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1 Eisenstein cohomology

Our starting point is a smooth group scheme G/Spec(Z) whose generic fiber
G = GxzQ is reductive and quasisplit. We assume the group scheme is reductive
over the largest possible open subset of Spec(Z) and at the remaining places it
is given by a maximal parahoric group scheme structure. If G is split, then we
assume that G is split. We define K; = G(Z) = [1,6(Z,) C G(Ay)

We choose a Borel subgroup B/Q and a torus T/Q C B/Q. We assume that
TA)NKy = T/7Z) is maximal compact in T(Ay). Let A € X*(T') be a highest
weight, let M be a highest weight module attached to this weight. It is a
Z-module, the module M ® Q is a highest weight module for the group G/Q.

1.1 The Borel-Serre compactification
We consider our space

5%, = GQ\G(A) /KK,
and its Borel-Serre compactification

i:SIG{f —>SK.



Our highest weight module M provides a sheaf M on these spaces.
We have an isomorphism

H* (S, My)-"5H*(S§,, M))

for any coefficient system M coming from a rational representation M of G (Q).
The boundary 0Sk is a manifold with corners. It is stratified by submanifolds

08k = JorSE,,
P

where P runs over the G(Q) conjugacy classes of proper parabolic subgroups
defined over Q. We identify the set of conjugacy classes of parabolic subgroups
with the set of representatives given by the parabolic subgroups that contain
our standard Borel subgroup B/Q. Then we have

H*(0pSE,, My) = H*(P(Q\G(A) /Koo K, M)
We have a finite coset decomposition

G(As) = JP(ApEKy,
&

for any £y put Kf(gf) =PA)rN ffoéjil. Then we have
PQ\X x G(As)/Ky = PQ\X x P(As)/K7f (§5)¢s,
&r
If R, (P) C P is the unipotent radical, then
M = P/R.(P)
is a reductive group. For any open compact subgroup Ky C G(Ay)(resp. for
Koo C Goo) we define K (&7) € M(Ag)(resp. K) C M) to be the image of
KFP (&) in M(Ay) (resp. My). We put
Skyiey) = M(Q\M(A)/ KK (&)
and get a fibration
mp : P(Q\X x P(Ag)/Kf (&) — M(Q\M(A)/M(Q\KX x K} (&)

where the fibers are of the form I'y\ R, (P)(R) and where I'y C U(Z) is of finite
index and defined by some congruence condition dictated by K ]If (&f). The Lie-
algebra u of R, (P) is a free Z-module and it is clear that we have an integral
version of the van -Est theorem which says:

If R = Z[%] where a suitable set of primes has been inverted then

H*(Ty\Ry,(P)(R), Mp) = H*(u, MR).

More precisely we know that the local coefficient system R.WP*(./\;I) is obtained
from the rational representation of M on H*(u, M).



Hence we get

H.<8P87MR UH. SKJ\I E )7 .(u7M)R)7

and
H*(u,Mp) = @ H') (u, Mg)(w - \),

weWP

where W is the set of Kostant representatives of W/W™ and where w - A =
(A4 p)*¥ — p and p is the half sum of positive roots.

The primes which we have to be inverted should be those which are smaller
than the coefficients of the dominant weights in the highest weight of M. But
at this point we may have to enlarge the set of small primes.

We conclude

The cohomology of the boundary strata 3PSIG(f with coefficients in M can be
computed in terms of the cohomology of the reductive quotient, where we have
coefficients in the cohomology of the Lie algebra of the unipotent radical with
coefficients in M

In the following considerations we sometimes suppress the subscripts Ky, K %M

and so on. Then we mean that the considerations are valid for a fixed level or
that we have taken the limit over the K. (See the remarks below concerning
induction)

1.1.1 The two spectral sequences

The covering of the boundary by the strata 0pS provides a spectral sequence,
which converges to te cohomology of the boundary. We can introduce the
simplex A of types of parabolic subgroups, the vertices correspond to the
maximal ones and the full simplex corresponds to the minimal parabolic. To
any type of a parabolic P let d(P) its rank, we make the convention that
d(P) — 1 is equal to the dimension of the corresponding face in the simplex.
Let M = Mp = P/R,(P) be the reductive quotient (the Levi quotient). If
Zn/Q is the connected component of the identity of the center of M/Q then
d(P) is also the dimension of the maximal split subtorus of Zp;/Q minus the
dimension of the maximal split subtorus of Zg/Q. The covering yields a spec-
tral sequence whose E}’® term together with the differentials of our spectral
sequence is given by

05 EX = @ H@pS,M S P HIOpS, M) (1)

P,d(P)=1 P,d(P)=p+1

where the boundary map d}’? is obtained from the restriction maps (See [Gln]).
There is also a homological spectral sequence which converges to the cohomology
of the boundary. It can be written as a spectral sequence for the cohomology
with compact supports. Let d be the dimension of S then we have a complex

= P HEUT N ops, M) P HITPTU9pS, M) = (2)

Pd(P)=p+1 Pd(P)=p



and therefore the E.l’. term is

Ey,= @ HI'P0pS, M)
P,d(P)=p

the (higher) differential go from (p,q) to (p —r, ¢+ 1 — 7).

1.1.2 Induction

The description of the cohomology of a boundary stratum is a little bit clumsy,
since we are working with the coset decomposition. The reason is that we are
working on a fixed level, if we consider cohomology with integral coefficients. If
we have rational coefficients then we can pass to the limit. Then

H* (055, M) = mH* (P(Q)\G(8)/ KooKy, M) =

—~— —_~—

o (GR)XG(Af) 1 (oM . _ mo(G(R)XG(Af) 17e oM f1e
Indwz(M(R)xP(lgf)g?H (Sicars He (us M)) = Ind 00y g piay HH (ST He (u, M),

where the induction is ordinary group theoretic induction. We should keep in
our mind that the mo(M(R)) x P(Ay) -modules are in fact mo(M(R)) x M (Ay)-
modules. We need some simplification in the notation and we will write for any
such mo(M(R)) x M(Ay) module H

mo(G(R))xG(Ay)

Ind sy x Pay)

H=I{H
We will use the same notation for an induction from the torus T to M.

Under certain conditions we also have the notion of induction for Hecke
- modules and we can work with integral coefficient systems. This will be
discussed at another occasion.

But I want to mention that in the case that Ky is a hyperspecial maxi-
mal compact subgroup ( in the cases where we are dealing with a split semi-
simple group scheme over Spec(Z) we can take K; = [[G(Z,) (see 1.1)) then
G(Q,) = P(Zy)K, = B(Z,)K, the group theoretic induction followed by taking
K invariants gives back the original module. In this case we do not have to
induce!

Of course we have to understand the coefficient systems H*(u, M), for this
we need the theorem of Kostant which will be discussed in the next section.

1.1.3 A review of Kostants theorem

At this point we can make the assumption that our group G/Q is quasisplit, we
also assume that G(l)/ Q is simply connected. Then we may assume that My
is irreducible and of highest weight A. Let B/Q be a Borel subgroup, we choose
a torus T/Q C B/Q. Let X*(T) = Hom(T xq Q,G,, xg Q be the character
module, it comes with an action of a finite Galois group Gal(F/Q), here F
is the smallest sub field of Q over which G/Q splits. Let 7)) /Q C T/Q the
maximal torus in GV /Q, then X*(T()) contains the set A of roots, the subset
AT of positive roots (with respect to B.) The set of simple roots is identified



to a finite index set I = {1,2,...,r}, i.e we write the set of simple roots as
7 ={a1,...,q;...,a.} C At. We assume that the numeration is somehow
adapted the Dynkin diagram. The finite Galois group Gal(F/Q) acts on I
and 7w by permutations. Attached to the simple roots we have the dominant
fundamental weights {,...,7;,...,7;,...} they are related to the simple roots
by the rule

2<7i7ﬁj > _
—— =0
< Bj,B; >

The dominant fundamental weights form a basis of X*(T(1)).
Our maximal torus T'/Q is up to isogeny the product of T and the central
torus C/Q, i.e. T =TW .C and the restriction of characters yields an injection

i XH(T) = X1(1W) @ X*(0),
this becomes an isomorphism if we tensorize by the rationals

X3(T) = X*(T) @ Q = XH(TW) & X5(C).

This isomorphism gives us canonical lifts of elements in X*(T™M) or X*(C)
to elements in X@(T) which will be denoted by the same letter. Especially the
fundamental weights ~;,... are elements in X¢ (7).

Let A € X*(T) be a dominant weight, our decomposition allows us to write
it as

iel
we have n; € Z,n; > 0 and § € X*(C). To such a dominant weight A we
have an absolutely irreducible G x F' -module M.

We consider maximal parabolic subgroups P/Q D B/Q. These parabolic
subgroups are given by the choice of a Gal(F/Q) orbit 7 = J C I Such an orbit
yields a character v; = 3, ; v The parabolic subgroup P/Q provided by this
datum is determined by its root system AT = {8 € A| < 8,77 >> 0}. The
choice of the maximal torus T" C P also provides a Levi subgroup M C P but
actually it is better to consider M as the quotient P/Up.

The set of simple roots of M) is the subset w7y = {..., i, ... Yicr,,, Where
of course Ipy = I'\ J. We also consider the group GMNM = M,. It is a reductive
group, it has T as its maximal torus. We apply our previous considerations
to this group M;. It has a non trivial central torus C;/Q. This torus has a
simple description, we pick a root «;,7 € J, we know that J is an orbit under
Gal(F/Q). We have the subfield F,,, C F' such that Gal(F/F,,) is the stabilizer
of ;. Then it is clear that

Cq - RFai/@(Gm/FmL

up to isogeny it is a product of an anisotropic torus C’fl) /Q and a copy of G,,.
The character module Xg(C1) is a direct sum

X5(C1) = x50y @ Q. (3)



Here XQ(C ) ={ye XQ(Cl) | <7,> ;e @ >= 0}. The half sum of positive
roots in the unipotent radical is

pu = fpys (4)

where 2fp > 0 is an integer.
We also have the semi simple part T < M®) and again we get the
orthogonal decomposition

XHTW) = Xy(TM) e x5 (C1) = P Que@ ey = P O e .

i€y ieJ i€l =y

Here we have to observe that the ’yiM ,i € Ip; are the dominant fundamental
weights for the group M), they are the orthogonal projections of the 7; to the
first summand in the above decomposition. We have a relation

Vi = 7]1\/1 +ZC(]77’)77.7 for .7 € IM
i€i
and we have ¢(j,7) > 0 for all 7 € J.

Let W be absolute Weylgroup and subgroup Wy, C W the Weyl group of
M. For the quotient Wy, \W we have a canonical system of representatives

P—tweW |w Yry) c AT

To any w € W we define w- A = w(A+ p) — p where p us the half sum of positive
roots. If we do this with an element w € W¥ then = w- X is a highest weight
for M) and w - A defines us a module for M. Then Kostants theorem says

UP,M)\ @ H[(w) uP> )(U))\),

weWr

the summands on the right hand side are the irreducible modules attached to
w - A, they sit in degree

l(w) =#{a e ATw la e AT} (5)
Each isomorphism class occurs only once.
We write
w-(A+p)—p= pBM 45, +6
—_——

€ XH(THM)y e X5(C1) @X*(C)
We decompose d; and define the numbers a(w, A) (see (3))
d1 =01 — (a(w,\) + fp)ys

In (6) we move the —p = —p¢ to the right and split it into p = pas + fpys
then we get

wA+p) =M + oy — a(w, Ny (7)



We also consider the extended Weyl group W, this is the group of automor-
phisms of the root system. Let wy € W be the element sending all positive roots
into negative ones. We have an automorphism ©_ € W inducing t — ¢! on
the torus. Let © = wgo©_. This element induces a permutation on the set 7 of
positive roots, which may be the identity and induces —1 on the determinant.
Then

o) = Z ne:Yi — 1)
iel
is a dominant weight and the resulting highest weight module is dual module
to M. Therefore we get a non degenerate pairing

H*(up, M) x H*(up, Moy) — Hvr (up, F) = F(—2py),

which respects the decomposition, i.e. we get a bijection w — w’ such that
l(w) +(w’") = dy, and such

H' ™ (up, My)(w - A) x H ) (up, Moy )(w' - ON) = HWr (up, F)  (8)
is non degenerate. We conclude
a(w,\) + a(w’,©ON) = 0.

The element © conjugates the parabolic subgroup P into the parabolic sub-
group @, which may be equal to P or not. If P = Q resp. P # @ then we say
that P is (resp. not ) conjugate to its opposite parabolic. If ©_ is in the Weyl
group then all parabolic subgroups are conjugate to their opposite. In this case
we have © = 1.

Conjugating by the element © provides an identification 0p o : W — we.
We have two specific Kostant representatives, namely the identity e € W¥ and
the element wp € WP, this is the element which sends all the roots in Up to
negative roots (the longest element). Its length [(wp) is equal to the dimension
dp = dlm(Up)

Any element in w € W can be written as product of reflections

W= S, - Sa;, (9)

where v = [(w) and the first factor o;, € J. We always can complement this
product to a product giving the longest element
Sai, - Sa;, 8 Sa; = wp, (10)

=WSa,, | - Sa

Qiypq "7 dp dp

The inverse of the element s, vy Sa, I8
v P

r— Q
W= Say, - Sa,,, € w

This defines a second bijection ipg : WP = W@ which is defined by the
relation

w=wp - ipgw)=wp -w, (w)+I(w)=dp (11)

The composition 913’162 olpg: WP — WP is the bijection provided by duality.



The element wp conjugates the Levi subgroup M of P into the Levi subgroup
of Q = prwlzl, the element wp = Owp conjugates the parabolic subgroup
P into its opposite (which is conjugate to @) and induces an automorphism on
the subgroup M which is a common Levi-subgroup of P and its opposite.

If we choose w = e then

S onyi+=Y niy +> (D nic(i, §) +nj)v; + 6.

el i€l jeJ i€ly

Since J is the orbit of an element ¢ € I we see that < «y;, a; > is independent
of j and hence we get easily

S miclis )+ = 57 (03 maelid) + ) +6

JEJ i€y JEJ i€ly
and hence 1
a(e.X) = 253 mictini) +ny)
jeJ i€ly

If we choose ©p then as an M-module Mg,..» is dual to Mex(—2f;7v.). We
write OA + p = >, ne:¥i —  and then

wp(Y nivi+6) =D net =D (Y neic(©i,0))+ne,)v; —2f17 — .

el i€l jeJ ©icly
and especially we find
1 R
a(wp, ) = =(5=5 (D neic(i,07) +ne;)) +2f1)7s

J
#* JEJT i€ln

In general we have the inequalities
a(Op,A) <a(w,A) <ale, ).

1.1.4 The inverse problem

Later we will encounter the following problem. Our data are as above and we
start from a highest weight for M, we write

p=p +6 +ay;+6= Zn@wiM+51+a7J+6.

i€l

We ask whether we can find a A such that we can solve the equation (Kost).
More precisely: We give ourselves only the semi simple component x(!) of y and
we ask for the solutions

w\+p) =pM +...

where w € W¥ and A dominant, i.e. we only care for the semi simple component.
Let us consider the case where J = {ig}, i.e. it is just one simple root. Then
the term d; disappears and our equation becomes

wA +p) = u + ayi, + 6,



of course the § is irrelevant, but we want to know the range of the values
a = a(\,w) when p(M) is fixed, but \,w vary. Of course it may be empty. Let
us fix a w and let us assume we have solved w(\ + p) = p") 4 .... Then it is
clear that the other solutions are of the form A + p+ v where wv € Q~;,. These
v are of the form v = cvy with ¢ € Z. We write vy = Zie] b;v; and it is easy to
see that there must be some b; > 0 and some b; < 0. This implies that A + ciy
is dominant if and only if ¢ € [a, ], an interval with integers as boundary point.
This of course implies that -still for a given w - the values a = a(\, w) also have
to lie in a fixed finite interval

a = a(w7 >‘) c [amin(w7 ,u'(l)), amax('wa /u'(l)] = I(wa /14(1))

This will be of importance because these intervals will be related to intervals
of critical values of L-functions.

1.2 The goal of Eisenstein cohomology

The goal of the Eisenstein cohomology is to provide an understanding of the re-
striction map r in theorem ( ?7). More precisely we assume that we have an un-
derstanding of the cohomology H*® (881% , M) and in terms of the description of

the boundary cohomology we want to describe the image Hﬁis(asgf , M) of 7.
Under certain conditions we will construct a section Eis : Hi; (0S$ o Myc) —
H i(SIG(f , M .c). Tt is clear from the previous considerations that understanding

of the understanding of H® ((')ng , M) requires understanding of the Eisenstein

cohomology of the Eisenstein cohomology of H*(S),,, H*(u, M)).

We consider certain submodules in the cohomology of the Borel-Serre com-
pactification for which we can construct a section as above. We start from a
maximal parabolic subgroup P/ Q, let M/Q be its reductive quotient. We define

HP (0p(SK,), M) = €D HY ™ (S, H'™ (up, M) (w - \)) € H*(0p(SE,), M)

weW P
(12)

We will abbreviate H'()(up, M)(w-\) = M(w - \) where always keep in mind
that the element w € W knows what the actual parabolic subgroup is and
that M(w - A) sits in degree I(w).

By definition the inner cohomology is the image of the cohomology with
compact supports. This implies that the submodule

B HOpSE,) My C @ HUIP(SK), M) = B

P:d(P)=1 P:d(P)=1
is annihilated by all differentials d%¢ and hence we get an inclusion
ip: @pewrlSH T (Sipes M(w - X)) = H*(DSE,, M) (13)

Taking the direct sum over the maximal parabolic subgroups yields a sub-
module

HP (9(SE,), M) = HF (9(SE,), M») (14)



The Hecke algebra acts on these two modules. Let us assume that this submod-
ule when tensorized by Q is isotypical in H !'((“)(ng,/\/l A ® Q). Then we get a
decomposition

HE (0(SE,, M © Q) & Hiony((SE,, My ® Q) = H* (9(SE,, Ma © Q). (15)

We formulated the goal of the Eisenstein cohomology, we described an isotypical
subspace and we know can ask: What is the intersection of Hg, (0S$ S MaeQ)

with this subspace, or what amounts to the same, what is HIfEisﬁ(SIG(f ,M®Q).

The element © induces an involution on the set of parabolic subgroups con-
taining B (= set of G(Q) conjugacy classes of parabolic subgroups) two parabolic
subgroups P, Q) D B are called associate if © P = ). We can decompose the coho-
mology H? (8(8% , M,®Q) into summands attached to the classes of associated
parabolic subgroups

HP(O(SR,, Mr@Q) = @ H(0p(SE,), Mx) & €D H' (0p(SE,), Ma) & H (99(SE,), M)
P:P=OP [P,Q]
(16)

where in the second sum @ = ©P. Each summand is a sum over the elements
of W and then we can decompose under the action of the Hecke algebra. We
choose a sufficiently large extension F/Q and in the case P = OP we get

HE0p(SE) Mo F) = D @H (Siy M(w-2) @ F)(og)  (17)

weW?r oy

In the case P # ©P = ) we group the contributions from the two parabolic
subgroups together. To any w € W we have the element ip g(w) = w' € we.
We also group the terms corresponding to w and w’ together. To any o, which

occurs in H,'_l(w)(S;‘(/[M,Hl(“’)(up,/\;l)(w ‘A) @ F) we find a oy = af””\'yo]\f )
: 7

which occurs in the second summand.
The decomposition into isotypical pieces becomes

@(H'_l(w)(SKM,M(w A @ F)(o )@H' I(w' )(SKM/ M(w/ ) ®F)(o}))

(18)

1.2.1 Induction and the local intertwining operator at finite places

Our modules o are modules for the Hecke algebras HKM = ®p7-l%M. Therefore

we can write them as tensor product oy = ®,0,. We con51der a prime p where
oy is unramified then we get can give a standard model for this isomorphism
class. The module H,, is the rank one O -module OF, i.e. it comes with a
distinguished generator 1. The Hecke algebra acts by a homomorphism (See 77?)

h(op) : H%Nf’i” —~ Op (19)

and gives us the Hecke-module structure on H,,. We can induce H,, to a
’ch module. This is actually the same Op module but now with an actlon

10



of the algebra ”Hfg}‘% We simply observe that we have an inclusion Hg%’;),‘% —
H%\{V}WZ')‘) and induction simply means restriction.
M,

It follows easily from the description of the description of the spherical (un-

ramified) Hecke modules via their Satake-parameters that the induced modules

(GN)
KG .

induction the two summands in (18) become isomorphic. We choose a local
intertwining operator

H,, and HU; are isomorphic as H -modules and hence we get that after

loc .
T H,, — H, (20)

simply the identity.
We postpone the discussion of a local intertwining operator at ramified
places.

1.3 The Eisenstein intertwining operator

We start from an irreducible unitary module H,_ _ x H, ;= H, and assume
that we have an inclusion ® : Hy — L2, (M (Q)\M(A)). We consider ® as
an element of W (o) and for the moment we identify H, to its image under ®.
We stick to our assumption that o occurs with multiplicity one in the cuspidal
spectrum.

Then we we can consider the induced module, recall that this is the space

of functions

{f:G(A) = Ho|f(pg) = pf(9)} (Ind)

where p is the image of p in M (A). We can define the subspace HP consisting
of those f which satisfy some suitable smoothness conditions and then we can
define a submodule IndJGDEgH((TOO) where the f(g) € H and the f themselves
also satisfy some smoothness conditions.

We embed this space into the space A(P(Q)\G(A)) by sending

f=Ag = Flg)ea)},

here A denotes some space of automorphic forms. This an embedding of G(A)-
modules or an embedding of Hecke modules if we fix a level.

We have the character vp : M — G,,, for any complex number z this yields
a homomorphism |yp|* : M(A) — R* which is given by |yp|: m — |yp(m)|*.
As usual we denote by C(|yp|?) the one dimensional C vector space on which
M(A) acts by the character |yp|*. Then we may twist the representation H,
by this character and put H, ® z = H ® C(|yp|*). An element g € G(A) can
be written as g = pk,p € P(A),k € KJQ where KJ? D Ky is a suitable maximal
compact subgroup and now we define h(g) = |vp|(p).

Eisenstein summation yields embeddings a

Bis : Ind () H™) @ 2 — A(G(Q)\G(A)), (21)

where

Bis(f)(g) = > f(vg)lem)h(vg)%,
+EP(Q\G(Q)

11



it is well known that this is locally uniformly convergent provided R(z) >> 0
and it has meromorphic continuation into the entire z plane (See [Ha-Ch]).

We assumed that H, is in the cuspidal spectrum. We get important infor-
mation concerning these Fisenstein series, if we compute their constant Fourier
coefficient with respect to parabolic subgroups: For any parabolic subgroup
P, /Q C G/Q with unipotent radical Uy C P, we define (See [Ha-Ch], 4)

FRES(N)) = | Bis( ) (ug) (ear o
Ur(@\U1(4)

This essentially depends only on the G(Q)-conjugacy class of P;/Q. It it
also in [Ha-Ch] , 4 that this constant term is zero unless P; is maximal and the
conjugacy class of Pj is equal to the conjugacy class of P/Q or the conjugacy
class of Q/Q. (which may or may not be equal to the conjugacy class of P/Q.)

These constant Fourier coefficients have been computed by Langlands, we
have to distinguish the two cases:

a) The parabolic subgroup P/Q is conjugate to an opposite parabolic Q/Q.

In this case we have a Kostant representative w?” € W which conjugates
Q/Q into P/Q and it induces an automorphism of M/Q. We get a twisted
representation w!’ (o) of M(A). In the computation of the the constant term we
have to exploit that o is cuspidal and we get two terms:

G(A)

P i
F7 oEis: IndP(A)HU®z—>

Indiply) Hy @ 2 @ Ind5 ) Hyr (o) @ (2fp — 2) C A(P(Q)\G(A)).
We can describe the image. It is well known, that we can define a holomor-
phic family

T (2) : Ind§ ) Hy @ 2 — IndG H, 0 @ (2fp — 2)

which is defined in a neighborhood of z = 0 and which is nowhere zero. This
local intertwining operator is unique up to a nowhere vanishing holomorphic
function h(z). It is the tensor product over all places T'°¢(z) = ®,T1°¢(z).
For the unramified finite places the local operator is constant, i.e. does not
depend on z and is equal to T;OC in section (1.2.1) and T'°¢(0) = ®pT1£°C . At
the remaining factors there is a certain arbitrariness for the choice of the local
operator and some fine tuning is appropriate.

We also assume that we have chosen nice model spaces H,_, H,/_, and an
intertwining operator

TXC: Hy — Hyr (22)

which is normalized by the requirement that it induces the ”identity” on a
certain fixed K type.

Then we get the classical formula of Langlands for the constant term: For
fe IndggﬁgHg ® z we get

FPoEis(f) = f + C(o, )T (2)(f),

12



where C(o, A, z) is a product of local factors C(oy,,z) and where C(oy, 2) is a
holomorphic function in z which compares our local intertwining operator to an
intertwining operator which is defined by the integral.

The computation of this factor is carried out in H. Kims paper in [C-K-
M], chap. 6. He expresses the factor in terms of the automorphic L function
attached to oy. If we translate this into the cohomological L-function we get for
the for the local factor at a prime p the following expression

L g (=~ )
v LA (op, rymy (2 — fTP) +1)

Cplo,2) = T (2)(f) (23)

Here x runs over a set of of cocharacters of our maximal torus. These cochar-
acters are those roots in the unipotent radical of Uy which are the dominant
weights of the irreducible representations the Langlands dual group MY on the
dual Lie-algebra u},. The r, is the associated representation attached to x. The
m, are the heights of these roots, this is the coeflicient of the coroot x; in x.

We do not discuss the ramified finite places, from now on we assume that
oy is unramified. Then we get

C(o,2) = C(0x0, 2 HC’ (op, 2

The local factor at infinity depends on the choice of T9¢ in 1.2.4 we gave
some rules how to fix it, if it is not zero on cohomology.

b) The opposite group Q/Q is not conjugate to P/Q, then we have to com-
pute two Fourier coefficients namely F¥ and F< in this case we get

FF Q
Findg) He © 272

Imd§() He ® 2 @ IndG00) H, @ (2fp — 2) € AP(Q)\G(A)) & AQ(Q)\G(A)).
and again we get

Lag,rme(z — L2))
L(oys,r,my(z — %P) +1)

FoEis(f) = f+Clow) [[ T'°(2)(f),

r

where now T'°¢(2) is a product of local intertwining operators

Ty : nd 3l Hy, ® 2 = Indgy G H, 0 ® (2fp — 2).

It is also due to Langlands that the Eisenstein intertwining operator is holo-
morphic at z = 0 if the factor in front of the second term is holomorphic at z = 0.
Up to here o can be any representation occurring in the cuspidal spectrum of
M.

Now we assume that we have a coefficient system M = M, and a w €

WP such that our oy occurs in H, l(w)(SKM,M(w -A) ® F). Then we find a

(m, KM)— module H,_ such that H®(m, Koj‘g H, & M(w-\)) # 0. We also
find an embedding

®,: Hy, ® Hy, ®p, C— L2, (M(Q)\M(A))

cusp

13



Let us assume that w - A or equivalently oy are in the positive chamber. In case
a) we have holomorphicity at z = 0 if the weight X is regular (See [Schw] ) and
in case b) the Eisenstein series is always holomorphic at z = 0. We that we are
in this case and then we can evaluate at z = 0 in (46) and get an intertwining
operator

Eis o ®, : Indf(y) H, — A(G(Q)\G(A)).

We get a homomorphism on the de-Rham complexes

Homy (A*(/8), ndS®) H, @, C® My) — Homue (A*(g/8), AGQ)\G(A)) @ M,)
(24)

We introduce the abbreviation ngf = Hgf ®r, C and decompose H,o, =
H,  ® H,o,,. We compose (24) with the constant term and get

FoBis® : Homp (A*(g/t), Ind5(5) Hy, @ My) ® Hiog, —

Homy_ (A*(g/%), Ind5 () Hy . @ M) ® Hiog,) & Hompe (A®(g/%), Indg ) Hor @ My) ® Hiop)

(25)

where P = (@ in case a).
We choose an w € Hompg__(A®(g/t), IndG(]R ® M) and consider classes

w®1y and map them by the Eisenstein mtertwmlng operator to the cohomology
(or the de-Rham complex) on S . Then the restriction of of the Eisenstein
cohomology to the boundary is given by the classes

D, (w®1hs + C(000; A)C(05, T (w) @ TP (1h5))

The factor C(oy, A) can be expressed in terms of the cohomological L-function.
Translating the formula (23) yields

. HH LM (0,70, < X, Y 4 par > +a(w, N) < x, P >)
A Lot (o, 7y, < X, D) + par > +a(w, X) < x,vp > +1)

The factor C(04)T2¢ is not always easy to understand in SecOps.pdf we
discuss the special case of the symplectic group.

We see that the constant term is the sum of two terms. The first term
reproduces the original class from which we started. We assumed that it is in
the positive chamber. The second term is some kind of scattering term which
is the image of the first term under an intertwining operator. In case a) the
restriction of the second term gives a class in the same stratum, in case b) the
restriction gives a class in a second stratum.

At this point I formulate a general principle
The second term is of fundamental arithmetic interest, it contains relevant

arithmetic information. To exploit this information we have to understand the
contribution C(0a, \)TIC .

14



Here are some comments which give some support to this belief. We start
from o and consider the intertwining operator

Tio0* : Homye, (A®(g/8), Ind %) Hoo, @ My) — Hompe, (A*(g/8), Ind5(5) Hor, © M)
(26)

The two complexes can be described by the Delorme isomorphism

Hompg_ (A®*(g/%), Indggﬁghﬂ,m ® My) — @ Hom g m (A'*l(w)(mg)/‘eM)),HJm @ M(w - \)
weWw?r
(27)

Our intertwining operator respects this decomposition and we get
TI9%* (w) : Homgear (A*~1) (m{) /8M)), H,_ @ M(w- ) —

Homyr (A~ () /61)), Hy @ M(w' - X))

We assume that w - A is in the positive chamber and [(w) > I(w’). Now we
know that for regular representations My the cohomology H"(m, KM H,_ ®
M(w - N)) is non zero only for v in a very narrow interval around the middle
degree (See [Vo-Zu], Thm. 5.5). If the difference |I(w) — I(w’)] is greater then
the length of this interval, then it is clear that in any degree T°%*®(w) induces
zero on the cohomology. In such cases the Eisenstein intertwining operator gives
us a section

BisH!))(SMy, M(w ) @ F)(o7) = HISE,, My @ F)  (28)

But even in the case where the intertwining operator induces the zero map on
cohomology the second term has influence on the structure of the cohomology.
It influences the structure of the integral cohomology HY (ng,/\;l A ® F) and
apparently provides some understanding of the denominators of the Eisenstein
classes.

In the next section we discuss such a situation for the group G = GSp,/Z
and where our parabolic subgroup is the Siegel parabolic subgroup. In this case
the second term does not contribute to the Eisenstein cohomology. In this case
we have experimental evidence that ”arithmetic” of the ratio of special values
of the form

1 I LM (o, ry, < X, pY + par > +a(w, A) < x,vp >)
og, o) LL Lot (o, < x, uD + par > +a(w, A) < x,7p > +1)

has influence on the structure of the cohomology. We will of course also have

cases where the intertwining operator is not zero on the cohomology. In that
case we can prove rationality results for these ratios of L-values.

15



2 The example G = Sp,/Z

2.1 Some notations and structural data

a1 - Yo
Q2
The maximal torus is
t7 0 O 0
0 to O 0
To/Z =t = _

o/ o o t;h 0 }

0 0 0 ¢t

the simple roots are
a1 (t) =t /ta, an(t) = t3
and the fundamental dominant weights are
71(t) = t1,72(t) = tatz
and finally we have
2’}/{\4 = tl/tQ
We choose a highest weight A = n1v1 + nay2 let My be a resulting module

for G /Spec(Z). We get the following list of Kostant representatives for the Siegel
parabolic subgroup P and they provide the following list of weights.

1-A = /\:%(Qng—l—nl)'yz—knl’y{wl
s2° A = (=24 mn1)ye+ (2no + 1y +2)9"
$251 A = (=4 —n1)y2 + (24 2n +n1)y "
_ 1 My
528152 - A = 5(—=6—2na —n1)y2 +n1yy

We choose for Ko, C Sp,(R) the standard maximal compact subgroup U(2),
it is the centralizer of the matrix

0 1 0 O
-1 0 0 O
0 0 0 1
0 0 -1 0

which defines a complex structure. With this choice we can define ng =

GQN\G(R)/ Koo x G(Af)/ K.

16



2.2 The cuspidal cohomology of the Siegel-stratum

We consider the cohomology groups H '(SIGQ M ») and the resulting fundamen-

tal exact sequence. We have the boundary stratum dp (ng) with respect to the
Siegel parabolic. Let us assume that we are in the unramified case, then we get

H‘(@P(SIG{f),M)\) _ @ H._l(w)(slj\(ﬁw,Hl(w)(up,./\/l)\)) (29)

weW P

We look at the case w = s5s7 in this case we know how to describe the cor-
responding summand in terms of automorphic forms on Gly. We introduce the
usual abbreviation H' () (up, My) = My (w - \).

Our coefficient modules are the modules attached to the highest weight

1
w-)\:u:(2+2n2+n1)ﬁ’f\ﬁ+§(—4—n1)72

Let us put k = 4+2ns+n; and m = %nl. We give the usual concrete realization
for these modules as Moy on,n, N2 —3 — k] = Mp_a[ne — 3 — k]

Let us look at the space S%M The group M /Spec(Z) is isomorphic to Gla,

it is the Levi-quotient of the Slegel parabolic. The group K is the image
of P(R) N K under the projection P(R) — M (R). This is the group O(2) it
contains the standard choice K2 (1) = SO(2) as a subgroup of index 2. Hence
we get a covering of degree 2

S}‘fM = M(Q\M(R)/ K35 (1) x M(A)/ K} = Sy (30)

We get an inclusion

i:Hl(Slj\(/[fM,M,\(w-/\)) < HYSM,, My(w- \)). (31)

KIW b
On the cohomology on the right we have the action of Q(2)/SO(2) = Z/2Z
and the cohomology decomposes into a 4+ and a — eigenspace. The inclusion ¢
provides an isomorphism of the left hand side and the + eigenspace.

This inclusion is of course compatible with the action of the Hecke algebra.
If we pass to a suitable extension F//Q we get the decompositions into isotypic
subspaces if we tensor our coefficient system by F. An isomorphism type oy
occurs with multiplicity one on the left hand side and with multiplicity two
on the right hand side. Over the ring Or the modules Hi int(SIAéu,MA(w

M) r)(oyf) are of rank one, hence we can find locally in the base Spec(Op) an

isomorphism

Tarith( ) Hl( KM7MA(w A) ))(Uf)—>H1( KMaM)\(w >‘) ))( )

(32)

The isomorphism given by the fundamental class (see(??) interchanges the +
and the — eigenspace, hence we can arrange our arithmetic intertwining operator
such that it satisfies

Tarith(a_f ® |6f|) _ Tarith(a_f ® |6f|)_1 (33)

17



We consider the transcendental description of the cohomology groups

HY(S KM,M,\(w Ne) =P Hi( KM,M,\(w Ne)(op) ® HE( KM,MA(w Ne)(of)

(34)

We consider the standard Borel subgroup B C M the standard split torus
To C B it contains our torus Zy. We define the character

= (k,m +2): B(R) = C*, x(t) = 71" (1) 2" *2.
It yields the induced Harish-Chandra module I B(R )) Xp @ We consider the
functions
f i M(R) — C; f(bg) = x(b) f(9); f|T1 is of finite type .

This is in fact a (m, K32%) -module, it contains the discrete representation Dy, .
We have the decomposition

Dy, = @ Foyw
v=0(2),|lv|>k

where

¢X,u(9) = ¢X,V(b (_C(:IE?Q)S) Sclcl)ls(((zﬁ)>) _ X(b)ezm”‘b,

Of course KM% = Ty (R) = {e(¢) = (_C(S)fr(lg(b(;) SCI(?S((Q;))} and we can write
€(¢)y — 627Tl/i¢'

We have the well known formula for the ((m, K2/:%) cohomology

H'((m, K1%), Dy, ® My(w- X)) = Hom aro (A (m/6)), Dy, @ My (w- N)) =
(35)

CP_?_/ & ¢X1—k’ & Vg—2 + CPX (39 QSXJf R V_gy2 = ka,m + C@k,m

(36)

Here v,_5 = (X +4Y)*72 resp. vo_p = (X —iY)*=2 are two carefully chosen
highest (resp. lowest) weight vectors with respect to the action of K0, The
elements P, are the usual elements in m/€. We choose a model space H,, for
o¢ i.e. a free rank one Op -module on which the Hecke algebra acts by the
homomorphism o : ’H%M — Op. We also choose and embedding ¢ : F' — C

and an (m, K20) x KM X HKM invariant embedding

®,: Dy, ® H,, ®p, C— Li(M(Q)\M(A)) (37)
this is unique up to a scalar in C* because the representation is irreducible and
occurs with multiplicity one in the right hand side. This yields an isomorphism

o H' ((m, KM0), Dy, @My (0 \)®H,, 5, C 5 H( KM,MA(w A)c)(tooy)

18



-1 0

We observe that the element € = ( 0 1

) € KM has the following effect

Ad(e)(Py) = P_ ,e(¢y k) = Ox,—k and €(vg—2) = (—1)"va_x (38)
Hence we see that

w,(jn)l = wpm + (—1)"Ok,m resp. wl(;n)l = Wi,m — (—1) @k m (39)

are generators of the + and the — eigenspace in H'(m, K20, D, @ Mj(w-\)).
Therefore our map ® and the choice of these generators provide isomorphisms

B4 H,, ©p, © 5 HY(SH, Malw No)(o0y), (40)
&) s Hyy @, © 5 HL(SHy, Ma(w - Ne) (o) (41)

The choice of P, P_ and ¢,,_, is canonic, hence we see that the identifications
depend only on ®, , which is unique up to a scalar. This means that the
composition

T, 6 ) = @) o (@)1
Hl( KM,M,\(w Ac )(Loaf)—>H18?(4M,/\/l>\(w-)\)@)(Loof)

yields a second (canonical) identification between the + eigenspaces in the co-
homology. Our arithmetic intertwining operator (See (32) yields an array of
intertwining operators

Tamh(af) ®p, C: Hl( My(w-N)p))(of) @F, C = H: (SM

KM’
(42)

Hence get an array of periods which compare these two arrays of intertwining
operators

Qop, )T (Lo oy) = T ™ (o) @p, C (43)

Our formula (33) tells us that we can arrange the intertwining operators such
that

Qop ®107l,0) = Qos, )" (44)

These periods are uniquely defined up to a unit in OF.

2.2.1 The Eisenstein intertwining

We pick a oy which occurs in H{ (SM,,, My (w - A)r)), we choose a 1 : F — C

K]\l ’
and we choose an embedding

q)L : DX[L ® HUf ®FL (C — L?:usp( (@)\M(A)) (45)

and from this we get the Eisenstein intertwining

Biso ®, : Ind () (Dy,) ® Hyy ®r, C — AG(Q)\G(A)) (46)

19
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(Here we use that Ky = GSp,(Z).) Hence we get an intertwining operator

Eis® : Homp__ (A®(g/€), I§(Dy,) ® My) @ Hy, ®p, C — Hompg_ (A*(g/€), A(G(Q)\G(A)) @ M)
(47)

and this induces a homomorphism in cohomology
H?(g, Koo, I3 (Dy,) ® My) @ Hy, @5, C) = H*(SF,, Mac)  (48)

and we want to compose it with the restriction to the cohomology of the
boundary. We have to compose it with the the constant Fourier coefficient

FP AGQ)\G(A)) = A(P(Q)U(A)\G(A)). We know that F¥ maps into the
subspace

G Ffoa G
1§Dy, ® Hy, @5, C = I§D,, ® H,, ®F, (C@IPDXH, ® Hyvr |, 2rp ®5, C
(49)
/ _ _ M, 1 .
where p' = wpw- A= s3-A = (2+2na+n1)y," " + 5(—2+n1)72. More precisely
we know that for h € IIC;'DXM ® Hy, ®F, C

FP(h) = h+ C(0,0)T'°¢(0)(h) (50)

where T%°¢(0) = T'°¢ ® ®pT11)°C. The local intertwining operator at the finite
primes is normalized, it maps the standard spherical function into the standard
spherical function. The operator T'°¢ will be discussed below.

Our general formula for the constant term yields for an h = hoo X hy

(f7n1 +n2+2) C(nl + 1)
(fin1 +n2 +3) ((n1 +2)

x T1(0) (hy)
(51)

FP(h) = bt Clom T () T

(For the following compare SecOps.pdf) We analyze the factor C(ou, \)T0¢
more precisely we study the effect of this operator on the cohomology. Let us
look at the map between complexes

Tégc” :Hompg _(A®(g/%), IICSVDX“ ® M,) — Hompg (A'(g/?),IgDXH, ® M)
(52)

The intertwining operator T.¢ : Ingu — IICD*'DX“, has a kernel D, this is a
discrete series representation. We know that

Homp_ (A*(g/t),Dy, ® My) = Homg, (A*(g/),Dy, @ My) = (53)
H?(g, Koo, Dy, @ M) = CQa 1 & CQ 5 (54)

We have the surjective homomorphism

H (g, Koo, Dy, @ My) = HY(A%(g/8), 1§Dy, © My) = H'(m, KX D, ® H?(up, My) = Cu®
(55)

the differential form € 1 4 €(A)€1 2 maps to a non zero multiple A()\)w(3). (The
factor €(\) is a sign depending on \). We can write Q21 — €(A)€2; 2 = dip where

¢ € Hompg__(A*(g/t), Dy, ® M) (56)
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and w = T'9%2(¢)) € Homp__ (AQ(g/E),DXM, ® M) is a closed form, hence it

provides a cohomology class. Let us denote this cohomology class by K(w(?’)).
Choosing w®) as a basis element and applying the Eisenstein intertwining
operator (47) yields a homomorphism

Eis® 0 @, : H}(S%W,MA(w Np))(ogor) = HYNSE,, My C)  (57)

The local intertwining operator 7.2° maps w® to zero and hence it follows
that the composition r o Eis® is the identity, the Eisenstein intertwining oper-

ator yields a section on H} (SIJEIM,M,\(U) “A)r))(of). (Remember w = s3s1). If
s

we define
H*(8E,, Map)(oy) = Tﬁl(Hgl(S%uMA(w “A)r))(oy)) (58)

(Induction does not play a role since the level is one) then we get the decompo-
sition

HP(SE,, Mar) ® His (SE,, Map)(oy) = HY (SE,, Mar)(o7)  (59)

2.2.2 The denominator of the Eisenstein class

We restrict this decomposition to the integral cohomology (better the image of
the integral cohomology in the cohomology with rational coefficients)

Hgint(ng7M>\F)(o—f) ) H'?: int(SIC(:faM)\F)(Jf) D H%nt,Eis(Slgf,MkF)(gf)
(60)

The image of H?; g (ng , My p)(o) under r is a submodule of finite index in
H} int(SgM,MA(w -A)r))(0f)) and the quotient is
’ 7
H3 (S, Mop)(07) ) (H 50t (S, Map)(07) © Hiyy (S, Mar) (07)) =

HY (S Ma(w - V) p)) (o)) /image(r).
(61)

The quotient on the right hand side is Or/A(c) where A(oy) is the denomi-
nator ideal. Tensoring the exact sequence

0 = H 1 (S, Mar)(07) & H pia(SE, - Mar) (o) = Hlint(S[Z\?ﬁ/ﬂM/\(w “A)r))(of)) = Or/A(oy) =0
(62)

by Or/A(oy) yields an inclusion

Torg, (Or/Alof), Op/Aloy) = Op/Aloy)) = H} 1 (SK,, Mar) (o) @ Op/Aloy)
(63)

and this explains the congruences.
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2.2.3 The secondary class

We choose generators w(® (o) ( resp. w® (o}" lvp,f[277)) for HY (SM,,, My (w-
. ¥
Nr))(os)( resp. HY (S;\éfv,,M)\(sQ -A))(0f)) (Perhaps we can do this only lo-

cally on Spec(OF).) We may arrange these generators such that 7% (o ¢)(w® (o)) =
w@ (a7 |yp ;[>'7). The isomorphism

oY : H*(g, Koo, Dy, @ My) @ Hoy @5, C Hljnt(S?ffwMA(w A)F))(Looy)
(64)
maps
Qa1 4+ eN)2) @B (Loos) = Qy(ay,1)w(oy)

where Q4 (of,¢) is a period depending on the choice of ®,. The element
Qo1 — e\ 2) @w® (Loos) =dyp @ w® (Looy).

where ¢ € Homg__ (A%(g/t),I§ Dy, ® M,). The operator T'°°(0) in (50) pro-
vides a homomorphism (52)

T*@T° : Homp, (A*(9/€), IE Dy, ©M\)®H 00, — Homg (A*(g/t), I5 Dy, O M A)(@Jirwa}up Ive.f|277))

Under this homomorphism the class ¢ is mapped to a multiple of w® (a'§” |yp ¢ [2/7)).
We can calculate this multiple, during this calculation we see a second period
Q_(o¢,t) depending on ®, and the ratio of these periods will be our period
Q(tooy) in formula (43) .

This period is independent of ®,. To state the final result we denote by f
the modular cusp form attached to oy, this is a modular form with coefficients
in F, then ¢ o f is a modular form with coefficients in C. By A(f,s) we denote
the usual completed L -function. We get

C(o, 0) T (r(w® (o ) =

( 1 A(vo fini+n2+2) 1 )C’(—m)w@)(
Qof,0))Em Alvo fyng +ng +3) (=1 —nq) i

The factor inside the large brackets is essentially rational ( it is in F' and

ay” lvpslP17))

behaves invariantly under the action of the Galois group) the factor @
should viewed as a generator of a group of extension classes of mixed motives.

For me the most difficult part in the calculation is the treatment of the
intertwining operator at oo, this is carried out in SecOps.pdf. At the end of
SecOps.pdf. T discuss the arithmetic applications and the conjectural relation-
ship between the primes dividing the denominator of the expression in the large
brackets and the denominators of the Eisenstein classes in (2.2.2)
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