
What is...finite Fourier analysis?

Or: Fourier and finite groups



Fourier series

I f : R→ C period function f (x + n) = f (x)

I Fourier series f (x) =
∑n

k=−n ck · exp(2πix · k/n)

I The Fourier transform encodes this information as a function



Fourier transform

I f : R→ C (reasonably nice) starting function

I f̂ : R→ C Fourier transform

I f = ˆ̂f Dual pair



Two perspectives on the dual group

I Ẑ/nZ = (simple characters of Z/nZ) = (nth roots of unity)

I Ẑ/nZ = (functions Z/nZ→ C) = (n-periodic functions Z→ C)

I What is Fourier analysis in this setting?



For completeness: A formal definition

Let f : G → C be a function on a finite abelian group G

Fourier transform: f̂ : Ĝ → C with f̂ (χ) =
∑

g∈G f (g)χ(g)

ˆ̂f = f and the Fourier transform is invertible with inverse

f (x) = 1
|G |

∑
χ∈Ĝ f̂ (χ)χ(x)

Let f : Z/nZ→ C be a periodic function

Fourier transform: f̂ : Z/nZ→ C with f̂ (x) =
∑n−1

k=0 f (k) exp(−2πix · k/n)

ˆ̂f = f and the Fourier transform is invertible with inverse

f (x) = 1
n

∑n−1
k=0 f̂ (k) exp(2πix · k/n)

For G = Z/nZ the above are the same via Ẑ/nZ ∼= Z/nZ



A surprising application

(Z/2Z)3 :

1 2

3 45 6

7 8

Eigenvalues: 3,−3, 1, 1, 1,−1,−1,−1

I The eigenvalues of Cayley graph for finite abelian groups have real eigenvalues

I This can be proven using finite Fourier analysis



Thank you for your attention!

I hope that was of some help.


