
What is...the h-cobordism theorem?

Or: Nice manifolds between manifolds



Cobordisms

▶ We want a version of a map between nmfds M and N

▶ A cobordism W between M and N is a (n + 1)mfd with boundary M ∪ N



Homotopy equivalence

▶ For this video, homotopy equivalence = we can continuously squeeze

▶ Homotopy equivalence is weaker than being homeomorphic

▶ In particular, homotopy equivalence can jump between dimensions



h=homotopy equivalence

▶ h-cobordisms = W : M → N so that M,N ↪→ W are homotopy equivalences

▶ Left Not an h-cobordism

▶ Right An h-cobordism



For completeness: A formal statement

Assume that:
(i) M,N compact simply-connected orientable nmfds with n ≥ 5

(ii) M,N are h-cobordant via W with W simply-connected

Then M and N are homeomorphic

▶ The magic is the step from homotopy equivalence to homeomorphism

▶ Smale got the field medal for this discovery



The Poincaré conjecture

▶ Smale’s breakthrough proved the Poincaré conjecture in dim ≥ 5

▶ We will discuss the proof in the next video



Thank you for your attention!

I hope that was of some help.


