4.6. Given a character ¢: k, — Q;( we denote by L£(1)) the associated lisse sheaf of rank 1 on A} .
Note that we have L(¢,, ) = L(¥)«

m*

Lemma 4.7 (Cohomology and Stalks of £(v)). Let ¥: Kk, — QZ be a character. Then we have

Hi(AL L(Y)) = {QL’(_U ifvy=1andi=2,

0 else.

Moreover, for a € A}, (km) = kn we have

det(Frm, [ L(¥)a) = ¥, (@)

Proof. Tt is a standard result in étale cohomology that RI‘(A}%,QD =~ Q. Applying Theorem 2.4 to this yields

RT.(AL ,Qq) = Qu(—1)[—2]. The first part of the lemma now follows because Rp,(in)*(ae) =P, L(¢¥) (where
the direct sum is over all characters of k).
Let us now turn to the second part and suppose we are given a € Al (k,,) = k,,. Then we can choose

be Al (k) for some m/ such that p,(!fb) (b) = a. This gives rise to a commutative diagram

Spec(kipy) —— AL

" e

Spec(kp,) —+— Al

Kn*

v

element —Tr,, /.. (a) € k,. The result now readily follows as ¥(—Tr,, /., (a)) = ¥y, (a) ' O

The induced map Gal(kp /km) — Aut(p,(gf)) sends Fr,, to the automorphism z + x — Tr, /. (a), i.e. the



4.3 The /-adic Fourier transform
In this subsection ¢ always denotes a nontrivial character x — QZ .

Definition 4.8 (Fourier Transform). Define the ¢-adic Fourier Transform Ty: D2(AL) — DY%(AL) by the
formula

Ty(K) = Rprl’l(prz K® m*£(1/1))[1].

Here m: A2 — Al denotes the multiplication map.
Lemma 4.9 (Stalks of the Fourier Transform). For K € D%(AL) and b € AL(k,) = k., we have
Ty(K) = RTc(AL K, ® L(5,.0)) 1]
in DY%(Spec(ky,)).
Proof. Applying Theorem 2.1 yields
Ty(K)y = RUo(Ag,  Kr, & X7 L($),)[1]

where the map A?: Al — Al is given by z — bz. Thus we are done if we can show that A\>*L(¢) ., = L(1s,, ).

Kn

To see this note that we have a commutative diagram

b
Al 2 AL

lpi’;) l@(!;)

Al 2 Al

Rn Kn

inducing the map Aut(p,(fi)) — Aut(@,(&)) that is given by a — ba under the isomorphism &, = Aut(@,(!fb)). O

Remark 4.10. Let’s try to explain why T, is called a “Fourier transform” by giving the following (incomplete)
table of analogies (compare with Section 4.1).

G Al
f:G"—=C KGDE(A?)
P! m*L(y)

Zhec f(%h) RPTL!(K)
Using this table one should be able to compare Definition 4.8 with Definition 4.1 (except for possibly the
appearing shift).
Lemma 4.11. Let K € D%(AL). Then we have

ng = _TT’l/)(ff)

In particular we get a Plancherel Formula ||fT”’ | =q"2-||FE.

Proof. We make the following computation (for b € Al (k,) = ky).

E“‘ TZ tr Frn|<%ﬂ (TyK))
i€Z

4 772 tr Frn |HZ ,Knn & £(¢Hn,7b)))

i€EZ

L3N () (P | A (K)o © L, b))

1€Z a€kp

= -7 Z Z tI‘ FI'n ‘%l ) . det(Frn |L(¢nmb)a)

a€kn 1€EZL

E- 3" K@) T, (ab) 7

- T () 0) O

We now also want to establish a “Fourier Inversion”-result for the f-adic Fourier Transform. To do so, we
need the following key computation that should be compared to the identity

S (k) g, h) = {OG' o =F,

pyeret else.



Lemma 4.12. We have

Rpryg, (prsm”L(y) @ priym” L)) 2 A(Qy)(—1)[-2]
where A: AL — A2 denotes the diagonal map.

Proof. We first claim that we have
pr3sm*L(y) @ prigm*L($~) = a*m"L()
where a: A2 — A2 is the map (x,9,2) — (y,z — x). To see this we consider
X = Spec(/i[x, y,2)[e,n]/(e? —e —xy,n? —n — yz)) N Ai.
X is a finite étale geometrically connected Abelian covering with automorphism group
kX k= Aut(y), (e, an) = (e e+ae,n—n+ay).

Moreover we have commutative diagrams

(?7) Al

K

X

X (1)

le
A3 D, AL

K

with the maps (?) and (??) given by m o prys, mopry,, moa and (z,y, z,£,m) — 1n,&,n — € respectively. Hence
we obtain induced maps on the automorphism groups that are given by

KX K— K, (ag,an) = ay, Gz, ay — ae.
Our claim now reduces to the identity
¥(ay) Y ae) = Y(an — ac).
Next we note that we have pullback squares

[e3

A3 2 A2

lprw lprz

A2 2, Al
and

Al 2 Spec(k)

K

lA f—o
A2 P AL

where the map 3 is given by (z,y) — y — x and iy is the inclusion of the origin. Applying Theorem 2.1 yields
Rprys, oa® = %o Rpry, and Ao pr* = % oig ..

As a final ingredient we note that Lemma 4.7 and Lemma 4.9 together imply that Ty, (Q,) = io.(Q,)(—1)[—1],
i.e. that Rpry,(m*L(¢)) = ig.(Q,)(—1)[—2]. Now putting it all together gives
Rpryg,(prasm*L(y) @ prigm* L") = Rprig,a*m*L(¢)
= ﬁ*Rprz,l m*L(1))
= o, (Q)(—1)[-2]
= AL(Q)(-1)[-2]. O

Theorem 4.13 (Fourier Inversion). For K € D%(AL) we have a natural isomorphism

(Td)—l o Tw)(K) = K(—l).



Proof. We make the following computation.
Ty 0 T@(K) = Rpry (bt Rpr (pr K @ m L) @ m* L") )2
= Rpr1 .(Rpr12 1155 (prs K @ m*L(y)) @ m*ﬁ(ﬂfl)) (2]

B Rpr1 ! (pr3 K ®prazm*L(Y) @ priy m*ﬁ(l/}il)) 2]

= Rpr1 ! (pr2 K ® Rprys r(pl"zg m*L(1)) @ pris m*£(¢71))) 2]

4,12
= Rpry (pr3 K ® A.(Qp)) (1)
NRprl.(A* ) (1) = K(-1) O

5 End of Proof of the Main Theorem

Let us fix the following notation.

o YKk — QZ is a nontrivial character as before.
e j: U — Al is the inclusion of a nonempty open subscheme. Fix a geometric point Z € U (k).

o Fis a lisse 7-pure sheaf of weight w on U. Write V' := Fz and let p: W(U,Z) — Autae(V) be the associated
representation. We assume that the following conditions are satisfied.

o JF is geometrically irreducible and geometrically nonconstant.
o F is unramified at oo, i.e. F extends to a lisse sheaf on U U {oo} C PL.

o We also set G == j(F).
What remains to be shown in order to prove Theorem 0.1 is the following proposition.
Proposition 5.1. The eigenvalues o of the Frobenius Fr: HX (U, F) — HX(U, F) satisfy |7(a)? < g¥T1.
Before giving the proof of the proposition we collect some properties of the Fourier Transform T (G).
Lemma 5.2. Ty (G) is concentrated in degree 0.

Proof. Using Lemma 4.9 we need to show that

i 1 2g2 % % ~
Hc(Amn7gNn ® ‘C('(/)nn,b)) = HC<UN,L7}—~" ® ) 5(1%",1))) =0

for i = 0,2 and all b € k,,. For ¢ = 0 this is clear because U is affine of positive dimension and F is lisse. For
i = 2 we apply Theorem 2.4 to see that

H2(Uy,, Fry @ 5L, ) = HO(Us,, (Fre @ 5 LW, 0))Y) " (<1)

so that we need to show that the 71 (Uy, T)-invariants of V (¢, )" are trivial. F being geometrically irreducible
precisely means that V is an irreducible 7 (Ug,T)-representation. Thus we are done if we can show that
Fi 2 L(Vs, p)i for any b € k.

o As F is geometrically nonconstant we can’t have Fj, = L(vg)x (note that L£(1) = Q).
o As F is unramified at co we can’t have Fj, = L(t,, )k for b # 0 (using that 71 (P, T) = 1). O

Lemma 5.3. The sheaf T (G) is T-mized.
Proof. Let b:=7"1(¢") € Q, . Then the sheaf
H = (prs jF @ m*L(1)) ® (pry i F ' @ m*L(p™") @ L a2)

on A2 is 7-real by Lemma 3.4 (where we use that F is lisse and 7-pure of weight w). Applying Lemma 5.2 and
Theorem 2.2 gives that

Rpry  H[1] = Ty(G) © Ty (W FY) @ Ly a1
is concentrated in degree 0. Applying Theorem 2.1 and Theorem 2.3 now shows that Rpr; ,H[1] is again 7-real
hence also 7-mixed by Theorem 3.3. Thus also T3 (G) € Rpry, H[1] is 7-mixed as desired. O



Lemma 5.4. H)(AL,T,(G)) = 0.
Proof. We make the following calculation.

4.13

4.9
HY (AL Ty(9)) = 7 ((Ty-1 0 Ty)(G), = 271 (G(-1)), =0 O
Proof of Proposition 5.1. Applying the Plancherel Formula from Lemma 4.11 to G yields
17,61 = 1G]l + 1.

Now G and Ty (G) are both 7-mixed and we have HY(AL,G) = HY(AL, T, (G)) = 0 (for T, (G) this is the content
of Lemma 5.3 and Lemma 5.4) so that we can apply Theorem 3.2 to obtain

w(T¢(g)) =w+ 1.

This gives us precisely what we want because Ty (G)o = HY(AL,G) =2 H(U, F) by Lemma 4.9. O
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