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Notation :

we always Ut k - #
y

be a fink tickt with k
- I

fited .

We fix n prime l * p and un

isomorphismen
: ☒ → E

.

If someHug i) definit over K ,

we will put a snbscript o
( e. g. Xo is a Kahane )

and when the subscript is duupped ,
this derotes IM

base - ohuye tu K
. Jo will be a weil - shut over to

.

For a Closed point at Itu ) , we will use

5-
a-

to denk 1h statt, of F at a geometrie

point ä over a
.



Goal

Rechnung the proof of Deligne 's parity theorem
Theorem 1.1

(et to : Xo → Yo be a murphism of alg .
varieties / ×

,

to be a i - mixed streut an Xo with kngestweightß .

Then for all i
,
Rilfo )

! Io is i - mixed with weights

at most ßti .

Via Poincariduality , we get :

Conakry 1.2
Let fu : ✗

✓
→ Yo be a Smooth and paper

murphism and Fu a bisse T - pure shout of

weightß ,
then all the heisse sheuves

Ri (f) to are c- - pure of weight ßti .



This is a geneialization ot Weil's Riemann hypothese's :
Iq

Let X
,
/ K" be a variety .

Then we can assign to it the zeta function

Zitat ) - exp / §
,
"¥ )

= IT
✗ c- Hol 1¥45

when unt ! ) is the nambu of Äqn - point .

We can generativ this fu an wbitrary Gj -streut

Fc on to :

LCXO , Io it ) = IT
*µ ,

dettl - t
"

, ja ;)
- ^

It is easy to check Hat

L ( to , e it ) - IX. it ) .



Naw the Grothendieck trace formula says that

2. chin X

L ( ✗
v. Fu it ) = IT det (1- tf ,

H ! ( ✗ ,
F) )
"""

i -o

For a smooth , pruper variety ✗
✓ spec (Ag )

Cuolluy 1.2 now says that Ri (to! Ge is

pure
ot weicht in

This show that ten

2. dein X

Pi (X ,
+,

c- „
its

Zcto
,
t) - IT

i - U

with Pitt f) = det ( 1- 1- F. Hielt , Ge ) ) ,

= I ( 1 - ai , - t ) ,

i

the air have absolute value qi .



Reduction I

Our first goal is to rechne Th
.

1.1
.

tu

Theorem 2.1

het Fu be a c- - pure hisse sheat of weightß
on a smooth

, geom .

irreal
. Curve Xo / K .

Then ,
for all i ,

the weights of H ! (X
,
F) are

at most ßti .

Proof of 1. 1.
, using 2.1

We not , down the following reduction :

① If to is quasi - finite , the assertim is trivial ,

since Ri (fo ) , 5-
☐

= 0 En i > 0 and the we

i - U is trivial
.

② We can replace Xu by any nun - empty open

U
u
E to :



Jf Zu = Xuluu ,
the excisicn sequence shows that

it suttices to poore the theorem te Yu -> Yo
,
Zu -- Yo

but it hdds fn Zu via Noeth
.

intuition an ✗u .

③ Via the Leroy Spectra sequence ,
we checken , that

if the assertim halts for go , ho
, it also hdds

for go
° hu

.

④ We can replace to by folg:(u. ) : f)Ua) → Uo

for a non - empty open KEY :

1
. If f- ( to) f Yo is not den /e i we can replace

Yu by a closed subscheme and use Meth
.
int

.

un Yu .

2
.

If to l) : Yo is dense
, f)( h) is non - enpty

and by ② it suttiies to
pure the ussetim for

film ) → Yu

I
„ quasi - finde



① +③
=> sulfices to show the assertim ter f (4) → Uo

( keim : These reduction, allen us tu ussume that

to : Xu -Yo is suujedüe , affine
,
smooth and

its tibers are geom .
irreal

.
cnvves

.

More -ver
,

we can asswne that Fu i, hisse und i - pure

with weightß .

By ② +④ , we can ussume that to , Yo ne alleine .

which impke, Hat t.is alleine
.

Taking a genetic point y -> Xu i we take the

generic tiber (tv )y → Spec ( Ky ) ) which is alleine .

By Noether Nrrmalizaticn we can find a facterizutim

finde

Holy Akin )
t↳

Spec (Kh ) ) .

By speaking out ,
we get



finde

fj
"

lud -4A !

It
no

for an open affine Uv c- Yo .

By②+④ we can iepluce Yo by Uv and to by
f ( hlu ) , so we have

finite
h

×
, E) Ay,
t↳
Yo .

By ① +③ we can now assume Hat

fc : Xu = A) → Yo for Ya affine

Theo a- ist a stratificatim of to sit
.

% is bisse
,

when restricted to it
.

In particular ,
there is a ncnempty open affine Uu → tu



sit
.

Io /
no
is bisse

. By replucicy Xo with Uu ine

um assune Het Fu is bisse
.

Since to is open in A-% ,
to is smooth

,
affine

and by ④ we am replace Yu by Htv) isn it is

also surjective . Since Xu is open
in A-% ,

the fiber

of t.ae nun - empty open in 1A
"
and Lance are

qeumetricult, irred .
cuvves

.

Vin the long exact sequence

associated to Öko )
!

, we can pass
to the ürud

. subquotiets

of Fu .
Vence we can assume that Fu is c- - pure .

It we have a geom.pt . Ivy with undulyiuypt - yfy ,

we deute I. = fit,) . By the above to isaaltine
,

smooth and gem .

irud
. Curve .

By the estinaks of Th
.

2.1 ,
the night of

(Ri (to ) , I. 4- = Hi
,
( C , FI , ) are at most ßti .

We can ussume that to is c- - real and since

T - real shenves an mixed .it suttice, to show Hat

Ri (fo )
! Fu is T - real .



Since C is affine
,

H ! ( ( i F 1,1--0 al via

Grothendieck - kfsdet, we get flat

" "
"" " ÷.IE?:::::::::E:;Y- *

has real cuelticients since Fu is T - real
.

By Puincareduality and Fu bug i - pure of weicht 1 ,

we get Hit erery not a of satisties

↳ / = Nfy)
- "+2K

and by the above weight estinuk
, we see that erery not

a
'

d- satisties

- (AfA)/2
toll > My )

=) Right - hat sich in (A) is in
" Knast terms

"

.

This s has Kit and have real

cuelticients since bath have kling nett
.
1

.

☐

of 1.1. , using 2.1



Reduction#

We will nur rechne Th
.

2.1 to

Theuern 3.1

Let XT be a smooth
, gem .

und
. prj . curve / K

und kt ja :X , →Ä be a non - enpty open

subsuheme
.

Let E be a c- - pure hisse sheat of weightß

on Xu . Then
,
for all i ,

Hi (F , j , F) is c-- pur

of weightßtü .

To parfum the adnch.cn ,
kt to be the affine

inne , satisfyiy the conditions of Th
.

2.1 ad

I be its regula comphtim ( which i, smooth

since k i) paket ) with inclusive

jo : Xu → to
.

The reduction fokus now

from the following kmaa :



Lemma :

het To be a Smooth
, gem .

irnducibk projectiue Curve /K

with a non - empty open jo : Xu →XT
.

Let

Fo be a I - pm bisse shut of weightß an ✗ u .

Then
,
for all i TFAE :

a) the night of ÄCF
, j * F) ne ßti .

b) the wrights of Hill, F) aeißti .
Proof :

we take Ho = ( ju )* Fo / lio ); % ,
which i)

concentiakd on the finit cumpbment

So = XTIXO

We get an exact sequence

0 → ( ju )! Fu → (ju )
*
Fo → Ho → 0

§ HÄ ,

-)



Hi
-

IE
, A) → Hi, IX. F) → Hilf , # F) → Hilf , A)

Since Ho i, ccncentrakd un So ,
we have

H :(F. H) - O , i>0

und HIF
, A) = ④ (c)* Fo );

c- So

Since go)# 7-
o

is bisse I we cm apply
semi - continuity of nights to show that the

weights of d-
☐

one at most ß .

Then the eqmiuluce f.Hors from the upper etat

Sequence .

☐

Reduction II

We now want to uduce Th
.

3.1 to



Themen 4.1

In the situation d- Th
.
3.1

. , let o be on

Eigenname of the geometrie Frobenius

F : HYE , j ☒ F)→ HIF, # 7) .

Then lila) /
q

.

Before proceediw , we can assume that to is

actually a QI - staat by tnistiy with a quasi - danke

L
,
of WCK /x ) tu tun I

.
into a QI -shut

.

Since h
,
is gern .

trivial
,
it doesn't chuge anything

at the computation .

For a like e
- shut Fo ,

ne laute

j☒ F.
✓
⇒ j, ( Horn ( Io , QT)) .

We eile the following ( fan from easy ! ) result
:



Proposition 4.2 :

het Xu be a smooth projediue curve / K
,

j , i ✗TXT an open den /e snbset ,
at Fu a

bisse QT - staat an Xu .

Then the cup product ihres

n paket puiriiy

H :(F , # -541) ) ☒ H
' - i

Ä
, # F) → ÄH , Kim)): %

Moreau
,
we can identity ix. (F) = ( j* F)

✓

In details of the proof book at the akranes !

Proof of Th .

3.1 using Th
.

4.1 :

We can assume that Fu is a bisse E - staat in Uu
.

Fu i - 2
,

Hi vunish , so tu duim is true
.

i-u.lt"
( F

, g- * 7) = MF, g-* F) = MX, F)

but
erery Äigenuulne ot tu latte west be on

Eigenname at the stalles

→ HIE
, ; " F ) Nuits i- parity with nightAtom Fu .



i-2.US
ily Pop . 4.1

,
we have

It
? ( I

, ix. 7) = ( H
" IF

, i. Fh) ) )
"

and since I
,
is pur

of wüght ß ,
¥ i, c- pne of

weight -ß . By applyiy case , we get Hut

H
? CF

, ix. F) i , i - pine of night - (-1-2)=1+2

a.) :

Pup . 4.2 imphes

4-
"

(F, g-☒ F) =/ H
"

(F, ↳ 1=413) )
"

.

Applyiuy Th
. 41

,

tu FÖ (1) shus Hut the

Eigenname , a of gem .

Fcb
. an satisf .

/

Ii (a) 1-
'

u
q
" - > + ^

/ [ (a) |
'

> q
^^

.

Applyiy Th
.
4.1 to Io , we get the opposite

equality which shan , i.pmity of HTT
, ↳ F) d- weißt

ßt 1 . 0
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