
What are...Schur’s orthogonality relations?

Or: An orthonormal basis



Let us look at S3

I Define an inner product by

〈χ, ξ〉 = 1
|G |

∑
g∈G χ(g)ξ(g)

I The orthogonality relations for simple characters are

〈χ, ξ〉 =

{
1 if χ = ξ

0 else



What about non-simple reps?

S3 acts on C2 ⊗ C2 ⊗ C2,C2 = C{e1, e2}

e.g. e1 ⊗ e2 ⊗ e1 7→ e2 ⊗ e1 ⊗ e1

e.g. e1 ⊗ e2 ⊗ e1 7→ e2 ⊗ e1 ⊗ e1

character is ξ with
Class 1 2 3
Size 1 3 2
ξ 8 4 2

I 〈ξ, ξ〉 = 20 which is not 1

I ξ is not simple



Can we decompose them?

Class 1 2 3
Size 1 3 2
ξ 8 4 2

I 〈ξ, χ1〉 = 4, 〈ξ, χ2〉 = 0, 〈ξ, χ3〉 = 2

I It follows that

ξ = 4 · χ1 + 2 · χ3

I The same decomposition then holds for the reps!

Vξ
∼= L⊕41 ⊕ L⊕23



For completeness: A formal statement

The simple characters are an orthonormal basis of all class functions

I A class function is a function G → C constant on conjugacy classes

I The inner product is

〈χ, ξ〉 = 1
|G |

∑
g∈G χ(g)ξ(g)

I 〈χ, χ〉 = 1 ⇔ χ is simple

I # simple characters = # conjugacy classes

The orthogonality relations can aid many computations including:

I Decomposing an unknown character as a linear combination of simple
characters

I Constructing the complete character table when only some of the simple
characters are known

I Finding the order of the group



Constructing simple characters

I If we wouldn’t know the bottom simple character, then we could construct it
by solving for a ∈ N, b, c ∈ C:

1 · 1 · a + 3 · 1 · b + 2 · 1 · c = 0

1 · 1 · a + 3 · (−1) · b + 2 · 1 · c = 0

1 · a · a + 3 · b · b + 2 · c · c = 6

I Warning This is not how you want to do it in general



Thank you for your attention!

I hope that was of some help.


