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1 The general purpose of the (topological) trace
formula

We choose a reductive group G/Q, let G()/Q be its derived group and let
Z/Q be its centre. We also choose a suitable subgroup K., C G(R), which
should be of the form K& x 2° (R) where K is the connected component of
the identity of a maximal compact subgroup of G(")(R) and where the second
factor is the connected component of the identity of the group of real points
of the centre. (As a standard example we can take SO(2) - R* C Gly(R)). The
space X = G(R)/K is a finite union of symmetric spaces, we allow ourselves to
call this still a symmetric space despite of the fact that it may be disconnected.
Let A be the ring of adeles we decompose it into its finite and its infinite part:
A =R x Ay. We have the group of adeles G(A) = G(R) x G(Ay) and let Ky
be a (variable) open compact subgroup of G(Ay). We always assume that this
group is a product of local groups Ky = Hp K,. We may choose an integral
structure G/Spec(Z), then we know that we have K, = G(Z,) for almost all
p. We select a finite set of finite primes ¥ which contains the primes p where
G/Z, is not reductive and those where K, is not equal to G(Z,). Readers who
are not so familiar with this language may think of the simple example where
G/(Q) = GSp,/Q is the group of symplectic similitudes on V = Q?*" = Qe; @



- ®Qe, ®Qf1 ® -+ @ Qf,, with the standard symplectic form < e;, f; >=1
and all other products zero. The vector space contains the lattice L = Z?" =
Zer @ - ®ZLe, DL LD+ D Zf, and there is a unique integral structure G/Z
on G/Q for which G(Z,) = {9 € G(Q,)|9(X ®Z,) = (X ®Z,)}. In this case the
group scheme is reductive over Spec(Z).

The space (G(R)/K~) x (G(Af)/Ky) can be seen as a product of the sym-
metric space and an infinite discrete set, on this space we have a discontinuous
action of G(Q) and we get a quotient

T G(R)/ Koo x G(Af)/Kf — 8§, = G(Q)\ (G(R)/Kex x G(Af)/Ky).

This space is a finite union of locally symmetric spaces I'; \ X where X =
G(R)/K« and the T'; are varying arithmetic congruence subgroups.
Finally we choose a (irreducible) rational representation

p:G/Q — GI(M).

This representation p provides a sheaf M on Sg whose sections on an open
subset V are given by

M) ={s: 77 (V) — M]s locally const and s(yv) = ys(v)}.
We consider the cohomology groups
H.(Sfcéf"/\;l) = EBH,L(SIC(%J&’M)

Sometimes we want the representation to be absolutely irreducible, then it
may be necessary to extend the field of scalars and consider representations of
G X QL — GI(M) where M is an L vector space. Then our cohomology groups
are also L-vector spaces.

On these cohomology groups we have an action of a big algebra the so called
Hecke algebra (of level Ky):

H= Q) Hy = Q) CCQ,)//Ky).

The fundamental problem is to "understand” the cohomology as a module
under the action of this algebra. I mention a few general results.

We introduce the so called inner cohomology H, !'(ng,/\/l) which is defined

as the image of the cohomology with compact supports in the cohomology, i.e.
HP (S%,, M) = Im(H? (S% , M) — H*(SE,, M)).

This is a submodule under the Hecke algebra. It can be proved that this
submodule is semi-simple. (This requires Hilbert space arguments). In general
we should have a filtration on the cohomology

HY(SE,, M) = FPH*(S§,, M) C F'H®*(SE,, M)...C F'H*(SE , M) = H*(S%,, M)
such that on each successive quotient we have an isotypical decomposition

FI/HO/FV+1HO — @ﬂ—fFUH./FUJrlH.(ﬂ'f),



where the 7y are indecomposable modules for the Hecke algebra. This filtration
should be understood in terms of the so called Eisenstein cohomology.

Since the Hecke algebra decomposes into a product of local algebras the
modules 7y also decompose into a tensor product of local factors, we write
Ty = ®pmp. For p not in the exceptional set ¥ the local component is simply
a homomorphism m, : ‘H, — Q, this homomorphism is given by its Satake
parameter \,.

One of the aspects of the problem above is to understand the arithmetic
meaning of the irreducible Hecke-modules which occur in the cohomology. It
is a general belief that such an isotypical constituent should correspond to a
more arithmetic object (a motive M (7wf)?). The Satake parameters of the local
components 7, for p ¢ 3 should be related to the eigenvalues of Frobenii at p
on {-adic the cohomology of this motive.

1.1  The general form of the topological trace formula

We denote by HY, (1) = HY., (K f)(p) the cohomological spectrum in the p-th
filtration step, it consists of those isomorphism classes of irreducible modules
under the Hecke-algebra which occur in the cohomology FYH®/F**'H*. We
sometimes write M, (0) = Hy, |

We choose a Hecke operator hy which is the product of operators h, € H,,
any operator is a linear combination of operators of this type. Then

w(hyH (S, M) =D > Y0 Y m () [ te(hylmy)

pompER L, (k) T €Hon P

where for p ¢ ¥ the local module has dimension one and tr(h,|m,) =
mp(hp) = ﬁp()\(wp)). The number m®) () is the multiplicity of 7; in the coho-
mology group H"(S, M).

This is the so called y -expansion. The topological trace formula gives
a different expression for this trace. It is obtained by summing over the local
contributions at the fixed points of the Hecke operators. Here we are facing
the difficulty that the space S is not compact. There are several ways of com-
pactifying it, we simply write i : S — S for one of these compactifications.
We get a stratified space, where the strata correspond to the conjugacy classes
of Q-rational parabolic subgroups. On this space we have to analyse the fixed
point components of the Hecke operators. The fixed points in the interior S
come from the conjugacy classes of elements in G(Q) which are elliptic at the
place oo of Q, this means that they are conjugate to an element in Ko, in G(R).
This set of elliptic elements is called G(Q)en. The fixed points at the boundary
create some problems, they will not be discussed here. Essentially they can be
expressed in terms of traces of of Hecke operators on smaller reductive groups.
This follows from the work of J. Bewersdorff, M. Goresky and B. MacPherson
on the topological trace formula.

We write

tr(hys|H® (S, M)) = elliptic terms + terms at infinity = tren(hy) + troo(hy)



and the elliptic contribution is

rathy) = Y () u(M) -] / (2 "y
YEG(Q)en/~ P Zy(Qp)\G(Qp)

Here ~ is conjugation under G(Q), Z, is the centralizer of our element ~, it
is again a reductive group. The factor x(Z,) is the Euler characteristic of a

locally symmetric space attached to Z,, i.e. a space of the form SIZ(”ZW. The

Euler characteristic can be computed by means of the Gauss-Bonnet J%ormula.
Up to a sometimes nasty normalizing factor this is equal to the Tamagawa
number 7(Z(A)/Z,(Q)) (We are still in a heuristic discussion, the precise form
of the elliptic contribution wil be discussed in 4.3.. It involves some unpleasant
questions concerning the normalization of measures). The Tamagawa number
is a global term, the normalizing factor is local and depends on a comparison of
measures. It is an important feature of the trace formula, that the other factors
in an individual term are products of local factors at the different places: The
factor tr(y|M) corresponds to the place infinity. The other factors are orbital
integrals. The measure dx, is a quotient of a measure dg, on G(Q,) and a
measure dz, on the centralizer Z,(Q,). (See Chap III,???). For later reference
we introduce the notation

Olhy,) = / (a5 )y
Z,(Qp)\G(Qp)

This is the O-expansion for the trace of a Hecke operator.

One of the most important features of the (topological) trace formula is that
it allows comparisons:

(A) We may compare traces of Hecke operators acting on the cohomology
of different groups.

(B) We may also compare traces of Hecke operators and operators of the
type ( Hecke-operator outside p times a power of Frobenius at p) acting on the
f-adic cohomology of of the reduction of the Shimura varieties mod p.

It is the second kind of application that opens a possibility to attack the
question concerning the arithmetic nature of m¢ which was mentioned above.

1.2 The general strategy to apply the topological trace
formula

Furtherdown I give some simple examples for the applications of type (A) and
(B). Here I want to illustrate the general strategy how this application works
in case (B). Before I enter a discussion of the general concept of a Shimura
variety, I choose the specifific example of the group of symplectic similitudes
G = Sp,/Spec(Z) (See Chap. IV.7). I choose a congruence subgroup K; =
K}O) (N) which is the full congruence group mod p™» for the primes p dividing
N. Then we consider the space

S%, = GQ\X x G(Af)/Ky,

where X is the G(R)-conjugacy class of the homomorphism



ho : C* — G(R)
which is defined by

€y > aey _bfl/

ho :a—+bi
’ H{qub€V+afoorV:1...g

Hence we can say that such an h is of the form ghoh~! for some g € G(R).
Notice that X has two connected components and notice also that giving such
an h is the same as giving a complex structure on M ® R (notation Chap. IV)
which is an isometry for the pairing and for which the associated hermitian form
is definite.

It has been explained in the [book] volume I, Chap. V that X is a complex
space with an action of G(R) on it. T also explained that our space ng can be
seen as the moduli space of principally polarized abelian varieties of dimension
g with level N structure (N > 3).

It is now a consequence of the general philosophy that we should have a
moduli scheme of principally polarized abelian varieties with N-level stucture
which is defined over the ”smallest” scheme over which the functor makes sense,
i.e. over Spec(Z[3]). In other words we expect have a diagram

(Aga‘cael7'"egafga"'afl)
|l
58,
Lf

Spec(Z[x)),

where Sg is a smooth quasiprojective scheme over the base, where A, is an
abelian scheme of dimension g, where L is a principal polarization and where
ei1,...eq, fg,..., f1 form a system of generators of the group of N-division points
and with value of the Weil pairing en(e,, i) = (n.

Now we have for the C-valued points

S§,(C) = 5%,

On our complex variety we have the local system Rl7,(Q) it is also the local
system obtained from the tautological representation M, of G = Sp, (twisted
by 7). If we take exterior and symmetric powers of this representation and
decompose the resulting representations into irreducibles and then take tensor
products and decompose again we finally get all irreducible representations to-
gether with o generate the finite dimensional representations of Sp,. We also
allow twistings by powers of a.

For any irreducible module M we get a local system M over the complex
manifold S[C}'f and we can consider as before the cohomology groups H? (S » M)

and H '(ng , M) as modules over the Hecke algebra.



But now we also have the f-adic sheaves M, on our scheme S]C(:f and we
can also consider the Gal(Q/Q) x H modules H? (SIG{f x Q, M,) and H‘(SIG(f X
Q, My).

Of course we have the comparison isomorphism

HZ(SIG(fXij\;lE) L} H:(Slgfw/\;()@(@é ) H.(SIG(fX(@aMZ) L H'(ng,M)@Qg

We now want to generalize Theorem 3 which was stated at the end of Chap.
II. This turns out to be rather difficult and the answer is much more subtle than
one might think in the beginning. We believe in the filtration of the cohomology
that was mentioned in the beginning of this chapter and we believe that this
filtration induces a filtration in ¢-adic cohomology. We consider an absolutely
irreducible isotypical summand

FuHi/FVJrlHi(ﬂ'f) C Fz/Hi/FVJrlHi,

then we know that this gives us a Gal(Q/Q) x H module W (ws) ® Hy,, here
Hz, is a realization of the isomorphism class 7y. It is a finite dimensional vector
space over a finite extension Q(m)/Q. We extend the prime ¢ to a place I of

Q(my), then W(mys) will be a Q(7)( vector space with a linear action

p(uVi)(T(‘f) : Gal(Q/Q) — Glor) (W)

The fundamental problem is to describe this Galois module W (7s) in terms
of the representation ¢ and the numbers 4,v. ( We have to take into account,
that an absolutely irreducible module H, may occur in different degrees i and
also in different steps of the filtration.)

The representations m¢ which occur in higher steps of the filtration are re-
lated to the ”compactification” of our scheme. The theory of Eisenstein coho-
mology is designed to understand this part and these 7y are in a certain sense
coming from smaller reductive groups. Hence we concentrate on the lowest
step in the filtration, i.e. on summands occuring in H? (SIG(f X (@,/\;lg). But
also here are certain contributions that come from ”smaller” groups H/Q. Here
smaller means that the dual group “H can be embedded into the dual group
L@G. These 7y are called endoscopic contributions. They become visible if we
apply the trace formula.

Now we tentatively call a 7y ”genuine” if it occurs in H, (S[G( x Q, ./\;lg) and
if it is not endoscopic. For such a genuine constituent we hope for the following

It occurs in the middle degree g(g + 1)/2 and H!'(ng x Q, My)(r¢) has
multiplicity 29.
Therefore the representation

p(rs) : Gal(Q/Q) — Glg(r,), (W (7y))

has dimension 29. It is unramified outside N.
The Langlands dual group is GO(g,g + 1) and this has the 29 dimensional
spin representation

r:GO(g,9 +1) = GI(W(7f) ®q(r,), C)



and for primes p | N we have

p(mp)(@,1) ~ r(Ap(my))

This last statement can be formulated in a different form

For all positive integers m > 0 we have

tr(®, " [W(ms)) = tr(r(Ap(ms)™))

Why can we hope that this should be true? We are now entering the realm
of ”thin air speculation” and we want to explain how the trace formula can help
us to prove such a result.

We start from the congruence relations. I recall the situation in Chap. II
where we discuss Theorem 3. There I briefly mention that we have to look at
the reduction of the Hecke operators 7}, modulo p. The congruence relation
gives us an expression for this reduction in terms of the Frobenius:

T, modp=T,xF,=& "+ &
This is a classical result. Here we have to be careful and to take the ”"normalized
” Hecke operator T, which acts on the integral cohomology (see Chap. II). The

congruence relation implies

(®,")? = T,@," + wy(p)p**' =0,

this relation holds on the cohomolgy with fixed central character wy. Hence
we can conclude:

Assume g = 1 and M = M. If we have an isotypical component H (ng(N) X
Q, M\)(nf) and if
(o 0
s~ (T 5)

then the eigenvalues of p(CIJ;l) are members of the list {cy, Bp}.

This is certainly not enough to prove p(®,') ~ r(Xy(7s)). But we have in
addition the duality pairing

H(SE, () % Q, M) x H(SE, () % QM) —
HZ (S, vy x Q.Q(k) = P QE+1) @ x.
X
From this we can derive that:
If o, is eigenvalue of p((ID;l) then B, = wys(p)p**1/ay, is also an eigenvalue

and this is now good enough to show p(®, 1) ~ r(Ay(7y)).



We notice that this duality argument only applies to the isotypical compo-
nents in H}! (SIG(f(N) x Q, M) but not to those in the one of the subquotients
in the filtration, in this case to a subquotient of

HI(SIG<f(N) x QvM[)/H!I(SIG(f(N) x Q, My)

And indeed we will see that in this case the Frobenius picks only one of the
possible eigenvalues, we will discuss what happens in the example further down.

What happens for higher genus g. We still have the congruence relations.
We form the characteristic polynomial

det(T — r(A\)|V) =T% — o1 (M\)TZ 7L 4o 4 00 (N,)

where we view the elementary symmetric functions o; as elements in H(G(Q,)/G(Zy)).
Then the congruence relation says that this gives the zero endomorphism of
the cohomology if we substitute ®, for T, i.e.

det(@, " —r(Ap)[V) = (2,1)% — a1 (W) (@, )% 7+ + 020 (Np)

p

is the trivial endomorphism on cohomology. (In all degrees and independently
of support conditions)
Hence we can draw the same conclusion as in the case g = 1:

The eigenvalues of p(mp)(®,"') are contained in the set of eigenvalues of
7(Np), i.e. in the set of zeroes of T* — a1(M\p)T? ™1 + - + 524()p). To state
it differently: The maximal squarefree factor of the characteristic polynomial of
p(ms) (@) on W(ny) divides det(T — r(X,)|V).

This is certainly not the best answer.
A much better and also natural answer for a given 7y would be that for all
non ramified primes p we have

det(T — p(ms ) (IL, ™ W (7)) = det(T' —r(Ap)[V)

If this is the case then we know in addition that m(mwy) = 29. We certainly
could also live with a weaker statement that m(my) = N29 and

det(T — p(my)(IT, ™|V (x4)) = det(T — r(A,)| V)™

If this holds for a given m; we call itgenuine.

We have seen that this answer is correct if we assume g = 1 and 7y occurs
in the inner cohomology H! (ng(N) x Q, M[) It is not true for the Eisenstein
cohomology which therefore is not genuine.

For g > 1 this can fail even if we restrict ourselves to the bottom level
H'.(SIG{f(N) X (@,M[).

What can we do to get such a statement? For a moment we consider A, as
a variable. then it follows from the Satake isomorphism, that there is a unique
function hém) € H(G(Q,//G(Z,)), which satisfies (Chap. II1.1.2.1)

h{™ () = tr(r(Ap)™)



We take a prime to p Hecke operator h e HP = Q). ttp Hg Q. wp Ce(G(Qp)// Kp)

and multiply this together to a Hecke operator hpm) x hP f . It yields an endo-
morphism

hy = h{m™ x hggﬂ ;H;(ng(m,/\?t) - H;(sgf(m,/\}l)

Then we consider the reduction mod p of our Shimura variety. Here we
can consider the operators F}'" x h(fp ) this gives an endomorphism

Fi s P HH(SG vy x By My) = H(SE, () % Fpy M0).

If we make the false assumption that all constituents 7y are genuine then
we get

tr(h{™ B | H2 (S (), M) — 2962 (F3 x B | HE (S () % Fpy My) = 0

But this is almost never true. We ignore this fact and we compute both terms
by means of a trace formula. For the topological side we had the expression

tr(hl(]m) X h;p)|H.(SKf(N),M)) =

> dz) a6 [ RO (a5 My )y X

YEG(Q)en/~ Zy(Qp)\G(Qp)

/h@ T, ’y.%‘g)dxg-i-t’l"oo(hf)
L:lF#p

To compute the second term we apply the Grothendieck-Lefschetz fixed point
formula. We have to compute the fixed points of ®7* x h(p) on SG )(IF,,),
and we have to add a contribution from infinity. We have the theorem of Pink
which says that for fixed part hgcp ) we have no contribution from infinity provided
m >> 0.

Again we get a sum over elliptic elements in some different groups. But we
can try to compare the two expressions, beginning with the comparison of the
index sets in the summation. Then we can compare the terms. We will see that
they do not match exactly. We have to explain the discrepancies in terms of non
genuine contributions to the x expansion. This hopefully leads to a complete
determination of the Galois module structure.

This is carried out in some detail in the example 2) below.

2 The examples

These examples are meant to explain the general mechanisms of the applications
of the (topological) trace formulae. Therefore some of the details of computa-
tions of volumes and orbital integrals are omitted. They will be filled in section
3 and the following sections.
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2.1 Example 1

(Jacquet-Langlands):
The first and very famous example is the comparison between the groups

G =GL/Q,G"/Q

where G*/Q is the Q-form of G/Q attached to a quaternion algebra which is
anisotropic at oo (does not split over R)(see Chap I1.1.1.2). Let ¥ be a finite
set of primes, we assume that D splits outside X. Let g C X be the set of
primes where D/Q does not split, it contains an odd number of elements. We
extend G, G* to semisimple group schemes G/(Spec(Z) \ £),G*/(Spec(Z) \ X).
As always we choose Ky = [[ K, K7 = [[ K, where K, = G(Z,,), K; = G*(Z))
forp & X.

For the the symmetric spaces we get a union of two upper half planes X =
H; UH_ = Sl(R)/SO(2) in the first case and a point in the second case. Hence
we get for our spaces

S¢ =, T\ H
S}% = G*(Q) \ (point x G*(Ay))K}) = finite set.

We choose one of our standard representations p : Glo/Q — Gl(My) and
construct te resulting sheaf M, on ng. If we choose any quadratic extension
L/Q which splits D/Q, then we get a corresponding representation of G* xg L
which provides a sheaf on SG; which we denote by the same letter.

For all p € 3y we can choose an isomophism G xg Q) = G xq Qp where
we require that for p € X this isomorphism induces an isomorphism between the
group scheme structures over Spec(Z,,). At the places p € £\ X, we asuume that
this isomorphism identifies K, to K. This induces isomorphisms H, = H;, for
all p € ¥ and for p ¢ 3 the algebras H), H;, are the unramifed Hecke algebras.

We introduce some notation: If we have a product over all finite places then
superscript something ) means the product over the factors outside ¥ and
the subscript denotes the product over the factors in ¥. Hence we get for our
Hecke algebra

H o =Quusy Mo @ Qpex, My = HEO @ Hy,
H = Qs Hp © Qpex, Hy = HE) @ Hy, .

We choose Hecke operators

hy= ] b x I hw

PEXo pEXo
and
wp= 1] b x [ 2
pZZo pPEXD

This means that we take the same local component at those places where we
can compare the two local components and we will adjust the choice of hy, hyy
later.

We compare

tr(hy|H*(SE,, M)) and tr(h’;|H°(sgz‘;,M)).

11



We have to say what we mean by ”comparing”: We have identity elements
Iy, € Hs, and 15, € H§, and therefore we can consider H*0) as subalgebra
of H and of H*. This means that H'(ng,M) and H'(Sg;,M) are H(¥0)
modules and we may compare them. For instance we may ask for a relation
between the multiplicities of isotypical H(>¢)-modules in the summands. Then
we also get that these isotypical components are still modules for Hy, and Hg;
and we will establish a correspondence between irreducible modules of these two
algebras.

Now we have to take into account that on the cohomology of S we will
get a filtration H? (S, M) C H*(S, M) where the quotient is the Eisenstein
cohomology Hpg;s(S, M). Here the filtration of 1.1 has exactly two steps, namely
1 = 0, this is the | cohomomology and i = 1, which is the Eisenstein cohomology.
Hence we have the two y-expansions

tr(hg| H*(SE, . M)) = tr(hyg| HY (SE . M) + tr(hy | Hi (S, M) =

Yo D mW ) [Tetplm)+ > D (1) m® ) [ ] te(hy )

TrEHRL L, Y p TrEHYn mie ¥

and for the other space all cohomology sits in degree zero and

tr(hj [ H* (S, M) =

> mO@p [[ee(hylmy)

7r; EHY

coh,!

Since the multiplicities are positive and since (most of) the cohomology in the
first trace sits in degree one, hence it comes with a minus sign, we consider a
difference (in the Grothendieck group) between H>° modules

H*(S%,, M) +a(@, G*)H'(SK;M)

and we hope for the existence of a positive constant a(G,G*) such that this
difference can be described in a simple way.

We compare the corresponding O-expansions. We consider the regular, i.e.
the non central terms. Then Z,, Z,- are tori, whose QQ rational points are the
multiplicative group of an imaginary quadratic extension Q(7) (resp. Q(v*)).
We say that = corresponds to v*, if these quadratic extensions are isomorphic
and one of the two isomorphisms sends v to v*. We know from the theory of
quaternion algebras that an imaginary extension F/Q can be embedded into D
if it is non split at all places where D/Q is not split. Hence we get an inclusion
of conjugacy classes (G*(Q)en/ ~) C (G(Q)en/ ~) and the subset G*(Q)en/ ~
consists of those conjugacy classes which do not split at the places where D/Q
does not split.

In 4.3 we give the precise contribution of an elliptic element to the trace.
At this point of my exposition it is not so relevant to understand the individual
factors in the product. You should only believe that for regular elements the
formula simplifies because Z, Z,- are tori, there is no semi-simple component.
This also implies that C! = Z, and C.. = Z,- The value co(y) = 2 because
v has a fixed point in the upper and in the lower half plane and co(7*) = 1
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because the symmetric space is simply one point. Then regular terms in the the
O-expansions of the trace formula are

1
2 NCTIEAY | [ — / o (G 280 0 ()
veG(%):en/N l;Ivol(wg (Kp)) 7, (@)\G(Qy) D A\G, f
and
> b M ] o B3 3B o (dg,)
2 €G (@)en/~ L vol(wgi, (K ) Jz@ne@,) T T g

Hence we choose a(G,G*) = 2 and consider the resulting difference of O-
expansions. The point is that we still have some freedom to choose the functions
hy = Hp hp, b} = Hp hy and we will do this in such a way that for all p the
local factors become equal.

For the factors p ¢ Yo we always choose h;, = hy, for the primes p € ¥y we
assume that hy, h,, have matching orbital integrals and we have to explain hat
we mean by that.

First of all we notice, that for an element v € G(Q)e/ ~ we have a unique
corresponding ~* if and only if the extension Q(7) is non split at all p € 3.
This dictates a first assumption on the choice of our elements b, for p € ¥: We
require that

(i) For p € 3¢ and all regular split elements ¢, € G(Q,) we have

/ (@, "5 () = O
th (QP)\G(QP)

Our second requirement is

(ii) For p € %y and all regular anisotropic corresponding pairs of elements
G(Qp), t;, € G*(Qp) we have

1
AT (L) ) / ho (G, M tpdp)w ™ ¢ (dgp) =
volWF(Kp)) Sz, @onaiayy |7 T D NG

w5 .
R TEIO) WG B o (dgy)
VOI(ng;m (K;)) Zt;; (@\G*(Qp) p\Jp "pIP th\G,p P

We say that the collection of functions and levels {h,, Ky, hy, K, }pes, have

matching orbital integrals at regular elements if (i) and (ii) are satisfied. If
we have two functions hy = h(fEO) x [pes, fp b} = h;zo) x [Ipex, by, and the
collection of functions at {h, hy}pex, have matching orbital them hy, h; have
matching orbital integrals at regular elements.

Since the cardinality of ¥y is odd and since the orbital integrals outside g
are the same we conclude

If hy, h? have matching orbital integrals at reqular elements, then the regular
terms in the O-expansion in

tr(hy|H* (S, , M) + 2te(hj|H* (SE , M)

13



cancel.

We have to find out what the consequences of this fact for the structure of

the module )
H* (S, M) + 2H*(SF, M)

will be.

2.1.1 The terms at infinity and the Eisenstein cohomology

In this section I use some results from my paper on Eisenstein cohomology of
Gly. We still have the terms coming from the fixed points at infinity. I will
explain later that we have a formula

troo(hg) = tr(h S | H* (0SS, My))

where h(fcontr) is a Hecke operator acting on the cohomology of the boundary

and it is the ”contracting” part of hy. (For an example see 3.2). It follows easily
from the rules how this operator is constructed, that it is of the form

H hp % h(fcontr)ZO.

PEXo

Now it is an relatively easy result that the cohomology of the boundary is a
direct sum

P (xs)

X

Here the x are algebraic Hecke characters on the torus T = B/U. If we define
KfT as the image of Ky N B(Ay) in T'(Ay) then they are homomorphisms

X T(Q\T(A)/Kf — C*,
which have a type at infinity that depends on M and on the degree in which

we take the cohomology. The 7(xs) are induced modules and it is an easy fact
that

tr(hy|m(xp)) =0
if the regular hyperbolic orbital integrals of h, vanish, i.e. the assumption (i) is
fulfilled.
This implies that under our assumption (i) we have troo(hy) =0
On the y-expansion side we still have the Eisenstein cohomology. It follows
from the definition of the Eisenstein cohomology that we have an inclusion

Hy (SR, M) — H*(0SF,, M) = P m(xy).

Now the Eisenstein cohomology gives us an answer what the image of the in-
clusion is. If our coefficient system My is non trivial, i.e. k& > 0 then the
inclusion is an isomorphism in degree one and zero in degree zero. In this case
our previous argument shows that under the assumption (i) we again get

tr(hf|HE.hs(SI(§f7Mk)) =0.

14



We summarize:

Ifk >0 and if hy and b} have matching orbital integrals at regular elements,
then
tr(hyg | HP (SR, M) + 2te(h5 | H® (SF., M) =

the difference of the central terms in the O-expansion.

If £ = 0 then the situation is a little bit different. In this case we certain
characters x : T(Q)\T(A)/Kj — C* for which the modules 7(xs) become
reducible. To get these characters we observe that we have the determinant
character det : T'— G,,,. Hence a Dirichlet character

(2 Gm(@)\Gm(A)/Gm(R)O X det(K;{) - Q~

yields a Dirichlet character x = ¥ o det on T and since k¥ = 0 the induced
module 7(x ¢) occurs as a summand in Ho(aS]% ,Q)). If we twist 1 by the Tate
character

a: Gp(Q\Gn(A) = Q% a:t— [t

then we can consider x = ®a o det and these modules 7(xs) occur as direct
summands in HO(BS]%,Q)).

Now these special modules are not irreducible: If x = ¥ o det then we have
an exact sequence

0— Qxsr — m(xs) = @ (x5) =0

where Qy is the one dimensional Gly(A;)—module on which Gla(Af) acts by
1) o det and this is also a module for the Hecke algebra. A dual assertion holds
for x = ®a o det, in this case we have

0 — 7' (o det) ;) — m((Ya odet)s) — Q(par o det) ; — 0.

Now we may define for characters x which contribute to cohomology in
degree 0

Qyx if y=1odet
E =
(xs) {0 if not

and for characters contributing to cohomology in degree 1

)7 (xy)  if x =vaodet
5 (Xr) = {W(Xf) if not

Then one of the results in my paper says that
H(95%,,Q) — P E(xy)
X

H'(05%,,Q)) = @ e(xs)

Of course our assumption (i) still implies that tr(hs|m(x)) = 0 but this only
gives us

15



tr(hg|E(xs)) = —tr(hsln’(xr))
for x = 1 o det. Putting everything together we obtain under the assumption
(i): For k=0

tr(hy|Hiy) =2 te(hy| E(xy)-
v

If we adopt the terminology of 1.2. this is a non ”genuine” contribution to the
cohomology and the interesting point is that we see a "matching” contribution
in the cohomology on the other side. The reduced norm N : G* — G,, gives a
surjective map from our space to a finite abelian group

S%; =5 Gu(@Q T N(K))\G(Ay)

and hence an inclusion in cohomology
H(Gm(Q)*N(K})\Gu(Ay), Q) — H'(SE;, Q)
and for the left hand side we have the decomposition

HO (G QT N(E)\Gm(4)),Q) = P Q.
P

This is also a non ”genuine” contribution to the cohomology of Sfc(i and it

will follow from the considerations in the following section, that this contribution
cancels the Eisenstein part on the left hand side. We define the genuine part of
the cohomology as the complement of the non genuine part.

Hence we can conclude

Ifk =0 and if hy and h’s have matching orbital integrals at regular elements,
then
tr(hf|H!.(SICéf ’ M)) + 2tr(h;|Hg.enuine(SIG(; ) M)) =

the difference of the central terms in the O-expansion.

The reader should notice that for a non trivial coefficient system N, (M) = 0.
and therefore H? (S%,M) = H-(sg}i ,M).

genuine

2.1.2 Matching orbital integrals

We have to discuss the question whether we find enough collections of matching
orbital integrals. We have the two maps

(tr,det) : G — A' x Gy, (tr,N): G* — A' x Gy
The central elements map to
Z={c=(z,y) | 2*> —4y =0}
For any ¢ ¢ Z(Q,) the fibers C. = (tr,det) !(c),C: = (tr, N)~!(c) consist

of semi simple elements. The fibers C.(Q,) are always non empty and form a
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semi simple conjugacy class under G(Q,). (See section on stabilization). Any
element t € C.(Q,) is regular, its centralizer is a torus T' = Z;/Q,. This torus
is split, then we say ¢ € (A! x Gy,)(Qp)spiit otherwise we say that ¢ € (A! x
Gm)(Qp)nonsplit- We will also use the terminology that elements or conjugacy
classes in ¢ € (A x Gp)(Qp)spuit are called hyperbolic at p or p-hyperbolic and
the classes in ¢ € (A! x Gm)(Qp)nonspiit are called elliptic at p or p-elliptic.
The fibers of (tr, N) over points in (A! X Gy,)(Q,)split do not have a Q,-rational
point and the fibers (tr, N) over points in (A! X Gy)(Qp)nonsplit are non empty
and form a G*(Q,) conjugacy class. Then a t* € (tr,det) *(c)(Q,) defines a
torus T* C G*/Q,, which is isomorphic to the corresponding torus in G/Q,.
The set of isomorphism classes of these tori is finite, they are in one to one
correspondence to quadratic extensions of Q,, where the split torus corresponds
to Qp, ® Q,.

To any ¢ € (A X Gin)(Qp)reg = (A X G1)(Q,)\ Z2(Q,) and t(resp. t*) in the
fiber (if it exists) we can find a p-adic neighborhood V., C (A! x Gy,)(Qp)reg and
an open compact subgroup K, (V) (resp.K(V;)) such that we get surjections

(tr,det) : t, K, (Vo) — Ve,  (tr, N) 1 t, K (Vo) — Ve

and bijections
(tr,det) : £, (Kp(Ve) NT(Qp)) — Ve, (tr,N) : tp (K5 (Ve) N T™(Qp)) — Ve

(The existence of these groups is a little bit technical and will be discussed
later)

Let chy, (x,(v.), Chy, K3 (V.) be the characteristic functions of these two open
subsets then it is not so hard to check, that for V. suitably small, the orbital
integrals

1

Ll / by, i vy (@ o) 0B 6 4(d))
VolWF(E)) Sz, e,y 7 AT

1

i) | Che 1500 05 508 .5 (09,)
Vol (ED) Sz, O NG

have constant non zero values on V. and they are zero outside this set. We
can multiply these characteristic functions by suitable constants and conclude

For any regular element ¢ € (A X G,)(Qp)reg we can find arbitrarily small
open neighborhoods V (¢) and functions hy, hy, in the Hecke algebras whose sup-
ports is in the fibres of V(c) such that the orbital integrals are +1 the charac-
teristic function on V. If c is split, we take h, =0, h, = 0..

We should be aware that these function hy, h; have levels K, K, which
depend on ¢, the closer we come to the central elements, the smaller we have to
choose K, K. Hence we can conclude

For any locally constant function F' on on Q, x QJ which has compact

support, vanishes on Z(Qp) and on the hyperbolic classes, we can find elements
hy, by, in the Hecke algebras such that O(hy,t,) = O(hs, t,) = F.
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We notice that the central classes are in the closure of the hyperbolic classes,
hence the vanishing on Z(Q,) of F follows from the vanishing on the hyperbolic
regular classes. Or to say it differently: If we want that hy, h; have matching
orbital integrals and that these orbital integrals are locally constant function on
Qp x Q, , then the support of the orbital integrals should not meet the central
classes.

In the neighborhood of the element (2,1) = (tr(Id),det(Id) we define a
discontinous function Fy which takes value 1 on regular elliptic elements with
determinant in Z), which is zero on the regular hyperbolic classes and takes
value —% in the central elements of Gly(Z,). In section 3.2.2 we will introduce
the Euler-Poincare element hZ” in the Hecke algebra of Gly(Q,) this function
has the remarkable property O(hfp ,tp) = Fo.

If on the other side we take the characteristic function h;EP of the maximal
compact subgroup of G*(Q,) then the orbital integrals of this function have
value 1 on all elements in this maximal compact subgroup. Hence we see that
hEP and h;’EP have matching orbital integrals on all regular elements.

This implies

For any element hy, in the Hecke algebra of Gla(Qp) we can find hy such that
these two function have matching orbital integrals on regular elements and vice
versa

Let {hy, h;}pego be a collection of functions with matching orbital integrals
at regular elements. Let us assume that for p € 3 they are of level K, K. We

(Zo

choose a common level subgroup K ) and put

Kp=[] K, x £ k5 = [[ K x &7
PEXo pEX)
We compare the two O- expansion above. An analysis of the normalizing fac-
tors shows x(Z,) = 2x(Z,+) because 7 has a fixed point in either connected
component. Then we see that in the two O-expansions all regular elliptic terms
cancel. Before we proceed we have a brief look at the central contributions.
Again we have to invoke 4.3 We have to compute

Y (= M)(SE e (2) + 2x(ST2 )R} (2).
=E2(Q)

We compute these Euler characteristics X(ng)7 X(SIG(;)in 4.2. and the fol-

lowing sections. The general formula is

Coo (9(1)2) 1
FolO(R) 7o GUR))] Vol ()

Xern(S%,) = 1 (GO)R(C).

We observe that in both cases the factor h(C’) = 1 since the class number of
Z is one. The term [mo(C’(R) : mo(G(R))] is also equal to one in both cases, this
follows from the definition. If we now invoke the definition and computation of
the constants A (Sla/Z), Ao (G*) then we find

tr(hf|H'.(SIC§f7M)) + QtI‘( ?|Hg.enuine(slc{;7M)) =
1 L 1 1.,
> uEM) (G Ghs (@) + (G Mg [T+ ().
2€Z(Q) pgU
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We also have the set ¥ D ¥ for all £ ¢ ¥ the local component K, = Gla(Zy).
We may pick a prime ¢ ¢ ¥. At this prime we consider the Hecke operators
hém) which on a spherical representation m, have the eigenvalue

tr(hy™ ) = o + 37"
where (ay, 8¢) = (au(me), Be(me)) are the Satake parameters. It follows from

the computation in 3.2.1 that for m > 0 the function hém) vanishes on central
elements. We consider the y-expansions on both sides. We write the irreducible
representations of the Hecke algebra as

b *(2
mr=mpe @y w = s @,

where 7 5, (resp. 77}2)) is the tensor product of the local components 7, with p €
Y (resp. p € X). At a finite number of places outside ¥ we pick a Hecke operator

hgni), we take enough places so that the collections of Satake parameters

{(awe, (e,), Bey (7e,)), (e, (T2, ), By (72,))s -+ (e, (7e,.), Be, (Te,.)

separate the W;E), 77;(2) which actually occur in the cohomology. We form a

Hecke operators

(=0) T (mo) . o TT 5 (m)
hy=hps x by = T by x [T 0™ x By b5 = ] by < [T > 1)
i=1 =1

pPEXo pEXo

where the last factor is just the the product of the characteristic functions of the
standard maximal compact subgroups over the remaining primes. We assume
that for p € 3y we have matching orbital intergrals, for the other p the local
factors hy, = hy,.

Then a 7y or 7} contributes to the x-expansion of the left hand side of our
formula above by a term

r

> > my m;
(g o 17,50 te(RZwP0) = te(hg s, 7 s50) [ (0 (e )™ + Be, (me,)™),
=1

T

* * P * (2 * * * m; * m;
(g 75 55, 0 (AE 15 50) = (1 5 175 ) T (b, (e, )™ + B (e, )™)
=1

and we get

T

= > mlmp) [T tehylmy) [0 (me)™ + Be(me) ™)+

‘n'fGCOh(./\;l)z PEXo =1

r

2 Z m(ry) H tr(hy|m,) H(Ocei (3 )™ + B, ()™ ) =

W}ECOh(M)genuine pEXo i=1
1 1 )
—r(GM) = CONES 1.
2, (M) (=G hs () + (@) 5 H(1+p)hf(z))
2€2(Q) o
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We rearrange the summation and get

T

=370 m@l < ms, er(hslrs) [ (e, (o)™ + B, (me,)™ )+

ﬂ_}zo) Tf,50 =1

T

2 Z (Z m(ﬂ;;(zo) X ﬂgo)tr(hgoh'go)) H(az (ng)mi +/BZ (ng)mi) _

s (o) 77 o i=1
S (M) (—r(GD) by (2) + (D)= T+ 2)h5(2)
127 12 p
2€Z(Q) pgU

Now we observe that on the left hand side we have still variables namely the
exponents m,. I mentioned above that if one of the m; > 0 we have hf(z) =
h}(z) = 0 for central elements z. Now it is an easy excercise to show, that this
formula can only be true if on the left hand side the terms with a fixed second
component

Tp =Tf5, X W}EO), 7r;‘2 = 71';’20 X W;EO)

cancel, hence we get for any choice of T;ZO)

— Z m(?Tf,ZOXTF}ZO)) H tr(hp|mp)+2 Z m(7r32720><7r}2°)) H tr(hy|my;) = 0.

TS0 pPEXo 550 pEX

From this formula we get some conclusions.

If we fix a 7>0). If now for all ws,, = Hpezo mp for which m(my x, XWJ(CEO)) #*
0 at least one of the factors m, is a principal series representation, then we get

for all these factors tr(hs,|ms,) = [ ex, tr(hp|mp) = 0. Then we can conclude
(%o)

that E”?,zo m(mh s, X 75 7) [pes tr(hplmy) = 0. But since on this side we
can choose the hy arbitrarily the only way out is that 7(:20) does not occur in
Hg:enuine (SIG(;: ’ M))

This can be turned backwards

If we have an isotypical component Hg., ine

(SIG(;,M))(TF(*’EO)) then this
module m*¥0) = 7(0) glso occurs with positive multiplicity in H,‘(ng,/\/l))
and there exists a Ty, = HpeZo for which all m, are cuspidal and such that

Ty, X 750 occurs in H!'(S;CéWM))

This is actually a very weak consequence, if we exploit the theory of charac-
ters we get much more precise results.

Local consequences

We pick any prime p and consider the two groups Gl»(Q,) and D(Q,)*,
where D/Q,, is the non split quaternion algebra over Q,. Then we will derive
from the trace formula
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We have a one to one correspondence between discrete series representa-
tions m, on Gla(Qp) and irreducible (finite dimensional) representations , of
D(Q,)*. This correspondence is defined by the character relation

charz, (tp) = —charg(tp) for all regular elliptic elements

Global consequences
We also invoke the theorem of strong multiplicity one: It implies that for
given 7(*) there is at most one 7y such that ms x 7(*) occurs in H,‘(SIG(f,M))

and if this is so then m(rg x 7)) = 2.
Then we will derive from the trace formula

(A)For any myyx, X 71';20) which occurs in H,'(S[Céf,./\/l)) for which for all
p € Yo the local components m, are in the discrete series the corresponding
representation [ [ s, 75 X 77?0 occurs with multiplicity one in Hg, e (SG; ;M)
If conversely [[ ey, (ng M), then [ cs, mp X
% : o
ﬂ; °) occurs in H, (ng,./\/l)).

(B) The Tamagawa numbers of the semi simple derived groups T(G™M) and
7(G*W) are equal

° occurs in H?

* b
Trp X 7Tf genuine

To get the local information we assume that ¥9 = {p} consists of one ele-
ment. Then we know that there is a unique quaternion algebra D/Q which is
anisotropic at infinity and at p and split at all other places.

Then it not to difficult to show: For any discrete series representation m,

of Gl2(Q,) or any representation 7% we can find a level K}(c{p D Such that in

P
H? (ng,./\/l)) (resp. Hgopuine (SG; ,M)) we find a constituent ), x w;{p}) (resp.

Ty X w;{p })). (A little bit tricky, choose for h, a matrix coefficient at p or an
Euler Poincare function. Then choose K {7V very small, so that only a central
element contributes.Then consider growth See 777)

Now let 7, be a discrete series representation which is a local factor at p in

some Ty = mp X 7P which occurs with positive multiplicity in H.’(SIG(f,M))

Then this multiplicity is 2. Then comparing the traces for all pairs hp, h, with
matching orbital integrals give a relation among characters

—m(m, X W;E))Charwp + 2Zm(7r; X W;E))tr(h;hr;)(iharﬂg =0.

T

We mentioned already that m(m, x W;E)) = 2. Such a relation holds for all 7,

in the discrete series. For any m, we can define S(m,) = {m,|m(m, x W;p)) # 0}.
This set is always non empty. But the orthogonality relations imply that for two
different representations we have S(m,) N S(m,) = ), because the multiplicities
are positive.

Next step is to show that the sets S(m,) must consist of one element 7.
If this is not the case then we can produce a non zero linear combination
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Yo S(rp) Mg charﬂ; which is orthogonal to all ﬂ;. This is impossible. Hence
D
our relation is
—2char,, + 2m(m, x W](cp))char; =0

Now it follows from the character relations that m(w} x 7r§cp )) =1 and we

P
get the character relation

chir, (¢) = _Chngj (c) for all ¢ € C(Qp)reg

Now we discuss the global consequences. We take again a general set ¥ and
consider the division algebra D/Q which is ramified at co and all places in X
and splits elsewhere. Then it is clear:

Let Hpezg Tp X W}ZO) occur in H,l(SICéf,M)). Then the m, for p € ¥o are
determined by piSCEO). If one of them is not in the discrete series, then pi;EO)
(Sg;,./\/l)) If all these m, are in the discrete series,
then we get for any of these m, the corresponding representations m, of D(Q)*,

(Sg;,./\/l)) with multiplicity one.

. L]
does not occur in Hg,\ ine

* (Zo ; .
and [[ e, mp x 7 ) occurs in Hggpine
If in turn [[es,

W;EO) occurs in H}(S}Céf,/\;l)). (with multiplicity 2).

* (2o : . G*
m, X mp’) occurs in ngnuine(SK;,./\/l), then [ [ ex, ™ ¥

We came to our conclusion by looking at the formula
tr(hg |H? (SE,, M) + 260 (05| Hgonuine (S, M) =
(1) 1 *(1) 1 1 *
> (M) (=r(CV) () + 76 )5 [T+ 2)03).
2€2(Q) pEU
only for pairs (hy,hs) which have matching orbital integrals and which vanish

at central elements.

Now we plug into the formula elements of the form HpeEo hfp X XK;EO),
HpeEo h;‘;EP X XK}ZO). They have also matching orbital integrals and it is clear
that the left hand side is zero. (Apply the previous assertion). Then the right
hand side is also zero, after a small computation we get the equality of the
Tamagawa numbers.

This example is discussed in the book J-L. There the authors work with the
Selberg trace formula, which is an analytic trace formula. This makes the entire
consideration technically much more complicated, but they also get a much finer
result. The topological trace formula avoids the analytic difficulties

I give a second application of the same principle

2.2 Example 2
(Langlands Antwerp).

22



2.2.1 The modular interpretation

Our group is Gla/Q we choose an open subgroup K; = K;(N) C G(Ay) (see
II1.1.1.3). We assume N > 3. Our space ng is actually set of complex points
of a curve

1
8%, — Spee(Z[1))

and
G G
SKf - SKf (C) .
The curve is the moduli scheme of elliptic curves with N-level structure, to
be more precise we have an elliptic curve

(€, e1,€2)
I

G
SKf7

where the sections eq,es (the two upwards arrows) form a basis for the group
of three division points (See Chapter on moduli). The value < ej,es > of the
Weil pairing generates an extension Oy D Z[%] which is isomorphic to the ring
of {N} integers in the field of N-th roots of unity.

This gives us a diagram

ng
1 N
Spec(Z[+]) « Spec(On).

The base change Sﬁf X 71
which correspond to the ¢(IN) arrows

] Spec(C) decomposes into irreducible components

t, : Spec(C) — Spec(On),

they form a principal homogenous space under the action of Gal(Oy /Z[+]).
We have seen these components in Chap I11,1.1.3.

2.2.2 The /-adic cohomology as Hecke x Galois module

Now we can look at the f-adic cohomology. We fix an algebraic closure Q; of
Q¢ and put My = M ® Q,. In this situation we better start from the coho-
mology with compact supports. To define it we recall that we can compactify
i:SE,/Q— S]G;}A /Q by adding a finite scheme SF_  and extend our sheaf to
the compactification by taking i1(M) or R®i,.(M). By definition the cohomol-
ogy with compact supports is the cohomology with coefficients in i1(M). We
get an exact sequence

0 — HO(SE, xqQ, My) = H(SE, o xoQ, R%in(M)) — H}(SE, xoQ, M) —

— H'(S%,xqQ, My) = H'(S, o xoQ, R%i.(M)) —— HZ(SE,xoQ, M) — 0.

This is now a sequence of Heckex Galois modules, the Galois modules are
unramified at all p € 3. As explained in Chap. II we know, that H, ,I(SIG(f XQ
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Q, M) -the image of the cohomology with compact support in the cohomology
without supports- is semisimple. We have an isotypical decomposition

H(SF, %0 Q M) = P H! (SE, xq Q, Me)(ry)

w5
of this module and an isotypical component is of the form
Hﬂ-f X W(ﬂ'f)

where W(ns) is a two dimensional Galois-module. It is is unramified at all
p | N. We want to understand this Galois-module, for instance we want to
express the conjugacy class of the Frobenius elements &, € GI(W (7¢)) n terms
of .

The answer is relatively easy in this case (if we stick to the places p not
dividing N) and is given by the Eichler-Shimura relations (See Thm 3 in Chapter
10)

To get these relations we compare the topological trace formula to a suitable
Lefschetz trace formula. We pick a prime p | N and take the reduction mod p.
On this reduction

G -
SK; *Spec(zi/v) Fr
we consider operators F" x hgcp ) where F7" is the m-th power of the Frobenius

at p and hgcp ) is a Hecke operator outside p. Then we try to compute the trace

of this operator on the cohomology with compact support

tr(F x WP HHSE, xe, By, My) =

tr(F x A1) + 3 oo - e H (7)),

(p)
f

This is a y-expansion for a Hecke operator multiplied by a power of the
Frobenius.

For this trace we have the arithmetic trace formula (Grothendieck-Illusie-
Pink). We have to count fixed points and sum up the local contributions (Lang-
lands, Kottwitz). One of the essential points is the theorem of Pink which
asserts that for m >> 0 the contributions from the fixed points at infinity are
Zero.

To count the fixed points we start from the modular interpretation and view
the points as isomorphism classes of elliptic curves with some level structure.

2.2.3 Elliptic curves over finite fields

We divide the curves into isogeny classes. A geometric point in Sﬁf (Fp) is an
elliptic curve £ with level structure, this level structure is an isomorphism 1 :
E[N] = Z/NZ. The elliptic curve is already defined over some finite field F,-.
Then F,r is an endomorphism of this curve. For all £ # p this endomorphism
induces an endomorphism on the /— adic cohomology H'(& X, F,, Qp), there
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it is equal to the endomorphism @, which is obtained from the Galois action
of Gal(Fpr/Fpr).

The following can be found in many books, which cover the theory of elliptic
curves.

The ring of endomorphisms End(€) is a finite algebra over Z, the extension
Endg(€) = End(€) ® Q is a field, which may be non commutative. An element
in Endg(€) can be written as % and may also be viewed as a diagram

’lﬁ@ : & 5/
N, | mld
(C/‘/
with an integer m > 0.
On End(€) we have an involution ¢ —! ¢ which is obtained from the self
duality of the elliptic curve (See for instance [book], ) We can define the trace

of an endomorphism by tr(¢)Id = ¢ +* ¢. Then we have tr(¢'¢) = deg(¢p) and
tr(ptep) > 0 for ¢ # 0. We know that the we get an injection

End(€) ® Z¢ — End(H' (€ x5, Fp, Z)),
and a famous theorem of Tate ( Deuring?) asserts that we get an isomporphism
End(€) ® Z¢ — Endgy) g, /Fpr)((Hl(é’ Xg,. Fp, Zy)).
The Frobenius satisfies a quadratic equation ( the characteristic polynomial)
F2. —aFp +p" =0,

where a = tr(F,-), the polynomial does not depend on ¢. The roots of this
polynomial generate a quadratic extension E = Q(F,r) of Q or they are in Q.
If we take r sufficiently large ( in the sense of divisibility ) then we see that

Im, o .

P it [Q(F, ) : Q] =2
DA
P pr/Q 0 )

0 p’"/2> if Fpr € Q for r large

where II,II; = p", the prime ideal (p) decomposes into (p) = pp, p # p and
p = (ILy).

We get for the possible types of of fields of rational endomorphisms

A) Imaginary quadratic extensions E = Q(F,-)/Q which split at p.

B) The quaternion algebra D/Q which is ramified at infinity and p and
nowhere else.

The curves having a field of type A) as rational endomorphism are called
ordinary. The field extensions is imaginary because the trace tr : End(€) — Z
satisfies tr(¢'¢) > 0 for all ¢ # 0.

The other curves are called supersingular. We know that D is a field and
we know that D x Q; = End(Ty(€ ® Q)) for all £ # p. The quaternion algebra
is the only choice.

We have the result of Tate (Deuring?):
Two elliptic curves over F), are isogenuos, if and only if they have the same
field of rational endomorphisms.
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2.2.4 p-adic cohomology

We also need some input from p-adic cohomology of elliptic curves over F.
To any elliptic curve /I, we associate its Dieudonne-module D), (€). This

a free rank 2 module over the Witt ring W (IF,,) together with 2 endomorphisms
F,V of the abelian group D, (&), which have the additional properties

i) FV=VF = pld
ii) The endomorphism F is o linear and the endomorphism V is o~ ! linear.

( Here o is the Frobenius on W (F,) )

Begin: Dieudonne-modules

To get these Dieudonne-module we consider the system of group schemes
E[p™], these are finite affine group schemes over Fp of rank p?™. This means
that their affine algebra E[p™] is of rank p?™.

A finite abelian group G/Spec(F},) is called etale if its algebra A(G) is etale,
i.e. a direct sum of copies of Fj,. It is called local if A(G) is a local ring. It

is not difficult to show that any finite abelian group scheme over G/Spec(F},)
decomposes canonically

G= Get X GIOC

For such a group scheme we can define its Cartier dual

GV = Hom(G,Gp,).

The simplest local group scheme is
pipm = Spec(F,[T]/(TP" — 1) with comultiplication T+ T @ T

this is the scheme of p™-th roots of unity and it is also the kernel G,,[p™] of
the multiplacation by p™ on G,,. It is easy to see that ,uX,,L = Z/p™Z and this
is an etale group scheme.

We get a decomposition of the category of finite abelian group schemes over
F, into three subcategories:

(et,et) Those G which are etale and where also the dual is etale: This are
the finite abelian group schemes whose order is prime to p.

(et,loc) This are the G for which one of the pair G, GV is local and the other
is etale
and finally the most interesting part

(loc,Joc) Those G where G and GV are local.

If we have a finite abelian group scheme G which is etale and its dual is
local, then this is simply a finite abelian p-group, let us denote it by G. Then
we define the Dieudonne-module D,(G) = G@ W (F,). We still have to say how
F and V act: We take the identity Idg and F is the o linear extension of this
identity. Then V is simply the o~! linear extension of plds. (It is an important

fact that we can take for F any o-linear isomorphism of D,(G) and we get

26



an isomorphic W (F,)[F, V] module. (Langs theorem). Now it is clear how to

define the Dieudonne-module for group schemes G which are local and whose

dual is etale, we simply take a suitable dual of D,(G"). It remains to define

the Dieudonne-module for the group schemes which are of the type (loc,loc).
We consider the ring of Witt vectors

W(Fp) = {(xo,1,...)|x; € Fp}
on tis ring the two maps F,V are defined by
F(zo,z1,...) = (ab,27,...), V(zo,21,...) = (0,20, 21, ...).
Then V"W (F,) is an ideal and we define the quotient ring
Wo(F,) = W(E,)/V"W(E,).
Using the Verschiebung V we can define an inclusion

W, (Fp) — Wihi1(Fp).

If we now view W,,(F,) as the group of F,-valued points of a unipotent algebraic
group W, then we get an inductive system of unipotent group schemes

W= < Wn — Wn+1 — .
Now we define for a finite abelian group scheme G which is of type (loc,loc)
D,(G) = Hom(G, W) = lim Hom(G, W,,)

it is not difficult to see that this stabilizes, i.e. D,(G) = Hom(G,W,,) if n >> 0.
Now we come back to our elliptic curve £. Then we put

D,(€) = lim D, (E[p™])

the operators F,V are obtained from the corresponding operators on W. This
is a free W (IF,,)-module of rank 2, it depends funtorially on &, if A : € — &’ then
we get a homomorphism of Dieudonne-modules Dy,(X) : Dp(E') — Dp(€). If A
is an isogeny then D, () is an inclusion.

For any elliptic curve £/F, we have its Frobenius transform £®)/F, (we
raise the coefficients of the defining equations to their p-th power) and we have
the isogeny F : £ — &£’. This gives us an inclusion D,(€’') — D,(€) and clearly

Dy(EP)) = F(Dy(€))

End: Dieudonne-modules

If we choose a W (F,) basis (f1, f2) of the module D,(€) we can represent
our o-linear endomorphism F by a matrix M (F) = (z Z) which is defined by

F(fi1) = afi +bf2
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F(f2) = cf1 +df2

If we change this basis by an invertible matrix A then we get the transformation
rule
M'(F) = A~ M(F)A°

so the conjugation for linear maps is eplaced by o conjugation.
In our rank 2 situation we have only two isomorphism classes of Dieudonne-
modules. For these modules F' is represented by the matrices

A)
1 0
e <0 p)
B)
01
- (p 0)
respectively.

We can define the endomorphism ring of a Dieudonne-module, this is the ring
of W(F,) endomorphisms which commute with F. It is clear that End(D,(&),F)
is a W(F,)-module, and in our situation here

A)

End(D,(€),F) = Zy ® Zy

B)
End(D,(€),F) = D(Z,)

respectively. Here D(Z,,) is the maximal order of the quaternion algebra End(€)®
Qp-

Explanation for the assertion B) (See also ChaplII.1.1.2): I said we can choose
a basis ey, e3 of D, () such that F is represented by the matrix above. We define
the W (F,)-module D,(£)g = W (F,)e1 & W(F,)ea. Then the above matrix
defines a linear endomorphism Fy of D,(€) and F = Fy o 0. We consider linear
endomorphisms ¢ of D,(€)g ® W (F,) which commute with F. Then they also
commute with F2 = pld o 02 and hence with ¢2. But this last assertion says
that ¢ € End(D,(E)o @ W(Fy2)).

Now we construct a homomorphism W (F,2)) — End(D,(£),F), we send an

element a € W (F,2)) to the matrix o?" . Furthermore we see that Fy is in

et
0
End(D,(€),F). The algebra of endomorphisms contains W (F,2)) and another
element Fy which normalizes W ([F,2)), more precisely we have

FoOz = OZUF().

Finally we have F§ = p. Then it is well known that W (F,2)) and F, generate
the maximal order in the unique quaternion algebra over Z,,.
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2.2.5 The counting of fixed points

We group the elliptic curves according to isogeny classes or what amounts to
the same according to their rational fields of endomorphisms.

The isogeny classes are not empty: The classical theory of complex multi-
plication tells us: For any imaginary quadratic field F//Q we find elliptic curves
E— Spec(Opr) over the ring of integers Op of the Hilbert class field, such that
€ has complex multiplication by Op. Let p be a prime which lies over p. Then
we can form £ = € x Oy /p, this is a curve over Fy,» with complex multiplication
by Op. If now the extension F'/Q splits at p then this is an ordinary curve whose
field of rational endomorphisms is F'. If it does not split we get a supersingular
curve.

We pick an elliptic curve £/F, with level structure, let us denote the field of
its rational endomorphisms by E/Q, so this may also be the quaternion algebra.
Let us denote by H/Q the algebraic group with H(Q) = E*. To our curve we
have the collection of cohomological data

H(E) = (Dp(E), {..., H (E,Zy), ... Yorp, Level) =

(D, (&), HY(E,2P)) 4 - HY(E,ZW)/NHY(E,2P)) = (Z/NZ)?).

We want to describe the set Y of elliptic curves which are isogenous to &€
and we also want to describe the action of the Frobenius ®, on this set. Let &’
be a curve and X : £ — £ an isogeny. Then this isogeny induces inclusions

Ap : Dp(E') = Dp(€)

AP . Hl(g/’Z(p)) N Hl(g’Z(p))

The cokernel of A(®) is of finite index n(®) and coprime to p. The kokernel of Ap is
finite W (F,)-module of lenght d,,, we say that A,(D,(€’) is a cofinite submodule.
Then we have

deg(\) = nPp»

In addition we have
V' HY(E ZW)/NHY(E', ZP)) = (Z/NTZ)2.

It is clear that &’ is determined by these submodules + the datum ’. On
the other hand we can prescribe submodules

X, C D,(&) satistying F(X,) C X,

X® c g (&,7®)

where X, is cofinite and X (") of finite index and we can choose ¢ : X?) /N X (®) =,
(Z/NZ)?. Then we get a unique £ with level structure which is isogenous to &
and provides these modules. Finally we observe that we can divide the system
of submodules by any non zero integer m, then we get

1 _ 1 1
—X, C D,(€) ® B(F tisfying F(— X, —X
m » C Dp(€) @ B(F)) satisfying (m p)cm p

1 .

—x® - HI(S,Z(”)) 0Q

m
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and we have 1
— XV @7/N7Z = X®) @ Z/NZ.
m

These are called submodules up to multiplication by Q*, and they also provide
elliptic curves with level NV structure.
How do we get isogenous curves or how do we get these systems of submod-

ules modulo Q*7?
At the prime p we consider elements

gp € GL(D,(E) @ B(Fp))/Gl(D,(E)) for which Fg,D,(E) C g,Dp(E).

Let us call this set yf . It is easy to describe:
If we are in the case A) and if we choose a basis as above then

=1 )

VI ={Fm}.

We observe that Y = H(Qp)/H (Zy), where H(Z,) is the maximal compact
subgroup.

Outside of p we take elements g € G(A(p))/K(p)( N). Then we get the
submodules modulo Q*:

and in case B) we get

X, = g,D,(€), XV = g H'(£,27))

and gf ) provides an isomorphism g PHL(E, Z(f’))/Ng(p)H1 (£,7®)) = (Z/NZ)2.

When do two such elements (gp, g;p N, (up, u;p )) give the same elliptic curve?

This is clearly the case if and only if we can find an element v € H(Q) such
that

Y(gpr 9 = (up, u?)

Hence we come to the conclusion that

YA = HQ\YY x G(AP) /K (N).

We assume that our Hecke operator h(p ) is the characteristic function of a

double coset K ; () (p )K ® Gly(A®)). What does the Hecke operator Fp x h(p )
do to an arbltrary curve & with N-level structure.?
As explained above the p-component of the operator transforms & into £®™).

Outside p we assume that our Hecke operator hgcp ) is given by the characteristic

function of a double coset K¢(N) \y(p ) K¢(N) and we write

Kp(N)yP Ky (N) = U Py PR H(N).
P EK (V) /(K (N)Ng® K §(N)(g®)~1
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We choose a basis egp ), e’ ) of H! (£,7P)), we assume that the two basis elements
are mapped to (1,0),(0,1) under the map ¢. Now we can apply the elements

§}p)y§cp) to H'(£,Z")) and get lattices
{1 (€, 27)),
Then the operator F™ X hgcp ) transforms the curve
X, = 9o Dp(E), XP) = g H' (£,27))
into the curves E(Z’M)(ﬁ](cp)y;p)) which are given by the lattices ( mod Q*)

F™ X, = F"(g,D,(£)), Py X®) = g PPy 1 (€, 29))

What does it mean that we have a fixed point. This means that we can find
avy € H(Q) and a ¢ such that ker(y) = ker(€ — £P")(¢)) and v induces the
identity on H'(,Z®)/NH'(E,7®)).

This gives a fixed point if and only if we can find an element v € Endg(€)
such that

Fy gy Dp(E) = 19, Dp(€) and (¢7) 19" € KP(N)yPEP(N)  (fia)

As in the case of the topological trace formula we may modify (gp, (p )) by
an element in the centralizer ZH (Ay) of v. We get the set of fixed pomts

ZIQNZE (A g) (gp, 9PV K P (N) /P (N).
This is equal to

ZTQ\ZH (Ap)/KZ (gp, 9®)) = ZIT(Q\ZH (Ap)/KZ x KZ (g7

where KZ(g,, g®) is the following subgroup K?(g,,g®) = KZ x KZ(g;p)) C
ZH (Ay) : The group K7 = Z(Q,) N H(Z,) and this is the maximal compact
sugroup in Zf (Qp) and

K7 (g{") = HAP) n g K" (N)(gf) !

Hence the total contribution of v, (gp, g](c )) will be to the trace of our operator

will be )
tr(y| M) #(ZE(Q\ZH (Af) /K (g, 9P)),
provided the relation (fiz) holds, otherwise it is zero.

Then for a given v we have to count how many (g,, g'?)) satisfy (fiz). Our
considerations in the the section 3.1 yield after a small manipulation of measures

Z (V\Mk)VOIde( \ZH (Af) H/ (t <p>) (3, '790)dge) xp s

YEH(Q)/~ t£p” 23 (QO\G(Qe) &

where x, [y, m] is the sum over the g, € Z7(Q,)\GI(D,(£)©Q,)/Gl(D,(£))
which satisfy Fg,D,(E) C ¢g,Dp(E) and F™g,D,(E) = v9pDp(E). This is a so
called twisted orbital integral.
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Summation over all possible H/Q yields the contribution over the fixed
points in the Grothendieck-Lefschetz fixed point formula

YooY u(IMi)volas, (23 (@N\Z] (Ag))

H/Q~eH(Q)/~

/ (t, )@ 73e)dge) xply, ml-
L#p Zal;I(QZ)\G(QZ) =

2.2.6 The comparison

We now follow the strategy outlined in 1.2. We recall that we defined the

(m)

element hy ’ in the unramified Hecke algebra at p by the rule

h{™ () = tr(r(Ap) = o + '
Our aim is to prove that (See 1.2)
tr((h§™ x B | HE(SS, () M) = 260 (F < B | H(SE () X Fpy, M) = 0

We will fail, but we compute the difference anyway.

At first we compare the index sets for the summation. We consider that part
of the sum, where H/Q is the multiplicative group of an imaginary quadratic
extension E/Q which splits at p. ( This is case (A)). Our considerations on the
Dieudonne-module imply that the element v must have the prime decompostion
(7)p = p™, hence it can not be in Q. The pairs of conjugate (under the Galois
group) elements y,% are in one to one correspondence with elliptic conjugacy
classes in Glp/Q which generate an extension isomorphic to E. But this also
clear that only one of the two elements -,5 can contribute to the sum. Hence
we see that the indices of summation in

D 2

H/Q,H splits atp  y€H(Q),(7)p=p™

>

YEG(Q)on/~,v splits atp

and

can be identified.
Basically the same holds if we are in case (B). Then H(Q) = D* and we
have a natural identification

H(Q)/ ~= elliptic, p -elliptic elements in G(Q)en/ ~

Hence we see that we have a term by term bijection between the ( possibly non
zero) terms in the two trace formulae.
Now we have to compare the summands, they are

tr(y| M) vola, (ZF (Q\ZF (Af))x

DL, 0o e 30430 000

t£p ” ZF(QO\G(Qe)
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and
tr(y| My )vol,an (Z, (Q)\Z, (A)/ KZ ) x

(I1

/ (t,w)e(d; 'v3e)dge)) / hm (g, vgp)dgp
L#p Z’v (Ql)\G(QI’) Z'v (Qp)\G(Qp)

Yy
where vol,ce(Z,(Q)\Z,(A)/KZ) is an abbreviation for the more complicated
term in 4.3.

Now we have to discuss carefully the normalization of measures (See 4.3) and
the two volume factors in front of the orbital integrals. For regular elements we
have

volyen (Zy(Q\Z (8)/KZ) = 2volaz (2, (Q)\Z,(Ay))

where the second factor is the class number divided by the order of the group
of roots of unity and where the factor 2 comes from the fact that « has a fixed
point in the lower and in the upper half plane. (This is the ¢ () in 4.3). The
other volume factor is

vola., (Z (@\Z (&)).

But since Z,,/Q = Zf /Q the two volumes are equal. Hence we see that for
regular elements the factors in front of the orbital integrals differ by a factor
2. For central elements we have a similar comparison which follows from the
equality of Tamagawa numbers and the computation of Euler characteristics in
terms of this Tamagawa measure. The relation between the two factors can by
viewed as a ”fundamental lemma” at the infinite place (See section 4.1-4.3).

Then we have to prove another ”fundamental lemma” at the prime p. This
says for regular elements

Xply,m] = hgm)(§;17§p)ggp

/Zw(Qp)\G(Qp)

This is not so extremely difficult in the present case. The function x, [, m]
is easy to compute. We have the (reduced) norm N : H(Q,) — Q, and we can

put deg, () = ord, (N (7)), i-e. p2°€:(7) is the p-component of the degree of .
Since F™ has degree p™ we see easily that

Xply, m] = 0 if deg,(y) # m.

Now we have to distinguish two cases, which are of course again our cases
A) and B). If Q, () is split and not central, then we have

. p™ 0
1 ify= mod (Z)?
Xply,m| = ( 0 1) P
0 else

and if v does not split or is central then

Xp[y,m] =1 if and only if deg,(y) = m.

We can also compute the orbital integral on the right hand side. It follows
from 777 that for p-hyperbolic elements the orbital integral is
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m

)t 1 ify= (P
hy™ (g, " vGp)dgp = 0
0 else

0 *
/ 1) mod (Z3)? .
Z5(Qp)\G(Qp)

Here the quotient measure bla bla.
To prove the fundamental lemma for regular p -elliptic elements we have to
use the Bruhat Tits building.

Then we can conclude the sum over the local contributions from the Grothendieck-
Lefschetz formula and the elliptic contributions in the topological trace formula
cancel.

Therefore we have proved that for m >> 0

(b < B | HE (G, () Mi) =2t (B x B | HE(SE | () ¥ Fp, Mi ) = troo (™ xR
We study the term
troo (h{™ % BP) = tr((h{™ x KPP [H* (0SS, (). Mi))
We also have the tautological formulae
tr(h{™ x b | H2 (ST (), Mi) =

(A x WP | HR (S (), M) + te(h§™ x b | By (S ) M)

and ) .
tI‘(FZL X hgzp ‘ HC.(SIG(f(N) X ]prMk,@) =

tr(F b | H(SE, () X Fpy M) + t2(F x b | HE(SE, ) X Fpy My p)

At this point I want to make some general remarks. It is the goal of Eisen-
stein cohomology to describe HéiS(ng(N), M) as a submodule of H*® (GSI%(N), My).
We already mentioned that this is easy in our present case, but also some higher

dimensional cases have been studied. We have another rather general theorem
of Pink, which gives us the structure of the Galois module

H*(0S% vy, Mi) = H*(SE, « %0 Q, R%i.(My))

and these two instruments together provide some understanding of H ﬁiS(SIG(f (N) M®
Qy) as Hecke x Galois modules.

If we apply this method in our special situation (details will be supplied
later) we find
tr(h{™ < B | Hiy (SE vy M) =262 (F < B | H (ST vy X By M) = tiroo (B xR P).
Hence we finally get

tr(h{™ x P | HE (S, (). M) = 2tx(F x b | HH (S () % Fp, M) = 0.
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If we now make the isotypical decomposition

H(SE, xq QM) = P HN(SE, x¢ Q, My)(7p).
Tf

We write 7p = 7, X 7r§cp ) and if mp = m(ap, Bp) then we get (Eichler-Shimura):

(D, [HE (ST, ) % s Mico) (7)) = (o + 5 )m(xP) /2.

We discussed a proof of this result using the congruence relations earlier and
that proof seems to be much easier. But this approach using the (topological)
trace formula generalizes to cases where the congruence relations alone are not
enough.

2.3 Example 3
(Endoscopy, Langlands-Labesse)

2.3.1 The cohomolgy for Sl

In this section we want to apply the trace formula to the cohomology of spaces
which are attached to the group Sly/Q. Essentially we will discuss the the
previous examples for this group. We will encounter some very interesting and
subtle phenomena.

We want to call this group GV /Q, the group Gl /Q is still denoted by G /Q.

As always we choose the full congruence subgroup K}l) = K}l)(N ) C
GW(Af), the group K& = SO(2) and then XM = GO(R)/KY = H is the
upper half plane. The first important fact is that our locally symmetric space
Sgill)) is not the set of complex points of a scheme over Q. To give a modular

§

interpretation of this space we have to pass to the scheme Spec(Z[%, ¢n]), where
(N is a primitive N-th root of unity. Then we can define the functor which at-
taches to any scheme S — Spec(Z[+-, (n]) the set of elliptic curves with N-level
structure

(87 €1, 62)
I
S

where £ is an elliptic curve over S, the two upwards arrows are sections eg, eg
which provide a basis for the N-division points and where the value of the Weil
pairing on the pair e, es is (. Then this functor is represented by a scheme

(1) ].
S¢ Spec(Z]|— .
KO — Spec( [N’CN])

Before we can speak of the complex points of this scheme we have to choose
an embedding Z[%, ¢n]) = C, i.e. we have to choose a primitive N-th root of
unity, let us send ¢y to €2™/N. Then our locally symmetric space
€

) = T(N)\H > 89, (C)

G

(1
Kf
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Again we have the standard representations on the space M}, of homogenous
polynomials in two variables and degree k, we can study the cohomolgy

H* (590, M) = H*(T(N)\H, M)

K(1)7

as a module under the Hecke algebra H") = CC(G(l)(Af)//K}(cl)). IWe can
multiply the coefficient system by Q, then we can consider the ¢ adic cohomology

H'Y(S%, xon Q, My
this is a module for

HY ® Gal(Q/Q(¢w)),

and again we want to investigate the structure of this module.

We want to relate this scheme to the corresponding scheme S§ G — Spec(Z[+]),
whichis attached to Gls. In 2.2.1 we gave a morphism SG — Spec((’)N)

This gives us isomorphisms
. gGW G
t,:S — S %,

l |
Spec(Z[.¢x]) = Spec(On)
We can pick a reference morphism by sending ¢y to €2/ then we can repre-
sent the ¢, by elements ¢, € Ig/Q*RZ MUy — (Z/NZ)* ( See III, 1.1.3), we
even assume that the ¢, € Z;

On the level of the locally symmetric spaces, these morphisms are obtained
from the inclusions

t, : GD@QV\H x G (Ap) /K € GQNX x G(Ap)/K;

1 1
t, 1 (2,9, K" /K)o (tooz b, 19 K1/ Ky),

these maps provide isomorphisms of Sgﬁ; with the different connected compo-

nents of G(Q\X x G(Ay)/ K.
Hence we get an isomorphism of cohomology groups

(SKf,/\;lk —>@H’ SG(I) My). iso

K(1)7

This is an isomorphism between Hecke modules if we restrict the action of
the Hecke-algebra H). If we consider the resulting isomorphisms in ¢-adic
cohomology

. ~ N oty . ~ )
H (SIGQ X Q,Mp ) — @H Sfj(ui X1, Q, Mp.e) is0y

This is now an isomorphism of HY) ®Gal(Q/Q(¢x)) modules and we will use our
previous results on the cohomology of SIC;((?) to understand the Sly-case. Here we

f
will combine the classical Clifford theory and the topological trace formula. We
use the topological trace formula to make a comparison like in the first example
between GV and the norm one group of a quaternion.
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2.3.2 Clifford theory

We need some information concerning the relationship between the represen-
tations of a pair of groups H C G where H is a normal subgroup of G and
the factor group G/H is a finite abelian group. We consider modules whch are
vector spaces over an algebraically closed field of characteristic zero.

We have the functors of restriction res$ of representations from G to H and
we have induction from representations from H to G. If N is an H module and
g € G then we can define the conjugate module N9: The underlying abelian
group is N but H acts on N9 by

h— {n+ ghg~'n}.

It is clear that the isomorphism class of N9 only depends on the class of g in
G/H.

If we have an irreducible G module M then it is clear that we get an isotypical
decomposition of the restriction of M to H:

M|H = @Ny.

It is rather obvious that the N, are conjugate to each other: Let N be one of
the irreducible constituents of M|H, then we define Hy = {g € G|NY — N}

and
MH= & 9" (%)
geG/Hy
We may also consider the induced module
M' = Ind& N
and ask for the relationship between M and M’.

We have extreme cases:
(A) We have Hy = H.
In this case it follows directly from Frobenius reciprocity that

M = Ind$ N is irreducible,

we have
MH= @ N,
geG/H

and for any character x : G/H — C* we have
M= Moy

(B) Our irreducible G module M stays irreducible if we restrict to H.
In this case we have for M|H = N that Ny = G. Then

Indf;N = P M @ x
xEG‘

and M ® x and M are not isomorphic if x # 1.
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Now we study the general case. Let M be an irreducible G module and let
N be an irreducible constituent of M|H. Let g € G/H be an element # e and
assume that N9 — N. (If we do not find such an element then we are in
case (A)) Then it is not so difficult to show that we can extend the action of
H on N to an action of the group H' =< H, g >. Then it is again Frobenius
reciprocity which yields that the restriction of M to H’ contains an irreducible
H’ submodule N ® 7 with 1 in the character group of H'/H. What we need that
this restriction contains an irreducible H’ submodule N’ which stays irreducible
if we restrict it to H. We proceed and see that we can find a subgroup H; and
an irreducible constituent Ny of M|H; such that

(i) The restriction of N7 to Hj is irreducible
(ii) If g € G and Ny — N; then g € Hj.

Then we see that with respect to the pair G, H; we are in case (A) and
especially we get
M =1Ind$ Ny and M © x —= M for all x € G/H,.
The restriction
MH = @ Nf
geG/H,
It now may happen that two different modules N1, NY become isomorphic if we

restrict them to H. This is the case if and only if the multiplicity m > 1.

We are in the case (B) if and only if H; = G. Hence we see that M|H becomes
reducible if and only if we can find a x € G?H7 X # 1 such that M @ y —— M.

If in turn we have such a x # 1 we can consider the kernel H, and we may
consider the restriction M|H,. We apply the formula (*) to the pair (G, Hy)
aund get with Hy D H,

MH,= & (N9)™

geG/HN

Since H/H, is cyclic we can extend the H,-module structure on N to Hy and
conclude that M contains the irreducible submodule IndgN N, from this we get
m =1 and Hy = H,. The conclusion is that under our conditions

MH. = @ N,
9EG/Hy

the summands on the right hand side are pairwise non isomorphic.

The nice case is if we have m = 1. As I said, in this case the N9 are non
isomorphic if we restrict them to H. We see easily that then

M ® x —~ M if and only ifxEG/AHl

this gives us a different description of the group Hj.
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With respect to the pair (G, Hy) and for our given module M we are in case
(A) , if Ny is one of the constituents of M|Hy, then N1 with respect to (Hy, H)
is of type (B).

The number of irreducible constituents in M|H is equal to the number of
characters x € G]H for which M & x — M.

2.3.3 The local restriction from Gly to Sl

We want to apply this to the restriction of representations of Gla(Q)) to Sla(Q,).
More precisely we consider irreducible admissible representations m, (See III
1.3.1) to Sl2(Q,). This is actually not quite the right thing to do since the
index is not finite. We enlarge Sl»(Qj) by the centre G,,,(Q,) of Gl2(Qp) then
we get an isomorphism

GIQ(Qp)/Gm(Qp)SIQ(Qp) - @;/(QS )2
The restriction of 7, to G,,,(Q,)Sl2(Q,) will be a tensor product

res(ﬂ'p) = wp(ﬂp) ® Wp(1)7

where wy(m,) is the central character of m, and 7Tp(1) is a representation of
Sla(Q,) which is of course the object of interest.

We apply Clifford theory to this situation. We a Lemma in Labesse-Langlands
which asserts that the irreducible components of wp(l) come with multiplicity
one. This Lemma uses the local theory of Whittaker models. Hence we get a
decomposition

res(mp) = wp(mp) @ 7rp(l) = @ wp(mp) ® (ﬁ'p(l))g-
9E€G/Hy

Here G,,(Q,)S12(Q,) C H, C Sly(Q,) is as above and 7,(!) is irreducible
for G,,,(Qp)S12(Qp). The collection representations {(ﬁp(l))g}geg/HX is the L-
packet associated to m,. We may wonder whether there are non trivial L-packets.

2.3.4  L-packets

The fact that the Q,-rational elliptic regular conjugacy classes ¢ € Cg(Q)) de-
compose into 2 conjugacy classes under G(Q,,) must be reflected in representa-
tion theory, since characters ch, of irreducible representations have to separate
these classes. It turns out that there will be specific representations attached to
the anisotropic tori which provide this separation. These representations come
in so called L-packets consisting of two and sometimes four members, which are
somewhat related to each other.

There is a very specific L-packet which I am going to describe. We look at
induced representations (Chap 111.1.2.1)

mdG3)x = (£ 5 G(@,) — QUf(by) = B f(9)}:
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We assume that x ist unitary and hence the induced representations are so too.
The character of these representations is zero on the elliptic regular elements
hence, they are totally incapable to separate the above mentioned conjugacy
classes in a stable class.

These representations are irreducible with one exception: If

_ . (pr x i
XXE(O p—y>4)( 1)7

then

G(Q, -
InnggpixE =rtenr

and the characters ch,+,ch,- are non zero on the elliptic elements and the
values add up to zero on regular elliptic elements which are conjugate over @p
but not over QQ,. These are the so called are unstable characters. Here the
subscript E indicates that our character y is also the character attached to the
unramified quadratic extension £/Q,.

We can easily relate this to Clifford theory, we have G/Q = Sl,/Q C G =
Cly/Q and we can extend x g to a character Y : B(Q,) — Q, in the notation
of Chap III, loc.cit. we may choose o’ = i,7, = —i, then the central charac-

ter is trivial. Then the induced representation 7, = Indggg?;)zE of G(Q,) is

irreducible but we observe that
Tp @ XE - Tp

and hence its restriction to G(Q,) becomes reducible.

Of course we can not distinguish between the two representations 7%, 7~.
But if we choose an extension of G/Q, to a semi-simple group scheme G/Spec(Z,)
then this gives us a maximal compact subgroup G(Z,) and exactly one of the two
irreducible representations will have a G(Z,) invariant vector, this component
is then distinguished.

We can also see L-packets on the norm one group of the division algebra. It
is known that we have a surjective homomorpism from G*(Q,) to the group of

elements of norm 1 in F;z.

One checks that two elements z, 2~! = Z are stably conjugate (they are con-

jugate in D(Q,) = D* (Skolem-Noether), but they are certainly not conjugate
in G*(Q,) if they do not map to £1 in the group of elements of norm 1. Hence
a pair of characters

X : Ny, — C*

with ¥ # x ! provides a nice little L-packet. It separates the elements x, z 7!

if x(z) # £1.

For the group Sly/Q, it has been shown by Langlands and Labesse that for
any anisotropic 7/Q, in G or G* and any unitary character ¢, : T(Q,) — C*
there is a L-packet II(y,), which is somehow created by ¢,. In the case that
T/Q, splits over the unramified quadratic extension E/Q and ¢ is the trivial
character we get again the L-packet constructed from the reducible principal
series representation.

For general semi simple groups over p-adic fields the theory of L-packets is
still conjectural.
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2.3.5 The restriction of the cohomology of Gl; to Sls.

We recall the situation in 2.3.1. We have the Hecke algebra H = C.(G(A;//Ky)
action on the cohomology H'(Slcéf x Q, Mk’g), on the summands on the right
hand side of (iso, we have only the action of H"). But we can enlarge this
action slightly to an action of an enhaced Hecke algebra Hg\}',)enh' We observe
that a Hecke operator t,, € H which is defined by the characteristic function
of a double coset Kya;Ky leaves the irreducible components fixed if det(a )

considered as an element in Iy maps to the identity in Igp/Q* (RZ, x Uy) =
(Z/NZ)*. (See Chap III1.1.1.3)

Hence we can define the enhanced Hecke algebra Hg;)enh as the Hecke algebra
generated by these Hecke operators. The enhanced Hecke algebra commutes with
the action of the Galois group Gal(Q/Q(Cy)

Then we can say that the Hecke algebra H contains the group consisting of
the double cosets Kst, K¢, which is isomorphic to (Z/NZ)*. We observe that
the ¢, normalize Ky. We write

H = Hy ), X (Z/NZ)*

We can apply Clifford theory to this situation. If we have an irreducible
module 7, for H, then we can restrict it to Hg\l,)enh and as such it will decompose
into

T = ﬂ;l) @ (w}”)ﬁ@ .

where t € (Z/NZ)*/H and H is the stabilizer of the isomorphism class of ﬂ;l).
For a character x € (Z/]\ATZ)X we have m; — 7 ® x if and only if x is trivial
on H. o

The module 7f occurs with multiplicity two in H!l(ng x Q, My ) and we
have

HY(SE, x Q,My)(mp) = mp @ W(my),

where W (7¢) is a two dimensional Galois module. Now we consider our isomor-
phism (iso) and (iso;). If we restrict to ¢, then we have to take the twisted

modules 7y ® x into account. We sum over the x € (Z/NZ)X)/((Z/NZ)X/H)
and t € (Z/NZ)*/H and get an isomorphism

D H!SE, x @ Mus)rr @20 = DD HIST) <0, @M
X vt

Then a simple dimension count gives us a formula for the multiplicities

m(x$M)) = m(ms) /(Z/NZ)* - H]

hence we see

If the restriction of m¢ to the enhanced Hecke algebra is irreducible then
m(w}l)) = 2 and the Galois module W) (7)) is the restriction of W(my) to
Gal(Q/Q(Cn)). If the restriction of my is reducible, then we have exactly one
quadratic character x such that my — Ty ®x. Then W(l)(wj(cl)) is of dimension
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1 and given by a character ¢, : Gal(Q/Q(¢(n)) — Q). The quadratic character x
determines a quadratic extension E/Q and the restriction of the module W (my)
to Gal(Q/E) is reducible over. It decomposes into two one dimensional sum-
mands which are given by two different (-adic characters @g, 3¢ : Gal(Q/E) —
Q[X. One of these two characters is an extension of ;.

It turns out that this quadratic extension is imaginary quadratic, and the
f-adic character is induced by an algebraic Hecke character ¢ on the torus

T = Rp/g(Gr). This will be explained in the next section.

2.3.6 Galois representations attached to algebraic Hecke characters

Let E/Q be an imaginary quadratic extension and as above T' = Ry, /0(Gm). An

algebraic Hecke character is a continous homomorphism ¢ : T(Q)\T'(A) — C*

whose restriction ¢ to the infinite component T'(R) = C* is of the form
Yoo(2) = 272°

whith two integers a,b. (The general form of such a restriction is of the form

2+ (22)°(£)™ where s € C and m € Z. So the requirement for being algebraic

is s +m,s —m € Z. To such an algebraic Hecke character we can attach an

l-adic representation B
¢e: Gal(Q/E) — OF |,

here Op, | is the ring of integers in an {—adic completion of a finite extension of
Q.

To get this representation we observe that the restriction ¢sto T'(Ay) takes
values in a finite extension L of E. Let t; = (1,...,ty,...) € T(Ay). This
element defines a divisor, if we raise ¢, into a suitably high power ;}V , then we
can assume that this divisor becomes principal. After raising into a still higher
power we may assume that we find an x € E*, such that x;}v is a unit at all
places and satisfies congruences at the primes, where ¢ is ramified. Then

o))V = p(at]) = poo(x) = 2"z" € E.

Then the assertion follows easily from the finiteness class groups. We choose a
prime [ in L, which lies above £. This defines our ring Oy, ;.
Now we observe that we have to construct representations

@i Gal(E[(M N]/E) — (O /tM')*

where E[(* N] is the maximal abelian extension, which has some bounded ram-
ification outside the primes above ¢, which is controlled by the ramifcation of
¢ and some high ramification over ¢, which goes to infinity. Then we have by
class field theory

r: Gal(E[(MN]/E) =5 E*\Ip/C*Ug(NM).

Using the theorem of weak approximation we see, that an element in r(o) €
EX\Ig/C*ip(NEM) can be represented by an z € I which is congruent to
one mod /M N. Then we define

or(0) = pp(zs) € (Op/M)*.
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If we take two different representatives z, 2’ of such a class, then z = 2/(2o0, f)a,
with u; € Ug(N€M) and o € EX. We conclude that @ = 1 mod N¢M and
hence p((a)f) = a= %@ % =1 mod (M N. This shows that ¢; 5 is well defined.
If now M — oo then M’ — oo and this gives us the representation.

I want to indicate, that the /-adic characters, which we obtain from algebraic
Hecke characters are indeed very special f-adic characters.

The ring Og is by definition the ring of integers in E ® Q. Inside the
group of units O £, We have congruence subgroups 0% E, ,(r) of units which are
congruent to 1 mod ¢" for some integer r. These unit groups are Z; modules
and it is not hard to see that they are free of rank 2.

If we pass to the limit then the reciprocty isomorphism of class field theory
gives us a homomorphism

03.4(1) = EX\15/C* — Gal( B[ N)/E)
and hence we see that any f-adic character
¢ Gal(E[(™*N]/E) — OF |
induces a homomorphism
¢ 0%,(1) = 0.

We also have the subgroup OF (1) of 1-units and this is also a Z, module,
we can define € for e € Of (1) and u € Z;. Hence to give such a ¢’ which has
values in O;,[( 1) we simply have to say where the generators go, they may take
any values. But if the ¢’ results from an algebraic Hecke character, the we can
find an element o € O such that « =1 mod /N and then o, & generate a Z;

submodule of finite index in O ,(1). Then we see that on this submodule the

values of ¢ are given by the algebraic expression ¢'(a) = a%ab.

This means that the Galois modules obtained from algebraic Hecke charac-
ters are cristalline.

Now we encounter a problem: For which Hecke characters ¢ : T(Q)\T(A) —
C* do we find a 7 which occurs in H!l(ng , M) such that the resulting Galois
module W (7y) decompses into two one dimensional Gal(Q/E)-modules where
one of these Galois modules results from @ and the other one from its conjugate.

2.3.7 Functoriality
2.3.8 Some general remarks on conjugacy classes

The first example describes how we can apply the topological trace formula to
compare the cohomology of two different groups G/Q,G*/Q which are inner
forms of each other as modules under the Hecke algebra. But in more general
cases the situation is not so simple because a new phenomenon occurs which is
called endoscopy. I want to explain this phenomenon in a special case, which is
actually only a slight modification of our example 1.

Before I discuss the example I want to make some general remarks. If G/Q
is a reductive group, then a geometric conjugacy class C/Q is a Zariski open
dense subset in a Zariski closed subvariety C/Q, such that its geometric points
C(Q) form an orbit under conjugation. We will see below that such geometric
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conjugacy classes are not necessarily closed. It does happen that C(Q) = 0,
even if the subvariety is not empty. If C(Q) # 0 and if v € C(Q), then we
can identify C' = Z,\G, where Z, is the centralizer of 4. It also happens that
the action of G(Q) on C(Q) is not transitive, we may even have infinitely many
orbits. Let us denote by C(Q) the set of geometric conjugacy classes over Q, I
do not say that this is the set of Q-valued points of a variety over Q.

If we have wo reductive groups G/Q,G*/Q, then we say that these two
groups are forms of each other if we can find an isomorphism

f:Gex Q- Gy xQ,

i.e. the become isomorphic over the algebraic closure. We say that they are
inner forms of each other if we can find an f such that for any o € Gal(Q/Q)
the automorphism f~!o f7 is inner, i.e. we find an g, € G(Q)/centerof (G)(Q)
such that f=' o f7(x) = g;'xg, for all x € G(Q)(See also Chap 11.1.1.2) It is
clear

If G/Q,G*/Q are inner forms of each other then such an f induces a bijec-
tion

fe:Ca(Q) = Ca-(Q)

In our first example we found an inclusion of the set of G*(Q) conjugacy
classes of elliptic elements into the set of G(Q) conjugacy classes of elliptic
elements. Hence the index set for the summation in the trace formula on one
side was a subset of the index set on the other side. Moreover the rational
points in a conjugacy classes always formed an orbit under the action of G(Q)
(resp.G*(Q)). This will not be true in general and this fact is responsible for
endoscopy.

2.3.9 The specific example

We take for our groups G/Q (resp. G*/Q) the group Sly/Q (resp. the norm 1
group of a quaternion algebra over Q which ramifies at infinity.)

Now we encounter the phenomenon that the conjugacy classes of (elliptic)
elements don’t match anymore. We have the two trace maps

tr: G — Al tr* : G* — Al

the fibres over the points A \ {2, —2} are the regular semi simple (geometric)
conjugacy classes, the fibres over {2, —2} contain unipotent elements. These
fibres over {2, —2} consist of two geometric conjugacy classes, the central ele-
ments and the non central (regular) unipotent elements.

The first trace map has a section defined over Q, this is the Steinberg section

and defined by
St:a— v, = <_al (1)>

observe that for a = +2 the section has a non central value.

Our two groups become isomorphic over Q, they are inner forms of eachother.
But over Q we just learned that tr is surjective on the rational points whereas
tr* is not. We can even say more: over R the image of tr* is the intervall [-2, 2].
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The elliptic semi simple conjugacy classes are those in the inverse image of
this intervall.

2.3.10 The group Sk,

Now we stabilize the topological trace formula for Slo/Q. By this we mean that
we want to replace the summation over the index set G(Q)en/ ~ by a summation
over the geometric conjugacy classes over Q.

For any value of a € AY(Q)en = {a € Q|a® < 4} we consider the rational
points in the fibre tr~!(a) = C,. The group Sl>(Q) acts on C,(Q) and the
action is not transitive. Let ~;° be the semi simple part of 7,. In our special
case it is equal to 7., if a? # 2, and equal to £Id if @ = £2. Then the centralizer
Z.ss is a reductive subgroup. It is either the group G/Q itself (if v is central)
or a maximal torus T/Q (if v5*® is regular, i.e. a # £2).

We discuss the regular terms, in our special case the others are not interest-
ing. Then ~, = 75%. For any field extension Q — k the orbits of Sla(k) on the
semi simple elements in C, (k) are in one-to-one correspondence to the elements
of

DH'(k,Z.,,)={¢ € H'(k, Z,,)|¢ — 1 in H'(k,G)}.
Since H*(Q, G) = H(Q, Sly) = 0 we find

DH'(k,Z.,,) = H'(k,Z,,)

If @ # 2,—2 then v, = v defines an imaginary quadratic extension E/Q this
defines the torus Rp,q(G.,) and this contains the norm one torus 7/Q C
Rg/g(Gm)/Q. Then Z, =T and it is well known that

HY(Q,Z,) = H'(Q,T) = Q" /Ngq(EX)
We look at the retriction to the places and get

HY(Q,T) - P H (Qu,T) = H'(R,T) & P H'(Q, T)

The groups H*(Q,,T) = {£1} if E/Q does not split at v and trivial otherwise.
Class field theory implies that ¢ is injective and the image is the subgroup of
those elements where the product of the entries is one. Hence we conclude that
the map followed the by restriction to the finite primes

HY(Q,T) = P H"(Q), T) (stable)

is a bijection.
We rewrite the summation of the elliptic terms in the trace formula

=2 X
YEG(Q)en/~  ANQen  ¥ECL(Q)/~

Now we observe that the first two factors in any of the summands only
depends on the class C, then this implies that we can pull the inner summation
over these two factors and then (stable) allows us to interchange the inner

45



summation and the product over the finite primes. Hence we get for the sum
over the regular elliptic terms in the stable topological trace formula

r(va|M)vol(Z,, (A x¢)dxy.
> tlonlollZ, (@2 () ] / o, T

AL(Q)en

For a prime ¢ where ~, is (-elliptic the local integral fca @) he(zg)dz, .at
a prime ¢ consists of two terms. This is not so good if we want to form the
infinite product over all primes ¢ But for almost all primes ¢ the function hy
is the characteristic function of the maximal compact subgroup Sly(Z,) and
Yo € Sla(Zy). The element a defines a discriminant A(a) = a® — 4, if this
number is an ¢ adic unit, then the element ~y, is still regular if we reduce it
mod /¢, its eigenvalues are different mod ¢. Then we will see-and this is not
really difficult -that fZ% (Q\G(Qr) he(ZTevaZe)dTe = 1. But -we still assume that
v, does not split at ¢

/ hg(l‘g)d:ﬂg :/ h[(ii’é_l’yafg)dig+/ hz(fz_l’y:lfg)di_w
Ca(Q) Zva (Qe)\G(Qe) 2, (Q\G(Qe)

where 7/ is a representative of the other G(Qy) conjugacy class in C,(Qy).

We will see later that the second sumand is zero under the given assumptions.

We make the following remark: If we have an ¢ elliptic element = € G(Qy)
then the conjugacy class C,(Q,) decomposes into two G(Qy) conjugacy classes.
In general we do not know which class is which, we can not distinguish between
the two classes. This does not matter as long as we take the sum of the two
orbital integrals. But in the next section we have to take the difference and
then this problem becomes more serious.

But if we have choosen the structure of an scheme G/Spec(Z) and if = €
G(Zy), if the group scheme structure is semi simple at ¢ and if z is still regular
after reduction mod ¢, then I just said, that for the other class

{y™"2"yly € G(Qe} N G(Ze) = 0
Hence we see that the choice of an integral structure gives us a way to make a
distinction between the two G(Qg)-conjugacy classes at those primes ¢ where the
integral structures are semi-simple and the conjugacy class is regular mod /.
We can even do better and we come back to this later.

2.3.11 The group G*/Q

If we have a (regular) element v € G*(Q) and if Z,/Q = T'/Q is its centralizer
then the situation is different. If C,/Q is the conjugacy class of v then the
orbits of G*(Q) for a principal homogenous space under

D'HYQ,T)={¢ € H(Q,T)|¢ 1 H'(Q,G")}.
Now we have H'(Q,G*) = H (R, G*) = {£1} we get

D*H'(Q,T) = {¢[¢0 = 1}.

This implies that the injective homomorphism
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Hl(QaT) - @HI(QZ>T)

is not surjective, it has a kokernel of order 2. We introduce the tautological

character
HZ : Hl(Qg,T) — {£1},

it is trivial of 7" splits over Q; and an isomorphism if not. We put x7 = [] ’ /{ZT.
Now let us choose in any conjugacy class C, for which C}(Q) # 0, an
element v € C*(Q). Then our of regular elliptic terms becomes

. =2 2

Y EG( Qenreg/~  AN(Qennreg,C; (QF#D ' €CL(Q)/~

We look at the summation over the 7' +£. We can view £ as a collection of local
classes £ = (...,&,...) where almost all entries are zero and where 7 () = 1.
Then

Z -

"//EG(Q)ell,reg/N

> tr(y| M)vol(Z,, (Q\Z,, (Af))x
Al (Q)ell,reg7C; (Q)#@

Z H/ he(gy (v + €0)ge)dge
Zy1¢,\G(Qu)

Y+£€C.(Q)/~rT(§)=1 ¢
The inner sum can now be written as

(1+47©) N
> 2 /ZMK\G(@Z) hege (7 + &) 9edge.

Y+EECL(Q)/~

The character Iig induces a function also called /iz”:

rp: Ca(Qp) — {£1}

which is defined by
vY+&e— 5;(54)7

this depends on our choice of v € C,(Q).
We get for the regular elliptic terms in the topological trace formula for
G* /Q the following expression

LY ] Myvol(Z, (@\Z, (B)%

a€AY(Q)ell,reg

(1;[ /Ca((@z)he(m)dxz +IZI/CG(QZ)“Zz(fz)hz(xe)d:cg),

here we set a summand equal to zero if C,(Q) = 0. This is justified because
then the Hasse principle implies that there is an £ for which C,(Qy) = 0.

The first integral is stable the second one is unstable. We noticed already
that for almost all primes ¢ we have fCa(Qe) he(ze)dzy = fCa(Qe) ke(&o)he(p)day =
1, hence the infinite product makes sense.
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2.3.12 The fundamental Lemma

The imaginary quadratic extensions Q C E C Q C C form a set, for any of them
we find a positive squarefree integer d > 0 and an element o € E, which satisfies
o? = —d and viewed as an element in C we have o = iv/d, where the square
root is positive. For any such extension we choose an embedding jg : E — D,
i.e. an element j(a) = o/, provided this is possible.

Then this defines a torus T, /Q C G*/Q whose Q valued points are

To(Q) = {z +yo/|2* + y*d = 1},

We call the choice of an imaginary quadratic extension and such an o' or
the choice of jg an endoscopic datum. Two such data are considered to be
equivalent, if a; = ao this means we ignore the actual embedding.

We can choose representatives of the equivalence classes of endoscopic data,
i.e. we choose an o’ for any «.

We pick an @ € Q and assume that C,(Q) # 0. We want to desribe a
procedure to choose representatives in G*(Q) conjugacy classes. The element
a defines an imaginary quadratic extension Q(v/a? — 4) and the set C,(Q) has
a non empty intersection with exactly one of the T,(Q) and this intersection
consists of two elements which are invers to each other. We modify the choice of
the element v € C,(Q) : Instead of choosing one element in the G*(Q) conjugacy
class C,(Q) we choose 2 elements, namely the two elements in the intersection
with T, (Q). We get our sum twice

1
) PIEDY
a€A(Q)en res @ YETa(Qry#+l

and look at the sum

ivol(Ta(Q)\Ta(Af) tr(y| M) H / K (€0) o) dag,

YET (Q):y#+1

Our local coefficient system is now the module M = M of homogenous
polynomials in two variables of degree 2 with coeficients in Q ( or some finite
extension).

We consider an individual term of the sum, we write v = x + yo' then it is
given by

(z +ya)* ! — (z — ya)**! / R
(&) he(ze)dx
(x +ya) — (z — ya) H (Qe) eelze)aae

The denominator is 2ya = 2asgn(y)|y|e, we have y € Q and |y|oo = [, |yl, "
Therefore our last expresion is equal to

T )Pt — (2 — ya)h Tt
(+ya)" — (@ —yo)™ sgn(y)Hlyle/ e (@l
f o

2 )
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We rewrite the sign factor: It is minus one iff y is not a norm at the infinite
place, we know from class field theory that sgn(y) = [[, €/(y) where ,(y) = —1
iff y is not in the norm group of (E ® Q/)*.

For our given torus T, and a prime £ we analyze the function

y=x+yd — |yleey) - / Ky (Eo)he(ze)dze = he™™ (7)

Ca(Qe)
on T, (Qyp). N
At the places £ ¢ ¥ we have G*(Q¢ — Sl2(Q¢) and K, = Sla(Zy). Let Tp
be the standard diagonal maximal torus and

Homunv (TO (QZ)7 (C*) A

Then we know that H, = C.(G(Qy)//K¢) is commutative and I explained in
the beginning that

Specmax(He) = A/W

where W is the Weylgroup consisting of two elements. The Hecke-algebra of
the torus is Co(To(Q¢)/To(Ze) and its spectrum is A. The natural map A — A/W
is induced by the Satake map

Sat : Hy = Ce(Sla(Qy/ /Sla(Ze) — HE° = Co(To(Qyr)/To(Ze)).

(This should be rewritten.) Inside A we have the specific element

t 0
() e o

this is a character of order 2 and it is invariant under W. The role of this
character will be explained in 2.5.1.
Now we can state the

Fundamental lemma
a) For all primes the function v — hy™>(v) is smooth.

b) For { ¢ ¥ we get
(i) At the places ¢ where our torus splits we get

he'(A) = he(N)

i.e. hy'e is the image of hy under the Satake homomorphism.
(ii) At the places where the torus is non-split and unramified hy
and its value is he(xg).

¢) If € €% and if T, )Qy is ramified then hy™* (y) = 0.

T .
* 18 constant

The assertion b) (i) is the clear from the Satake isomorphism. It is the
assertion b) ii) which is more difficult to prove and causes serious headaches in
more general cases.

We now suppress the subscript , at our torus and the elements x + yo’
are denoted by 7. On our torus we have a character § : T xg Q — Gy, xg Q
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which is defined by x + yao’ — z + ya. The powers 6™ provide one dimensional
representations M, of T' x @

If ¢ ¢ ¥ and if hy is the characteristic function of K, then hg(\) = 1, hence
we can define h;” to be the product of the local functions, this is now a Hecke
operator on the torus. (See remark below)). We rewrite the unstable term in
the trace formula coming from our torus as

1/4-) vol(TQ\T(Ag)) Y. (8 ) = (1) - hy" ()

T/Q YET(@\{+1}

Let me just mention that it is condition c) that cuts the summation over the
tori down to a finite sum.

If we replace v by v~! then the sign of the ,%y) orbital integral changes if
and only if 7 is not G*(Qy) conjugate to v~ !, that happens at an even number
of places. (Proof: We find an element u € D(Q)*, which normalizes T/Q
and induces the non trivial Galois automorphism. Then u? = a € Q* and the
reduced norm of u is —a. Since our quaternion algebra is definite we have a < 0.
Hence —a is a norm at the infinite place. Now it is clear that -y is not G*(Qy)
conjugate to v~ ! iff —a is not a norm from F ® Q, and this happens at an even
number of places, hence at an even number of finite places.)

But also the €,(y) changes and this happens at an odd number of finite places,
because we have a sign change at the infinite place. Hence hp” (y~1) = —hsT (7).
Especially we se that h¢” (y~1)(41) = 0 and therefore this last sum is

1/2- % vol(T(Q\T(Ap)) D 8 (3)-hsT (7).
T/Q €T (Q)
The unstable term may now be computed backwards. We attach a locally
symmetric space to the torus 7/Q, namely

Sk, = T(Q\ (T(R)/K) x T(Af)/KF .

This topological space is actually a finite set, but it carries the structure of
an abelian group. (We suppress a supscript KfT and write Ky instead). The
one-dimensional module M = M | which provides sheaves MT on S};f and

now the sum over all T'/Q of the instable parts of the trace is the O-expansion
of

]' L]
5 S trlhy | (SE,, MT)).
T

i.e. it is the sum of traces of "new” Hecke operators on "new” spaces. Note
that this manipulation can not be performed for the stable term, because we

can not replace the summation »__ 7 q) 4241 BY 2 er(q)

Remark Notice that we have used the fundamental lemma at this point,
because we need to know that we can view th as an element in the Hecke
algebra. Hence we must know that for all £ the function k! is smooth on T'(Qy)
and that for almost all ¢ this function is simply the characteristic function of
T(Zy). 1 come back to this point when I discuss question D).

The cohomology H '(S};f,MT)) is now a module for the Hecke algebra

Cc(T(Af)//Ky), but since T(Ay)//Ky is an abelian group, this is also a module
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under this group. We want to decompose this module into irreducibles, this is a
spacial case of our general problem. In this particular case this is relatively easy.
We need the notion of an algebraic Hecke character , this is a homomorphism

o T(Q\T(&)/K; —C*

whose restriction to the component at infinity T'(R) = {z|2z = 1} is algebraic,
this means that ¢ : 2z +— 2" for some n( Actually in this special situation it is
clear that it is algebraic provided it is continous). The number n is called
the type of the Hecke character. The Hecke characters of a fixed type on
T(Q)\T(A)/K; form a principal homogenous space under the group of char-
acters of the finite abelian group T'(Q)\T'(A)/T(R)Ky, hence their number is
equal to the order of that group. For each such Hecke character ¢ let ¢y be its
restriction to T'(Ay), this retriction determines the component at infinity. So
we may say that ¢y : T(Ay)/Ky — C* is a Hecke character of type n if it is
the finite component of a (then unique) Hecke character ¢ of type n.

Now it is not difficult to write down the decomposition of the cohomology:

H (S}, M) = @ H Sk, M")(¢y)

pritypep=k+1

and this isotypical constituents come with multiplicity one. ( See [Ha-GL2]).
We write down the x-expansion for these traces and find

> > tr(hs " o)

T @js:typeps=k+1

Now we write hy and ¢ as products of the factors inside ¥ and the factors
outside X, i.e hy = hy 5 X hf(z), Y =Qfn X gpgcz). Recall that we have choosen
a group scheme structure (flat of finite type) G — Spec(Z), which is semi simple
outside 3. We adapted the choice of the tori in such a way that for all ¢ &

¥ the maximal compact subgroup T'(Z¢) C G(Z;). Now we attach to w}z) a

representation
), (2
0 (0F) = Qmrelen)

125>)
of G(A;E)) which is defined as follows:
Indggggw if £ splits at ¢
7TT,Z(<P£) = ”E if £y = E ® Qg is unramified non split

the null vector space else

The fundamental lemma says that for all £ ¢ ¥ and for all h; in the unram-
ified Hecke algebra we have

tr(h pe) = tr(helmre(0)).
Then

(%)
tr(hFlr) = tr(hTglos)tr(hE 7 |0F) = te(Ty slos)tr(hy P9 )).
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So we are finally ready to write down the stabilized trace formula on the
cohomology of the quaternion group G*/Q:

tren(hf|H* (S, M) = > _y 7(G*)hy(v) +
1/2- ZT/Q vol(T(Q\T (Ay)) EWGT(Q)\{il} tr(y|M) I, fca (Qe) he(xe)dzo+
12y > ufslens)tr(hy S mr (™).

T @yr:itypepr=k+1

k We come back to our comparison. We choose a Hecke operator hy on G =
Sl2/Q and another one h} s.t. the local stable orbital integrals match. (This
makes sense!!). Since ¥ contains at least one finite place we see that the contri-
bution from infinity are zero. The elliptic stable contributions cancel and the
difference of traces is

tr(hs|H® (S, M)) +2 - tr(h}|H* (S, M)) =
12 > u(Eglers)tn(hY [rr (™).

T @ys:typepr=k+1

How can we interprete this formula?

2.3.13 Back to the comparison

We assume that the places where our quaternion algebra is ramified are inside
3. Hence we can identify the parts of the two Hecke algebras which are outside
3, i.e. we have

HE) — ()

and we can look at H'(S% M)) — 2H?(SE", M) as a virtual H*)-module.
This module contains copies of 77(p(*)) and it it not so hard to check that two
such 77(0™)), 77, (¢F) cannot be isomorphic unless T,T; are conjugate and
w5 = p15. We stick to a particular pair T, ¢. Then we will find some modules
for the full Hecke algebras H, H* occurring in one of the two modules upstairs
and which are of the form

= Tl ¢ ) o = [ ¢ ™)
peEY peEX

The idea is that their are not to many choices for the components mp, 7 ,
they have to be taken from the so called L-packets II(¢,), II(¢y). If we write
ms; € II(¢yx) then we mean that this is a product of local representations m, €
II(¢,). We denote the multiplicities of 7 = s, x 77 (™)) resp. 75 x 7 (p*))
by m(ms)(¢s) resp. m*(73)(py) and get

Y mlms)te(hyglms) = Y m* (ng) (kg |r) = tr(hf" glesy)

*
TS T

Now we see that the trace formula can also be used to give us at least
an idea of what happens inside an L-packet. If we assume for instance that
hfs, = [l,ex Iy contains a factor hy, for which the stable orbital integral
vanishes identically. Then we are allowed to choose the corresponding factor in
h¢*s equal to zero. This implies that the second term and the right hand side

52



vanish. So the first term has to be zero. This suggests that the multiplicity
m(ms) should be constant on the L-packet and we should have (under our
assumption on this local factor)

Z tr(hyp, [mp,) = 0.

Tpy EN(Ppy)

This is a so called character relation for the characters of the members of the
L-packet. The constancy of the multiplicities is nothing else than the stability
of the trace formula for G/Q.

On the other hand it is clear that the multiplicities m*(7%) cannot be con-
stant on the L-packet. We can try to do the same trick as above. Then we can
forget the first term and we find a way out if we believe the following: We can
define a sign e(m,, ) by

* * * 1 x T
e(mp )tr(hy, [Ty, ) = m“(hm |[©p1 )5

whenever the stable integral for i, vanishes. Now we can live comfortably
with the multiplicity formulae

m(ry) = 1 and m*(75;) = 1/2(1 + e(7s,)).

2.3.14 Some questions

A)It should not be so difficult to prove a topological twisted trace formula
in the rank one case a la Bewersdorff. We could for instance start from a
quadratic extension F/Q and study the two groups G/Q = Slo/Q and G*/Q =
RE/q(Sl2/E). Now the group G* admits an automorphism o so that G' becomes
the group of fixed points. This automorphism o extends to the space

S* =G (QN\X* x G*(A)/K;
(if we are careful enough in choosing Ky.) If we also choose a module M*
which comes from the group G/Q then we have Hecke operators
h* xo:H* (S M*) — H*(S*, M™)
and we would like to have a formula for the trace.
B). After such a formula has been obtained, it would be interesting to make

a comparison between the twisted trace formula for G* and the untwisted trace
formula for G.

C). T come back to the discussion of the Eichler-Shimura relations. If we
start start from the group G/Q = Slp/Q and if we choose a full congruence
subgroup Ky = Ky = full congruence subgroup mod N then this does not
correspond to a Shimura variety. The set

S§ = G(Q\X x G(A)/Ky =T(N)\H

is not the set of complex points of a moduli space over Q anymore. It
classifies elliptic curves together with a basis < ej,es > of N-division points
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where the value of the Weil pairing ex(e1,e2) = (n is a fixed N-th root of
unity. Hence the curve is defined over Q[(y], let us write Sy/Q[¢(n] for it.
Then the cohomology

H.(SN XQ[¢n] @,M)

will be a HeckexGal(Q/Q[¢y]) module. The question is whether the trace
formula allows us for instance to decide the following question:

In our discussion above we found the modules 75, x 77 () ) with multiplicity
one in the cohomology (now X is the set of primes dividing N); we have a copy

H*(Sn Xgicy) @, M)(ms x mr(0™))

in the cohomology. How does the Galois group act on this space? It is quite
clear that the action will be given by the A-adic character ¢ : Gal(Q/Q[(n]) —
Qg or its inverse (maybe after a Tate twist). Which one is it. The answer will
be given by our ¢(7s). Does the trace formula give it??7

D) I want to come back to the remark above. Let us assume that we have
some way to may sense out of the equality

tr(hy|H* (S, M)) + 2 tr(h}|H* (ST, M)) =

> > tr(hs’lps) = Ztr TlHe (8T, M)
T js:typeps=k+1

We can choose two disjoint finite sets of primes A, B outside 3 and a pair

of adapted hy 4, h}’ 4 Hecke operators such that we have exactly one F}C) such

that tr(hs a|ms ) = 1 and that it is zero for all other (ﬂ})(c). We do the same
for the other side with a representation 7} and a pair hy g, h} g.

Then these F](cc), (71';2)(0) can be extended to representations 7y, T} in possi-
bly different ways.
Now we put C =X U AU B and consider operators

C * * * * *(C
hy=hps x hyax hpp x 05 = By x B 4 x b 5 > ()

In the next formula we sum over the extensions m¢ of 7r§f and 7} of (7})

We find

@),

S m(rp)r(hy s lrs)tr(hy,plme) (b () -
* * * * * * C * C
S 2m(r)tr(h gl )t (h almi)te (R a9 =
Yoo > ulhyTlep)
T ¢yitypepr=k+1

Now the only interesting case is that h?c # 0. Now we look at places ¢
outside C. The representations 7y, 7} have Satake parameters oy, 3 (resp)

ay, B3;. We choose R(m:C)  p(+m:C) to be the product of the identity outside {¢}
and such that their /-th component has eigenvalue o}* + 37" and (o)™ + (8;)™
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respectively. Then they are adapted. Now we write down our formula for these
operators: Let us abbreviate the factors in front by H, H* then

H(ap'+87) =20 ()" +(B0)™) =Y. > trlhyc” lere)tr(hy T |pl)

T @s:typeps=k+1

The term on the right is of the form

YooY Gl le)

T @ys:typepr=k+1

Let us look at an individual summand. If the torus T splits at £ then we know
from the easy part of the fundamental lemma that

tr(hy o) = e(@) + pe((@)™),

where twy, w) are the two uniformizing elements.

If ¢ ist inert then T'(Qy) is compact, our character takes value one on it and
hence we get

(hflo) = [ K (t)de
T(Qe)

where I admit that we do not quite know that the integral makes sense, unless
we invoke the difficult part of the fundamental lemma.

I think we are not very far from concluding that there can be only one
summand on the right hand side, therefore we have a unique character ¢ such
that

H(af + 87") — 2H* ((07)™ + (8;)™) = te(hyc” or.o)te(hy 7o)

So we found a formula which is equivalent to the earlier one without using
the fundamental lemma, instead we used some weaker and inprecice assump-
tions concerning our functions h”. It seems to me plausible that we can derive
the fundamental lemma in this case, if we assume the validity of this type of
formulae.

2.4 The classical case of the trace formula

Before we discuss the proof of the trace formula in general, I consider a special
case. We assume that our group is G = Gly/Q, the level is the standard maximal
compact subgroup Ky = [, Gl2(Zp). In this case we have

Sk, = GQ\G(R)/Ku x G(Ay) /Ky = Sh(Z)\H

see (Chap.II.1.1.2), we even assume that N = 1). The symmetric space
G(R)/K has two connected components if we restrict to the subgroup G*(R)
of matrices with positive determinant we get

GTQ\GT(R)/ Koo x G(Ay)/Ky = Slo(Z)\H.

We choose as our coefficient system the module My, [0] = M, with k even (See

Chap. II1.1.9). We have the Hecke operator TIE}R) which is defined by the double
coset
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m
b = Kp(ooo, 1, (po (1)) oL K.
We denote the characteristic function of this double coset also by ¢,.. We
assume m > 0.
We want to write down the formula for the trace of ¢,= on the cohomology
H '(ng,/\;lk). Recall that the definition of the Hecke operator involves the
choice of a measure on G(A ), we choose the one which gives volume one to K.
Remark: This is not the operator which corresponds to the operator Tjm
in the classical theory of modular forms, it is its primitive part: We get the
classical operator Tpm, if we take the double coset of matrices

My(p™) = {g € Ma(Z,) | det(g) € p"Z, }.

We recall the computations in Chap.II on page 36. They need some correc-
tions: The operator T,= in Chap.2 is the ng,ln) here. The recursion formula on
p- 39 has to be corrected.

In Chap. II. 1.2.3 we gave the formula for the Fourier transform of this
operator.

Of course we have an easy relation between the to operators

T3 = Tym — pF Ty

I prefer to work with the primitive operator because it has only isolated fixed
points.

We compute the elliptic terms in the fixed point formula for T;}n): To find
fixed points we have to find points (7, gs) and an element v € G(Q) such that

7(7—7 gf) € (7—7 gftpm)~

This means

a) that ~ is conjugate in G(R) to an element of K, , this means that ~ is
elliptic.

b) For each prime ¢ # p we have g[l’ygz € G(Zy)

m

c) For the prime p we have g, 'vg, € GI(Z)) (pO ?) GlU(Zy).

From a) we get that the determinant of v is positive and tr(y)? < 4 det(y)
and b) and c) imply that tr(y) = a € Z and det(y) = p™. Then it is obvious
that + is not central. This in turn implies that v has exactly two isolated fixed
point in G(R)/Ko. Then the centralizer Z,(7) is a maximal torus which splits
over the imaginary quadratic extension Q(vy) = Q(y/a? — 4p™), more precisely
this is the torus Rg()/q-

Let 71 be the two fixed points of v in G(R)/K then 7 provides a set of
fixed points which is the image of

F(v) = {(r+,97K/Ky) € GR) /Koo x G(Ap) /Ky | g7 g5 € 1,}

in the quotient S[%_. On this set we have an action of the group Z, (Q)\Z,(A)
by multiplication from the right. Then the component at infinity Z,(R) acts
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trivially. If we define KfZ(gf) as the stabilizer of gy Ky/Ky in Z,(Ay) then we
get an injection

Z5(Q\Zy(8)/(Zy(R) x K7 (g5) — F().

One has to check that the local contribution of a fixed point in F'(y) to the
trace is tr(7y|My). Hence we get as the total contribution of the isolated fixed
points of F(v):

tr(y| M) #(Z, (QNZ- (Ay) /K £ (g5)) > Ly (37 1 735)

G5€Zy(Ap\G(Af) /Ky

Now we replace Ky by an open subgroup K } which is sufficiently small. By
this we mean that

For any gy € G(Ay) the intersection G(Q) N ng}ngl is torsion free (Neat)

Then we observe that ¢, also defines endomorphisms on the different cohomol-
ogy groups H;(?Sg},/\;l ) and its traces on these groups are the same as the
traces on the corresponding groups with level K. (See 777)

So we apply the fixed point formula ([book], Chap IV) to H'(Sg},ﬂ;lk).
The fixed point set F(vy) only depends on the G(Q) conjugacy classe of v and

the condition (Neat) implies that different conjugacy classes yield disjoint fixed
point sets. Hence we get

b (L [H® (Skcr,, M) = troo (tym) +

Yo 2u(yMOFZ(QNZ, (A /K7 (g7)) > tyn (97 1997),

YEG(Qen/~ Gr €2, (Ap)\G(As) /K

the factor 2 comes from the two fixed points on the symmetric space. We want
to write the sum on the right as an integral. On G(Ay) we chose the measure
dgy which gives value one to K. In Z(Ay) we have a unique maximal compact
subgroup K fZ)max we choose the measure dzy so that K Z gets volume one.

fymax

Then we get a quotient measure dgy on the quotient Z,(A;)\G(Ay), so that
dgy = dzpdgy.
We have the homomorphism

Zy(QNZy (A p)/ K77 (95) = Z4(Q\Zy (A g)/ K max
Again (Neat) implies that the kernel is K7, . /K7 (gf) = W(y), where
W (7y) is the group of roots of unity in Z,(Q) = Q(v)*. Therefore we get

Z. Z,(Ap) /K%
HOANE N o) 7, 2

max
The expression in the numerator of our formula above is the class number

h(Q(v)) of Q(v).

#(Z,(Q\Z,(Ag) /K7 (g5)) =
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Looking at the definition of the quotient measure we see that the volume of
an K} orbit gy K C Z,(Ap)\G(Ay)) is

1

(K ot K52 (g7)) = ———5——
d d volaz, (K37 (g7))

max

Therefore

1
> — (G 3y = / tym (37 735 )dds.
1.Z P f D f
GrEZ,(A\G(Ay)/ K VOlef(Kf (9£)) Zy(Ap\G(Ay)

and our final formula for the elliptic contribution is

hQ("))

2 M
> 200 ’“)#W(v)) /zwxf)\c*mf)

YEG(Q)en/~

h(Q()) o
> 2tr(7|Mk)#W(v)) E[/zw@ma(@[)t”’"(gf Yge)dge

YEG(Q)en/~

tym (37 v37)dgs =

Since we assume that m > 0 we only have isolated fixed points. Further
down we will also discuss the case m = 0, where we have non isolated fixed
points.

It is now clear that we have to develop some understanding of the orbital
integrals, we consider them in the two following section. After that we resume
our discussion of the trace formula.

2.5 The orbital integrals.

Let us now make the assumption that Ky is the standard maximal compact
subgroup. We want to compute the local orbital integrals.

2.5.1 The case £ #p
. We represent the conjugacy classes of elliptic elements by matrices v = v, =

-1 . . .
(p?” 0 ) . In this case the local component (¢,m ), is simply the characteristic

function xqu,(z, and our local integral is

XGIQ(Zz)(gzl’ygf)dgf = Z [KZZ,max : KKZ(QZ)]XGIQ(Zz)(gZL}/gf)

/Z*@U\G“@“ 90€ 7 (Q)\G(Qe) /K

Now we observe that the condition xqy,(z,) (g[lygg) = 1 means that for a repre-
sentative gy of g the free Z, module g,Z? C Q7 is in fact a Z,[y] module. Two
such Z[y] modules g,Z2, g,Z2 are the same if and only if g, € g;Gla(Z) and
the are isomorphic if and only if g, € Z,(Q¢)g;. Hence we see that our orbital
integral is equal to the sum

> volaz, (Aut(M,)) ™

[Me]
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over the isomorphism classes of Z,[y] submodules M C Q? which are Z, modules
of rank 2.

It is a tedious computation to evaluate these sums.

We have to distinguish the two cases that Qg(v,) is a field (nonsplit) or a
sum of two fields (split). We say that -y, is mazimal at £ if Zg[y,] is a maximal
order in the case (nonsplit) or if the two eigenvalues are different mod ¢ in the
case (split). For v maximal at ¢ the value of the orbital integral is equal to 1.
If ¢ # 2 then the element 7, is maximal at ¢ if £2 does not divide a? — 4p™.

In general let £™(*%) be the exact power of ¢ dividing a? — 4p™ and let
r(a,l) = [w] the Gauss bracket.

We begin with the case £ > 2. Then it is clear that the extension Qg(1/a? — 4p™)
is unramified if and only if m(a,¥) is even (we consider the split extension as
unramified). Then we get for the orbital integrals

gr(af)+1 4 gr(al) _ 9
if Q¢(+/a? —4p™) is an unramified field extension

-1
@0 5 Qo(+/a2 — 4p™) is Qe @ Qe
and
gr(a,l)—i—l -1
-1 if Q¢(v/a? — 4p™) is a ramified extension.

For ¢ = 2 we get

or(@2)+1 4 9r(@2) _ 9 if Qy(\/a? — 4p™) is an unramified field extension

27(:2) if Qy (/a2 — 4p™) is split
and

97(@2) _ 1 if Qq(y/a2 — 4p™) is a ramified field extension.

We see a slight difference in the expression in the ramified case. Furthermore
we notice that for an odd value of a the extension Q3(y/a? — 4p™) is unramified,
then r(a,2) = 0 and in both cases (split or non split). we get the value 1 for
the orbital integral.

Finally we observe that the orbital integral at ¢ becomes large if the eigen-
values of ~, are /- adically close to each other. We also check easily that the
extension Q(y/a? — 4p™) can only split if m(a,¥) is even and then it is also
clear that £7(¢9) = |a(v,) — 1)|, and in the split case we get our previous re-
sults. (germ expansion)
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2.5.2 The case {=7p

p™ 0

Recall that ¢,m is the characteristic function of G(Z,) ( 0 1

> G(Z,). We want
to compute

O(tpm, 'Ya) = / tpm (ngag;l)dgp
Zy(Qp)\G(Qp)

We consider the greatest integer ¢ which satisfies
t<m/2and p' | a

and let us put

1 if Q,(/a? — 4p™) splits
x(a,p) =<0 if Q,(1/a? —4p™) is a ramified extension
-1  if Qu(y/a? —4p™) is an unramified field extension
then
1 ift=20
p'(1—x(a,p)p) ift>0

We do not prove these formulas here, they can be derived from the consid-
eration of the Bruhat-Tits building. (Consider fixed points (later))

O(tp"" , '7a> = {

2.6 The contribution from the fixed points at infinity.

We want to study the contributions from the fixed points at infinity. Before we
do this we have a look at the cohomology of the boundary. our special case her
we have

HO(0SE,, My) — H'(0SE,, M}) = Q

and the Hecke operator t,~ acts on both spaces by the eigenvalue

P g ]%)<p(m—1)(k+1) 4=+ +p(k+1)) 1

We consider this as an ordered sum, the terms are ordered according to their
size or as we sometimes say weights. If m is even, then we have a term in the
middle. Let us write this sum accordingly as

+ [1/2]
thn Aty + o,

where the first term collects the weights above the middle, the second term is
the contribution of middle weight and the last term collects the terms of weights
below the middle. The contribution of middle weight is of course zero if m is
odd. We suppress the dependence on k in the notation.

Now the results of the dissertation of J. Bewersdorff provide a rule to com-
pute the remaining terms coming from the fixed points at infinity. He says that
we have to truncate the Hecke operator in the neighborhood of the cusps. This
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will be explained in detail later. Basically it says that in a neighborhood of the
cusps we can decompose into an expanding and a contracting part

o)

_ p(lexp)
P oo _Tpm

(1,contr)
+ 7k

|oco

|oco
(What the expanding and contracting parts are is decided by an observer which
sits at infinity, on the boundary of the Borel-Serre compactification.)

Both terms act on the cohomology of the boundary., we are interested in the
action of the contracting term. It acts by the eigenvalues

m

1 |
112 :pm(k-i-l)++(1—5)(p(m_1)(k+1)+p(m—2)(k+1)+'”_’_p(m [2])(k+1))

on Hl(asgf,/\?tk) and by the eigenvalue
- (1/2]
tm + 0

on HO((‘?SIG(f,/\;lk). The middle terms occurs in both expressions..
Now Bewersdorff has shown that

troo (tpm) = tr(T ™) | H (08T, My)) = ~tim + ty.

We notice that the ” middle” drops out.
Hence we have now the formula

tr(tpm |H. (tpm ‘H. (S[Céf s Mk) =

h — - - —
Z 2“(’7\”&)% H/ Ly (7 'Ge)dGe — thn + tom
YEG(Q)en/~ #W (7)) ¢ 7 Z4(Q\G(Qe)

We have the tautological exact sequence
0 - H:(ng,./\;lk) - H.(ng,./\;lk) - H};}is(‘s’gjﬂ'/\;tk) - O
Then we know under our assumtions (K ; standard maximal compact subgroup)
For k > 0 we have HﬁiS(ng,/\;lk) = H]}:iS(SIC?f,Mk) =Q

For k = 0 we have HﬁiS(ng,A;lk) = HgiS(ng,Mk) =Q

where t,= acts by the eigenvalue.

P 4 (1 = ]}))<p(m71)(k+1) + plm=2(+D) +m+p(k+1)) 41

Moving the term coming from the Eisenstein cohomology on the left hand
side to the right we get for k > 0
tr(tym [HY (S, s My)) = tren(t t2 o, =
r(fpm‘ ! ( Ky k)) I‘en( ;D’") =+ pm + pm™

m

(1= P +2((1 = )ptE DD - 42

tren(tym) + "
") Ra - ey
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The second term collects the trace on the Eisenstein cohomology and the con-
tributions from the fixed points at infinity.

If £ = 0 we get a similar relation, except that now the Eisenstein cohomology
sits in degree zero. This has the effect, that the correcting term will be

tr(t,m

It is easy to see and also follows from the classical theory of modular forms
that in our special case the inner cohomology H,l(SICéf,./\;lk) =0 for k =
0,2,4,6,8,12 hence we get that the trace on the left hand side is zero. This
implies the relations

H!‘(SKfv@)) - trcll( m) — 2t+m — t[l/Q]

a? —4
S At MV ) p H / oo (57 7050) g0 =
Z+(Qe) \G(Qe

{a€Z|a?<4p™}

pTrl

S V0
2o — 7 i k>0

{+%; 2 ik =0
for the above values of k.
These are the famous class number relations.
Since there are many sources for making stupid mistakes I checked these
equalities for m = 1,2, 3 and quite a number of primes p. (See enclosed programs

in Mathematica)

2.7 Non isolated fixed points

So far we considered Hecke operators, which have only isolated fixed points, this
came from our assumption m > 0. The contrasting case is the identity operator,
this means m = 0. We consider the neat case first. Then we see immedeately
that only the element v = e = Id contributes by a fixed point set, so we have
only one elliptic term. But the fixed point is not isolated we have

tr(Id | H'(ng,/\;i)) = tren(e) + troo (Id)

Now the term on the left hand side is by definition the Euler characteristic
of the cohomology groups. It is clear how this Euler characteristic depends on
the coefficient system, we have

te(Id | HY(SE,, M) = x(H(SE,, M) = x(H*(SZ,, Q) - dim(M)

The Euler characteristic of the space Slcéf can be computed by the Gauss-Bonnet

formula. There is an invariant measure w$P on X = G(R)/K, which can be
computed from the local differential geometric data (the curvature tensor) on
X, which has the following property: For any torsion free arithmetic subgroup

L(gr) =GQ)N gflegf we have

/ WGP = x(T(g)\X)
L(gs)\X
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We go back to the beginning of this chapter, we apply the fixed point formula
to the identity on H'(ng,ﬂ;lk) = H*(S1y(Z)\H, M},). We easily see, that the
only contributions are obtained from the central elements +Id = te € Gl2(Q)
and the conjugacy classes containing the elements of finite order 6,3 or 4

+1 -1 0 1
1 0)’\~-1 0/°
(remember that we restricted to the matrices with positive determinant.)

If we now consider the terms coming from the the central elements, then
we have to replace the Euler-characteristic by the virtual Euler-characteristic
(See 4.2 and 4.2.1. below) xorb(Sl2(Z)\H). The value of this number is easy to
compute: We pass to the congruence subgroup (Chap III, 1.1.3) K(3) and it
is not so difficult to see that for a connected component of ng (3) We have

HO(S%,(3),2) = Z, H'(S§,(3),2) = Z°,

(looking at a component we see easily that it a Riemann sphere with four
punctures.) Hence we see that the Euler-characteristic of ng (3) 18 -2. If we

take both components together then we get —4. The order of Ky/K¢(3) is
2-3-(341)-(3—1)=48. Hence we get

Xorb(Sla (Z)\H) = —%.

We have two central terms in the trace formula, therefore the contribution
of the central terms to the elliptic terms in the fixed point formula will be

1 k+1
Lt = L

The other elliptic terms come from the elements of finite order we get as
total contribution

k+1 1 0 -1 2 1 -1
——|—tr(<1 O>Mk)+3tr((1 O)le)

6 2
(We have the factor 2/3 because we can take a = £1.) The trace of the matrices
are again easy to compute

0 -1 1 if k=0 mod4
t M) =
r(<1 0)' 2 {—1 if k=2 mod4

) ) 1 ifk=0 mod3
tr( (1 B ) M) =140 if k=2 mod 3
—1 ifk=1 mod3

For the values k£ = 0,2,...,10 we get for the Euler-characteristic

x(Sla(Z)\H, M) =1,-1,-1,—-1,-1,-3
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3 The proof of the general trace formula (elliptic
terms)

In this section we derive the general topological trace formula and especially
we will write down the elliptic contributions more carefully and discuss some
normalizing of measures at infinity.

We assume that the derived group G of G is simply connected and we
make two further assumptions

(A) The center C/Q is a split torus C,/Q times a torus C")/Q which is
anisotropic over R.

(B) The semi-simple group G(*) x R has a maximal torus 7/R which is
anisotropic.

We start from our general situation in Chap. III.1.2. If we have an element
hy =11, hp in the Hecke algebra H(G(As//Ky), i.e. an element of level Ky,
then it induces an endomorphism in any of the cohomology groups

where K } C K. We are interested in the traces of these operators and derive
a Lefschetz trace formula for it.

3.1 The change of level

Recall that the definition of a Hecke operator involves the choice of a measure
on G(Ay). Let us take the measure that gives volume one to Ky, but we use the
same measure for the Hecke operators acting on the cohomology with respect
to K } Then we have for any of these cohomology groups

tr(hg | H3 (255, . M) = tr(hg [ H2 (255, M),

This formula is not entirely obvious. We do not prove it here, but we give
some hints. It requires reduction theory. The essential point is that we can
write down a complex, which is obtained from a finite covering of the space by
nice open sets, so that the Cech-complex computes the cohomology (See Chap.
IT ?7?, and [book],VI). This means that the intersections of the open sets are
contractible. We can also build in the Hecke operators. We compare the two
Cech complexes which compute the cohomology on the levels K ¢ and K }

Some more details will be provided later.

We know already that the trace formula we be a sum of contributions coming
from the fixed points and a part of this sumis given by the conjugacy classes of
elliptic elements in G(Q). The central elements in G(Q) are elliptic by definition
and to compute their conribution we have to compute the Euler characteristic
of Sfcéf. We make these two assumptions above because otherwise this Euler-
characteristic become zero. If for instance G/Q = Sl,/Q and n > 2 then (B)
does not hold and the Euler-characteric of any associated locally symmetric
space is zero.
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3.2 The Euler-characteristic of SI%

Our assumptions have the effect that our locally symmetric space is a disjoint
union of locally symmetric spaces attached to G /Q. To see this we first look
at the component at infinity, we have isometric embeddings

o, : GOR)/KWY  — G(R)/Ko

which are given by g — gx; and where x; is any point stabilized by KM .
Since G is simply connected the symmetric space on the left is connected
and the space on the right may be not. Then the z; are specific points in the
different connected components. Now we look at the exact sequence

1-GY 5@ —=0 =1

we get an exact sequence for the group of finite adeles

1— GW(Ay) — G(Ay) — C'(Af) — 1
because the Galois cohomology for a simply connected group over a local field
is trivial. We choose K sufficiently small and put K ;) = K; N GM(A;) and
KJ?/ = K;/K;® c C'(Ay). Now we notice that our locally symmetric space

C'(Q\C'(R)/COUR) x C'(Af)/KS"

attached to C’ is a finite abelian group, its order is a generalized ideal class
group. The quotient C’(R)/C?(R) is of course the group of connected compo-
nents mo(C’'(R)).

We have the two exact sequences

1 - GDR) — GR) — C'(R) — HY(R,GW)
7 T T T
1 - Q) - GQ - CQ —H(QGY)

The last upwards arrow is an isomorphism because of the Hasse principle.
Therefore we see that our morphism

G c’
SKf — SKJ?/

induces an injective map between the set of connected components

mo(SK,) = Sier
the image is a subgroup of index [7o(C’(R)) : mo(G(R))].

We get the desription of S[Céf as union of connected components. We choose
representatives (z;,cy) for the elements in the image and we extend the above
map to the adeles, i.e. we define

; . g G
Jziicf : SK;U(C}C) - SKf

by
(9,97) = (9,97) (i, cf)

and here of course again we have Kj(cl)(cf) = ch}l)(cf)_l.
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3.3 The comparison of measures

On the Lie algebra g(* /Q of GM") we have the Killing-form B : g™ x g — Q,
this a non-degenerate symmetric bilinear form. It also provides an identification

of g and its dual space g¥. We choose a lattice g(Zl) c g™ which is closed under

the Lie-bracket. Then for U,V € g(Zl) the value of the Killing-form B(U,V) =
tr(ad([U, V]) € Z. We define a dual lattice with respect to the Killing form

\%
o) ={UegW|B(g,U) € 2} c gV

dimG _(1)V
o

Now we have that the highest exterior power A 5 Z, we have a

canonical generator up to a sign. This is a fifferential form of top degree at the
o
fe1e)
on G(l)/ Q which is unique up to a sign. This form provides by the standard
procedure the Tamagawa measure w i} on GM(A). This Tamagawa measure
does not deped on the choice of the lattice.

But if we decompose the Tamagawa measure into its component at infinity

and its finite component

origin and this generator yields an invariant form of top degree wga) = w

Tam __ , Tam Tam
Waga) =Wga) X Wg) r

then both components depend on the choice of the lattice. In the computations
which have to be done in the sequel it is important that we choose good lattices.

We want that the index [g(), : g1)z] is as small as possible.
The Euler characteristic of SIG(f is equal to

#S e
) ro(CT(R) = o (CR))

G a®

X(SKf) = X(SK;U

We look at the first factor on the right hand side. It can computed by using
the Gauss-Bonnet theorem. It says that we can define a measure wB x wy on

X x G(Af) = GYR) /KW, x GY(Af)
such that

s GO\X xG(Af)

The measure w& is actually invariant under the action of G (R) and wy

is also invariant and satisfies wy (K1) ;) = 1.
We can define an invariant measure

OB = WOB x dk

on GW(R) by requiring [y, dk = 1. Then

JJGB X Wy

: _/G<1><@>\G<l><R>xG<1><Af)

Now the two measures w®™ and &8 on GV (R) differ by a constant factor
Coo (g(l)z)7 which depends on the lattice. We can replace the measure @SB x wy
by the Tamagawa measure wT™™ and get
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o - m
X(ng) = Coo(g(l)z)volwmm (K(l)f) 1/ w2%1>
f 1SN G(l)(Q)\G(1>(A)

The last factor is by definition the Tamagawa number 7(G(1)), it is known to
be equal to one, but we keep it as it is and write

C/
o o (92) kg W
X(SKf) = N A ) T(G')
Mo(C ) : mo( R oy (K07)
The last ratio can be slightly rewritten. On mo(C’(R)) x C'(Ay) we define

the Tamagawa measure wg"?“j} simply as the measure which gives volume one
;

to the unique maximal compact subgroup (1) x C’(Z) of m(C'(R)) x C'(Ay).
Then we define as Tamagawa measure on G(Ay) the product measure wl*™ =
wWH X Wi on G(Ay). We put C'(Q)T = C'(Q) N C'(R)© and

N / + /
h(C") = ol (C"(QF\C'(A).
and get

Coo (9(1)2) 1
ol ) 70( L) WL ()

\(SE,) = (GM)h(C)

In this formula the depence on the choice of Ky is quite clear. If we re-
place Ky by a subgroup K } of finite index, then the Euler characteristic gets
multiplied by the index [Ky : K%]. This allows us to define define the vir-
tual or orbifold Euler characteristic for an arbitrary choice of an open compact
subgroup as:

COO(g(l)Z) 1

(G n.
mo(C"(R) : mo(G(R))] volzam (K ) (GY)h(C)

Xorb(S[(?f) = [

If the group K is not small, if for instance we have a non trivial intersection
G(Q)NG(Ay) then Xorb(ng) is not necessarily equal to the Euler characteristic

of the topological space SIGQ. We have seen this in 3.3.

We need a moment of meditation. We see that the Euler-characteristic is a
product of four (or three) factors. These factors are the ratio in front, then the
inverse of the volume of the maximal compact subgroup Ky with respect to the
Tamagawa measure and the product of the last two factors, which in a sense
can be viewed as one factor.

The first factor depends of course on the choice of (1), if we choose a second
lattice g1 (V7 then the intersection g1(Vz N g(*)z has finite index d (resp.) dj in
gy (resp.)gl(l)z and it is clear by definition that

deoo (9 7) = dicoo(g1M2)

Essentially this factor depends only on the infinite place and is relatively ele-
mentary to compute (See the example below).
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The change of the constant will be compensated by a factor occuring in the
second factor, in other words

COO(Q(I)Z)
Volwg?;n (Kf)

is a number which does not depend on the choice of the lattice g(*)z. The de-
nominator depends only on the groups G/Q, for all places hence it is an infinite
product of local contributions at the finite places. These local contributions are
relatively easy to compute for all primes outside an exceptional set. (See the
example below.)

The most important fact is that the factor in the middle does not depend on
any choice of measures. It is a rather deep theorem that for a simply connected
group the Tamagawa number

T(G(l)) =1.

This leaves us with the h(C"). This is a generalized ideal class group and which
may be difficult to compute.

3.3.1 Bruhat-Tits integral structures

COO(E(I)Z)

VOl g (K1) Sometimes this may be

I come back the computation of the ratio

an extremely unpleasant task. Of course it is clear that the dependence on the
variable K is simple. If we replace K¢ by a subgroup K } then volwg{?,fn( Ky) =
Ky : K }]volwg?;n (K%). Hence it suffices to compute this ratio for a specific
choice of K¢. In many cases it is not so difficult to extend the group GV /Q
to a smooth group scheme GV /Z and amoung these extensions are some which
are very nice. If for instance G(1)/Q is split then we may extend G()/Q to a
Chevalley scheme over Z (See Chap. IV and also the next section). If we have
such an extension G(Y)/Z then we can do two things. On one hand we may
choose the lattice gV = Lie(G™)/Z) c gV, on the other hand we may define
KJQ = K¢(G) =[], 9(Zy) as open compact subgroup. Then we see that we can

attach a number
oo (Lie (G /2))

My =
A= (G7) Vol am (K})

It is a very general fact that two such extensions GV /Z, G, (V) /7 are equal
over some non empty subset U C Spec(Z) and we may choose U so that
g x Spec(z) X U = g(l)/U is even semisimple. Then extending this semi-simple
scheme into the primes p € U essentially amounts to choosing a parahoric sub-
group in G (Q,) for all these primes. This amounts to choosing a face o, in a
simplex of the Bruhat-Tits building for all these primes. To this choice we can
attach an extension of the semi simple group scheme G\ /U to a smooth group
scheme G /U ({a, : p € U})/Spec(Z).

The group G (Q,) acts upon the Bruhat-Tits building and

The constant
Aso (g(l)/U({Up}p€U)
only depends on the orbit of {0, }pgu under [],q; G(Qp)
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3.3.2 A simple example
We consider the group G/Q = Sly/Q, the Lie algebra over Q is generated by

the matrices
1 0 0 1 0 0
(o B)m= (5 o) =0 0):

These elements H, F,, E_ form a basis of the Lie algebra of the Lie algebra of
the semi simple group scheme Sly/Z. Hence we want to compute the constant
Ano(Sla/ 7).

We check easily that B(H, H) = 8 and B(E,, E_) = 4 and the other values
are zero. Then H, 1E,, 1E_ form a basis of the dual lattice and

1
57 H NEy NE-

yields the invariant form w = w%.

Now we consider the Cartan involution © on G(R), it is given by g —?! g~
and on the Lie algebra it is given by U — —!U. (It is accidental and does not
play any role that the Cartan involution is defined over Q). We have O(H) =
—-H0E,)=-FE_,0(E_)=—-FE;andwithY =F, —E_V=FE, +E_ we
get the Cartan decomposition of the Lie-algebra into the + and - eigenspace

0 1 0 1 1 0 .
gR—R<_1 0>@R(1 O)@R(O _1)_RY@RV@RH_Lle(KOO)EBp.

Our symmetric space X = H = G(R)/K has the distinguished point e = i,
and under the differential of the projection 7 : G(R) — X the subspace p maps
isomorphically to the tangent space at ¢. The Riemannian metric at the point ¢
is given by (U,U;) — B(U,U;). We have B(V,V) = B(H, H) = 8 and these to
tangent vectors are orthogonal to each other.

Our volume form with respect to this new basis of g(*) will be given by

1

1

?Y ANV NH
The element Y generates the Lie algebra of K. The element I = exp(3Y)
sends V to H and H to —V, it defines the complex structure on p and an
orientation: The basis V| H is positively oriented. We observe that K, is the

group of real points of a maximal torus T//R which is anisotropic, so condition
(B) is satisfied. We have

- B ~( cos(t) sin(¢)
T(R) = Koo = exp(tY) = (— sin(t) COS@)) '

The element Y defines a volume form wy on this group and with respect to this

volume form we have
27
/ wy = 24/ dt = 2*7.
Koo 0

Hence we can write our volume form as
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Y

247
and 77 (V A H) defines now an invariant volume form on X = H, the factor
relating it to the the Gauss-Bonnet form w® is our constant co(gz)-

™
A ?(VAH)

Of course at some point we have to ”bite into the sour apple” and to open
a book on differential geometry. We must find out how we can compute such a
Gauss-Bonnet form. We learn that we have to compute the curvature tensor R
of a suitable connection on our Riemannian manifold H. The curvature tensor
on a Riemannian manifold M at a point x € M is an element in

R, ¢ Homalt,Q(TM,xa Enda (TM,x))

hence it attaches to any pair U,V of tangent vectors at « an alternating (with
respect to the Riemannian metric) endomorphism R(U, Uy) of the tangent space
at z. In our case we have tangent space p at 4, if we have two elements U, U; € p,
then their Lie bracket [U, U;] € Lie(K ) and bracketing with this element gives
an endomorphism of p. It is in [Ko-No] that this gives us the curvature tensor
(See also the next section)

R(Uv Ul)(vvl) = _2[[U7 Ul]v ‘/1}

The Gauss-Bonnet form w®? is now obtained by the following rule: We

take a pair of orthonormal vectors V1, V5 of equal lenght which form a positively
oriented basis of p. Then

R(U7 Ul)‘/l = K‘(U7 Ul)‘/27

where & is an alternating 2-form. The value of this form k on the pair (V, H) is
obtained from
R(V,H)V = x(V,H)H = 8H,

hence we have x(V, H) = 4. Then the curvature form is (look up the differential
geometry book)

1 1
wGB = (—1)dmﬁ where d = 3 dim X ( which in this case is = 1)
We get
2
OBV, H) = -2
™

On the other hand we have
T

SV AH)(V.H) = 5

B(V,V)B(H,H) = 4r

and we conclude that the value

1

Coo(02) = o2

I want to say a few words on the second factor. We want to compute the volume

of Ky with respect to the Tamagawa measure ngm.
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In our special case we can extend our group scheme Sly/Q to a semi simple
group scheme Sls /7 (See Chap IV, we sometimes abbreviate Spec(Z) by Z) The
choice of such an extension is essentially equivalent to the choice of a standard
maximal compact subgroup [[,Sl2(Z,,) = K]Q C G(Ay). We assume that our
open compact subgroup Ky = [[, K, where K, C K is defined by congruence
conditions and for almost all p we have equality. Then we have of course

),

Tam Tam
w = w
/Kf G [K? t K] K9 G

Now the finite component of the Tamagawa measure was obtained from the
differential form w9 . The group scheme Sly/Z has a Lie algebra and this is
our lattice gz. Our differential form is an alternating 3-form on gz and takes
value 1 on the element (H, E,, E_). This means that the invariant form w is a
generator of lez/Z(SIQ).

We can consider the full congruence subgroups K 2 (p¥) of matrices which are
congruent to 1 mod p”. The exponential map

exp : p“gz ® Zp — KJ(p")
which is defined by

1
p'U — Id + p"U + —p*U?--- = exp(p"U)

ﬁp
provides an isomorphism between p*gz ® Z, and K)(p”). Clearly the volume
of p”gz ® Z, with respect to the transported measure exp*(w) is equal to p~3*.
Therefore we get by an elementary computation

. - 1
Tam __ 0. O/, v —3v __ 2 3v—3, —3v __
/Kowp = K, K,(")lp™ =p(p° — L)p™"p —(1*};)

We conclude that

1 1
Vol zam (K) = 1;[(1 — z?) =@

The formula for the orbifold Euler characteristic becomes

1 1
Xorb(SE,) = =5 5K} K7J((2) = 5 [K7 : K]
This is not the Euler characteristic of the topological space Sg, unless Ky is
f

small enough. This smallness condition is certainly fulfilled if K f' C K}’ (N) and
N > 3. Another result of this calculation is

1

3.3.3 The curvature calculation

To get these constants co(g")z), we may also use an argument which is called
?Hirzebruch proportionality principle”.
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We consider the ”compact twin” of our symmetric space H: We start from
the observation that the group Sla(R) C Slp(C) and that is the subgroup of
elements fixed by conjugation, i.e. fixed by the action of the Galois group
Gal(C/R). We define a twisted action of the Galois group where the complex
conjugation c is replaced by ¢ o ©. This defines a new group G./R whose real
points are given by

Ge(R) ={g € Sb(C)lg = (c0oO)g =" 5~ '}

and this is the unitary group SU(2). The group K, = SU(1) sits in both groups.
The ”compact twin” is now

X, =G.(R)/K. = SU(2)/SU(1) = S%.

Now we have the distinguished point € € X. and the tangent space at this
point is p®+/—1 C g® C. We have an isomorphism between the tangent space p
at ¢ € H and the tangent space at € € X, which is given by U — U ® i. We also

have a curvature form w&®? on the compact twin and under the isomorphism of

C
tangent spaces the curvature form wGB is mapped to —wf B,
GB

At this point we observe, that w;” can be defined as the unique invariant
2-form on X, for which
/ wCGB =2
Xe

it does not depend on any choice of a metric.
On the Lie algebra

Lie(G./R) = g.=RY ® RH & RV

we have the Killing form B which is negative definite, the above basis vectors
are orthonormal and we have

B(Y,Y)=B(i® H@H)=B(i®V,ig V)= -8

this suugests the euclidian metric

1
B() = 7§B

on g.. With respect to this metric the basis Y, V, H is orthonormal.
We consider the projection

Ge(R) 25 G (R)/Ko = X..

We now have an explicit identification of X, with the 2-sphere S? (with
respect to By) in g.. This is obtained from the adjoint action of G.(R) = SU(2)
on g. : The group K., = {exp(tY)} is the stabilizer of Y € S?, the projection
p can be written as

p:g— Ad(g)(Y).

This yields the isomorphism of tangent spaces

D;D : p ;) TXc,év
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which is equivariant with respect to the action of K.
It is given explicitely by

iU — iU, Y] =ad(i®@U)(Y)
This tells us that

D,(i®H)=2iV,D,(i®V)=-2iQ H
S0 it not an isometry, it is a conformal equivalence and the metric is multi-
plied by 4, i.e.
4Bo(i @ U,i®@ V) = Bo(Dp(i @ U), Dp(i @ V))

We can identify the dual spaces of the two tangent spaces T2y, (resp p =
Tx, z) to the tangent spaces themselves using the respective euclidian metric on
them. Then the Gauss-Bonnet form at the point Y will be

1
wg’f:%mVM@H.

This simply expresses the fact that i ® V Ai® H can be viewed as the standard
invariant volume form on the 2-sphere of radius 1 and this gives volume 47. We
can use D, to transport this form to a form on p, then we get the Gauss-Bonnet
form on p and

2
WEB(ieU,ieV)=wiP(D,(ieU),D,(i®V)) = p
in other words
B _ 2. .
w P =—iHANIQV
T

Now the form By gives us an invariant Riemannian metric on g. and the
volume form defined by that metric is

W= Y ANIQHAIQV

Then we get a volume form @?° on X, such that

Bo _ Bo (s
[ foeman= [ ([ sona)an)

where the measure dk is normalized such that volg, (K ) = 1 for all continous
functions f. The element Y defines a 1-form wy on K, and since Y has length

1 we get
27
/ 1= / dt =2m
Koo 0

Hence we can conclude that

I B GB
g T e
At this point I want to make an important remark. The choice of the Killing

form and the form By is somewhat arbitrary and not so relevant. What really
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counts is the conformal class of this form. The form wS? only depends on the
conformal structure and can be obtained from the structure of the Lie algebra.

Finally I want to mention that we find a certain discrepancy with the results
in [Ko-No], they do not have the factor 2 in front of the definition of the 2-form
k. This will be clarified later.

3.3.4 The computation of A, (G*)

If G*/Q is the algebraic group attached to the quaternion algebra D/Q which
is non split at the infinite place and at the primes in ¥y. If we want to tackle
the problem formulated in the headline of this section, we have to choose an
extension of G*/Q to a smooth group scheme G*/Z. Let U = Spec(Z) \ Zo.
It is possible to extend G*/Q to a semi-simple group scheme Gj; /U, two such
extensions are isomorphic. Now we choose for all primes p € ¥ an extension
of G* xq @, to a smooth group scheme G /Z,. For simplicity I assume that
p # 2. We recall the construction from Chap I1.1.1.2. We choose a number
b € Z;, which is not a square, and we take a = p. Then Qp(\/l;) is unramified,
let O, C L be the ring of integers. We know what the group scheme Gly/Z,
is. This group scheme corresponds to a vertex in the Bruhat-Tits building.
This vertex lies in a simplex o, of the building, this simplex corresponds to the
Iwahori subgroup

b
zp:{<‘z d)eG12(zp)|czo mod p}

We know from the theory of Bruhat-Tits that we can extend Gl /Q,, to a smooth
group scheme G, /7Z,, such that

Go,(Zy) = Ip.

The automorphism Ad( ((1) g)) extends to an automorphism of G, /Z,. Tt
defines a 1-cocycle for the etale cohomology
HY(Or /Ly, Ad(Go, /)

and this cocycle yields a Z,, form G5 /Z,, of G, /7.
These extensions can be glued to Gj;/U and provide an extension G*/Z this
is a smooth Bruhat-Tits group scheme. Now we can ask for the value of A (G*).
The point is that we have a modified Bruhat-Tits group scheme structure
G'/7Z on Sly/Q. This smooth group scheme a subscheme of Slp/Z. At the points
p ¢ U we have G’ ®z Z,, = Sly ®z Z,, at the primes p € U we have §'(Z,) = Z,.
Now it is clear that A (G') = — Ao (G*)27. But clearly Lie(G’/Z) has index
[,¢v p in Lie(Sl2)/Z and hence we get

wlLie(G'/2)) =~ 5 [] v

pEU
On the other hand we have [[[,S2(Z,) : [], ' (Zy)] = [[,¢u(p + 1) and hence

1 1
A= [T +-)
12 p
pZU
(This formula should be checked again)
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3.3.5 Skip reading

The general Hirzebruch proportionality principle deals with the following situ-
ation: We assume that we have a semi simple group G/R and we also assume
that X = G(R)/K is a hermitian symmetric domain. Assume that we have
a torsion free discrete group I' C G(R) which is cocompact, i.e. T\G(R) is
compact. Then I'\ X is a compact complex manifold.

Parallel to this space we can consider a compact twin ¥ = G.(R)/K,
where G./R is a compact form of G/R, this quotient is a homogenous projective
algebraic variety. Again we can compare the tangent spaces at the points e, e,
in both symmetric spaces. We have the Cartan decompositions

gRR=Lie®p,g.2=Liedp i1,

the second summands are identified to the two tangent spaces respectively and
this gives us the identification of the tangent spaces. Hence we can also identify
their highest exterior powers.

We can construct holomorphic vector bundles £y, &} from (irreducible) rep-
resentations A of Ko,. We can apply the Hirzebruch-Riemann-Roch theorem to
compute the Euler-characteristics

X(H*(D\X,&)) = Y _(~1)"dim H"(I'\X, &)

v

X(H*(Y,€')) =Y _(—1)" dim H*(Y,£'5)
These Euler-characteristics can be expressed in terms of Chern numbers ob-
tained from the Chern classes of the bundles and the tangent bundles (which
are also obtained from representations of Ko.)
Now the Chern classes are represented by differential forms w; € H*(T'\ X, C)
and w) € H?(Y,C) and these form are computable in terms of curvature data
and A. A Chern number is an evaluation

/ Wiy NWiy N NWj, = Wiy - Wiy =+ 00 - Wi,
X

or

where of course the degrees add up to dim(T'\X) = dim Y.

Let us call the expressions w;;, Awi, A -+ Aw;, and wj, Awj, A---Awj , they
are invariant diffential forms in top degree. Hence they are determined by their
value at the distinguished points e, e.. Hence we can compare them, because we
identified the tangent spaces. It follows from the differential geometric procedure
how the Chern classes are computed that there is a constant a(G, G..) such that
these Chern forms are proportional, i.e.

wi, Awiy A Aw;i, = a(G, Go)wi, Awj, A+ Awj .

Now we have the two Riemannian metrics, which also can be compared. They
provide volume forms on X,Y and we get for the Chern numbers
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wi1 . wiQ e e wir — 7)a(G,Gc)w/ . w/ ..... w/ .
This implies by the Hirzebruch-Riemann-Roch theorem that

V(X £0) = DN o6 g (a0 (v 1)
vol(Y)
and this is the Hirzebruch proportionality principle.

This principle can be extended if we consider indices of certain elliptic op-
erators on '\ X and Y, the the index theorem of Atiyah-Singer gives the same
conclusion.

Of course the result in the above example and the following example can be
viewed as the determination of such a constant.

3.3.6 A general formula for the Euler characteristic for Chevalley
schemes.

We consider a totally real field F/Q, let Op and a split semisimple simply
connected group scheme Gy/Op. It is by definiton obtained by base change
from a Chevalley scheme Gyo/Z. We look at its generic fiber Gy = Go x F' and
take the base restriction G = Rp/g(Go). Inside G(Ay) we choose as maximal
compact subgroup K = [1, G0(Oy). Here p runs over the finite places of F' and
Oy is the ring of integers in the completion of F' at p. Then

SIC(;}) =Go(Op)\G(R)/K = gO(OF)\HQOO(R)/Kgo'

A typical example is provided by the group Sly/Op and the resulting space is a
Hilbert Blumenthal variety.

Now we assume that the real group of real points Gpo(R) has a maximal
torus T'(R) which is compact, we assume that our maximal compact group K2,
contains T'(R). Let Wg be the Weyl group of Goo/Z and Wx the Weyl group
of T(R) in K, i.e the group Ngo (T'(R))/T(R). Let n = [F : Q] and r be the
rank of Goo/Z. Let mq, ..., m, be the degrees of the invariant polynomials, then
we have a very clean formula for the orbifold Euler characteristic

We)n i=r
nl88) = g 1161 =m0

This formula can be interpretet as computation of a Hirzebruch propor-
tionality constant. If we consider the compact twin ¥ = G.(R)/K2 of our
symmetric space X = Goo(R)/K, then the Euler characteristic of it is

_ #We
#Wik

x(Y)

The two Euler characteristics

Xorb(g()(OF)\Xn) and X(Yn)
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are given by two corresponding Chern numbers. Their ratio is

1 i=r
orn H Cr(1—my)
=1

and this is the Hirzebruch proportionality constant in this case.

I want to point out that this is really a beautiful formula: We want to
compute a number and the data entering its definition are a totally real number
field F/Q and a simply connected semi simple group Chevalley scheme. The
Chevaley scheme depends only on a Dynkin diagram. This Dynkin diagram has
a rank r and produces the numbers mq,...,m,. The number field produces
the (— function, to get numbers from this (-function, we have to evaluate it. I
think there is no simpler way to produce a number from these data than by the
above formula.

Now we may have a situation where X and Y carry natural invariant complex
structures, this means that X is hermitian symmetric and Y is a generalized
flag variety.

Then the Hirzebruch proportionality principle does not work so cleanly be-
cause the quotient SIC(;O has singularities and it is anly quasi projective. We need

to compactify it. Then the numbers

XH(T\X, &) = Y (1) dim H"(T\ X, £))

v

can not be expressed only in terms of the Chern numbers, we get correction
terms from the singularities and the boundary. I think that these correction
terms may be of lower order of magnitude (in a certain sense) but they are very
difficult to handle.

End skip reading

3.4 The contribution of an elliptic element

Let us assume that we have a Hecke operator hy which is actually the charac-
teristic function of a double coset

hy = charg,a; k-

where we still assume that K is open compact and sufficiently small and ay €
G(Ay)

To get fixed points we have to start from an element v € G(Q)en. This
element has a set of fixed points

X'CX=GR)/Kx.

The centralizer Z, is again a connected reductive group and satisfies our as-
sumptions (A) and (B) above.

Our fixed point set is a finite union of orbits under Z,(R).

(Example: Look at Gla(R)/K. = Ht U H~, then we get for an elliptic
regular element v that Z,(R) = C*. It has an isolated fixed point in H* and
H~. Hence we have two orbits.)
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We choose z; € X7 for each orbit and we get a map
Z,(R) /K% (2;) — X

where KOZJ (x;) is the stabilizer of z;. We can choose the x; so that this group
does not depend on . The connected component of the identity K DZJ C K% (x;)
is a group of type K, OZJ, this is the kind of subgroup we always select. We put

__ # connected components of X7

()= (K2 () : K2

On X7 we have the Gauss-Bonnet measure w§$? which provides a measure w%B

on Z,(R)/CO(R) if we normalize the volume of K%' /C°(R) to one.
For gy € G(Ay) we define K%+ (gy) to be the stabilizer

{zr € Zy(Ap)|zp9s Kp = gr Ky}

and since we assumed that K is small we get an embedding

Z’Y
2@\ (2,(R)/KZ () x Z,(Ap) /K[ (95)) = SF
given by
z2 v (ZooTiy 2fg7).
This is now a union of connected components of fixed points of the Hecke hy
operator if and only if
g;l'ygf € Kyas Ky = supp (hy).
Let us denote this set of fixed points by

Sityaan = LN (2, R/ KZ (@) x 2, (A1) K] (97)

The contribution of this set of fixed points to the fixed point formula will is
given by

tr(VIM)X(Si}(mi,gﬂ)'

The Euler characteristic will now be computed by the general rules above. The
group Z (1)’v is the semisimple part of Z, and as above we define the constant
Coo(341)). Finally we put Cl = 7./, 1) and get

zZ 000(37(1))000(7> (1) / 1
Xorb (S o0y = (2, Dh(C!) .
Ke(wio0) )~ Imo(C4)(R) : mo(Zy(R))] 7 " vol g (K (95)
Let us abbreviate the factor in front by Co (7).
We have to sum over the conjugacy classes and multiply by the orbital
integral. We observe that with our choices of measures

Tam __ , Tam Tam
wWa g =Yz, r Yz G f
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If we now take into account that Ky = [ K, then we get the following expression
for the contribution of v to the trace

b (3| M)Coo ()7(2, IR T] — e

—_— he(3; ' g0)wy g £ (dge) =
- vol(we’y" (Ke)) Lw(@é)\c(@e) ‘ A

a1,
vol(wi P (Ky)) 1;[ Z,(Q)\G(Qe)

Comment It may seem that we have rewritten the contribution of the
conjugacy class v in a much to complicated way. We observe that the whole
expression must be a rational number, but we will see that some of the factors
contain powers of m which therefore must cancel out. We will see further down,
that the factor C(y) contains powers of m which are in a certain sense of
differential geometric origin. (Nobody is surprised to see powers of 7 in the
formula for the volume of a sphere.) But also the denominator Vol(wgf‘}“ (Ky))
has some powers of 7 in it which come from the values of the Riemann (—
function at even integers. And also the product of orbital integrals will produce
powers of 7 which are also of arithmetic origin. All these powers cancel out.

The reason for complicated way of writing is, that we can understand the
variation of the factors in front of the product of orbital integrals if we vary v in
its geometric conjugacy class. If we accept the fact that the Tamagawa number
7(Z,1) = 1 then it is clear that all factors are constant on the geometric
conjugacy class, except the factor Cy (7). It will be shown in the next section
that this factor can change by a sign, but miraculously this sign change can be
”pushed” into the product of local orbital integrals and is absolutely necessary
to make them stable.

(| M) Coo (V)7 (2, M) 1(CY) he(3; 'vG0)w N6, £ (dge)

3.5 The contribution from the cusps
3.5.1 An application

We still assume that . and (B) are true, otherwise the following considerations
are uninteresting.
We pick a prime p and a discrete series representation 7, of G(Q,). Let K,

be a level for m, (See 7??7) we choose a level Kj{cp} outside of p and put Ky =

K, x K}p ¥ Then we consider H '(ng,/\;l) as a module for the Hecke algebra
Hk,, i.e. we consider only the factor at p. We can ask for the multiplicity

mi(mp,) in H’(S]%,./\;l) and define
X, (HU(SE,, M) = Y (= 1) ().

This number is of course equal to

1 ~
7§ :(71)qdiqu(sG M) (m,)
dim(mp*) % Ki ?
We choose a suitable function in the Hecke algebra, namely h =< v;, g¢; >
XX e lr} where the first factor is a matrix coefficient of level K. We compute
f

the trace
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tr(Tu|H®(SE,, M).
Of course we get from the orthogonality relations that this trace is equal to

1 . -
mxm(ff (5%, M)).

On the other hand we can apply the trace formula. We choose K}p Y so
small, that the only elliptic term is given by the unit element e, therefore the
right hand side is

dim(M)Coo ()7 (GM)R(CL) :

N + > (1) (TP 185G, M)).
VOl(wg?}n(Kf)) Z( ) ( h ‘ Ky ))

P

Now our assumptions (A) and (B) imply that the factor Coo(e) # 0. We see
that the elliptic contribution is equal to a non zero constant times the index of
Ky in a reference level subgroup KJ(CO). On the other hand it is not difficult to

P P
see that the truncated operators 7}  are of the form hp X XP(A;p})mK;p} and

then it is clear that the growth rate for tr(T,ﬂ@Sﬁf ,M)) is a constant cp times
the index of P(A}p}) N K}p} in P(A}p}) N K?’{p}.

Hence we can conclude that the contribution from the elliptic element dom-
inates the O expansion, and we find that for K?’{p } small enough, the Euler
characteristic tr(Th|H°(S[C§f,/\;l) # 0.

3.5.2 Another application from global to local

This is essentially the adelic version of Chap VI 777

3.6 The stabilization (modulo fundamental lemma)

As we did in the case Sly we want to stabilize the trace formula and this means
that we want to rearrange the terms such that the outer sum becomes a sum
over the set rational geometric conjugacy classes. Let us also assume that the
connected component of the identity of the center of our group G is a split torus,
i.e. of the form G2 . Then our torus C’ is also split and we have a generalized
determinant map p: G - ¢’

We assume that G(!) is simply connected we have the dominant fundamental
weights wy, . . ., w, which give us the fundamental G*) modules Viry ooy Vi,. We
can extend the action of G(!) on these modules to an action of G. Then we get
a generalized trace-determinant map

(tr,pu) : G — A" x C' = AC
which is defined by

(tr,p) g = (tr[ Vi, ..ot Ve, ulg))-

Over an algebraically closed field k two semisimple elements g1, g2 € G(k)
are conjugate if and only if (tr,u)(g1) = (tr, 1)(g2). We define (A" x C")(Q)en
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to be the set of elements for which the resulting semi-simple conjugacy class is
elliptic. For any element a € A" x C'(Q) let C, be the geometric conjugacy
class of elements in the fiber of (tr, ) ~!(a). We observe that the trace tr(y|M)
only depends on the geometric conjugacy class determined by . The elliptic
terms of the topological trace formula are given by a sum

tr(yIM) Win(c]
am XOO('V)T(Z )h(C )X
vol((.ufG’T (K7)) VEC%)/N ' 7

11 / he(g7 g0 £ (dge).
¢ 7 Zy(Q)\G(Qe)

The factor X0 (7y) is obtained as a ratio of Gauss-Bonnet and other measures,
it is a differential geometric quantity and depends only on G x R. The two next
factors are Tamagawa numbers and class numbers and they depend only the
geometric conjugacy class a. We rewrite the expression: We drop the summation
over a and forget some of the factors only depending on a

>

’YECG(Q)/N

(A" C")(Q)enn

tr(y|M) e T / he(g7 150w B (dge)
¢ Y Z4(Q)\G(Q)

If we choose v € C,(Q) then is well known and easy to see that
Ca(Q)/ ~ =ker(H'(Q, Z,) — H'(Q,G)) = DH'(Q, Z).

This is quite general and also true for an arbitrary ground field. Later on we
will apply it to the groups over local fields.

We put Z'/y =Z,NG ), (This is of course not necessarily the derived group
of Z,.) We have the diagram

H\(Q,2,) 2% HY(Q.GW)
! !

HY(Q,Z,) -5 HYQ,G)
! !

HY(Q,Z,/Z)) —

Hence we get

DHY(Q, Z,) = Im((j1) ™" (ker(H

H'(Q,G/GW)

HQ,GM)) - HY(Q,G)).

The Hasse principle yields H'(Q, GM)=H' (R, GM). We have the surjective
map C'(Q) — m(C'(R)) and then we get easily

ker(H(Q,GW)) —» HY(Q,G)) = ker(H*(R,GY)) — H'(R,G)) =

hence

DH'(Q.2,) = Im(H'(Q. Z,) — H"(Q, Z,)) Nker(H'(Q, Z,) — H'(R,G)).
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3.7 Excursion into Galois-cohomology:

Let us consider a connected reductive group H/Q, let H (1) be its derived sub-
group. We assume that the real group H®) x R contains a maximal compact
Cartan subgroup.

We have the sequence

1—HY — H— H/HY — 1
and this sequence yields the diagram
H(QHY) — HY(QH) — HY(QH/HWY)
! ! !
H'R,HY) — HYR,H) — HYR,H/HWD)

We define H' (Q, H) to be the subset of classes which are trivial at the
infinite place. We have the following Lemma( Borovoi)

Lemma:
We can define a composition

HX(Q,H) x HY(Q,H) — H*(Q,H).

This composition defines the structure of an abelian group on HL (Q, H), and
HYQ, H) is a finite union of “cosets” under this operation, the set of cosets
maps bijectively to H (R, H). The cosets are principal homogeneous spaces.

To see this we use the old trick of Kneser. Let us pick a class £ € H(Q, H),
let Supp(€) be the finite set of places where & is not zero. We find a maximal
torus 77 /Q c H™ which is anisotropic at infinity and at all places in Supp(€).

This torus lies in a maximal torus 7/Q of H/Q, and we get the diagram

1 ! 1
1 - HY — H — H/HY — 1

We want to show that our given element ¢ lies in the image of H'(Q,T) —
H'(Q, H) and that we may even find an element 5 in the preimage that maps
to zero at the infinite place if € is in Ho(Q, H), i.e. £ € Hyo(Q,T).

The torus T’ has the property that it satisfies the Hasse-principle in degree
2, and we have

H*(Q,,T")=0
for all places v in the support of Supp(¢) . This implies that the image & of ¢
in HY(Q, H/H™) goes to zero under the boundary map

H'(Q H/HYV) — H*(Q,T")

hence it lifts to an element & in H'(Q,T).
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If we send this element to H'(Q, H) it will not necessarily be mapped to €.
We want to look at the difference of the image of ¢ and €. Therefore we twist by
¢ we get a twisted form of H/Q which will be denoted by the same letter. In this
group & becomes the neutral element and & maps to zero in H'(Q, H/HW).
We lift it to an element 7 € H'(Q, HM). This element is now in the image
of HY(Q,TW) — HY(Q, HM) by the same argument as before. This gives the
first part of the assertion.

To prove the second part, we start from the observation that our torus
H/HW is compact at the infinite place (this is part of our assumption) and
hence the map H'(R, HY) — H(R, H) is injective and the same holds if we
replace H/Q by the torus. With the same reasoning as before we see, that
we have to fulfill the second requirement only if we have already our class n €
HY(Q, HM). We introduce the universal cover H™/Q, and we consider the
exact sequences

1—pu—HY - HO 1

1—p—TH 70 51

We lifted 7 to an element 57 in H'(Q,T(). The restriction to the infinite
place of the boundary of  in H2(Q, ) is zero. Hence the element nL lifts to
a class 1. A theorem of Tate asserts that this class 7. is the restriction of
a class 77 € H! (QJN“(U). We modify n7 by subtracting the image of 77 from
it. Then this modified class is trival at infinity and we see easily that it has the
same image in H'(Q, H™).

I suggest to call this method the approximation of the cohomology by the
cohomology of tori. It yields of course that any finite number of classes in
H'(Q, H) can be lifted simultaneously to the cohomology of a torus.

If we have two classes £,& and one of them is in Hy(Q, H) then we lift
both to the cohomology of a suitable torus and we require the right one lifts to
a trivial class at infinity. We add the lifted classes in the torus and define the
sum to be the image of the sum.

We introduce the notation

HY(Q H x Ag) = [[ H"(Qp, H).

p

Here the product is restricted, almost all components are trivial. It is clear
that our method of approximation yields a structure of an abelian group on
H' (Q, H x Af).

The same reasoning also gives us that we have a bijection

H(Q H) =~ H,(Q H/HY)

3.8 The sign

We look at a class C, which has a rational point, i.e. C,(Q) # (0 and we
choose an element v € C,(Q). Now the other G(Q) conjugacy classes in C,(Q)
correspond one-to one to the elements in DH(Q, Z,), for an element in £ €
DH'(Q, Z,) 1 introduce the notation v + £ for the resulting G(Q)-conjugacy
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class, I also choose a representative for this class and denote by the same letter.
Then C,(Q) is the union of orbits, which are equal to Z,,¢(Q)\G(Q).
We want to investigate the function in the variable £

Colrre ey +8)
[10(CL4¢)(R) = m0(Zy1¢(R))] 7

. This is not entirely easy. We need the comparison between the Gauss-Bonnet
measure and the measure induced by the Killing form. To do this we refer to
the computation in my paper on the Gauss-Bonnet formula. I claim (77) that
this factor is equal to a product of a positive number W (y + &) = Woo (%)
which does not depend on &, and a sign factor. If X7 is the set of fixed points
of v we define:

(v+¢)

dim x 71§ dim x7+¢
Woe(M(=1) 2 =Wa(a)(=1) =,
here the last notation indicates that W, is a function of the conjugacy class.

The sign factor dim XS depends on our initial choice of v but after that it
only depends on the restriction {o = £|H (R, Z,).

The group Z,, is reductive over Q and quasi-split at almost all finite places.
For each prime p let us put

dy(7y) = split rank of Z, x Q, — split rank of the quasi-split form of Z.,.

We have another lemma which is due to Kottwitz:
The sign
im x7Yt+§€
(_1)d4)§ — 4> dp(v+£) = 6(< ol >) — 6(&)
does not depend on & € DHY(Q, Z,).

dim X7
) s

We put ¢,(7) = (=1)%) and e (y) = (~1
these signs are +1.

. If v is regular, then all

3.8.1 The first step towards stabilization

We make a change of notation, we will have to work with character modules of
tori. The elements in there are named by greek letters «, 3,7, ... and therefore
we change the notation v, into x, and so on.

We come to the process of rearranging the sum in the O-expansion. For any
a € A"(Q) we choose a representative x, € Cy(Q) (if possible) and then the
contribution of this conjugacy class (we forget the factors which depend only on
a

S exlatOulnM]] /

6@(%4‘5)4}%(@[1($a+§)§e)w§ji\a,f(d§é)
CEDHI(Q.Z,) )

zq+6(Qe)\G(Qe

The goal of the process of stabilization is to manipulate the sum so that
it will again be a finite sum of terms which are products of local integrals.
Basically this means that we want to push the inner sum inside the product.
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We consider the map

DH'Q,Z,,) = H'(Q,Z,, x Aj) = P H (Q, Z,,)
4

and we know that DH'(Q, Z,,) consists of those classes which under restriction
to R go to DH'(R, Z,,,). More precisely we can say that

DHl(sz’Ya): U 77+H;0(Q7Z’7a)
nEDHL(R,Z.)

where we have to choose representatives. Recall that we defined Cl,, = Z., /Z,, 1.
We get from 2.3.1 and Kneser’s theorem that

HYQ,Z,, x Ay) — HYQ,C;, xAy)
T T

~

H,(Q Z,) —  Hy@QC,)
The module of cocharacters X (C7, ) is a free Z-module with an action of a finite
quotient I' = Gal(K/Q) on it. This group I" contains a complex conjugation ¢ €
I which acts by multiplication by -1 on X, (C7, ). Let Ir be the augmentation
ideal in the group ring of I'. Then we have the exact sequence resulting from
Tate-Nakayama

0—1]1(C;,) = HYQ,C,,) — H(Q,C; x A) — X.(C;, ) /In(X.(C,,)) — 0

the group on the left is the Tate Shafarewic group and the last arrow on the
the right is surjective because H 2(Q,C’;a) satisfies the Hasse-principle. We
decompose

HY(Q,C, xA)=H'R,C, )x H(Q,C, x Ay)
and we have a surjection
H'(R,C;,) = X.(C, ) T<e> X (C,) = Xu(Cr,) 2X4(Cr,) — Xi(Ch) /In(X(CL))
We now define a function J(x4,y) : X«(Cy, )/Ir(X.(C,,)) — Z by
J(Ta,y) = > €oo(Ta +1)
n€DH' (R, Zz,)In—y

(If our element z, is regular, then this function depends only on a it counts
the number of elements in the preimage of y € X,(C,, )/Ir(X.(C,,)) n DH' (R, Z,,),
since DH'(R, Z,,) is not a group this function may be weird.)

We introduce the group of characters

Eq = Hom(X.(C}, ) /Ir(X«(Cy,)), p2)
and define the Fourier transform

Tear) = = 3 T (o)

(If we consider for instance the case, where G x R is anisotropic, then the
function J(z4,y) = 1 for y = 0 and it takes value 0 otherwise. This results
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from the fact that in this case DHlA(R, Z,,) is the set consisting of the neutral
element. In this case we find that J(z,, k) = #15 )
The characters x induce characters on

Kk HYQ, Zy, x A) = P H' (Q, Z,,) — o

and as such they are product of local characters, i.e. K = Koo XK = Koo X Hz Kg.
Recall that we have choosen an element v € C,(Q) (if possible), we get an
isomorphism of affine varieties

Ca x Qe — Z,,\G x Q

The orbits of G(Q¢) on Co(Q¢) form a torsor under the elements in H(Qy, C, ).
This torsor is has a neutral element given by x,. An this set of orbits we have
the functions €, and k) (7 + &) = k¢(&). The function x)* depends on the
choice of 7,. Then it is clear

>

¢EDHY(Q,Z)

/ o0 + O)ehe(G7 (20 + E5E™ .1 (de) =
¢ 7 Zy+e(QO\G(Qe)

S (e ) ];[ /C o, FEe @b )

KEE,

We get a new expression for the contribution of the class a

junk(a)e(x,) Z J(Za, k)t (24 M) H/ (Q) o(wo)eo () ehe(me)wd ™y (dy)
KEZ, ¢

Here the term with k = 1 is the stable term, the other terms are the instable
contributions.

The goal is to rewrite the instable orbital integrals as stable integrals over
endoscopic groups and this needs the fundamental lemma.

We have to understand the contributions

J (24, k)tr(24| M) H/ K" (we)er(wo) he () w2y (dy),
2 (Qe)

we manipulate them in the same way as we did in the case Sl,.

We choose a system AT C X*(T) of positive roots, this system is of course
not invariant under the action of the Galois group. Let A be the highest weight
of an irreducible module M. Since we assumed that or form is inner, we can
realise a certain multiple of it as a representation over QQ, but then this means
we can ignore this subtlety and assume that the representation itself is defined
over Q.

The character formula gives for regular x

Ssgn(w) - (A + p)(x)
[oca+ ((5(2) = (5(@)71)

For non regular v we have to take a limit. We have to think for a second:
We have a normal field extension Q C L C Q, which splits the torus, then then

tr(y|M) =
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mumbers (A+p)(wz) and [ e s (5 (@)~ (2 (@) 1) = p@) " [Laear (a(z)—1)
lie in L. (Our group is simply connected). If we take only partial products in
the denominator, then we have to pay attention to the resulting half sum of
roots.

The endoscopic group H,.

For any root we have the coroot x, and we say that « is k-short if K(xs) = 1,
otherwise it is k-long. We consider the subgroup W, of the Weyl group which
is generated by the reflections at x-short roots. The system of k-short roots is
invariant under the action of W, and under the action of the Galois group.

To the choice of positive roots we have a Borel subgroup B C G x Q and
Weyl chamber Cp C (X, (T) ® R\ X,, the X, are the hyperplanes orthogonal
to the roots.

We can find a set of roots 7z € AT(T) which form the system of positive
roots of the root system Apg consisting of k short roots. To get this system
we look at a chamber Cgrn C (X.(T) ® R\ X4, a k — short. I assume that this
chamber contains Cp. Then the roots in in my are the positve roots in A*(T')
which are orthogonal to the walls of this chamber. We have an action of the
Galois group on this system of roots: We take the homomorphism Gal(Q/Q)
into the Weyl group of X*(T"), an element o sends the chamber Cgr into another
chamber, and we find an element in W, which transports this chamber back.
The composition of these two elements induces an automorphism of the chamber
Cpr and hence a permutation of the roots in 7.

Hence we have a root system with Galois action. We can define a semi
simple simply connected quasi split group H,il) having this root system. If C
is the the connected torus on which the roots in Ay vanish, then we can form
the product H,gl) x Cy. The considerations on Galois cohomology show that
the roots in Z, are x-short, we find a unique quotient H,, of this group which
contains the centralizer Z, .

This group has the following important properties.
(i) I mentioned already that we have

Z, C Hy
(ii) We have a diagram of spaces of conjugacy classes

AG

(iii) The image a, of v in Af* defines a geometric conjugacy class C,, in
H,. This conjugacy class is k stable, the value x on this class is constant =1.

(iv) This last property can be reformulated: For any place the local compo-
nent &, factors over H'(Q,, H,), i.e. we have a diagram

Hl(QU7Z’}/) i) H2
N\ /
HY(Qy, Hy)
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We have to say what it means that two such data (x4, Z,,, <) and (24, Z;, , &)
are equivalent. First of all we have the two tori C and C,.. The first require-
ment is that these tori lie in the same inner conjugacy class, this means that
we can find a g € G(Q) which conjugates C, into C, such that the morphism
Ad(g) : C, — C, is defined over Q.

Now we assume that x,, . are regular, so we have two tori C, C T,C, C
T’'. We split the two tori by an extension of the ground field, then we have the

two system of roots

7w, C Ay, C X*(T/Cx) C X*(T)
TH! CAH; CX*(T/C;) CAX*(T)7

we have an action of the Galois group on 7y, ,mg,. Now we call the two
data equivalent, if we can find a § € G(Q) which conjugates T into 7', where
the conjugation restricted to Cy is equal to Ad(g) and where it induces an
isomorphism between the two systems Galois system of roots 7y, ,7g,_,. (1
hope this is the correct thing to do !)
The discussion is similar if the elements are not regular.
This gives us that the two endoscopic groups H, and H, are isomorphic,
but the isomorphism is not canonical, even not up to inner isomorphisms.
We come back to our expression for the trace and write the denominator as
a product of two factors and move one of them into the numerator.
We write down an illegal expression
(I M) Ewsgn(w)(wX + p))(va)/ HaeA;Smt(%(xa)f(%(ma)*l))
r(z =
‘ Mocar (30— (3l D)

It follows from the definition (???) that for our given + the denominator is
not zero. Our expression is not legal, because neither the numerator nor the
denominator make sense. Let us look at the numerator.

We would like to interpret it as a trace of v on a virtual representation M7 =
> wew,\w SIYn(W)M (x4 p))w—p, it is an "alternating” sum over representations
with highest weight (A + p)* — py where w € WH\W and we assume that
(A+p)¥ — pg is in the fundamental chamber for the Borel of H,,. But of course
it can happen that pg is not in the character module. Then we can only view

the above alternating sum as a virtual representation of the covering H ,(il) X Cl.
In other words the expression in the numerator gives us a trace of a virtual
representation, only if x, is an element in the covering group.

But now we can find a character x, on Cy such that the tensor product
M (x4p))»—py @ X becomes an honest representation of H,,. The trace picks up
the factor x«(z,) and now the numerator makes sense and is

Suwsgn(w) (@O + ) (7a)
Ha€A+ (%(:ca) — (%(xa)_l))X5($a)

(k—short
Accordingly we multiply the denominator by the same factor and the we get for
the trace

Busn)eO O
HGEAaishDrt(5(%)_(5(%) 0 ~ Buew \wsgn(w)tr(za Moy p)e—py @ Xi)

tr(za|M)) =

[Toea+ (3 (@a) = (5 (za) )Xk (wa) a HagA?’Kilong(%(za)—(%(aja)*l)xﬂ(za))

(k-long)
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Now the numerator and the denominator make perfect sense.

As in the case of Sly we modify our system of representatives. We consider
the normalizer N(Z,,) and define the Weyl group W, = N(Z,,)/Z,,, this is
a finite group scheme over Spec(Q). This group scheme has rational points
Wz(Q) and for any s € Wz(Q) we consider the new representative 5 and
we write the same expression the trace. We sum over all s € Wz(Q) and our
previous expression becomes

1 S
#WZ(Q)%WZ%’NG% (e, k)tr(wg | M) H/ (Qe “(ae)eo (o) he (w0 w s (diy).

We abbreviate the orbital integrals by O(hy, £Y,C,) ( so our first choice of the
x4 is still visible) and now we we implement our above expression for the trace.
We get

1 J (@5, k)tr(zs | MT @ X,g
& 2 O(he, k5, C,
B2 2= Tocay . (3ap) — (Gp) ) 1O

long)

We forget the factor J for a second. We are left with

tr(z3 M @ x(2a))
[loear  (5(3) = (5(25))~Hxa(

We consider the denominator.

o [[0(he. 5, Co).

(r-long)

Our aim is to write it as a product of local factors at the finite
primes, i.e. to push the denominator into the infinite product. The
most subtle part is to write a sign at infinity as a product of signs at
the finite places

Let us assume for a moment that we do not need the x,. As it stands the
denominator does not make sense, because we extract square roots but

« s « s\\—1\ __ p(xs) S _
[I Geo-Gunh=2l0s T (e 1=

+ +
QEAL ong) QAL long)

I G - (Gaa)Mlen@, AT).

+
aeA(m-long)

now the second term in the first line tells us that product makes sense and is a
number in the field L € Q C C, which splits our torus. (Here we use again our
assumption on pg).

An element o € Gal(L/Q) induces a permutation on the roots-the Galois
group is mapped to the Weyl group- and it respects the decomposition into
k-short and k-long roots. Then is becomes clear that

o II GE)—GE)™ = signiom(@) (@) - (F@) ™).

+
aeA(n—long)
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where the sign,_iong(0) counts the number of times a positive K— long becomes
negative.
We conclude that

o I G- G ™) =2 eF.cL

aeAt

(k-long)

where F,, = Q or a quadratic extension of Q.We write
Ay(rg) = [Ak(zg) 0o (75, K)

where 700 (22, %) is a fourth root of unity. We know that it is an odd power
of 7 if the number of positive k-long roots is odd, I claim that this must be the
case under our assumption.

Hence we can write

Moo (@, 1) = (k) (=1)" o)

The factor n(k) is i@ or 1 according to our rule above. Now the product
formula gives us

(1Ak(z HIA e

this numbers (the number on the left and the individual factors on the right)
only depend on a and k. Consequently we change notation and write

(1Ax( HIA

We use the product formula to move the absolute value in the denominator
into the the product over the infinite primes. We get for our expression

(k)L (=1)™@am) (1 (23 | MH) 1;[ |A(a)le /ca(@e) HZZ (ze)ee(@e) hu(e)wi (dze).

There is still the sign (—1)™®a*) in front which causes us some headaches.

We have an easy case, namely if the number of s-short roots is odd. In this
case we know that F,, = Q(A,(x2)) is imaginary quadratic.

Now we do what we also did in the case of Sly, namely we consider the set
of imaginary quadratic extensions F/Q, E C Q C C. Any such field contains a
unique element ap whose square is a squarefree integer D and which of the

form ix a positive number. For any place v of Q we consider the norm map

N, : Fév — QX

the image has index 1 or 2, in any case we have a canonical character ¢, of
the kokernel to +1. We know that for any € Q* we have the product relation
II, Nk, ./0, () = 1. Hence we can say

( n(aza,m) _ ]:[65 /OZF )
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and now we get for our expression

n(k)” (tr(zg | M) l;[ Se(An(23)/ar,)|Ax(a)le /ca(@e) Ky (we)ee(we) he(@e)w B ().

The factors dp(Ax(zs)/ar,)|Ax(a)|e are the so called transfer factors, the
most subtle part in these factors are the signs. I know in principle how I can
define them in general. In any case I wlll explain how to do this for rank 2
groups.

3.9 The fundamental lemma

We abbreviate the notation for the transfer factors
So(A(xy) /ap, )| Ax(a)le = Ag(k, zq)

The fundamental lemma at the finite places deals with the evaluation of the
individual terms

Ay, ) / K7 (e (we) e (w0 ) (4,
Ca(Qr)

these linear combinations of orbital are called x, orbital integrals, they are
instable if k;, # 1. We want to express these instable integrals as stable integrals
on an endoscopic group. Note that the expression above can be defined purely
in local terms at the prime £.

3.9.1 A global consideration

There is of course still something awkward in the process and this is the choice
of the representative z,. We have to find a consistent rule to do this for the
different choices of the a simultaneously.

I think to proceed we have to choose the an extension of G/Spec(Q) to a
smooth group scheme G/Spec(Z), this group scheme should be semi simple at
all place where G splits ( or is quasisplit over an unramified extension) and as
good as possible at the remaining places. For a given k we should also find such
a group scheme structure for the endoscopic group H,, which in a certain sense
is compatible with the choice of G/Spec(Z).

Now the global integral structure gives us local integral structures and we
want to formulate rules how to choose representatives 7, ¢ in the conjugacy class
Co(Qp). A representative 7, ¢ yields a ”neutral” conjugacy class in C,(Qy), and
what we actually want to find a rule that distinguishes a neutral class.

Let us consider a semi simple elliptic element v, € G(Qy). Let k¢ : H(Qy, Z,) —
2 be a character. The element 4, lies in a torus T(Qy). This torus has a maxi-
mal anisotropic subtorus T, and T (Qy) is compact. We have a unique extension
of T/Qy to a smooth flat group scheme 7 /Z, such that 7.(Z,) = T.(Q¢). Here
we assume that the torus splits over a tamely ramified extension.

We say that our 7, is white with respect to the given integral structure if
we can conjugate this torus by an element in G(Qy) such that 7.(Zy) C G(Zy).

Definition:
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We say what it means that the torus is T' x Qg is kg unramified:

Assume we have another embedding 7..(Z,) 2N G(Zy) such that these two
embeddings are geometrically conjugate, i.e. there is an y € G(Qy) such that
Ad(y) o4y is our first embedding, then the two embeddings differ by an element
in §(1,i1) € H*(Qg, Z(T.)). Then our torus is s, unramified if r,(5(1,i;)) for
all possible ;.

In other words k, takes constant values on the white elements.

By charg(Z,) T mean the characteristic function of G(Z;) I think that I can
prove

If we have an element vy, which is not kp unramified, then the kg orbital
integral

O(charg(z,), Ve, ke) =0

This is in principle the easy case of the fundamental Lemma. It says: If the
integral structure does not give a rule to distinguish white and black elements,
then the above x, orbital integral over the characteristic function is zero.

Now we assume that we have a semi simple element ~,, which lies in a con-
jugacy class C,,(Qr) = C},,1(Q¢) and we have a ry. We assume that x, can always
be considered as the £ component of some global element « : X, (C}, )/Ir(X.(Cy,.)) —
po for some C7, ) which is anisotropic over R. Such a & is defined by its restric-
tion to the infinite place but not by its restriction to . We choose such a
as additional datum and use this x to define H,,. Then our ~; also yields a
conjugacy class Cﬁz] in the endoscopic group H = H,;. Now we formulate:

If vp is ke unramified and “white” then

Ag(,‘{,.’[a)/ chargz,) (xe)k)* (x)ee(xe)wi " (dzg) =
Ca(Qe)

/ ChaTH(ZZ)(LEg)Gg(Ig)ng}.Im (z¢)(dZy)
CH (@) [e]

This is the most difficult assertion of the fundamental lemma at the finite
places.
Finally the fundamental lemma makes a general statement:

Let us assume that k¢, k are given. We have a linear map which attaches
any function hy in the Hecke algebra, a function h* in the Hecke algebra of the
endoscopic group such that

Au(r,za) / ho(we ) (ze)ee (2ol (die) = /
Ca(Qy) C[Iie]

hi (o) (we)wss™ () (dy)
(Qe) [el

As T said this is a very general statement, but it is less sharp than our
first assertion. Actually we can generalize the first statement to an assertion
concerning the unramified Hecke algebra. We assume that ¢ is a place, where
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our group scheme G is semi simple and we also assume that x is unramified at
£. Then we get from the Satake isomorphism an inclusion

" Hg = CC(Q(QZ)//Q(ZZ)) A HZ{H = Cc(HK(Qé)//HK(Zé)))v

which is quite explicit such that we have under the assumptions above

Au(r, za) / ho(o)R) (ze)ea(e) B (dy) = /
Ca(Qy)

in(hg(hg))Gf” (xg)wgf}}n (z¢)(dZy).
C[I::Z] (Ql) [l

Eventually the stabilization of the topological trace formula would lead to a
statement of the following kind:

Let us fix a level Ky. We assume that K, = G(Zg) for all primes outside
our usual set of exceptions Y. Then we have finitely inner conjugacy classes
of endoscopic data tori in G/Q which are unramified at all places ¢ ¢ . This
yields a finite number of endoscopic groups H,.

Then we have have for a Hecke operator hy = [], he, which is unramified
outside ¥ and for any of the finitely many r a Hecke operator h"* = [],c5, h* x
[ogs i"(he) and constants a(k) such that

tren(hel H* (SF . M) = Y als)tren stavte (R [H* (S7p, M)

K

3.10 The rank 2 cases
3.10.1 The case A,

We choose an imaginary quadratic extension E/Q and we consider a simply
connected semi simple group G/Q of type As, which is an outer form and
becomes inner over E. (The picture explains the notation) All our extensions
of Q will be considered as subfields of Q and Q is the field of algebraic numbers
in C.

If T/Q is a maximal torus of G/Q we get an action of a Galois group
Gal(K/Q) on the character module X*(T'), the field K contains E. This action
factors through the group W x {c}, where ¢ acts as —1 on X*(T).

We assume that the image of Galois contains —1 since we want an elliptic
torus.

We look for Galois invariant linear maps X, (T) — peo, this is a Galois fixed
element in K € X*(T)/2X*(T). If we find a x # 0 then the action of Galois is
reduced to a 2-Sylow subgroup, hence we can assume that £ = «; and the image
of Galois is contained in the subgroup generated by ¢ and perhaps a reflection
at as. The k-short roots are ag, —ap. The torus C, is the subtorus on which
o vanishes, it is isomorphic to Tg/)Q, the subtorus of norm one elements in
RE/Q(Gm)-

We have only one endoscopic class of non trivial endoscopic data.

As in the case of Sl or more precisely in the case of the norm 1 group of
the division algebra we define the notion of an endoscopic datum. We introduce
an equivalence relation on the pairs (7, ) and the endoscopic data are the
equivalence classes.
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If k = 1 the trivial character then (7 k) is regardless what T is the trivial
endoscopic datum [e]. If & # 1 then saw that & yields a torus C,. This torus
sits in its centralizer Z(C)) and we also have T' C Z(Cy). Now we have the
sequence

1—- 2z = z(C,) - oW -1

(See excursion into Galois cohomology). We get a homomorphism

Xo(T)/Ir — X.(Cp) /Ir X (C}) — 0

and clearly x factorizes over the module on the right. Hence we see that the
only information that counts is C); but the torus T is not relevant.

Hence in this case we have up to equivalence only two endoscopic data. The
non trivial endoscopic datum is simply an embedding of the torus T]EJI/)Q into

G/Q such that over @ this an embedding into a maximal torus 7" and the
image is the subtorus on which a pair of roots is trivial.

On the other hand if such a torus we can find an embedding T' — H,, Notice:
We do not necessarily have H, —— Z(C,) This endoscopic group is

He=HY x Cy/ps

where H ,Sl) = Sls and po the common copy of ps. The semi simple com-
ponent Z(C,)) must not split. One should notice that the formation of the
quotients makes (iii) valid and this is also the reason that the embedding of
T — H, is also ”stable” in the sense that any family of local changes within
the local geometric conjugacy class can be obtained by a global change. of the
embedding (This is (iii), it will be explained better in a revised version)

If we choose as fundamental chamber the cone generated by 1,72, then we
can choose as fundamental chamber for W, the half-space of elements = with
< ag,x >> 0. Now we can choose representatives e, wy = s1 = Sq,, W2 = S152.

Now we choose a highest weight A and the representation My of G xg E.
We write the character formula for a regular element € T'(Q)

2w Stgn(w)(A + p)* (z) )
[T((a/2)(x) = TT(e/2) ()~
Here p is of course the half sum of positive roots of G. We rewrite the
denominator

(A+0) (1) =(A+p) (@) = ((Atp) " () = (M) (2) 71+ (Atp) 2 (2) = (Atp) 2 ()

tr(z| M) =

We consider the highest weight representations of H, ,(.;1) x C; given by the highest
weights A+ p—pg = A+ p—a2/2,( A+ p)"* — pu, (A + p)*“2 — py and let us
put

M = Mitp—pr = Mxtpy —pr + Matpywz —pp -

For an element & € T(Q) ( & € T(Q) is the inverse image of T' in HY x C,, we
get

tr(z| M)
((a1/2)(Z) = (a1/2)(&) ") (o1 + 22)/2)(F) = (1 + @2)/2() 1)

tr(Z|M) =
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Given v € T'(Q) we have to choose a 4 to make sense out of the numerator and
the denominator.

But now we have v,/2 € X*(T) and we may multiply then numerator and
the denominator by ~;/2(%). Then we can rewrite our formula

tr(ZM? @ (11/2))
((1/2)(F) = (@1/2)(2) ") (a1 + @2)/2)(F) = (a1 + a2)/2(F) 1) (11/2)(F)

But now the representation in the numerator is a representation of H, and
we can now evaluate at v € T(Q) and get

tr(Z|M) =

tr(y M7 ® (71/2))
((1/2)(7) = (@1/2)(M) ) (1 + @2)/2)(7) = (a1 + a2)/2(7) ") (1/2)(7)

Now we want to write the denominator as a constant, depending only on &
times a product of local factors at the finite primes..

We can find an algebraic Hecke character ¢ : T(Q)\T'(A) — C* which is
of type —v1/2, these Hecke characters form a torsor under a certain ideal class
group. (Here we make a choice but I think this is reasonable in view of our final
goal: The cohomology groups H*(S” M) can be decomposed according to
a central character which then will be a Hecke character of the same type (or
inverse?).

Then we can write

tr(y|M) =

n/23) " =[] 6e(®)

[
and if we abbreviate

A9() = ((@1/2)(7) = (a1/2)(F) ") (o1 + a2)/2)(F) = (a1 + a2)/2(5) 1),
then we get for o € Gal(K/F)

a(A"()) = x(0) A" ()

where x is the non trivial character on the Galois group which is trivial on s,,.
Hence we see that o(A°"9) € E . We can write it as

A3 (7)) = i(— 1)) | A9 (7)o
and

(1) = [T 6o(A" (@) fae).
L

But now &,((A"(%))/ag))é(Z) only depends on v and not on the lifting
Z. Hence we can define local transfer factors

Ag(x) = 6e(A"" (2))/ap) de ()| A" ()]

and hope that the fundamental lemma is true and says

/ A re(weea (o) e () w B (dg) = / 15 (6e) () el ()T () (o),
Ca(Qp) [vel

Cﬁe](@e)
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where hjj(¢,) fulfills similar properties as the old hj.

Now we want to compute the contribution of the conjugacy class a, which
allows a k # 1. Let us now assume that the class a is regular, then Z = T. The
group Wr(Q) is the centralizer of the action of the Galois group on X*(T) , so
it may be equal to the Weyl group if the Galois group is cyclic of order 2, or it
is the group generated by the reflection s,,.

In the first case we have a trivial action of the Galois group on X*(7T")/2X*(T)
and hence three choices of a non trivial k£ which are equivalent under the Weyl
group. In the second case we have only one choice of a non trivial k. We pick the
term corresponding to the class a in our formula prestab) and ignore the factor
in front. We have only one x the summation over Wz (Q) makes the expression
independent of the choice of the representative x,, once we choose it in Z(C,).
We get

1 J(@
#WZ (Q) XS: HaeA

v M ® xi)
Y

A o
(5(22) — (3(ea) Dxatan) L1 O o) =

A Xr(Ta)

S o) @ (/20 [ / () o)l (e () (dae)

where [23] is the stable class in H, deﬁned by «?. If now look at the classes

b € CH(Q) which are of the form [z*] for some s and we denote by W;, C W (Q)
the set of s so that [z°] = b then we get

Z Z J(@3, k)tr(b M7 @ (11/2)) H/CH o o(zo)hy (ve)el! (xe)wcH (@)(dZy).

b seW,

Now we need a fundamental Lemma at the infinite place. Recall that for a
given class a we have still the factor in front

1
VOI(OJ? TR (FC L)

The Tamagawa volume of K is just what it is. The first and the second factor
depend only on a and they do not change if we consider Zg(ci) as subgroup of
the endoscopic group. I claimed that W, (z,) only depends on a, but I do not
remember why. (3.6.2.) So lets forget it. This factor also can depend on the
ambient group which is G/Q, so we write W (z,) for it. Recall that also the
centralizer Z,, and the group =, given to us. Then the fundamental Lemma
must say

There exists a constant a(k) such that for any class b

T(Z(l)afa )h(C’;a )e(Ta)Woo ().

: Yo D JmWEed) = a(m)WIH([22)),

W
# Zra KEE, SEWL

Then we get eventually that the elliptic x instable contribution is given by

#111(C)J (%))
VOl( GTam(Kf))

> (ZW)h(Ce(b) W (b) %

beAT(Q)

(M) ] / i, PR G0 T )
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Hence we come to the final formula :(See 1.1) ( The Tate Shafarewic group is
trivial, we need to compare two Tamagawa volumes ) We have constants A(k)
such that

tren(hy|H* (S, M)) = A(D)trsiapie,en(hg |[H® (S, M))+A(R)trstableen (B (0 5) | H® (ST, M=),

and this does not look so bad afterall. The dependence on ¢y seems to be ok.

Such a formula with explicitly computed constants seems to be the final goal
of the stabilisation of the topological trace formula.

I have not yet verified the above fundamental Lemma. It must be a special
case of the fundamental Lemma in Langlands Shelstadt, which they proved over
R. But in the case where G x R is anisotropic (and z, is regular 7) it seems to
be very easy.

3.10.2 The case B,

We have to look for Galois invariant elements k € X*(T)/2X*(T), let T is the
Galois group acting on X*(7).

We have two types of endoscopic data. The first type is given by 7

We observe that the class of 79 is invariant only if T" fixes the line Z~s .
If this so then v, gives us an endoscopic datum x = 2 mod 2. Clearly the
k-short roots are a1, —a; and C,; is of dimension 1. We see that it splits over an
imaginary quadratic extension E/Q and C,, — Tg/)(@. The endoscopic group
is Cy, X Sls.

If we perform the same manipulation with the expression for the trace
tr(z4|M) then we find four irreducible representations in the numerator and
in the denominator we have three factors. We get

tr(zq|MH)

(% (2a) = B (1) ) (H522 (wa) — S5 (wa) 7 (H5222 (24) — 5792 (24) 1)

tr(zq| M) =

In this case we can say that the square of the denominator is a negative
integer and we can proceed as before.

For any imaginary quadratic extension F/Q we get such an endoscopic da-
tum since the embedding is unique up to inner classes.

Then we have to show that after the fixing of the level we only find finitely
many endoscopic classes which are x unramified outside the set ¥ which contains
the ramified primes of the level K.

The second type is given by ;. We observe that v; mod 2 is always invari-
ant, hence we see that it provides a non zero & for any torus 7'/Q no matter what
the Galois group might be. The x-short roots are the short roots. If we choose a
chamber in X*(T') -for instance the cone generated by 71,2 then we get as the
system of posite roots my for the endoscopic group the roots a; + as = 1, g
and hence we have a consistent way to say which root is which.

We consider the splitting field E/Q of our torus T/Q. Then it is clear that
its Galois group contains the element ¢ which is send to —1 in the Weyl group.
It is central and therefore E is a totally imaginary quadratic extension of a
totally real field K/Q. This extension K/Q is totally real and a multiquadratic
extension of degree 1,2 or 4.
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We have the homomorphism I' — W, this gives us I'/{c} — W/{c} andW/{c}
is the elementary abelian 2 group generated by the images of the reflections
Soy > Savg-

We get an action of the Galois group on the set of positive roots my, this
action factors over an extension Gal(F/Q), where F'/Q is either a real quadratic
extension or trivial. Hence we find that the endoscopic group is either

RF/Q(SIQ/F)/[LQ or Slg X Slg/ug.

The endoscopic group is split, i.e. F' = Q if and only if if the Galois I lies in W,
in this case this means that it is contained in the group generated by reflections
at the k-short roots.

The element pgy is in the character module, the Weyl character formula
becomes

tr(a, | M)

(5 (2a) = G- (za) 1) (522 (20) — 25292 (20) 1)

The following considerations are not entirely convincing!

tr(zqe| M) =

We observe that we are allowed to look at the two individual factors

(Ta) — (xa)il)

a1

S ) ™), Balaa) = (

o1 + 2042
2

o] + 20[2

As(za) = (G5 (2a) ;

2
in the denominator. Let us now assume that the reflection at the root oy is not
in the Galois group, this means that F' = Q.

The product A1(zq)A2(z,) € Q, we need to know the sign of this number.
If K =Q then E/Q is an imaginary quadratic extension and we can write the
sign as a product of local signs at the finite places.

If K # Q then the the reflection s,, is in the Galois group it has a fixed
field F;/Q which is imaginary quadratic. (There is a second extension, which
is the fixed field of csq,.)

Then we can again write the sign as a product of local sings using the norm
map from E; to Q. (Or the other one?)

If F/Q is quadratic, then Aq(zq)As(z,) € F.

In this situation we may even have to take into account, that tr(z,| M) is

Then we are in the situation, where we know how to define the sign and the
transfer factors.
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