Or: Cycles modulo boundaries



How to count holes? — Step 1

simplicial
complex =
A

» We start by counting:
co = Ftvertices =4 ¢; = #edges =5 ¢ = #faces=1

» Set C; = QF, with basis being vertices, edges and faces



How to count holes? — Step 2

C.O = Q{[O]a [1]) [2]7 [3]}
Cl = Q{[07 1]a [07 2]a [073]7 [1’ 2]7 [2’ 3]}

[2,3]

G = Q{[0,1,2]}
1
» We construct simplices-to-faces matrices
1 1 1 0 O
-1 0 0 1 0
. NP 4 5 . 5 ¢ _
61'@ _>Q?§1_ 0 71 O 71 1 I 62'(@%@762_

» We have vector spaces C; = Q% and matrices 6;



How to count holes? — Step 3

Hy = ker(6;)/im(8,) = Q!

We get a chain complex, the simplicial complex:

1 1 1 0 O _1
-10 0 1 © 0
0 -10 —-11 1
0 0 -1 0 -1

G 0

=

0
Go G 4 0
-, kernel 2 rank 1 , - -, kernel 0

Take its homology “cycles modulo boundaries”



For completeness: A formal definition

Let X be any topological space
» The nth singular chain group is

C, = C,(X) = Z{singular n-simplices} = Z{o,: A" — X}
» The nth singular chain map is

5n: Cn — Cn—17 6n(0) = (71)"U| V0seey Vi 4eeisVi
Z [07 ,dlt o ]
» The ith singular homology is
H, = H,(X) = ker(d,)/im(0p+1)

» Singular homology is a homotopy/homeomorphism invariant

Simplicial homology is what was calculated on the previous slides and

Singular homology=simplicial homology for any reasonable X

Singular homology is general, simplicial homology computable



Why the integers?

Z if n is even
Z,/2Z if nis odd
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- 0 if nis odd

Z/2Z if nis even

0272/22 L 72/2227)22 27222 7/22 & ... = H, = o
- Z/2Z if nis odd

Underline = G

» Working over the integers one can specialize to any field ' More general

» Note that "homology=kernel-rank” does not work integrally 'Careful



| hope that was of some help.



