
What is...Burnside’s theorem?

Or: Groups and representations



Burnside’s book Theory of Groups of Finite Order

I Top: first edition ∼1897 Burnside: “Rep theory is useless”

I Bottom: second edition ∼1911 Burnside: “Rep theory is amazing”

I In between was Burnside’s rep theory proof of Burnside’s theorem



Simple groups, simple representations

I The elements of finite group theory are the finite simple groups

I It is easy to see that G with |G | = pk is only simple if G = Z/pZ

I Question What about more than one prime factors?



List of finite simple groups

I The first non-abelian group on this list is A5 with |A5| = 22 · 3 · 5

I All other non-abelian groups on this list have at least three prime factors

I Conjecture All non-abelian finite simple groups have at least three prime factors



For completeness: A formal statement

Burnside’s theorem Groups of order paqb are solvable

I p, q prime numbers, a, b ∈ N

I solvable = ∃ subnormal series whose quotient groups are abelian

I non-abelian + simple ⇒ not solvable

I Corollary Groups of order paqb are not simple

I Burnside’s proof uses rep theory; it took ≈70 years to find a proof without rep theory



A proof sketch for the paqb theorem

I Assume the following slightly technical theorem:

I The above slightly technical theorem implies

I Assume p 6= q and a > 0, b > 0 (the other cases are boring)

I Then G has a subgroup of order qb

I The existence of this subgroup implies the existence of a conjugacy class of
order pt for some t ≥ 0

I Done by Lemma 6.3.10



Thank you for your attention!

I hope that was of some help.


