Vor  Neumann - dﬁgebms
drd the Connes {usion tensor product

H complex Hilbert space
g[H} fvaurzdeaf ofar_r on H

Def.: Mc BH) & a vor Meumonn - alggbea Hf & is a unital
*—suba(gekm of B(H that is closed in the weald operator fv;au(ajr

-
Note:  weall Copolsgy is generabel by seminerms a4 —> <3 ,an>| V},QEH_(

Def: Given Sc 3(H), the cmmufart ' of £ i giwen by
$= fae BH) | as =sa FeeSF

Thm.: (vor Mewumann - Bicommutant theorem) :
M e 8(H) von Neumane -algebra <> A“=A.

(Evey von Meumann - aly. aries as « commabant of somelhing.”)

Ex: M=28H) i a wn Neamann- algebra .
Ext Let G be a disoete, countuble group. Talkle H= £%(a), then
H=(Cq) T b e Neswmann - algebrat
taken in the bounded opts
on 2%(&)
Ext (X ) medsure  Space
H= Ll(x,p&)

M=L" (le-} act: en # by left mu‘(ﬂpficq{-.‘on and (3 a
commutabve ven Neumann-algebra

Thm: Eveey commutabve vNo anges in that weaty for some
measure (pace X.

philosophy + Think of vNas a: a non-commulative versian
of measure theory.



Factors and Type C Cassifi calron

Ref: The cenfer Z of a v)o M is given by Z= MaM' ond & itself
a commubative v Na.

A von Neumann - algebra with trivial center @ called o factor.

Why are fackors intererting 3
e Zracomm vANa = Z= LT (Xp)
i discrebe | then ...
M= @ M,  whe ol H; are fadors

. else wse direck integrl decompastion ..

@
M= 5 M, d,&(lc) where My i afactor for all xe X
X
~> Faclors are bui Lding blodts “ of general vNa's

* Comider projeckions pa M with p=p®=pt

* Talle xe M self -adjoint elemeat and (et
.
" 52. dE, be its spectral decemposition, then E, ¢ M ¥ae [ab]

” =7 M always contains projections
(tndeed: Every vNa is the norm -closed Linear span of it projectiane. )
ldea: lastead of subspaces of H consider projections in M and gereralize
the theory of dimension.
equivalence of projections : let e fe M' be pmy.
e~¢ iff S#e)‘i with ¥y e, qu”={

partial
(50 metry

~——> induces partial ordecing on projections

e < f 7 €, ~re s.th. e, & a .{umej. of £

Thm .+ £ M s a -{-a:céﬂrt this s an ofvrCrr‘/!g_



peb: A projection e e M is afled finike | if e is net equivalengt
1o any proper subprofection of c.
Pl Afader M 5 of
. ﬁrpe I ; if there exitls a von-zero minimal Prq)‘ccﬁbn in M,

e type T if M contains non-zero fintde projections and is net
of type T,

e type I, if no non-zero projection in M is finife.
A fackhr M s called f{n[&' if 4e M s finile.

Thms M fmile fader =2 ! faibhfal | normal (ie wealtly @ntincous )
tracial ckate on M (for sharf s a trace oa M)

“dype I,: trace takes discrele values on the proj.

trie) e {o... dim, K}
H (n=ace allowed)
ctype T+ Eroce takes conb nuows values sn the proj.

tele) e [o,4]
+ fer fr(: I, thee st &5 a mplﬂCz ment for fr [!’:ha.{' Fullolls
trle) e [0‘ w]

c For type I » ne Emce at all | Rut finew classificabon via modular
theory, ——p (eads to type I, with ae [o,1]

Lef.: A factor fis called hypecfinite . ¥
M = (U M;)" for an increasing Jequenee M ¢ M e

i=q
of finlte dimensional von ”&Lmann-ﬂl(‘gebrm

Al hyperfinile faclors have been classified :
“type T, « M= BlH) with n=dmH

+ type I, : Group von Newrtann algebeas . All iomerphic!
*type L, : I, @I,

* type I, ¢ the Keieger factor

< type I, for ae JOAL : Ehe Powers facter

* type I, + The local fermions defmed by Wassermann . Al ico marghic



Cﬁﬂjmhb” O\C Uﬂ-{ hff?ﬁf-ﬁ'm-k ]1; —Fac(ur‘
start  with Mo (C) | embed it ihbe M, (€] via

X — (XO
o x

s.kh. the troce on My, (€) s given by tred = % tr

sz

continue (ke fh.a.{' szde'lg MZ"k 2 info Hln"i‘tzuﬁ
Takte weall closure on direct Lmit

~ teace fake values in [01]



Modular Theory
(aka : Tomita — Takesaki 'Bhearr)

Def. Me B(H,) vMa. H, is calld vacuum reprcertabion or andacd
form if Tne H, that i cyclc for M and for M,

* Consider the (unbound’:ﬂu, anti-linear op. given by

§,afl = a®a ~oclesable $= S,

Take polar decomposition  since § & anbi-linear this [ooks ke
S= 1A% with J anti-unbary
and & positive self ~adjoint
Ex.: For M being o type I ~factor Jtrs | — C,
tr yields a vacum repr. via the G NS -conlruchen vacium vec,

abeM <ba $¥Saa? = <bfa a*a> = tr(ba®) = & (db)

= fr(b*a) = <ba aad
= § i anki -untbary

=) & =4 by uniqueness of polar decomp.
Remo  J2aA | fuschonal caleulws lebs you define A°F and A7, teR

Nowr... .
Thm (Tomiba - Takesaki )+ M vNa with vac. rep. (4, 51) then
' M =M

ACHM At aM ViR

Rem.t «J turns H, inbe an M~M-bimedule . Lt 7 be the vac.rp. of M,
thea: w% ()= Juw(a)* S
———
€ M
«Jo ~Aa =1
¢ Foradease subset of M (the enfore avalyfic clements)
slal = Aia A_{- e M



Vow for @, (@) = < afl? one has
(¢q is oalled

ba (ba) = ¢£(6'1(“)¢(L)) vacuum state)

Thus the modular sperator measures “how much®
the vacuum ctake diflerc from a trace stafe.

o The: 1 4f multiple; of L are the only vectors that are fixed by
the modular flow then M i3 a €ype IT, - factor,

“In analogy fo the commutative case the vac rep. shall ke
denoted by H= L*(M)

Tensor products of vNa's

- two Hilbect spaces: H, , H,
Hilbert space temsor product H @ H, i the completion of the algebmic
tewor product K, © H, w.r . the norm.. .

* <3(a jg_>"“ <21rfz>yz 1 f;énd

3.9, 3.20:?
’l;*“r.

¢ Consider two vNa's N and M row NO M jnhets a *-algebmic

S tractuse
ne&m - n,®m, = n.n & m-m, n, e M
(eeml® = oteom* e
Vow consider oT: NOM — 3 ®
(Hu © ) with Ne B(K,)

T(hem)(3en) = 23 @ mn and M c B(Hy)

Now define: Ne M = o (N© M) ~the so-called spatial tensor
produst of vMNals



The many face: of Connes' Lusion
Groal: Eimd the “right tensor p-oc(u:&“ feor vMa - bimodules

Remember: H U aalled an M-N- bimodale (wibh twe vNa's MM) & it
5 a (ff module over M and a right medule over N,
where the module actions are given by weakly q,.ut;,,m,

¥ ~precerving , unital homomorphisms
T o M— 3[&)

2
wlr: N — B(4)

T with the oppesite mul plication
Tensor product of an M- M- bimod. H. and an N-L -bimod. (,
should "have “nice propertic™
ex. of a nice propecty in@ R = j@Rr-g jel, , pely,
he N

Firt construction by Jones et al. for type I - fadorc ~> relabive fenser
product

Zef.: Let H, be an M- N-bimedule with ackions T, 'I‘r”o’

then W, = {t: [*N) — H, | B sun WP ¢t}

‘

vacuam rep. of NOT

denete £ he [n{tr{:v(‘ggg between ‘TT;Z: and '!T;’.

Ex: £%(N) - {&s LYVM) — LW | t o2 = w2 th=N"=N

Tur (n) = J @ () e N'

Note that 'H, can be fumed inlo @ night Hilbet module over N with
inner  proouet ... e
(s) = £*s e LX) =N

Pe: Given an M-NU- bimod. H, and an M-L - bimed. {, then
the C(onnes fusion of the two is gtven by The complebon of
K, © H, w.rt. the inner prodact

te X
(teg sayy = (¢, (&s)n> | * g
¢ SO § B wanie
[t & olenated by H_‘ﬁ H, .



Na&, {Zha.f~
('f:n@g— ten.¢, 6 theg - fonrng?
= <g, lnitn)e? —<ng (ttr)g> = <g (ta, ) ng> + ng, &) ngd
=0

= th ®¢ = t@ng Connes {usion has “nice propecty”.

Ex.: Take weakly cont. , unital | #- preserving bomomorphism of viNa’
¢ L—> W

L%(¢) is N~ N-bimedale L*(V) consideced as L.—N - bimodule
with left achion ..

({03 for LGL‘SEL‘{H).

Let H be an N=-M-bimodule dnd H be the corresponding
L=-M- &iﬂwnlu& w".“! Mf‘ ackion

¢lt]-p for lel nek.
The: Li)&H =H.
frol :  £%(g) = LXWN) = N
¢: L@ — K

ne g +—» nn

Y- g — La(f) & H extend to an iromeppliim .
T

t———~>»{0;a

Therefore =+ LE(g) @ LY(e) = [*(ceg) Hor e
g

¢ Taking ¢=d L=N = (*(N)aH=~H
" for any N-M-bimodule H

Problem lﬁma{‘:fr vectors in K @ H‘ in terms of the {enver paduct
1 2 "



Sy m ¥ rm_of Gonnes
H, M-N-bimodule
Ho N = L—bimedale

ffz = {5 LN — H, ( 58 = ATu8 } therefore : 5:51 e N”
fow take completion of .- -
®,0 H,  vernt. inner product

<t,es,  tos > = <£ff;.n.~s;£4 c“l).r.‘(w}

- wsing the inclsion i, one geb...
Koo AT?,_JL with symmelric Connes relation...
giﬁna%wq_= gwA%rzA"t-q or g W 0
ne ¥
0 enfive element ta N

A. Wassecmann % four paint —formula ®



Con 5o d algebracc tensor uct

- H, M~N-bimodule , (ef ackion @, ,right action T
Cheose cyclic and sgp. (vacuum) vecter AL € LE(N)
inclusion 1, » H, — H,

(not canonical , depends on choice
t — ta o@ _n_)
Now: mj(x)ta = ¢ 'n,,':: (x) < ? t Jw‘,‘_w*l.m
inter Evwining Ve,
rf".
: e * z

;—-f.?_;&_'A"?T”w(K} AT

c'nrq.r.‘qn« §

of a

=t Ag:“—pp (x)A“{'.ﬂ. for every entire element

xe N

= i@ x = i le®) with e()= stxa?

So, iaskeaol of ahove definifion  take Y a0 © H, with
n
H

(R 2 =imig)
Connes relabion : g-x@fl = g@dfx)"f_ xe N, geim'&._n_‘lze H,_
Remack = . P 0 & not W, but the set of w- bounded vedors for

w(0) = <2 NI,

§ ¢ imiy & w-bounded iff IC>0 sth. Il;xil:‘ & C-w(n*n)

i A=A (for type T or bype I, - facters )  then & =id

=> CGonnes fusion reduce o an algebralc tenor product
of bimodute.



Remember the bi- category D  (skeichy)
» objeds: O -dim spin mfels. 2
o morphisms s = spin odiffes. Z,— 2,
= one-dim. sgin mfd. ¥ sth, Y = Z, UE,
* 2-mophams : — either spin dffec.t rel. boundary with elemeat ce C(%)®"

= gonf. pin surface 2 with Y€ E,.(?():)
Enriched
ellpptic sbject  should funcbor this fo...

The _bicategary YN of von Meumann-algeboac
* objects : von Neamann -a(gebra,
mophiums: A merphicm frem N to M i an M- N-bimadule
= compesitien : given by Connes fusion

Moo= Ne—=l @ Me——iL
H( Ha. Hi.HL

. trivial elemeat givea by L*(N
¢ Gonnes' fwion [ associative up fo  lomerphims.
* 2~ merphizms 2
Given by Infertwiners - H H' M- N-bi medules
Te B (HH) = {T: 0 bowdet [T, = T,T aad
Tuy = T }

H comperitien of infertwines

,/4'"1‘\‘ by eperator composition
MWH H /\
B T e J >
ﬁ/s{té_u_\p )

H!

extended gluing Lemma: There s a unique unifary isomery of
Clry) - COY,) - bimodules
(R, My FEL =54 FLE)

magping 0, @0, 1o 0,



. further more. . .

Hom H,
fu-‘\ ,/HE\ /\ xey e kal
M \[LT, y ﬂ/'l‘ L = ﬂnn;l. oL (res)

H'ﬁy‘ =T4'x01;.§

Adjugetion tranformations _in v
s thee invelution

N —s N’d’ on objecks

He— H o morghisos | wheee H 1 the conjugale bimodule
M»fl' "_I with medule actions
= bimad, -bimod . - e e
ng-m = m*g-a* gcH
Te—s T*

on L-morphiums wibh the usual adjunction

I view of the a.d_;ancﬁen.r in

the geometric category we would
lite t» have ..

vﬂ(‘f A@ A) — yN (A% A)
ww(c, F, e, F) — vN(F F)

on rr:orphi.rm;

on 2~marphisms

For R a A@A, — € -bimedae
Foa €-QA04\%  bimodule

set A= A.,,OA,_
Congider

iboé‘& Lying (o the pre-image
of the Best map
6l‘n‘cf6wiﬂ.eu of the A-ackion
tF o Ff — 8 5 .‘F)
o 1;.( i with o (¥) = (rx)n
—
xX® n X7 aal T=x.d
Take x that fulfilts

X Tr:; (a) = mF @ x | then...
X WA‘,, (a) = Kf - J ﬂ“&o‘: (a)i‘-[ = erap (q)*

T Xu,@ = n@R o (ke K= xeX )



.

(7] a A-liear ma (simple comp. wing definitions)
2 P [

=2 9 s well “O{e{g‘ﬂed
© 0 & an Gomebry (shown in Jtelz - Teichner for type I —fadors

se... 6:F @ F, —— @, (% Fl 0]

et “



{nﬁzre.:éing subméeson'e.t of VH

* Fix an object N & obj(vN) | type I, ~fackor
Consider  (weally cont. | unital , & -przerving ) endo maphirms of N
e: N— N
Each ¢ induces vial ?(¢) — ansther N-N —bimodule

fwion —~—= compesition

leads o menoidal
et or fenser
duect qum

~= " Yoak hisms 3
iy 7 "dicect sums" ofendsr meorphis ca&gsmg,

leads fo fusion rules v Ao '—‘@”f‘-g
Pt mutoplicrt,

I you talle anet of fackors inckedd ol a single
and demand (son Lzabiliby of endomerphizms you gek

so -calledd ".ﬁul‘an recle, ﬂ{ m,-m@cﬁ'bn Sechors -Pmm
algebraia qaankon feld thepry,

* Jones extension

Talle hwo 4fadors A e B  whee B adies frem A by the “Jones baic
constradon ¢

al mophams generated by iterated fusion of LUB)  which &
an A -8 - bimedule

subfactor has fiaile fones index é=> F @, F and F &F

conbain  the vacuum rep. only once,

~ impsctant for + (lawifrcation of CFT;
° invadants of 2— mfds.



Lol fermions (sketchy)
- B complen Hilbert space
CLf (H) generated by alf), fe it
al) alg) + a@al) =0
a @als)* + alltal¥) = (£,9)
ack on AH  w@d)g = fAs
c(8) = a@® + alé)*
£l BC @) e(g) ¢ c@)elf) = LRe(£g)
Talle projection P ink H
epreseatation 1w, (a(¢)) =2(c) ~ic(i(2P-4)£)) on AM
s again irreducible

Now -[;al(a H'—‘ L‘CS‘)wV ¥ V: C”
P orthog. proj. onte the Hardy gpace Ht(S"}OV'
T, comr. irr. rep.
. thea M (D) = m, (al®)" with fe L* (LW
t a (net of) von MNeumann ~alpebera (s)
prpetion  I¢« STN\T
- vacuum veder L2 it erclic and p for cach M(T
modulty grovp acks geometrically
Let T be dpper semi —circle
= : z 2 -4 i Z-ashTt + siehwt
U@ = & drhut s omhme) ™. ¢ (TEUTE s slekat )
"Mébiuy fHow "

A% Tolat) 47 =, (a(ucf) Ve H

* medular cpn(juga.ﬁon acls 5com¢fr1'mt.fz-
- F o “fa” FUERD = 24 ()
- X Mlein transformation (?)

Sup(atel) ) 2 Kk, (a(FF) K o AMm) = m(Ie)



