
What is...matrix multiplication?

Or: Why the definition is not random.



Operations visually

60 rotation matrix
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30 shearing matrix
(

1 1/
√
3

0 1

)

-1.4 -0.9 -0.4 0.1 0.6 1.1 1.6

-1.4

-0.9

-0.4

0.1

0.6

1.1

1.6

First rotate, then shear
(

1/2 −1/
√
3√

3/2 1

)

-1.4 -0.9 -0.4 0.1 0.6 1.1 1.6

-1.4

-0.9

-0.4

0.1

0.6

1.1

1.6

First shear, then rotate
(
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Wish. Matrix multiplication should be composition of actions!



Action on vectors

Where does (1, 0) go?
(

1/2 −
√
3/2√

3/2 1/2

)
( 1
0 ) =

(
1/2√
3/2

)
Where does (0, 1) go?

(
1/2 −

√
3/2√

3/2 1/2

)
( 0
1 ) =

(
−
√
3/2

1/2

)
Where does (−1,−1) go?

(
1/2 −

√
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3/2 1/2

)(−1
−1
)

=
(
−1/2+

√
3/2
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√
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Define matrix times vector as(
a b
c d

)
( x
y ) = x( a

c ) + y
(
b
d

)
=
(

xa+yb
xc+yd

)



Action on triangles

Where does the unit square go?
(

1/2 −
√
3/2√

3/2 1/2

)
( 1 0
0 1 ) =

(
1/2 −

√
3/2√

3/2 1/2

)
Where does the cyan triangle go?

(
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√
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)(
−
√
3 −1/4

−1
√
3/4

)
=
(
0 −1/2
2 0

)
Where does the orange triangle go?

(
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√
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)(
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√
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−
√
3 −1

)
=
(

11/8 5
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)
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Define matrix times matrix as(
a b
c d

)(
e f
g h

)
=
(

ae+bg af+bh
ce+dg cf+dh

)



For completeness: A formal definition.

The matrix multiplication of a mxn matrix A and an nxp matrix B is defined as:

a11 . . . a1k . . . a1n

...
. . .

...
...

...

ai1 . . . aik . . . ain

...
...

...
. . .

...

am1 . . . amk . . . amn





b11 . . . b1j . . . b1p

...
. . .

...
...

...

bk1 . . . bkj . . . bkp

...
...

...
. . .

...

bn1 . . . bnj . . . bnp





c11 . . . c1j . . . c1p

...
. . .

...
...

...

ci1 . . . cij . . . cip

...
...

...
. . .

...

cm1 . . . cmk . . . cmp




A : m rows n columns

B : n rows p columns

C = A× B : m rows p columns

a i1
· b 1

j

a ik
· b k

j

a in
· b n

j

+ . . .+

+ . . .+



Life is not commutative.

First rotate, then shear:(
1 1/
√
3

0 1

)(
1/2 −

√
3/2√

3/2 1/2

)
=
(
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3/2 1

)
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First shear, then rotate:(
1/2 −

√
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3/2 1/2

)(
1
√
3/2

0 1

)
=
(

1 −1/
√
3√

3/2 1/2

)
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Thank you for your attention!

I hope that was of some help.


