
What is...the fifteen theorem?

Or: What is special about 1,2,3,5,6,7,10,14,15?



Fermat’s two squares

13

=

9 = 32

+

4 = 22

I
(
An odd prime p can be written as p = a2 + b2

)
⇔ (4 divides p − 1)

I We miss numbers!



Legendre’s three-squares

11

=

9 = 32

+

1 = 12

+

1 = 12

I
(
n can be written as n = a2 + b2 + c2

)
⇔ n 6= 4x(8y + 7)

I We miss numbers!



Lagrange’s four-squares

15

=

9 = 32

+

4 = 22

+

1 = 12

+

1 = 12

I n can always be written as n = a2 + b2 + c2 + d2

I We get all numbers!



Enter, the theorem

Let A be a positive-definite quadratic form defined by an integral matrix

A is universal (it takes all values in N)

⇔

A takes the values 1, 2, 3, 5, 6, 7, 10, 14, 15

Lagrange’s four squares Another universal form



What if the off-diagonals are not divisible by 2?

Let A be a positive-definite integral quadratic form

A is universal (it takes all values in N)

⇔

A takes the values 1, 2, 3, 5, 6, 7, 10, 13, 14, 15, 17, 19, 21, 22

23, 26, 29, 30, 31, 34, 35, 37, 42, 58, 93, 110, 145, 203, 290

I The above also takes forms such as x2 + xy + y2 into account

x2 + xy + y2 !

(
1 1/2

1/2 1

)
I There are 54 universal four-variable diagonal quadratic forms

I There are 6436 universal four-variable quadratic forms



Thank you for your attention!

I hope that was of some help.


