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CHAPTER 1

Introduction and statement of results

One of the highlights in algebraic topology was the invention of generalized homology and
cohomology theories by Whitehead and Brown in the 1960s. Prominent examples are real
and complex K-theories first given by Atiyah and Hirzebruch and bordism theories with
respect to different structure groups first given by Thom. By Brown’s representability
theorem every generalized cohomology theory can be represented by a spectrum and these
spectra are the center of interest in modern algebraic topology.

Bordism theories with respect to some structure group G, e.g. G = O, SO, U, SU, Sp,
and Spin are defined as follows: Let M be a smooth, closed, n-dimensional manifold and
G = {G,} be a sequence of topological groups with maps G,, — G,;1 compatible with
their orthogonal representations G,, — O(n).

Definition 1.1. A G-structure on M is a homotopy class of lifts U of the classifying map
of the stable normal bundle v

BG
T
M —= BO
A manifold M together with a G-structure is called a G-manifold.
For each of the classical groups this gives us the G-bordism ring Q¢ and a Thom spectrum
MG with Q¢ = MG, = MG, (pt) = m,MG. Further we have a homology theory MG, (—)

and a cohomology theory M G*(—). Since we have inclusion maps on group level and since
the Thom construction is functorial we get the following tower:

MSU — MSpin

| !

MU —— MSO

|

MO

On the level of homotopy one knows at least rationally that the coefficient groups are
polynomial rings and one asks for a decomposition on the level of spectra. In 1966
Andersen, Brown and Peterson gave an additive 2-local splitting of M Spin

MSping ~ \/  ko(dn(J))v \/  ko(dn(J)+2)Vv\/S“HZ/2
n(J) even, 1¢J n(J) odd, 1¢J el

with J = (i1, ..., ;) a finite sequence and n(J) = iy + ... + ix. Bordism theories are mul-
tiplicative homology theories and their Thom spectra are ring spectra. Moreover they

5



6 1. INTRODUCTION AND STATEMENT OF RESULTS

admit even richer structures called F., structures, i.e. not only the coherent diagrams of
commutativity and associativity commute up to homotopy but there are also diagrams
of higher coherence. These F., structures should be taken into account and therefore we
are interested in a splitting in the category of E., ring spectra.

Unfortunately this access raises several other difficulties. Analysing the above addi-
tive splitting of 2-local spin bordism by Anderson, Brown and Peterson, the Eilenberg-
MacLane part HZ/2 turns out to be a difficult problem. In this situation the modern
viewpoint is to apply chromatic homotopy theory and to look at the chromatic tower or
at certain monochromatic layers. In our case we consider localizations with respect to the
first Morava K-theory K(1). At p =2 we have

Li@y = LszjaoLik,,
and the Eilenberg-MacLane part disappears. This is our approximation to bordism theo-

ries. Algebraically this access offers a lot of extra structure since moE of a K (1)-local E,
ring spectrum E admits a 6-algebra structure.

In [Lau01] Laures gives a K (1)-local splitting of F., spectra

MSpin = T A \ TS°
i=1
where T is the free functor left adjoint to the forgetful functor from E, spectra to spectra
and A is the coproduct in the category of E., spectra with ATS° = T'(\/ SY). Such a
splitting is also desireable for other bordism theories and a lot of different techniques are
involved to get such a splitting.

In this work we study K (1)-local SU bordism. A main result is detecting an F., summand
T; for a nontrivial element ¢ € m_1 Lk 1)S° = Zs

TS*l C4> SO

lT* l \\\

TP’ =S5° — Tt \
\4
MSU

meaning that T; is the resulting F., spectrum when attaching a 0-cell along ¢. To this
end, we construct an Artin-Schreier class b € KOyMSU satisfying 13b = b + 1 which
implies that ( =0 in 7_{ M SU.

Another important result is the construction of spherical classes in K,MSU. Although
we do not have a complete splitting, comparison with the spin bordism case shows that
spherical classes play an important role: They correspond to free E., summands T'S°.
In this work, we perform the construction of spherical classes via calculations of Adams
operations on K,(CP> x CP*) whose module generators map to the algebra generators
of K,BSU. Later we can use Bott’s theory of cannibalistic classes to lift the Adams
operations to the level of Thom spectra.

Since the K-homology of CP* is isomorphic to the ring of numerical polynomials, we
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are able to provide an alternative calculation of the Adams operations on K,CP> using
Mabhler series expansion in p-adic analysis.
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CHAPTER 2

Some homotopical algebra

1. Generalized cohomology theories and spectra

In this section we want to recall the basic notations of generalized cohomology theories
and spectra as their representing objects. We will see the correspondence between them

and have a look at their fundamental properties. The relevant homotopy category is the
stable homotopy category.

Definition 2.1. A generalized cohomology theory E consists of a sequence {E"},ez of
contravariant homotopy functors

E" : CWPairs — AbGroups
together with natural transformations
§: E"(X) — E" (X, A)
satisfying the axioms
e Excision: The projection (X, A) — X/A induces an isomorphism
E"(X/A) — E"(X, A)
for all pairs (X, A).
e Exactness: The long sequence of abelian groups
.= E"(X,A) — EMX) — EMA) 2 EM(X, A) > ..
is exact for all pairs (X, A).
e Strong additivity: For every family of spaces {X;}ier the natural map
B[] x) — J] B (x0)
i€l i€l
18 an isomorphism.

Proposition 2.1. Fvery generalized cohomology theory E enjoys the following properties:
(1) For a pointed topological space X there is a natural direct sum splitting
E"(X) = EMX)® E™(x).
(2) For a family {X;}icr of pointed topological spaces the map of reduced cohomology
groups
E"(\/ x)) = [ E"(x)

i€l iel
s an isomorphism.
(3) For a pointed topological space X we have natural isomorphisms
EMX) ——— E"YCX,X) «——— En(TX)

exciston
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(4) Mayer-Vietoris: For X = X; U Xy (open covering) we have the long exact
sequence

]

o B X)) prx) @ B (0G) T B X N X)) S BT (X)) —

(5) Milnor sequence: For a filtration X = colim X; we get a short exact sequence
with the derived limit

0 — lim 'E"1(X;) — E™(X) — lim E"(X;) — 0
which detects phantom maps.

These cohomology functors are representable by a sequence of spaces and with the sus-
pension isomorphism we naturally get the following definition:

Definition 2.2. A spectrum X is a sequence of pointed topological spaces Xqo, X1, Xa, ...
together with structure maps

on: Xy A St — X1

or the adjoint map o : X,, — QX1 respectively. If o is a weak equivalence X is called
an -spectrum.

By Brown’s representability theorem every generalized cohomology theory can be repre-
sented by an Q-spectrum. On the other hand every spectrum defines a cohomology (and
homology) theory. It is worth mentioning that every spectrum can functorially be turned
into an 2-spectrum. As an illustrative example, we define an 2-spectrum for complex
K-theory.

Example 2.1. (K-theory) First of all we make use of Bott periodicity, i.e. there is a
homotopy equivalence 2BU = 7 x BU, and we define an Q-spectrum K by setting

n

7. x BU if n is even,
QBU if nis odd

with structure maps adjoint to

the Bott equivalence 7 x BU = O2BU if n is even,

(5‘ . Kn — QKn+1) = o
the identification QBU — Q(Z x BU)  if n is odd.

This s called the complex topological K -theory spectrum. Its homotopy groups are

K mo(Z x BU) =2 Z if nis even
TpA = . .
mBU =0 if mis odd.

Example 2.2. (KO-theory) Similarly, we obtain the real topological K-theory spectrum
KO wusing real Bott periodicity, i.e.

O®BO = 7Z x BO.
Its homotopy groups are given in the following table:

nmod 8|01 |2 |3|4]5|6|7
KO |[Z|Z/2|Z/210|Z]0]0]0
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In the above examples we recalled the additive homotopy groups, but as we know there
is also a multiplicative structure. For example the coefficient rings of K and KO are
7. K = Z[u*'] with the Bott element u € T K as invertible element and

m.KO = Zn, a,ﬁil]/(Qn =0,7°=0,na =0,0* = 403).

Definition 2.3. A cohomology theory E* is called multiplicative if it is equipped with a
product

x 1 EP(X)® EYY) — EPYI(X AY)
which is associative, graded commutative, unital and stable.

A multiplicative theory is realized by a ring spectrum, i.e. a spectrum E = (F,,),, together
with maps

tmn : Em NEy — Eyy, andmn, @ S"— E,
such that the following diagrams representing the properties associativity, commutativity,
unit and stability commute up to homotopy:

ExNEn,NE, — EiimN\E, E.,.NE, E, NE,
| | ~
Ek A Eern E— Ek+m+n Eern
S"NE, —— E,NE, «— E,ANS" »sn —— YE,
Em+n Sn+1 — En+1

With these notations the product
x 1 EP(X)® EYY) — EPFI(X AY)
of the multiplicative cohomology theory E* is given by
(f: X —=Epn,g:Y —=E)— (fAg: XANY - E,ANE, "™ E,..,).

Having the above notations for associativity and commutativity of ring spectra in mind,
one might think of higher coherence conditions (i.e. having a smash product of four or
more spaces we want to have commutativity up to homotopy when evaluating in different
order). This leads to the notion of an FE,, ring spectrum, which comes with an F.
operad controlling the coherence. This is the sort of extra structure all our spectra
(bordism spectra, K-theory spectra, Eilenberg-MacLane spectra) have and in this world
our bordism splitting takes place. Another (in fact Quillen equivalent) model for F.,
spectra are symmetric spectra which come up in the next paragraph.

2. Symmetric spectra over topological spaces

There are a lot of highly structured ring spectra: FE., spectra, S-algebras, symmetric
ring spectra and strict commutative ring spectra. They are all Quillen equivalent and
their homotopy category is the stable homotopy category. Therefore it does not matter
which model we use, but it gives a good feeling to have safe foundations. In this section
we consider sequential spectra over pointed topological spaces and refer to [HSS00],
[EKMM97| and [Sch08]. Let T, denote the category of pointed topological spaces.
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Definition 2.4. A symmetric spectrum X consists of

e a sequence Xg, Xq,... € T,
e structure maps o : X,, \ St — ntl
e symmetric operations ¥, ~ X,, such that

oASP—1

a -2 g
o? Xn A SP Xn+1 A Spil nE7 Xn+p

are X, X X,-equivariant.
A map f: X — Y of symmetric spectra is a family of maps f, : X, — Y, of ¥,-
equivariant maps such that
X, AST T X
fans? | e
Y, AS? T Yo
commutes. This gives us the category of symmetric spectra Sp™.

Example 2.3 (Suspension spectrum). For a pointed topological space X € T, the sus-
pension spectrum X°X is defined by (LX), := X A S™ and the structure map is given
by the identity morphism

XAS"ASH— X A S

Example 2.4 (Sphere spectrum). The sphere spectrum S = (S°, S, 52, ...) is the suspen-
sion spectrum for K = S°.

Example 2.5 (Eilenberg-MacLane spectrum HZ). With S' = A'/OA! the n-sphere is
given a simplicial structure by S™ = SY A ... A SY. Then let (Z @ S™);, be the free abelian
group on the unpointed k-simplices of S™. Define the Eilenberg-MacLane spectrum HZ by
(HZ),, :=|Z ® S™| to be the realization of the simplicial abelian group. HZ, is a K(Z,n)
since for every simplicial abelian group m,|A| = H,A and here we have

Z forn=m

WZ® " = HyZ® S" = H,C.S" =
Tm|Z @ S™| ® S cS {O forn £ m

with C'S™ the singular chain complex. The action ¥, ~ S™ = S* A ... A St is given by
permuting the factors and the structure maps are induced by S™ A St — S™HL,

Example 2.6 (Unoriented bordism spectrum M O). The construction is given for bordism
theory with respect to the orthogonal group but generalizes to other groups in the obvious
way. Construct EO(n) := |k — O(n)*1| as the realization of the simplicial complex. The
orthogonal group O(n) acts on this space by multiplication on the right. This gives us the
classifying space
BO(n) := EO(n)/O(n).
Take the associated bundle
&t EO(n) Xom R" — EO(n)/O(n) = BO(n)

and define its Thom space

EO(TL) XO(n D ~ "/ am—
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Since D"/S™ is O(n)-equivariantly isomorphic to RU{oo} and O(n) acts on RU {oc}
preserving {oo} we have an O(n)-action on S™. Defining the n'™ space of MO to be
MO, == EO(n)4 Now) S™, the Thom space of &, gives a symmelric spectrum with sym-
metric operations ¥, C O(n) coming from coordinate permutations.

Definition 2.5 (Symmetric sequences). A symmetric sequence consists of a sequence

X0, Xq,... €T,
and symmetric operations ¥, ~ X,. A map f: X — Y is a family of ¥, -equivariant
maps fn: X, — Y,. This category is denoted by T=.
For X,Y € T we can define their tensor product X ® Y by

(X®Y), = \/ (Xn)+ As,xz, Xp A Yy

ptg=n
with 3, x ¥,-diagonal operation: for (g,h) € ¥, x 3, C ¥, a € £, let (a(g,h),z,y) ~
(o, gz, hy) be equivalent. The so defined tensor product admits a unit U = (S, *, x, ...)

(U ® X)n = \/ (Zn)—l- AS>0% 8 UP A Xq = (En)-&-Ean = Xy,
ptg=n

hence U ® X = X. Furthermore the tensor product admits a twist isomorphism 7 :
X®Y - Y ®X sending (o, z,y) to (a®,y, z) with

8(17"'7Q7q+17"'7q+p):<p+]‘7"'7p+Q7 17 "'7p)
the (p, q)-shuffle.
Proposition 2.2. (7% ®,7) is a symmetric monoidal category.

In the following we want to define a smash-product in the category of symmetric spectra
Sp*. Let S := (S° 51, ...) be the symmetric sphere sequence.

Proposition 2.3. S is a commutative monoid in T, i.e. there exist maps pu: S®S — S
andn:U — S such that

S8 ——— S® 8
P
S

commutes.
To get an idea where this multiplication map p comes from, recall that

Homg,(\/ X;,Y) = [ [ Homy,(X;,Y)
and for a subgroup H C G we have

Hom}, (G4 Ag X,Y) = Hom}y (X, resGY).

Hence the map p: S ® S — S reduces to maps

s\ (Zn)s Agys, S7A ST — 5"

ptq=n

which restrict to f,, : SP AS? — S™ when considering the Young-subgroups X, x 3, C ¥,,.
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Definition 2.6 (Category of left S-modules). A left S-module is a symmetric sequence
X € T2 with a map S ® X — X such that

id®m

(S®9S)®X SRESRX) —— S X

S®X X

commautes.

This gives us an equivalence of categories:
left S-modules X € T «+— symmeric spectra X € Sp™
(S®X), ™ X, SPA Xy — Xpig
>, X Yg-equivariant

Definition 2.7 (Smash-Product). Let X,Y € Sp* = left S-mod. Then

1x®m
XANY =X ®gsY = coequalizer( X ® S®Y X:§YX ®Y)

(mxoT)®1y
is a left S-module since (S ® —) preserves colimits.

Proposition 2.4. (Sp™ A) is a symmetric monoidal category.

3. Complex oriented theories and computational methods

Complex oriented theories are special generalized cohomology theories which have a big
advantage: They are computable. We briefly recall some basic results. Let E be a
multiplicative cohomology theory.

Definition 2.8. F is called complex orientable if there is a class x € E2CP*™ mapping to
1 € E°S® under the map

E2CP® — E°CP' & £252 Z— Fog0
induced by the inclusion CP' — CP>. Any choice of x is a complex orientation of E.

Proposition 2.5. The map E*[z]/(2"*!) — E*(CP") mapping x to xicpr is an isomor-
phism.

PROOF. The above map is well defined since one can cover CP" with open contractible
sets Uy, ..., U, implying the existence of z; € E*(CP", U;) with Tjcpr = x|cpr. Multiplying
all these

xo- -z, € BXTU(CP | JU) =0
i=0
shows that xfa,,i = (xg--- xn)‘(cpn = 0. Next we set up the Atiyah-Hirzebruch spectral
sequence
E}Y = HP(CP", E%(pt)) = E"9(CP");
with FP? = ker(EPT1X — EPTIX, 1) and X = CP" we consider

F*Y = ker(E°CP" — E*(pt)) 2 x/cpr
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and look at the associated graded F20/F3~1 2 E20 ¢ E>° We have the map
EX’ = H*(CP', E°(pt)) = E°(pt) - t
given by x|cpr +— t. By multiplicativity the spectral sequence collapses and we have the

following isomorphism of graded rings
E*(CP") & E"[wcpr]/ (2]gpn)-

Corollary 2.1. E*CP* = E*[z].
Corollary 2.2. E*(CP*™ x ... x CP*) = E*[x, ..., x,].

Theorem 2.1. Let E be a complex oriented cohomology theory, X a space and & — X a
complex vector bundle. Then there exists a unique system of cohomology classes c¢;(§) €
E?(X) with the following properties:
e (normalization) For the tautological bundle \* — CP*™ we have ¢;(\*) = x.
e (naturality) For all maps f: X — Y we have f*¢;(§) = ¢;(f*€).
o (Cartan formula) For the total Chern class ¢ = 1+c¢1+co+ ... we have ¢(E®n) =
c(§)e(n).
Lemma 2.1. Let E be a complex oriented theory with a complex orientation x € E*CP™:
(1) E*CP* = E*[z] the power series ring in x over E*.
(2) E*(CP*® x CP*) = E*CP*®p- E*CP>.
(3) E.CP™ is a free E* module with generators 3; € Eo;CP™, i > 0 dual to z°, i.e.
(', B;) = b
(4) E.(CP® x CP*) = E,CP* ®p. E,CP™.
(5) The diagonal CP* — CP* x CP*™ induces a coproduct 1) on E,CP* with (53,) =
Zi+j:n Gi® ﬁj'

4. Bousfield localization of spectra

Bousfield localization theory is an analogue and a generalization of arithmetic localization
theory in algebra. While arithmetic localization takes place for example in the category
of rings and is done with respect to some prime ideals, Bousfield localization theory
takes place in the stable homotopy category SHC' and can be done with respect to any
generalized homology theory E, (represented by the spectrum F).

Definition 2.9. A map of spectra f : X — Y s called an E-equivalence if it induces an

isomorphism f, : E,X — E.Y in E.-homology. With this a spectrum Z is called E-local
if it has the E-extension property for every E-equivalence f: X — Y :

X — Z
=

f l ]

Y

FEquivalently Z is E-local if the functor [—, Z] takes E-equivalences to isomorphisms.

Definition 2.10. We call yg(X) : X — Xg an E-localization if

(1) vg is an E-equivalence
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(2) Xg is E-local.

Remark 2.1. This definition is equivalent to the definition given by Bousfield [Bou79]
and Ravenel [Rav84]: A spectrum Y is E-local if for each E-acyclic spectrum X (i.e.
E.X =0) follows: [X,Y] = 0. The reason is that a map f : X — Y gives the cofiber
sequence

xLyz= cofiber(f)
and a long exact sequence

.= 2T = Y, T] — [X,T] — ...

i.e. having [X,T] = 0 for an E-acyclic X we get isomorphisms [Z,T] = [Y,T] and thus
a lift Z — T (and vice versa).

It follows directly from the definition that vg(X) (if it exists) is unique up to isomorphism.
The existence is given via
Theorem 2.2 (Bousfield). With the above notation we have
(1) vg(X) always exists
(2) ve(X) assembles an idempotent functor
LE : SHC — SHCE—local objects

(3) Lg is (up to equivalence) the categorical localization of SHC with respect to E-
equivalences, i.e. given a functor SHC' — D such that E-equivalences are inverted
we get the commutative diagram

E-equiv. inv.
SHC ———" D

Ly SHC

Collecting results from [Bou79], [EKMM97] and [Lau01] we formulate an overview
theorem:

Theorem 2.3. The localization functor Lg has the following properties:

(1) it is idempotent, i.e. LpLp = Lg

2) if W — X — Y is a cofiber sequence, so is LgW — LgX — LgY

) the homotopy inverse limit of E-local spectra is E-local
) if E is a ring spectrum and X is a E-module spectrum then X is E-local
) the localization functor Lg can be chosen to preserve Eo.-structures

(

(3
(4
(5
(6) at p =2 we have L) = Lsz2 Lk,

Next we introduce the so-called Bousfield classes which compare the localization functors.

Definition 2.11 (Bousfield classes). For spectra E and F we say E > F if f : X =8 Y
implies f: X =5 Y. This defines an equivalence relation by

E~F ifE>Fand F > FE.
The equivalence class (E) is called the Bousfield class of E.
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Note that the relation £ > F' gives a canonical factorization:
LgSHC
=
SHC —— LpSHC

Example 2.7 (p-localization). For the Moore spectrum E = MZ, (i.e. E is connected
T<oF =0 and the only non-vanishing homology is in degree zero Hy(E) = Z,)) we have

(MZ)) X =1 X @ L),
and M Z)-localization is realized by
X = X N MZyy,
which we also call p-localization due to its effect in homotopy.

Example 2.8 (rationalization). Similarly we have
MQ.(X)=m(X)®Q
and rationalization is given by
X — XAMQ.
In particular LS = MQ.
Definition 2.12 (smashing spectrum). If LgX = X A LgS, the spectrum E is called

smashing.

We have seen that the above Moore spectra are smahing and will for reasons of notation
denote the rationalization of a spectrum X by Xg and the p-localization by X(,. With
these notations we have a local-global arithmetic square analogy.

Proposition 2.6 (arithmetic square). Let X be a finite spectrum, then

HPL@M
X HpX(p)
LQl lLQ
X X
¢ T ) (I, Xw)e

1s a homotopy pullback square.
4.1. K-theoretic localization of spectra. Following section 8 of [Rav84] we have

Theorem 2.4. Let K and KO be the spectra representing complex and real K-theory,
respectively. Then K N X = pt if and only if KON X = pt, so L and Lo represent the
same functors and we have the same Bousfield classes (K) = (KO).

PrOOF. Consider CP? = S2U, e* with the Hopf map 7 : S* — S? being the attaching
map of e*. Let us denote by S°U, e? the suspension spectrum with CP? being the second
suspension. Due to Adams we have

KU = KO A CP”.
Hence having the cofiber sequence
s% L 5% — CP?
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we get by smashing with KO
KO T S2K0 — KO A CP? = S2KU
and get by applying 72 in the stable homotopy category the famous cofiber sequence

YKO L KO — KU.

Looking at this sequence KO A X = pt implies K A X = pt and conversely if K A X = pt
then 1 induces an automorphism of KO,X. But since 7 is nilpotent (n* = 0) we have
KO, X =0. [

5. Algebraic manipulations of spectra

When working with ring spectra algebraically one often looks at them as algebraic rings.
And as the study of rings is often simplified by passage to its quotients and localizations
one also wants to transfer these techniques to ring spectra. As in [HS98] we want to
recall the construction of quotients and localizations. Suppose that F is a ring spectrum
and that m,F = R is commutative. Given z € R, define the spectrum FE/(z) by the
cofibration
SHE L E - E/(x).

If z is a non-zero divisor then 7,F/(z) is isomorphic to the ring R/(z) and in ”good”
cases F'/(z) is a ring spectrum and the map £ — E/(x) is a map of ring spectra. Such
a "good” situation is given if one has a regular sequence {1, xs, ..., Z,, ...} C R in which
one can iterate the above situation and form a ring spectrum E/(z1,xs, ..., Ty, ...) with

T B /(21,29 .. Ty, o) = R/ (21, T2y oy Ty ..
such that the natural map
E — E/(x1,29, ..., Tp, ...)

is a map of ring spectra. Considering the case of localizations, suppose that S C R is a
closed subset. Since ST'R is a flat R-module, the functor

ST'R®g E,(—)

is a homology theory denoted by S™'E. In "good” cases it is represented by a ring
spectrum, and the localization can be described by a map of ring spectra

E — S7'E.

Now we want to apply the above constructions to the Brown-Peterson spectrum BP
(confer [Rav84]). In this case everything is "good” and all the constructions can be
made. Recall that

BP* gZ(p)[/Ulw"aUnJ'”] with |U"‘ :2pn_2

For 0 < n < oo the Morava K-theory ring spectra K(n) and the Johnson-Wilson ring
spectra E(n) are defined by the isomorphisms

K(n),
E(n)* = Z(p)[vl,...,vn,v_l]

n

I

Fp[vm Urjl]

with the understanding that they are constructed from BP using a combination of the
above methods.
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5.1. The chromatic framework. In the following paragraph we want to describe
the chromatic framework which gives us the motivation for K (1)-localization.

Theorem 2.5 (chromatic convergence theorem). Let p be a fized prime and denote lo-
calization with respect to the Johnson-Wilson theories E(n). (n > 0) by L,. Then there
are natural maps L,X — L,_1X for all spectra X, and if X is a p-local finite spectrum,
then the natural map

X — holim L, X

18 a weak equivalence.

Recall from of [Rav84, p. 361] that the spectra F(n) and K(0)V K(1) V...V K(n) have
the same Bousfield classes. As said above there are natural transformations L, — L,_;
and compatible transformations 1 — L,, giving the so-called chromatic tower

|
LyS

!

L4S

!

S ———— LS

Looking at the tower we are interested in the difference between L, and L,_;. On the
one hand the fiber M,, of the transformation L,, — L,_; is known as the monochromatic
layer, and on the other hand the difference of L, and L, _; is measured by the functor
Lk (ny, which is localization with respect to the n* Morava K-theory. From [HG94] we
cite that there are natural equivalences

LK(n)MnF = LK(n)F and MnLK(n)F = MnF,
so the homotopy types of Ly, F" and M,F" determine each other.

Theorem 2.6 (arithmetic square). Let K(n), denote the n'* Morava K -theory. There is
a natural commutative diagram

L,X — LgmX

| !

Lp X — Ln—lLK(n)X

which for any spectrum X is a homotopy pullback square.

Informally one might say that, having a p-local spectrum X, the basic building blocks for
the homotopy type of X are the Morava K-theory localizations Lg,;,)X. Comparing the
stable homotopy category with the integers in arithmetic, it is the localization functors
Lk (n) which take over the role of the primes.
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6. A resolution of the K(1)-local sphere

In this section we are going to introduce a very useful K(1)-local fiber sequence which
comes up from the resolution of the K (1)-local sphere and which will help us constructing
an Artin-Schreier class and in the construction of spherical classes. Although we only
need this special fiber sequence, we will sketch quite briefly also the general setup for
the resolution of the K(n)-local sphere, which will give us some motivation for all that
stuff: It is the theory of formal group laws which is the starting point. We refer to
[Re97|: Having the Honda formal group law of height n — which is characterized by its
p-series [p|r, () = 27" — we apply the theory of Lubin-Tate deformation theories which is
Landweber exact and gives homology theories called Morava E-theories E,. Considering
the automorphisms Aut(I",,) of the Honda formal group law I',, (also known as the Morava
stabilizer group S,,) one considers the group

G, = Aut(T,)) x Gal(F,. /F,)

which gives a group action on FE,,. The Hopkins-Miller theorem states that S, gives an
action on the spectrum FE,, itself, and the Adams-Novikov spectral sequence

Byt = H5(Sy, (Ey)o) S /™) = 71y L () S°
provides computational methods for calculating the homotopy groups of the K (n)-local

sphere.

6.1. The case n = 1. For n = 1 the Honda formal group law I'y coincides with the
multiplicative formal group law G,,(z,y) =z +y+ 2y = (1+2)(1+y) — 1 because their
p-series coincide modulo p

Ple,.(x) = (1+2)" = 1= 2" = [p|r, (z).

In our p-local setting we have Aut(G,,) = Z, and thus we have

Gl - Sl = Z;,
where Gy = Z, x C,_; for p odd and G; = Zy x Cy for p = 2. Following [GHMR|| there
is a short exact sequence of continuous Gi-modules

0 Z,[G1/F] — Z,[G:/F] — Z, — 0

where F' is the maximal finite subgroup of G;. These resolutions of the trivial module are
analogues of the fibrations

LS B — B B

with the notation meaning the homotopy fixed point spectra with respect to the given
group. We note that p-adic complex K-theory KZ, is a model for F; and the homotopy
fixed point spectrum E"“2 can be identified with 2-adic real K-theory KOZ,. Since every
p-adic unit k£ € Z; gives an Adams operation Y* and vice versa, and for example 3 is a
topolocal generator for Z; /{+1}, we can write

0 ¥P-1
LK(l)S —>KOZ2 — KOZQ

This is a resolution of the K (1)-local sphere — and the K (1)-local sphere is the fiber of
the Adams operation 1®> — 1. Hence this is our desired fiber sequence.
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Remark 2.2. At this point we want to point out that the profinite group G,/F = Z,
has the pro-group ring Z,[G,/F] which is isomorphic to the power series ring A = Z,[T7]
called the wasawa algebra. The Iwasawa algebra plays an important role in number theory
when studying Z,-extensions of number fields and has been studied by many people for
a long time. We refer to [Wa97] for number theoretic properties and to [HMO7]| for the
interpretation for K (1)-local spectra. In [HMO7] the resolution of the K (1)-local sphere
is stated as

S — KO % KO.
for p = 2. Maybe more topology could be deduced from the analysis of the Iwasawa
algebra.

7. Thom isomorphism

Having a complex vector bundle § : ' — X with X compact Hausdorff one can construct
the Thom space Th(§) = D(§)/S(€). If the bundle £ admits a Thom class 7 € K*(Th(¢))

we get an isomorphism of modules
K*(X) = K*(Th(¢))

called the Thom isomorphism. K*(Th(€)) is the free K*(X)-module with single basis
element the Thom class 7 € K*(Th(¢)).

7.1. Generalization. Let E* be a generalized multiplicative cohomology theory.

Definition 2.13. A class 7 € E*(D(£), S(§)) is said to be a Thom class for & if for every
x € X the restriction of T to E*(D(&:), S(&:)) is an E*(pt)-module generator.

Having a Thom class 7 € E4(D(£),S(€)) the homotopy equivalence p : D(§) — X
inducing an isomorphism p* : E*(X) = E*(D(€)) leads us to the definition of the Thom
isomorphism
E*(X) — E**(D(€), 5(¢)) = E**(Th(¢))
by applying the cup product and mapping
a— p(a)UT.

This gives an isomorphism of graded modules over E*(pt).

Remark 2.3. For a trivial bundle of dimension 1 the Thom isomorphism reduces to the
suspension isomorphism.

To prove the Thom isomorphism for compact X one proceeds by induction over the open
sets in a trivialization of ¢ using the suspension isomorphism as the starting case and the
Mayer-Vietoris sequence to carry out the inductive step.

Remark 2.4. There is also a homology Thom isomorphism
Buva(TH() S BL(X),
using the cap product with the Thom class
N: Eea(Th(E)) x EY(Th(¢)) — E.(X)
instead of the cup product.
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7.2. Strong form of the Thom isomorphism. Following along the lines of MR81]
one can state a strong form of the Thom isomorphism theorem. In this context we assume
given a stable spherical fibration v : X — BF over a locally finite CW complex X, and a
ring spectrum £ orienting v, i.e. a Thom class 7 : Th(v) — E whose restriction to a fiber
SY < Th(v) is the unit of E.

Theorem 2.7 (Mahowald, Ray). There is a homotopy equivalence
a(r): EANTh(v) - EN X,
which on homotopy groups induces the traditional Thom isomorphism

a(7)

¢r: E(Th(v)) = m(EATh(v)) = m(EAX,)=E.(X).

PrROOF. First suppose that X has finite dimension, so that v lifts to v,, : X — BF,,

for suitably large n. Let p, : S(v,) — X be the associated n-sphere fibration, so that
Th(v,) = X U,, CS(v,). Now we define the Thom diagonal

A : Th(v,) — Th(v,) A X4
to be

A(z) = {(wn(az)) for z # oo

00 for z = o0

and consider the composite

a(r) 1 EATh(v) Y™ BEATh(v,) A X, S EASEA X, "B AT Y,

where p is the product in £. On homotopy groups this map induces a homomorphism
¢r  Bupny1(Th(vy,)) — Eu(X4)

which is the usual homology Thom isomorphism, i.e. cap product with 7. 0

The above theorem suffices for our purposes, i.e. we have K, MU = K,BU and K, M SU =
K.BSU.

Example 2.9. To define the Thom isomorphism ® : K, MU — K,BU we use the Thom
diagonal

MU 5 BU A MU,
and choose a Thom class MU = K. Thus we define the Thom isomorphism: An element

f e K,MU represented by S™ L MUNK s mapped to ® f, more explicitly
ANl BUATAL BUAu

st Lo a K AN BU A MU AK BN BUAK AK PP BUAK.



CHAPTER 3

The algebraic structure of K(1)-local F. ring spectra

The following chapter is about an algebraic extra structure which comes up as the homo-
topy of K (1)-local E ring spectra: The so-called #-algebra structure. In the beginning
we briefly recall the geometric objects: An F., ring spectrum is a ring spectrum X with
an E., operad E = {E(n)} acting on X. An operad is called E if E(n) ~ % for all n
and E(n) has an free action of the symmetric group ¥,,. The functor being left-adjoint
to the forgetful functor

FEspectra — spectra

is the free algebra functor TX = \/ T, X with
T,X = E(n) As, X

where Y, acts on X" by permuting the factors.

1. Operads

Historically one can think of loop spaces as monoids up to higher homotopy. A monoid
structure on a set S is a family of maps M (k) : S* — S (one map M (k) for each k) with
M(1) =id and {M(k)} closed under multivariable composition.

Example 3.1. To think of a loop space as a monoid up to higher homotopy is the follow-
ing: Take S = QZ for a based space Z and the composition of loops M, : (Z)* — QZ
forr € (0,1) and define

M(k) = {(QZ)k — Q7%
then M(k) = A(k) is the set of k closed intervals in [0, 1] with disjoint interiors being as
a subset of R®*™ contractible.

Proposition 3.1. For a loop space Y = QZ there exists a sequence of subspaces M(k) C
Map(Y*)Y) such that

(1) M(1) >id

(2) M = {M(k)}r>0 is closed under multivariable composition

(3) each M(k) is contractible

Theorem 3.1 (Converse theorem). For any connected Y satisfying the above three con-
ditions there exists a space Z with Y = QZ.

This leads us to a provisional definition:

Definition 3.1. A non-symmetric operad O is a collection of subspaces O(k) C Map(Y*,Y)
such that

(1) O(1) 3 idy

(2) O is closed under multivariable composition
Example 3.2. A = {A(k)}x>o little intervals non-symmetric operad

23
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Example 3.3. End(Y) = {Map(Y*,Y)}x>o endomorphism operad

Definition 3.2. An A operad is a non-symmetric operad with O(k) ~ * (associativity
up to higher homotopy)

Definition 3.3. An E,, operad has also a permutation action 3y ~ O(k) (commutativity
up to higher homotopy)

Next we want to give a definition of an operad in modern language. Let (C, A, S) be a
symmetric monoidal category.

Definition 3.4. An operad C in € is a monoid in (€%, 0,U)

This gives us the category of operads in €. Notation: operC = 0. Now we want to recall
the notion of the composition product: For X,Y € C* define X oY by

(X oY), =\ X Ag, (Y¥),..
k>0

Then X € C* gives a functor X : € — € by X(A) :=\/ . X, Ag, A"". This gives us for
X,Y € C*, A € C the identity

(X oY)(A) =2 X(Y(4)).
Remark 3.1. For C € € the functor C: C — C, X — \/nZO Cn Ns, X®™ is a triple on C

(or monad), i.e. a monoid on (Fun(C,C),o).

Definition 3.5. For T a triple on C, a T-algebra X is an object X in C together with a
map w : T(X) — X such that

T(T(X)) 2 T(X) X =5 T(X)
(T o T)(X) ‘w \hw
y
T(X) ——— X X

A map X Lyisa T-algebra map if

This gives us the category of T-algebras Alg” .

Example 3.4. Let € = (AbGr,®) and R a monoid in C (i.e. a ring R € AbGr,
i R®zR — R the multiplication map and € : Z — R the unit) with T : AbGr — AbGr,
Ar— R® A. Then

ToT -T:>RRA"S Ro A
—_—— ~——
=T2(A) T(A)
id—T o AZZ®A— RA=T(A).
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Hence T is a triple: T € Fun(AbGr, AbGr), T?> — T, id — T. We now conclude what
the T-algebras are: Take X € Alg”, T(X) — X, i.e. R® X — X implying
Alg" ~ R — mod.
Example 3.5. Take C € O in T, with C, = S°. For X € Alg®, C(X) — X and
\/ CAs, X" — X,
n>0

1.€.
1:1

SONs, X" = X &0 XM/S, - X

Hence Alg® are commutative monoids in (Ts, A).

Example 3.6. C,, = S° € Sp*, C € (Sp*¥)* gives Alg® = commutative ring spectra.

2. Dyer-Lashof operations for K(1)-local E., spectra

An E structure £ on E determines power operations
P,:E°X — E°T, X
by setting
Pz): T, X - TX BTES E
for each z € E°X. For X = S° and n = 2 this gives a map
Py(z) : TbS° ~ By, — E

for each z € moE. The classifying space BYy, reduces to two copies of S® in the K (1)-local
world

Lemma 3.1 (Hopkins). The map

B, 9T 50 x 50

is a weak equivalence in the category of Eo, ring spectra. Here € is induced by Yo — {e}
and Tr : BYy, — S° is the transfer map.

As in [Hop98| and [Lau03] one defines maps
0,7 :S° — By,
by requiring that the compositions in m5S° = Z are
Trof=-1 Troy=0
eofl =0 eoyp =1
The map B{e} — BX, gives rise to a map
e: S~ B{e}, — BYqy
and by the definition we have
coe=1:58"5% By, 59°

and by [Hop98| T'roe = 2. Because of coe = eot)—2e0f = 1 and T'roe = Trop—2Trof =
2 it follows that e = ¢ — 20. With 0(z) = Pa(2)0 and ¢ (z) = Pa(z)1, the last equation
gives

Y(x) — 20(x) = Py(x)e = 2°.
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We refer to [Lau03, pp. 993-994] and state without proof:

Proposition 3.2. The operation 0 turns moE into a 0-algebra.

We briefly recall the properties of a #-algebra.

Definition 3.6. A 0-algebra over a ring R with unit is a commutative algebra A over R
together with a function 6 : A — A such that:

e 0(1)=0
e (a+b)=06(a)+6(b) — ab
o 0(ab) = 0(a)b* + a*0(b) + 20(a)0(b)

A morphism of 0-algebras is an algebra homomorphism compatible with the 6-operation.

Proposition 3.3. ¢(z) = 2? + 20(x) is a ring homomorphism and commutes with 0.

Proor.
Y(a+b) = (a+0b)*+20(a+0b)=20(a)+0(b) —ab) + (a +b)*
= (a) +¢(b)
Y(ab) = a®b* + 20(ab) = a*V* + 2(0(a)b* + a®0(b) + 20(a)0(b)
= (a* +20(a))(b* + 20(b)) = ¥(a)ih(b)
) ) —

O(a) = 6(a®+20(a)) = 0(a®) + 6(20(
( 20

)
= 20(a)a® + 20(a)® — 0(a)* +
0(a)? + 26%(a) = v0(a)

a)) — 2a*6(a)
?(a) — 2a0(a)

O

Example 3.7. The 2-adic integers Zs are a 0-algebra with 0(x) = # and () =
Similarly the ring of continuous functions on the 2-adics C = T(Zs,Zs) is a 0-algebra with

W(f) =T

Remark 3.2. There is no example of a 0-algebra in characteristic 2, since for (a,b) =
(1,0) we get (0) = 0 and for (a,b) = (1,1) we get H(0) = 0(2) =

3. The f-algebra structure of 7oK N MU

Let g(z) = Y 72, biz" with by = 1 be an invertible power series with coefficients in the
polynomial ring 7oK A MU = Zs[by, bs, ...].

Theorem 3.2 (Laures). The 0-algebra structure of 7oK N MU s determined by the
equation

g+ VT2l = VI—2)
;w 9(2) '

Equivalently one has to show the identity

S 6(b)a(2 — 2 = b(g(x)) =

i>0 9(2) '
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Transforming the last equality yields

vglz) = Z Zbl K Zb ( )2" ")

= (m ) ()

Although it is inviting to reduce modulo 2,

w(z bix') = Z (Z bebi—r)x’  mod 2

>0 >0 k=0
because of 1(z) = x* + 20(x) one has to reduce modulo 4 to get
Corollary 3.1 (Laures). In mgK A MU we have the following formula modulo 2:

(b)) = (14 by) b2+Zb (Dar—i + bar—it1).

=0
In particular, modulo 2 and decomposables we have (for r > 0)

0(br) = bay + bor1.

PROOF. Since oK AMU is torsion-free and 26(z) = 1(x)—=?, it is enough to compute
the action of ¢ on the generators. Let
dk
b R

be the normalized k" derivative evaluated at 0. Then we get modulo 4

(Z sz k bk+2(k+1)bk+1))xi> (14 2by)

>0 k=0

Dayp(g(x))

2r

(1+2b1) Y bopi(—1)*(bi + 2(k + 1)by)

k=0
i+j=2r i+j—1=2r

On the other hand we have modulo 4

Dy p(g(z)) = ZDQMM Zw D2rl’ 2—1’)

>0 >0

(=1)"(br)

since

Dyai(2—a)' = Dya' Y. 2]( ) )¥ = Dy’ (=) + 2i(—2)"")

jt+k=i

_ {(—1)7" fori=r

0 else
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Hence
(=1)"(b) = Daytp(g(x)) = (1 + 2b1) ( > (=1bibi+2 ) jbz’ba‘) :
i+j=2r i+j—1=2r
With ¢(b,) = 20(b,) + b? we have modulo 4
(—=1)"(20(b,) + b%) = (1 + 2by) (Z 2(—1)'bib; — (1B} +2 Y jbibj>
i=0 i+j—1=2r
and by division by 2 and consideration modulo 2 we conclude

0(be) = (140062 + Y bilbar—i + bar—is1)-

=0

Some further calculations give the following results:

Corollary 3.2. In 1K N MU we have the formula modulo 4

T

e(br) = (—1 + bl + 2[)2 + 2[)%)()3 —+ (1 + 2[)1) Z(_l)rfkbk X
k=0
(b27‘—k + (27” +1-— 2k)b27’—k+1 + (27” + 24+ 2k2)b2r—k+2)

In particular we have modulo 4 and decomposables 6(b,) =0 for all r.
Corollary 3.3. In mgK AN MU we have the formula modulo 16

(=1)" [ (b,) - 4(7" ;r 1>¢(br+1)] = (1 — 2b; — 4by — 8b3 + 4b7 — 8b7)

k+1 k+2 k+3
Xzbzr—k<—1)k<bk+2( 1 )bk+1+4< 0 >bk+2+8( 3 )bk+3)

This gives us the #-algebra structure since we have modulo 16:

w00 = [0 4" st < ("3 ) o) = a(" )t

and 1 (z) = 2°+260(z). The f-algebra structure modulo 2" for all n gives a unique integral
f-structure since Zy = lim,, Z/2".

Corollary 3.4. An easy calculation shows

Dzrmi@_;ﬂ)i:(_lw_r( i )

21 — 2r
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This leads to

Datb(g(a)) = Zbgr (D S, < )zn k
= Y u ”’“(zz-fgr)

>0

ZZT‘ Z
- Z@D (2i—2r)

4. The #-algebra structure of 7oK AN MSU

We state the @-algebra structure of mo K A M SU as it is given in [Lau03, p. 1011 ff]. Let
f:CPY ANCPY — BSU, — K ANBSU,

be the map which classifies (1 — Ly)(1 — Lg) and f(z,y) = ), ; a;;z'y’ be the associated
power series.

Theorem 3.3 (Laures). The 0-algebra structure of mo(K N MSU,) is determined by the
identity

f(:v,y)f(Q—x,y)

Z¢ azg 2 - :L‘)) (y(2 - y))j - ¢f(x,y) B f(2>y)

PRrROOF. The decomposition
(1—=Li)(1—Lo) = (L1Le — 1)+ (1 = L1) + (1 — L)
implies
g\r)gly
9(x +¢, y)

with + : BSU — BU the inclusion and

g:CPY — K NBU,
the classifying map of 1 — L. Since ¢, is an injection we omit it from the notation. Using
the naturality of ¥ we get with the theorem of the previous section

b(g( +¢, v)) = 1d(g(x)) = A2 ¥, y)g;é)_ @ +e, )

and hence
byg(x)gly)  g(x)9(2 = 2)9(y)g(2 —y)
Yg(r+g, v)  9(2)g(x+g, ¥)9(2— (x+¢, y)
[, y)f(2—2,y)

f(2,9)

Vf(r,y) =







CHAPTER 4

Splitting off an £, summand 7;

3_
In the K (1)-local world at the prime p = 2, we take the fiber sequence S — KO S K

and look at the homotopy long exact sequence

3_
.. = mSY — KOy v KOy — 718 —

Since KOy = Zy are the 2-adic integers and 3 is a ring homomorphism, ¥?® — 1 is the
zero map on KOy. Thus KOy — 7_1S° is injective and the image of 1 is a non-trivial
element ¢ € m_1S° = Z,. Now we are attaching a 0-cell along ¢ and take the homotopy

pushout in the category of F. spectra:

g1 L> G0 TS-1 44> Go
l* J{T* l
DO TDY = S0 — 1t

This Fy spectrum Ty will be an E, summand in M SU. For this

T)Sffl L} SU

Ir N

T D SO*)TQ

\
\

we have to show that ( € m_1 M SU vanishes. Considering the diagram

K0pS® — 7.,5°

! !

3_
KOyMSU "= KOJMSU —s 7 MSU

it is sufficient to find an element b € KOy M SU mapping to 1, because on the one hand
the element 1 € KOyS® maps to 1 € KOyMSU going to 0 € 7_1MSU due to the long
exact sequence, and on the other hand the element 1 € KOy S® maps to ¢ € 7_;.5°, which

has to vanish in m_; M SU because the diagram commutes.

Definition 4.1. An Artin-Schreier class is a class b € KOyMSU with ¢3b = b+ 1.

In the following part we construct such a class rationally and then give a construction of

an SU-manifold which realizes this class.

31
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1. The image of MSU, — MU,

In MSU, every torsion is 2-torsion which is the kernel of M SU, — MU, concentrated in
dimensions 8k + 1 and 8k + 2 for £ > 0; in these cases M SUgp1 = MSUgio is an Ty
vector space whose dimension is the number of partitions of k£ (compare [CF66b]). Due
to a theorem by Thom, complex bordism is rationally represented by complex projective
spaces:

Theorem 4.1 (Thom).
MU, ® Q = Q[CP"|n > 1].

The obstruction for a U-manifold to be an SU-manifold is the first Chern class ¢; of the
tangent bundle. Hence a manifold M € MSU, is rationally a linear combination
M =A-CP'x CP' + B-CP? with c}[M]=0;

in the above notation we always mean their bordism classes and have omitted the brackets
for brevity. An example of an SU-manifold is the Kummer surface

K =K3={2cCP|z + 2 + 25+ 23 = 0}
which is U-bordant to K3 ~¢ 18(CP')? — 16CP?. Indeed MSU, = Z(K3) since the
Todd-genus (A-genus respectively) of an SU-manifold is even and Td(K3) = 2. It turns
out that we cannot construct an Artin-Schreier class out of a class in M SU, since we need

an SU-manifold with A = 1. Therefore we are interested in the image of M SUg — MUs.
Rationally this is a linear combination

M =A-CP'+ B-CP' x CP* + C - (CP*)*? + D - (CP")** + E - (CP")*? x CP?

requiring the first Chern class to vanish implies the conditions c{[M] = c¢;c3[M] =
cico[M] = 0 in the Chern numbers. To express them as linear equations in the coef-
ficients we first have to calculate the total Chern classes of the complex projective spaces
and their products:

co(TCP*) = c¢(1®TCPY) =c(5L*) = (1 +2)° =1+ 52 + 102* + 102® + 5z
c(T(CP' x CP?)) = pric(TCP") - pric(TCP?) = (14 1)*(1 + x5)*
= (1+2x1)(1 + day + 623 + 4a3)
= 1+ (22 + 429) + (87119 + 623) + (122125 + 423) + 81175
c(T(CP* x CP?)) = pric(TCP?) - pric(TCP?) = (1 + 21)*(1 4 x3)?
= (14 3z +323)(1 + 3z + 323)

2,2

= 1+ (3zy + 322) + (327 + 97129 + 373) + (92325 + 92173) + 92775
C(TCPYY) = (1421 +22)(1 +2)(1+ )
= (14 221)(1 + 229) (1 + 2x3) (1 + 2x4)
= 142z + 2o + 23+ 24)
+4(z129 + 123 + 124 + ToT3 + ToTy + T3T4)
+8(z1223 + T122%4 + 12374 + Tox3%4) + 1621222324
c(T((CPY)? x CP?) = (1 +21)%(1 +22)%(1 +23)° = (1 + 221)(1 + 225) (1 + 323 + 322)
= 1+ (22, + 279 + 333) + (w129 + 62173 + 61273 + 373)
—l—(6a:1:13§ + 6x2x§ + 12z 2973) + 12:E1$2:17§
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Now we calculate the Chern numbers ¢} (T'M)[M], cie3(TM)[M] and cico(TM)[M] by
evaluating them on the complex projective spaces:

cH(TCPYH[CPY = (52)*CP*] = 625
ci[CP' x CP?] = (21 + 4x,)*[CP! x CP?] = 512z,23[CP' x CP?] = 512
ci[CP? x CP?] = 3*(x; + 29)*[CP* x CP?] = 48622x2[CP* x CP?] = 486
AI(CPYY = 2%(xy + @9 + 23 + 24) ' [(CP) Y
= 2" 4l 2 2owsmy[(CPY)*Y] = 384
I[(CPY)*% x CP?)] = (27 + 212 + 313)*[(CP')*? x CP?)
= 4327,2,22[(CP')*? x CP?)] = 432
gives the equation
ci[M] =0 = 625A + 5128 + 486C + 384D + 432F,
evaluation of ¢;c3(TM)[M]
cie3(TCPYH[CPY = 52 -102°[CPY] = 50

c1c3[CP' x CP?] = (2xy + 4a9) (122125 + 423)[CP! x CP®] = 562,25|CP! x CP?] = 56
c1c3[CP? x CP?] = (3x1 + 320) (2% + 92329 + 92123 + 23)[CP? x CP?
= 542223[CP? x CP?] = 54
c1c3[(CPYY = 16(zy + 2o + o3 + 24) (210973 + 31094 + 310374 + Dowszy)[(CP!)*Y]
= 64x 1297374 [(CP')*Y] = 64
c1c3[(CPYY*2 x CP?)] = (221 + 229 + 333) (62103 + 62973 + 12317923)[(CP)*? x CP?)]

= 60z12923[(CP')*? x CP?)] = 60
gives the equation
cie3[M] = 0=50A+56B + 54C + 64D + 60,
and evaluation of cico(TM)[M]

cAeo(TCPYH[CPY = (52)% - 1022[CP*] = 2502*[CP*] = 250
A2co[CP x CP?] = (2xy + 425)* (22 + 8129 + 623)[CP! x CP]
= 224z,75[CP' x CP?] = 224
2cy[CP? x CP?] = (31 + 322)%(32% + 9z125 + 323)[CP? x CP?]
= 2162323[CP* x CP?] = 216
Aeo[(CPYY = 16(xy + 29 + 23 + 14)? ¥

(2179 + 7173 + D134 + ToT3 + Ty + 1374)[(CPH)*Y]
= 19271297374 [(CP")*4] = 192
e[ (CPY)*? x CP?)] = (211 + 22 + 323)% x
(42179 + 67173 + 67973 + 323)[(CP')*? x CP?))
= 204z, 2073[(CPY)*2 x CP?)] = 204
gives the equation

3es[M] = 0 = 250A + 224 B + 216C + 192D + 204F.
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Hence we consider the system of linear equations
ci[M]= 0= 625A + 512B + 486C + 384D + 432E
cieslM]= 0= 5H0A + 56B + 54C + 64D + 60E
cleo[M]= 0= 250A + 224B + 216C + 192D + 204E
which is integrally equivalent to the following system of homogeneous linear equations:
0= 25A + 8B
0= + 4B + 16D + 9E
0= - 27C + 48D + 15E
The space of solutions is 2-dimensional. We know one solution K3 x K3, i.e. the square
of the Kummer surface, having the parameter representation

(A, B,C, D, E) = (0,0,256, 324, —576)

or
K? = K3 x K3 ~p 256CP* x CP? + 324(CP')** — 576(CP")*? x CP?.

Another independent solution is given in parameter representation as (A, B,C, D, E) =

(8, —25,—12,—23,52) or as

N := 8CP* — 25CP* x CP? — 12CP? x CP? — 23(CP")** + 52(CP")*? x CP?.

Hence we can rationally describe bordism classes of SU-manifolds under the injection
MSUg — MUg via
M=k -(K3)*+1-N

with k,1 € Q. In the next section we take the values (k,1) = (3,12) and study its K-
theory class under the map MU, — K,MU using Miscenkos formula which gives us an
Artin-Schreier class.

2. Formal group laws and Miscenkos formula

Formal group laws. In the following part we briefly recall the notions of the theory
of formal group laws which we use to construct the morphism MU, — K, MU. We restrict
to commutative, one-dimensional formal group laws.

Definition 4.2. Let R be a commutative ring with unit. A formal group law over R is a
power series F(x,y) € R]x,y] satisfying

(1) F(z,0) =x = F(0,x)

(2) F(z,y) = F(y,z)
(3) F(x, F(y,2)) = F(F(v,y),2).

These axioms correspond to the existence of a neutral element, commutativity and as-
sociativity in the group case. Obviously we can write F(x,y) = v +y + me aijx'y’
with a;; = aj;, and in terms of the power series it is clear that there exists an inverse,
i.e. a formal power series ¢(x) € R[x] such that F(z,¢(z)) = 0. Formal group laws are
naturally related to complex oriented theories in the following way: The Euler class of a
tensor product of line bundles defines a formal group law

@(w,y) =e(L; ® Ly) € E*(CP* x CP*) = 7, E|x, y]
with z = e(L;) and y = e(Ly).
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Example 4.1. The additive formal group law G,(z,y) = x+y arises as an orientation of
singular cohomology. The multiplicative formal group law G,,(x,y) = x+y—xy comes up
as an orientation of complexr K-theory. In the following we will encounter the universal
formal group law F,, via complex cobordism (MU -theory ).

Definition 4.3. Let F' and G be formal group laws. A homomorphism f : F — G is a
power series f(x) € R[x] with constant term 0 such that f(F(z,y)) = G(f(x), f(y)). It
is an isomorphism if it is invertible, i.e. if f'(0) (the coefficient of x) is a unit in R, and
a strict isomorphism if f'(0) = 1. A strict isomorphism from F to the additive formal
group law G, is called a logarithm for F, denoted logp(x). Its inverse power series is
called exponential, denoted expp(x).

Example 4.2. Over a Q-algebra every formal group law is isomorphic to the additive
formal group law. Especially the logarithm of the universal formal group law is given by

logy(z) = Z @$n+l~

n+1

n>0

Proposition 4.1. If z1, x5 are two complex orientations for E*(—), then their associated
formal group laws Fy and Fy are isomorphic.

In the context of formal group laws let F);y denote the universal formal group law

Fyo(z,y) =x+y+ Z ai;z'y’
i.j>1

with the coefficients a;; € L in the Lazard ring with degree |a;;| =2 — 2(i + j). Let
Fr(z,y) =z +y+ozxy

denote the multiplicative formal group law corresponding to the K-theory spectrum with
v the inverse Bott element with |[v| = —2. Now we are going to construct a morphism

f: MU, — K.MU

such that the induced formal group law

FPuu(e,y) i=x+y+ Y flag)a'y

4,521

is the formal group law F twisted by the invertible power series

g(m) _ Z bixz’—&-l

i>0
(with by = 1) defined by

IFi(z,y) == 9(Fr(9 (), 97 () = 997 () + 97 () +vg ' (z)g ' (v))

with ¢7!(g(z)) = z the inverse function.
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Boardman homomorphism. The element a;; € m(4;—1) can be represented by a
weakly almost complex manifold. To ask for the (normal) characteristic numbers of this
manifold is (essentially) equivalent to asking for the image of a;; under the Hurewicz
homomorphism

MU — H.MU.

We introduce the Boardman homomorphism, which is (slightly) more general than the
Hurewicz homomorphism. Let E be a (commutative) ring spectrum, then for any (space
or spectrum) Y we consider the map

WAl

Y2S'AY S EAY.
Composing a map X — Y with this map induces a homomorphism
B:[ X, Y], = [X,EANY].

called the Boardman homomorphism. The Hurewicz homomorphism is recovered by set-
ting X = S® and F = H (the Eilenberg-MacLane spectrum representing singular homol-
ogy).

Since EAY is at least a module spectrum over the ring spectrum E, we may obtain infor-
mation about [X, EAY], = (EAY) " (X) from E,(X), for example there is a universal
coefficient theorem

(X, Y. (X, EAY],

T —7

Hom, g(F.X, E.Y)

where a(f) = f. : E.X — E.Y is the induced map in E-homology and p is defined by
(p(h))(k) = (h,k) € E.Y using the Kronecker pairing

(EANY)(X)® E.X — EY

with
1AhR pAl

h®@kw— (hk):S—>FEANX S5 EANEANY — EAY.

Miscenkos formula. We recall that power series of the form g(z) = z+b 22 +byx3+...
are strict isomorphisms

g: F— 9F =g(F(g"2,97'y))
and want to give the explicit coefficients of the inverse power series g~ 1(x) = Zizo cxttt
We calculate the first coefficients taking everything modulo 2% and using the identity

v = g ' (g(x) = g(x) + c1g(x)® + c29(x)’ + cag(a) + cag(2)’ + ... ( mod z°)
= o4 ba? + box® + byt + bya®
+cp (22 + 2b12% + (205 + b])x* + (203 + 2b1by)2”)
+co(2® + 3byat + (3by + 3b7)2° + c3(2* + 4by2°) + c4”
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Comparing coefficients gives the system of equations

0 = ¢ +b

0 = co+2bicy + bs

0 = c3+3bicy+c1(2by +b2) + by

0 = cg+4bics + c2(3by + 3b7) + ¢1(203 + 2b1bg) + by

resulting in

cT = —bl
Cop = 2b% — bQ
c3 = —5b? + 5b1b2 — bg

cy = 14b] — 21b7by + 6b1bs + 3b3 — by.

Applying the residue theorem of complex analysis proves the following (as done in [AdaT74,
p. 65 Prop. (7.5)] ):

Proposition 4.2. Denoting the degree 2n-part of an inhomogeneous polynomial with a
lower index n we have

1 1
bi —(n+1) d bn _ ’ —(n—i—l).

>0

Cp =

Next we explicitly calculate 9Fy (z,y) = g(g~ ' + g7y + vg~tagly) :

IFg(z,y) = x+y-+ (v+2b)zy + (bv — 263 + 3by) (2%y + 7y?)

+(20by — 20b7 + 4bs — 8byby + 4b3) (zPy + 2y?)

+(v%by — 3vb% 4 203 — 6b1by + Guby + 6bg)2y>

+(50b? — 8ubyby + 25b2by + 3ubs — 106 — 14b1bs — 6b3 + 5by)
x(¢'y + zy?)

+(4vb? — 18vbyby — 4b] + 8bby — 20707 + 3v2by — 3b3
—16bybs + 12vbs + 10by) x (2%y* + 2%y?)

+ higher order terms.

This implies:

ay;p +— v+ 2

agy +— vby — 207 + 3by

azi +— 2vby — 20b] + 4bs — 8byby + 4b}

Az +— v2by — 3vb] + 203 — 6byby + 6uby + 6bs

ap > Hubt — 8ubiby + 25b3by + 3ubs — 10b] — 14byby — 6b3 + 5by

asy > 4vbd — 18vbiby — 4bF + 8b%by — 200 + 3v%by — 3b2 — 16b1bg + 120b5 + 100,
1 1 1 1 2

Recall that the complex manifold CP" defines an element [CP"] € 75, MU. The Hurewicz
homomorphism

MU — H.MU
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tells us that the image of [CP"] in Hy, MU is (n + 1)c, since the formula (3, bi);(”H)
gives the normal Chern numbers of CP". The most important formula for us will be

[CP"] = (n+ Dew = (D an),!

>0
leading to
[C]P)l] = —daiy
[CP?] = —ays + af,
[C]PS] = —ai3 — Clzlil + 2&11&12
[CP*Y] = —ay4 + af, + af, + 2011013
Substituting these formulas we get
[N] = —1120b + 340vb,by + 256b7by — 60vbs — 184b] + 400, bs
+12b5 — 40by + 48v°by + 58v?b] + 220°b;
and
1
ZI[K?F] = vt 4 240%b; + 1200707 + 480v%by — 288vbS + 448vb; b,
+144b] — 576b7 + 576b3.
Defining
1
M = ZK32 + 12N
we get

[M] = v*+16- (180°b; + 510263 + 39v°by — 1020b7 + 283vb; by
—45vby — 129b] + 30b1b3 + 156b7by + 45b5 — 30b,).

3. Construction of an SU-manifold with A = 1

To split off the spectrum T from MSU one essentially uses the existence of an Artin-
Schreier class b € KOyM SU satisfying 13b = b+ 1. Via Miscenkos formula we have seen
that such a class can be constructed with the logarithm construction if there is a Bott
manifold whose associated K-theory class is congruent to v* modulo 16. Essentially we
have to find a Bott manifold in SU bordism, i.e. an SU-manifold M with A([M]) = 1
giving a periodicity element in M SU..

Main idea. The Hopf bundle o : S — S* with fiber S* = SU(2) on the one hand
admits an SU structure and on the other hand generates Irn(J); = Q" = st = 7,/240.

Since Td(D(c)) = 1/240 and since 240[o] = 0 in Q" implies the existence of a framed
manifold R® with OR® = —2400, we define

B = 240D(0‘) U2400 RS

which serves as the desired Bott manifold, i.e. Td(B) = A(B) = 1.
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Sp(1)-principal bundles over S*. With the identifications Sp(1) = SU(2) = $3
and Sp(2)/Sp(1) = S and
Sp(2) 1 4
=HP =S
Sp(1) x Sp(1)

we take the canonical Sp(1)-principal bundle over S*

Sp(1) =2 8% — g7
54
i.e. the bundle whose associated line bundle
E = 87 XSp(l) Hl — S4
satisfies (co(E), [S?]) = 1. We know that every G-principal bundle is given as the pullback

of the universal G-principal bundle via the classifying map

fEG — EG

! |

B —1 o,

In other words the functor G-Pb(—) is representable by BG and
[B, BG] = G-Pb(B) via f — f"EG.
In the case of Sp(1)-principal bundles over S* we get
[S*, BSp(1)] = [£5%, BSp(1)] = [S?,QBSp(1)] = [S?, Sp(1)] = [S?, 5%] = Z.
(

]
The canonical Sp(1)-principal bundle over S* is associated to 1 € Z. We see that the disk
bundle Q := D(E) with 7 : Q — S* has as boundary 0Q = 0D(E) = S(FE) the original
principal bundle.

Splitting of the tangent bundle 7'Q). In general for a smooth vector bundle ¢ : E —
M the total space E is again a smooth manifold. Now we are interested in the structure of
the tangential bundle T'E. There are two induced bundles, namely the induced tangential
bundle and that of the total space:

&ETM — F &F — F
Lk Lk
™ — M and EFE— M

These already give an isomorphism
TE=TM@EE.

Such a splitting of a tangent bundle is geometrically called a connection. With the
notation of above restricting the tangent bundle of the vector bundle to the disk bundle
we get the splitting

TQ = n*E @ n*TS*:;

note that the second summand is stably trivial.
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The Hopf bundle is an SU manifold. The Hopf bundle o : S — S* with fiber
S3 =~ SU(2) is not only an SU(2)-bundle but also an SU manifold. A manifold M
has an SU structure if its stable tangent bundle T'M is a complex vector bundle with a
trivialization of its determinant bundle det(TM) = 1¢.

D(0> — )\taut — >\tzzut

! | |

sS4 —— BSU — BU.

From the splitting above we see the SU structure, since the 8-dimensional bundle splits
into two 4-dimensional bundles and T'S* is stably trivial and E is chosen to have vanish-
ing c;.

Evaluation of the Todd genus. We recall T'd = ¢“/2A and see that for SU mani-
folds the Todd-genus and the A-genus coincide. From [Hi56] the degree 8-term of the
Todd genus is given in Chern classes by:

1
720
For the evaluation the Chern classes ¢; and ¢4 do not contribute, due to the SU structure
and since () is a homotopy 4-sphere, respectively. Next we emphasize that while for closed
stably almost complex manifolds the Todd genus maps to the integers; the situation for
(U, fr) manifolds is different. A (U, fr) manifold M" is a differentiable manifold M with a
given complex structure on its stable tangent bundle 7'M and a given compatible framing
of T'M restricted to the boundary OM. Their Chern numbers depend only on the bordism
classes in Q" and hence we have a Todd genus

Td: Q%" — Q.

Ty (—c4 + cscp + 3¢5 + deact — o).

Moreover there is a commutative diagram

0— QF, — QU — Q| — 0

le le J{ec

0 7 Q Q/Z — 0

where ec is the Adams e-invariant. This is worked out in [CF66a]. As done on page 95
of [CF66a] we can now evaluate the Todd genus

(Td(TQ),[Q,0Q]) = <%

1 1
= %<C2(E)a[5]>—%-

1

33(8), ,0Q) = 5,5 (A(F), [.0Q))

Remark on the relation to K-theory. In modern formulation the Todd genus is
associated to the multiplicative formal group law and therefore to K-theory. Let P(x) be
a power series with 1 as constant coefficient. Its logarithm ¢ is given by




5. CONSTRUCTION OF AN E. MAP Ty — MSU 41

Complex oriented cohomology theories always come with a formal group law F'(x, y) which
can be expressed as

F(a,y) =g ' (g(x) + 9(y))-
For the Todd genus we have P(z) = =% implying y = g~ '(x) = 1 — e~ *. This gives us
g(x) = —In(1 — x) and thus
F(z,y) = 1—exp[—(—In(1—2)—In(1-y))]
= 1—exp(ln(l —z)+1In(1 —y))
= 1-(1-2)1-y)=z+y—ay,

which is the multiplicative formal group law coming from complex K-theory.

Definition of the Bott manifold. Since dQ = S7 is framed and [0Q] € Q" = 73 =
7./240 we have 240[0Q] = 0, i.e. there exists a framed manifold R® with IR® = —2400Q).
We define a Bott-manifold by

B .= 240@ U2403Q R8
and see that indeed A(B) = Td(B) = 240Td(Q) + 0 = 1.

4. Construction of an Artin-Schreier class

Having a Bott manifold with associated K-theory class congruent to v* modulo 16 we can
use the power series of the logarithm

(1 4a) =3
log(1+x) = —-1)"
o n—+1
to define
_log([M))
log(31)

Proposition 4.3. The class b is an Artin-Schreier class.

PROOF.
Wb = _log([M]/34) _ _ log([M]) log(3%)
log(34) log(34)  log(3%)
Here the stable Adams operation ¢* : K — K is defined levelwise by %’—: c Ko, — Koy,

with U* being the unstable Adams operation. Inverting powers of k € Z5 is not a problem
since everything is 2-completed. O

=b+1.

5. Construction of an F,, map T — MSU

3_
The fiber sequence X — KO A X v KO A X induces the unit map moKO — 7_1.5°
mapping 1 — (. Now we define 7T; to be the homotopy pushout in the category of
K(1)-local E ring spectra:

TSt 5 Ty = 0

¢ |

S0 ——— T;
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with T'X the free FE, spectrum generated by the pointed space X. As the Hurewicz image
of ( € m_1MSU is zero we get a map T, — MSU:

Ts—l ﬂ) Tx = SO

1N

S —— \
\)}
MSU

6. Split map - direct summand argument
To get T as a direct summand, one has to construct a split p such that the composition
T, 5 MSU 5 T,
is the identity. This can be done using the Spin splitting of Laures [Lau03|

1t
7 \
p=\ lz 9
Te NNZ,TS® «— MSpin

and showing that the extended triangle commutes

MSU
h

T; g
e \
p.\ lz v
Te NNZ,TS® «— MSpin
6.1. Comparison of the Artin-Schreier classes. The SU Artin-Schreier class

constructed above is naturally also a Spin Artin-Schreier class. Refering to [Lau02] we
have

Lemma 4.1. Let b and b’ be two Artin-Schreier elements of mo KO A M Spin. Then there
is an E. self homotopy equivalence k of M Spin which carries b to b'.

PROOF. The short exact sequence

0 — meM Spin — mg KO N M Spin vist ol KO N M Spin — 0

with (¢*—1)b = (¢*—1)b = 1 tells us that b and ¥’ can only differ by a class a € oM Spin.
Let k be the E,, map of

M Spin =T A /\TSO
which is the identity on each T'S? and restricts to
t+ad : Co — MSpin

on T¢. Then its inverse is defined in the same way with a replaced by —a. 0
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With the notations 77V and TCS P for the F., spectra we get from the different Artin-
Schreier classes, we have the following diagram with E., maps:

TSV MsU
l: \_/

TSpin

C \
. N
dyx,%,...) |
(i T [ y

Te NN2, TS® «— MSpin






CHAPTER 5

Detecting free E,, summands 7'S°

1. Introduction to Adams operations in K-theory

1.1. Basics. In K-theory we have not only the ring structure, but also certain ring
homomorphisms ¢* : K(X) — K(X).

Theorem 5.1 (Adams). There ezist ring homomorphisms ¥* : K(X) — K(X), defined
for all compact Hausdorff spaces X and all integers k > 0, satisfying:

(1) W“f = [*Q* for all maps [ : X —Y (naturality)
(2) Y*(L) = L* if L is a line bundle
(3) Y* oyl = M
(4) ¥P(a) = o mod p for p prime
At first we consider the special case when E is a sum of line bundles L;
YLy ® ... ® Ly) = L¥ + ... + LE.

Next we are looking for a general definition of ¢*(E) which specializes to the above. We
use the exterior powers X(E) to define

Z N(E) e K(X)[t].
By naturality of the exterior power construction we have
M(E1 @ BEp) = Z N(Ey @ Ep)t' = Z éB()\’“(El) @ N F(By))t!
= (Z N (Bt Z A (E M (Er) @ M(Ey).

In the case K = Ly & ... ® L,, we get
HAt —H1+Lt)—1+01+ O

thus comparing the coefficients, M (F) = o;(L1, ..., L,) is the j" elementary symmetric
polynomial. Hence we take the Newton polynomials s and define

¢k(E) = Sk(>‘1<E>7 e )‘k(E))a

which specializes to the formula above when F is a sum of line bundles. Finally we prove
that the stated properties are fulfilled.

PROOF. The naturality
Fr @ (E) = oM(f*(E))

45
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follows from f*(\{(E)) = N{(f*(F)). The additivity v*(E; @ Ey) = ¢*(E)) + *(Ey)
is done via the naturality and the splitting principle. Since p : F(E) — X induces an
injection p* : K*(X) — K*(F(F)) we get
PUYNEL®E) = Yp(EIOE)=y"(11®.0L,oL,o..aL)
= "B @ p'Ey) = p Y E @ p Y B,
Since ¥* is additive on vector bundles, we get via the Grothendieck construction an
additive operation on K (X) defined by

UM(Ey — Ey) = YM(Ey) — 9" (Ea).
Next we prove multiplicativity: If E is the sum of line bundles L; and E’ is the sum of
line bundles L} then £ ® E' is the sum of line bundles L; ® L, implying

VE®E) = Z¢k(Li ®L;) = Z(Lz' ® L))"
= ZLf ® L = ZLf ZLQk = M (EWH(E).

Thus ¥ is multiplicative on vector bundles and it follows formally that it is multiplicative
on elements of K(X). For ¢* o' = ¢* the splitting principle and additivity reduce to
the case of line bundles where

VHYI(L)) = LM = (D).
Likewise for ¢¥?(a) = a” mod p, since for £ = Ly + ... + L, we have modulo p
YP(E)=LY+..+LP = (L, + ..+ L,)" = E".
0

1.2. Adams operations on the K-theory spectrum. One recalls that Adams
operations ¥* : K — K are operations on the ring spectrum K itself and that we have
naturality, i.e. for every map f : X — Y the diagram

PYEAX
KANX — KANX
K/\fl lK/\f

YEAY
KANY — KAY

commutes. Also Adams operations behave well with respect to the complexification map

from K O-theory to K-theory, i.e. the diagram

PP AL
X — KONX — KOANX

S Jen

AN
KANX — KANX

commutes. Having u € K, X we get ¢¥*(u) by

u YRAX
S— KANX — KAX.

\/

UF (u)
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1.3. The Kronecker pairing.

Lemma 5.1. We have (¢*a,*b) = 1*(a,b) and ¥* " is adjoint to * via the Kronecker
pairing (,) : K*X @ K, X — K,.

ProOOF. With f representing b € K, X and g representing a € K*X we have

f 1Ag W
S — KANX — KANK — K

(f\ [t W“W iz

1AYE(g
ANX *> K/\K K
The line above gives (a,b), and the lower line (¢*a, "), giving the first statement. For
the second one we know that ¥ is a ring map, and with b’ = wkilb we get

(*a,b) = (WPa, V") = p*(a, b)) = (a, V') = (a, " D).

2. Calculating operations on K,CP*™

2.1. Adams operations on K,CP>. As for any complex oriented theory, we have
K*CP* = 1, K[z] = Z,[z] (the last isomorphism is due to the K (1)-local point of view).
With 3; being dual to z* the statement in homology is K,.CP* = Z,(3;). Next we want
to apply the pairing

K'X® KX — K

and show its compatibility with Adams operations. Given a € K, X (i.e. S — K A X)
and v € K*X (i.e. X — K) we have the commuting diagram

kb, 4
Yra 1Az

KAX ™% KAK 5 K.

Since * is a ring homomorphism and ¢*(L) = L* for line bundles L, we have for the
generator x = 1 — L (here we take the tautological line bundle over CP>

) = (1= (1 —a))"
The Kronecker pairing gives us (¢*z, a) = (x, ¥ "a), the duality was (2", Br) = 1, hence
basis expansion gives us

OB =Y (@ BB

Jj=0

with (7, F ' 3,) = (WFxd . B,) = (1 — (1 — 2)*), 8,). We calculate

A-(-2PP = @B +a(r-3) = Z (7)ptasr
Yy () 5 (2) s

s=0 t=0
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Hence we have

Explicitly we have
(3x — 32° + 2°)?
(3x — 32 + 2°)?
(3x — 32° + )"
(3x — 32 + 2°)°

(3z — 32 + 2°)°

(3x — 32% + 2°)7

(37 — 32% + 2°)®

(37 — 32% + 2*)°

(3z — 32* + 2°)"°
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wea=cu S ()5

s+t=i—j

92% — 1823 + 152 — 625 + 25

2723 — 812" + 1082° — 8125 + 3627 — 92° + 2°

81z — 3242° + 59425 — 64827 + 4592° — 2162° + 662°

—12z + 12

24325 — 121525 + 283527 — 40502° 4 391527 — 267321°
+13052 — 450212 + 1052 — 152 + 215

72925 — 437427 + 123932° — 218702% + 26730x'° — 23814x!!
+15849212 — 793823 + 297021 — 81021 + 15326 — 18217 4 218
218727 — 153092® + 510302° — 1071632 + 1581932"!
—1735022'% + 14571923 — 951752 + 4857321° — 1927826
4585927 — 13232 + 21020 — 2122 + 22!

65612° — 52488z° + 20120420 — 489888211 + 84709812
—11022482"3 4+ 11158562 — 8961842'° 4+ 57696326 — 2987287
+12398421% — 408242 + 104582%° — 201622

+2762% — 242% + 2%

196832 — 1771472'° + 7676372 — 212576422 + 421216223
—63379262' 4+ 75014102 — 713836826 + 553529717
—35232572'® 4 184509920 — 7931522%° 4 2778302! — 782462
+173342% — 29162** + 3512%° — 272%° 4 27

590492 — 5904902 + 285403522 — 88573502 + 197814152
—337760282" + 4573017026 — 5025726027 4 4552240528
—343140302" + 2164036522 — 114380102* + 50580452
—18613802* + 5645702%* — 1389962%° + 27135x2°

—4050227 + 43522 — 302%° + 2.

Ordering the terms we get

¢3_151 = 35

W B = =361+ 95

¥ B = By — 180, + 2705

W B = 150, — 8105 4815,

0¥ B = —60y + 10803 — 32453, + 24305

W Be = By — 8105 + 5948, — 121505 + 7295,

WV By = 36835 — 6480, + 283535 — 43743 + 21870
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W Bs = —98; + 4598, — 405085 4+ 1239335 — 153095: + 656135
V3 By = B3 — 2168, + 391585 — 2187085 + 510308, — 524885 + 19683,
V3 By = 6684 — 267305 + 26730835 — 1071633, + 20120435 — 1771475y + 5904931.

2.2. Adams operations on K,(CP> x CP*). Analogously we have
K*(CP* x CP*) = K[z, y] = Z,[z,y]
and with ; ® 3; being dual to x'y?, we have
K, (CP® x CP®) = Z,(6; ® 5;).
Now the pairing above gives us
@y W (B ® B)) = (WYY B ® )
= (-1 -2)")Q = Q=" B ® Ba)

and by basis expansion we have

VB B) =Y @™y 0 (B @ B))) B ® B

m,n

With the map CP* x CP* L BSU classifying the virtual SU bundle (1 — Ly)(1 — L),
the module generators 3; ® 3; are mapped by f, to algebra generators in K,BSU. By
naturality of the Adams operations this allows us to calculate the Adams operations on
K,BSU. We can calculate the pairing factor by factor:

VBB = Y (W), B ® B))n ® B

m,n

= S W™, B WY ) B © B

= > W2 88, QD (WY, 5)5n
= @* B e (W 8)
The following table contains the mod 2 coefficients a; of w‘o’*l Bi = apfk-

Bi B B3 Ba Bs Bs Or Bs By Do
YB =] 1
VB =11 1
W By =1 1 1
3By = 1 1 1
Y3 By = 1
V3 B = 1 1 1 1
7/)3_157: 1
3 By = 1 1 1 1 1
W By =
¥ By = 1 1 11
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2.3. Integral Adams operations on K,BSU and 2-structures. First we recall
from [Lau02] the structure of K,.BSU: Let L be the tautological line bundle over CP*
and 3; € K9CP™ be dual to ¢;(L)". As above let f be the map CP* x CP* — BSU
that classifies the bundle (1 — Ly)(1 — Ly) with L; the tautological line bundle over the
it" factor. Now choose for each natural number k and 1 < i < k—1 integers nz such that

Sa(t) s () ()

Defining elements dj, = Zl B nkf (B; @ Br—i) € Ko, BSU we get
K.BSU = Zy[dy, ds, ...].
With the notation a;; = f.(8; ® B;) € mau+jy K A BSU and the fact that
K*(CP* x CP*) = Zs[x, y]
with 3; ® 3; € K.(CP* x CP*) being dual to z'y’, we calculate the Adams operations
by applying basis expansion:

wkaij = Z<$myn, 77/}ka'ij>arrm~
m,n

Here again the Kronecker pairing gives
(" ARG B) = (W @My, B ® )
W (@Y, B @ B)
= (@B - (Y 6.

k k p for k=p°
d =
9¢ {(1)’ ’(k:—l)} {1 else.

The generators a;; defined above satisfy certain relations which we want to describe in
the following.

It is easily seen that

Definition 5.1. The binomial coefficients associated to the formal group law F

k
(z’, j) . € Tao(irj—i)E

(+ry)t =) (Zk]) F:viyj :

1,

are defined by the equation

Example 5.1 (K-theory and the multiplicative formal group law). For F = K and
F =G,, with Gy, (r,y) =2 +y — v lzy we have

(z+e v’ =(x4+y—v ay)” ZZ( )( ) )k gkttt

s=0 t=0

(ij) 6 (% _kz - j) <2kk__i; / ) (—v)k=i=d.

and hence
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Lemma 5.2 (Laures). The following relations hold for i, j, k:
a070:1 ) aoi:CLw:OfOT' allz#()
Qij = Qi
3 ( l ) P o ( : ) e
o Uj—s k-t = X IkWi—s j—t-
l,s,t S7t Gm l,s,t ’t Gm

For our calculations we choose the following non-vanishing coefficients n} for our basis
elements dj:

k\i[1 2 3 4 56 7 8 9 10
201

3] 1

41-1 1

ol 1

61 1 -1

7)1

819 -1

91-9 1

10 1 11 -2

Wy = P LB B) = LT (e B)
= f(301 ®361) =9[(B1 ® B1) = 9ds
Wy = L7 51 @ B) = f.(36© (=361 + 952)
= 27d3 — 9d;
VP, = ¢371(_f*(51 ® B3) + f+(B2 @ Ba))
= —[(361 @ (B1 — 1882 4+ 27033)) + fi((—=3B1 + 9062) ® (=361 + 952))
= —9a11 + 540,12 — 81@13 + 9@11 — 54@12 + 81(122 = 81(—&13 + CLQQ) = 81d4
To calculate the Adams operation on the higher dj, one has to invest the 2-structure
condition from above. An equivalent way to handle this is to see K A BSU, as a complex
oriented ring theory with complex orientation xxapsy, = (1An).«xk. The classifying map
(CP™ x CP>), & BSU, ™Y K A BSU,
can be regarded as a power series
flay) =1+ bya'y € (K A BSU)"(CP™ x CP>)
ij>1

for some b;; € Ky(;45)BSU. Indeed we have b;; = a;; (compare [Lau02])

bij = > bi(1AN).(B ® B, 2%y
kI>1
= ((LAN)B @ (LANB, 1+ D buay')

(ARG BB ALY
= (uf(LAN)(B @ B)) = ay.
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Lemma 5.3. For the power series f(x,y) above, the following is straightforward to check:
f(z,0) = [f(0,y) =1
fl@y) = [fly)
flayfr+a, v) = flate, v, 2)f(y,2).
In the sense of [AHSO01] such an f is called a 2-structure.
Comparison of the coefficients of 2%yz gives the relation
asy + 2ag = G%l + as;.
With this we calculate
Uds = 0¥ £(B @ By) = £.(301 ® (156, — 8105 + 814,))
= 243d5 — 243&13 + 45@12
= 243d5 - 243&13 + 45&12 + 243(2&22 + as1 — CL%I - agl)
= 243ds + 486(—ay3 + as) + 288a12 — 243a},
243d; + 486d, + 288d3 — 243d;.

To calculate further operations we need some additional relations:

coeflicient of relation
x%yz 2a99 — a3 + Az + a3,
Pyz 2014 + aja12 — a3z — ag3
x2y%z 6a14 — 6a13 + 2a99 — a%l —a
w3y z? 3ass — 2ag3 + arjiaiz — a11a — ai
xtyz Says — 2ag4 — 3ai4 + 2a11a13 + a3y

With this we compute:

Vs = 7 (ful(B © B5) + fu(B2 © Br) = fu(Bs © B3))

= f.(361 ® (—60 + 108035 — 32403, + 24335))
+ [ (=361 + 982) @ (156, — 8135 + 8154))
—f((B1 — 1882 + 2703) @ (B1 — 182 + 27/33))

= T729dg — 1215a14 + 243a93 + 513a13 — 189a9s — 27a12 — aqq
[+243(2a14 — a3 + a11a12 — a13)]

= 729dg — 729d5 + 270a13 — 189ags + 243aq1a12 — 27a12 — ayq
[—81(—a13 + 2a2 + a1z + aiy)]

= 729dg — 729d5 — 351d, + 243dyds — 108ds — 81d3 — ds.

Analogously we can go on

WV dy = P Fu(B1 ® Bs) = 37dr + 3a1s — 243a13 + 1782a14 — 3645a,5

and reduce the term above to polynomials in the d.

3. Bott’s formula and cannibalistic classes

Due to Bott [Bot69], one can calculate Adams operations on the Thom space by calculat-
ing them on the base space, multiplying with the cannibalistic class 0;(E) and applying
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the Thom isomorphism. Here the Thom space is constructed with respect to the bundle
E. Let

i K(X) — K(XF)
denote the Thom isomorphism; then we have

V(i) = afk(B)¢* (x)
for x € K(X).

3.1. Stable cannibalistic classes in K. In order to calculate Adams operations
on K,MSU using the formula above, one has to calculate cannibalistic classes. These
classes are introduced by Bott in [Bot69] and are defined for complex vector bundles
over compact spaces X and are characterized by the properties

o (L) =1+ L*+ ...+ (L*)*! for all line bundles L
o OF(E+ &) = 0k (€)0k(¢') for all complex bundles &, £’

In particular, this implies that for the trivial bundle of rank n (simply denoted by n) we
have 0% (£ +n) = k"0%(€). To define stable operations 0% we assume k to be an odd number

and set k( )
o 0 5
k(e .
0% (&) == rdimee € K(X).
Next we calculate the cannibalistic classes for the universal SU-bundle

(1= Ly)(1 = Ly)

!

CP>* x CP>* —— BSU.

Notice that it is indeed an SU bundle because the first Chern class vanishes:

1'C(L1L2) 1+Qf1+l'2
c(l+LiLy,—L;—L = =
Ut hbe = b= o) = T = Tr (i + )
= (142 4+2)1 -2 +22.)(1 — 25 +23..)

= 1+($1+J]2—I1—ZE2)+...

Since 0%(1) = k and 0F(L) = 1+ L* + ... + (L*)* ! = % (formally) we have

0F((1 — L1)(1 = Ly)) = 60%(1)0%(L1L2)0"(—L1)0%(—Lo)
(1— (LiLy)") (A — L) (1 — L3)
(1= LiL3)(1 = (L") (1 = (Ly)*)
Remark 5.1. Choosingx =1 — Ly and y =1 — Ly as the generators of
K. (CP* x CP*) = Zs[z,y]

we can change to another orientation 2’ = 1— = = =37, a*. Hence we get «’ = 1—L;
and y' =1 — L3, respectively. We compute

k

2 + y/ _ z/y/)

o IR
PO = L) = La)) = k== 0o

where qi(x') = 1_(1x7x/)k
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We notice that 1 — L = —L ® (1 — L*) and with the notations  =1—L; and y =1 — Lo
we get
Li=(1—x)and L= (1 —y) "

Hence for k = 3 we can write

I+(1-—a) "1y +
I+ -2) '+ (1-2)2) A+ 1 -y +(1-y)?)

I-2)A-y)+1+0—-2)"'(1—y"
(I=2)+1+ (A -2) H((1-y) +1+ (1 -y)™)

and see that the cannibalistic class is invariant under ¢! : L s L*.

93((1 —L)(1—-1Ly)) = 3 1—2)2(1—y)2

+
_l’_

3.2. Calculating 63((1 — Ly)(1 — Ly)).
Lemma 5.4. For the cannibalistic class 62 we have the description

1+ (1 -2)1 -y + (1 -2)?(1-y)?
(3 =3z +22)(3 -3y +v?)

*((1— L1)(1 = Ly)) =3

and the coefficients of the power expansion

1 k
3—3r+«x =

La,, or more explicitly,

satisfy the recurrence relation ag = a1 = % and apia = A1 — 3

U6n = Qg1 = (—1)" 370G+
A6n+2 (-1)"2-37 Bn+2)
agn+s = (—1)"3 )
A6n+4 = ( 1)n )
A6n+5 0.

PROOF. Let f(z) = >,-,arz” denote the generating function of the recurrence rela-

say,. Then we have

1
f(l’) = Z (lkajk = Qg + axr + Z(ak—l — gak—2)$k

tion a9 = a1 = % and agyo = Qg1 —

k>0 k>2
=yt + () - o) — ()
= a0t f(o)(x— 2a?),
hence
1
1) =35,

Corollary 5.1. The coefficients c,,, of the power expansion of the cannibalistic class

5 L)1y + (-2’ (1—y)® m,n
0°((1 — L1)(1 — L)) =3 (3 —3x+22)(3 -3y +y?) B Z Cnnt Y
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are given by

Cmn = gaman - 9am—lan - gama'n—l + 3am—2an + 15am—lan—l + 3ama'n—2

—6am—20n—1 — 6Qm_10n—2 + 30m—20,_2.
The coefficents with negative indices are understood to be zero.

Corollary 5.2. The coefficients ¢, are symmetric, i.e. Cpp = Cpm and we have

1 form=0 p 5
Con = an Cin = 3pt1.
0 0 forn>1 ! i

If both indices are > 2 we have with 0 < i,k < 5:

—(3m n i+k
Compignik = (—1)mHm . 3=(Bm+s + 5 J)bl.k
with
2 ifi—k=0
y ik =l %2
N0 i — k=43

—1ifi—k = 4, +5.

Corollary 5.3. We can also write this as

2 ifm—-—m=0 mod 6
o g-m 1 ifm—n==+1£2 mod 12
e 0 ifm—-n=3 mod 6

—1 ifm—n=+4,+5 mod 12

for positive indices, whereas

1 forn=20
Con =
0 else.
4. Spherical classes in K, MSU

We are now able to calculate spherical classes in K, M SU. For this purpose we collect all
relevant notions: Let a = 7*b € K°MSU be an arbitrary class, f the classifying map of
the virtual SU-bundle (1 — L;)(1 — L) and

k—1
dp = Z ny, f(B; ® Br—i)

i=1

the generators of K,BSU = 7,K|[dy,ds, ...|]. Writing

(1= L)1 = La)) = Y crna™y"
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for the cannibalistic class of the SU-bundle above we get:

(0,98 i) = (U3(770), di) = (O°T0h(b), dy)

k-1

= (0°((1 — L1)(1 — L2))y(b) anf (8 ® Br—i))

= anZcmn )61 m®ﬁk1n>

m,n>0
= Z n;f Z Cmn<bv jSBilf* (ﬁi—m & 6k—i—n)>~
i=1 m,n>0

Lemma 5.5. The Adams operations on K,MSU are computable via the formula

?\/;1q)*dk Z Cmnznkw f* ﬁz m®ﬁk i— n))

m,n>0

where O, is the Thom isomorphism.

Sample calculations (dropping the Thom isomorphism from the notation and writing 3, '
for the Adams operation on the level of the Thom spectrum) give with respect to the n},

chosen above:

_ 2
?\41d2 = 9dy + g

-1 1
U3, ds = 27ds — 9dy + 3

. 1
3, = 81dy+2ds + 3

W3 ds = 243ds + 486d, + 288ds — 243d2.

4.1. Construction of spherical classes. Modulo 2 and omitting the Thom isomor-
phism, we get:

ds = d
W3 ds = ds+dy+1
3y = dy+1
305 = ds+ d>.
These calculations give the following spherical classes modulo 2:
e (s in degree 4

o d2+ds+ dy + d5 in degree 12
e d? +d4 in degree 16

e d? + dids in degree 20.

Remark 5.2. We observe that there is no spherical class in degree 6 and conjecture that
there is no spherical class in degree 4k + 2.
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Corollary 5.4. Since m61y = 0, this gives M SUs = 0 in the K(1)-local world.

4.2. Lifting mod p spherical classes. Having mod p spherical classes we are in-
terested in getting integral spherical classes and constructing a spherical class basis for
K, MSU. We use the following algebraic lemma.

Lemma 5.6. Assume A and B to be p-complete. Let f : A — B = Z,[b;] be such that
there are a; € A with f(a;) = b; modulo p. Then f: A — B is surjective.

We want to apply this lemma for A = K,MSU and assume that we have a basis of
mod p spherical classes A = Z,[a;] with ¢*a; = a; modulo p.
Proposition 5.1. There are elements b; such that

(1) A=7Z,[b;] and

(2) ¥30; = b,

PROOF. We make use of the bootstrap method: Assume v3a; = a; + pa’ with o’ =
> cjaj. Then we have

U’pd = ppia’ = p¢3(z Citl;) = P(Z cip’a;) + pa”,
and go on the same way. 0

5. Umbral calculus

5.1. Mahler series in p-adic analysis. The binomial polynomials define continuous

functions
<k) 2 Ly — L, xt—><i>
k

Since N is dense in Z,, we have H (k) H = supy ! (Z)| < 1. Because of (k) = 1, equality holds
in fact. In p-adic analysis we know that for a given sequence (a;);>o in C, with |a;| — 0,
the series >, ., ax(;) is a continuous function f : Z, — C,. It is quite remarkable that
conversely, every continuous function Z, — C, can be represented this way. This result
has been obtained by Mabhler.

Definition 5.2. A Mahler series is a series ) ;- ax (k) with coefficients |ag| — 0 in C,,.

With the notation of the norm || f|| = supy, [f(x)| and the finite-difference operator V
(V@) = flz +1) = f(2),

and its k-fold iterated version V*, we have:
Theorem 5.2 (Mahler). Let f : Z, — C, be a continuous function and put a = V* f(0).
Then |ax| — 0, and the series Y, ax(,) converges uniformly to f. Moreover ||f| =
SUPy>o |ak|-

5.2. The ring of numerical polynomials. Let A denote the ring

A :={f € Q[w] such that f(Z) C Z},

which we call the ring of numerical poynomials.
Remark 5.3. This ring has been studied for a long time - historically Pascal considered
elements (if) = w wpp_“’ for p a prime. In fact Newton

) and Fermat studied
found out that 1,w, (g’), ("”é’), ... are a basis for A.
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In p-adic analysis the p-completion of A, i.e.

A, ={f e Qv]: f(Z,) C Zy}
is, by a theorem of Mahler, the ring of continuous functions f : Z, — Z,, and its elements
can be written as Mahler series

flw) = Zai (f) with a; — 0.

i=0
Integrally we can identify KqCP>™ = A, i.e. the K-homology of CP> equals the ring of
numerical polynomials. The duality

K°CP>® = Hom(K,CP>,Z)

is given as follows: The series Y a;t' € Z[t] =2 K°CP*™ maps to the homomorphism given
by (7;’) — a; on basis elements.

5.3. Alternative description of the Adams operations. We have seen that
K,.CP* is the ring of continuous functions on Z, which are given as Mahler series. Its
module generators 3; € Ky;CP™ represent the function 5;(T) = (:f) Application of a
base change leads to an interesting observation: At the prime 2 we have:

(v) = ()

() = o) +(})

(3) = 1(5) () ()

(1) = =) =) ()

(5) = 20(s) ron (i) +1(s) +o(3)

(6) = m(e) woms) ms(l) +1(5) +(2)

and this is exactly the Adams operation ¢% ' on 3, with respect to the generator x =
L —1 € K*CP*. The generator used before results in the same operation up to an
alternating sign.

Lemma 5.7. The Adams operation 3~ on K.CP™ is given by
V¥ B(T) = Bi(3T),

or, equivalently as the Mahler series

where
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PROOF. Due to Mahler’s theorem, the j* coefficient satisfies

aj = vj (3f) ‘m:O’

i.e. it can be expressed using the j-fold iterated finite difference operator. Starting the

calculations we get
3T 3T 3T 3T
7(7) =) (D) + (D)

Comparing this to the calculation of the Adams operation in K*CP> with respect to the
generator r = L — 1 we get
V3r = 3z + 3% + 2°

and see that taking the j* power of 3z + 322 4+ 2® is exactly the same as taking the

4t iterated finite difference operator V7. Hence the calculations coincide and the claim

follows. 0
Corollary 5.5. For a 2-adic unit k € Z5 we have

(v5) ) = ) = (7).

]

PROOF. Since 3 is a topological generator of ZJ, the sequence a, = 3" contains a
subsequence (a;, ), converging to k, and we have

WB(T) = Ty 5(T) = Tim g " 5(T)
= lim¢® -y B(T) = lim B;(3% T)






CHAPTER 6

Open questions and concluding remarks

Working towards a full £, splitting of the K (1)-local bordism spectrum M SU one has to
know that the quotient MSU /T, is free in the K (1)-local stable homotopy category. This
implies a basis corresponding to the spherical classes which is geometrically realized as
free E, summands T'SY. T conjecture that M .SU splits at p = 2 as MSU = Ty AN;2, T'S°,
which looks very similar to the F., splitting of M Spin. Maybe the E., comparison map
MSU — MSpin is close to an E,, equivalence. An indication for this is the vanishing
of MSUs after K (1)-localization. Integrally this is false, because the comparison map is
neither injective nor surjective on the level of homotopy. To give examples we mention that
HP? is not a complex manifold, but it is spin, thus the comparison map is not surjective.
While the 3-connected manifold HP? represents a non-trivial spin bordism class, it does
not admit a stably complex structure (since its signature is odd, cf. [CF66a]). On the
other hand we have M Sping = 0, but by construction the projective variety

K ={z€ CPYz) + 2} + 25 + 25 + 25 = 0}

has vanishing first Chern class and represents a non-zero class in MSUg. Recall from
[ABP66] that an SU-manifold is null bordant if and only if its Chern numbers and KO-
characteristic numbers vanish.

n 0 1 2 3 415 6 7 8

7 | Ze | Z/2 | Z]2 | Z/8| 00| Z/2|Z]16 | Z/2® Z]2
Im(D)a | Zey | Z/2 | 272 | 2Z/8 | 0]0|Z/2 ]| Z/16 72
KO, | Zwy | Z/2|Z/2| 0|Zo|0] 0] 0 Zoy
MSU,, Z(g) Z/2 Z/Q 0 Z(g) 0 Z(Q) 0 Z(Q)@Z(Q)
MSpinn Z(g) Z/2 Z/Q 0 Z(g) 0 0 0 Z(Q)@Z(g)

The 2-primary part of some relevant homotopy groups

Desiring progress in a full SU-splitting, one has to get a better understanding of the
spherical classes. One approach is to apply better arithmetic techniques, another approach
is to interpret the Adams operations as a precomposition of automorphisms as in the
example of K,CP*. Again another access is the study of symmetric 2-cocycles in the
sense of [Lau02] and [AHSO01|. This is an interesting arithmetic problem and it poses
quite a challenge to calculate the corresponding spherical classes.

Another problem which is not solved yet is a K (1)-local additive decomposition of MSU
in terms of K-theory. In [Pen82] Pengelley gives a 2-local additive splitting of M .SU

MSU@ = \/=%BoP v \/ % BP
i J
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into a wedge of suspensions of Brown-Peterson spectra BP and a wedge of suspensions
of other indecomposable spectra BoP, which bear similarities to the BP spectrum and
connective K-theory ko. In [Ho97] Marc Hovey conjectures that the spectrum BoP splits
into a wedge of suspensions of K-theory spectra K and KO, so that in this case MSU
splits additively like

MSU = \/ K v/ KO.

Using results from [Hop98|, more specifically that m.K A K = Homgs(Z5, 7. K) and
. K N KO = Homy(Z5 /{£1}, 7. K), we see that

K.MSU = @K*K@@K*KO

>~ P Hom, (25, 7. K) & @ Home, (25 /{£1}, 7. K).

It is highly desirable to get a precise additive splitting. Such a description would offer
comforting methods to calculate Adams operations.
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