
What is...the Kronecker–Weber theorem?

Or: Field and Galois theory, application 2



Encircled polygons

roots of x
1
 1 roots of x

2
 1 roots of x

3
 1 roots of x

4
 1 roots of x

5
 1

roots of x
6
 1 roots of x

7
 1 roots of x

8
 1 roots of x

9
 1 roots of x

10
 1

I Complex kth roots of unity are of the form e j·2πi/k All

I The primitive ones are of the form e j·2πi/k for gcd(j , k) = 1 Generators



Galois and roots of unity

k = 10:

I Q(ζk = e2πi/k) is the splitting field of X k − 1

I Q(ζk) is Galois over Q with

G (Q(ζk)/Q) ∼= (Z/nZ)∗ = {a with gcd(a, k) = 1}, (ζk 7→ ζak ) ! a

I RoU ⇒ abelian The Galois group of a roots of unity is abelian



Weird coincidences

I X 2 − 5 has Galois group G (Q(
√

5)/Q) ∼= Z/2Z and
√

5 = e2πi/5 − e2·2πi/5 − e3·2πi/5 + e4·2πi/5

√
5 =

I X 2 + 7 has Galois group G (Q(i ,
√

7)/Q) ∼= Z/2Z×Z/2Z and
√
−7 = 2 · (e2πi/7 + e2·2πi/7 + e4·2πi/7) + 1

√
−7 =

?RoU ⇐ abelian? Abelian Galois group implies “being” a root of unity?



For completeness: The formal statement

The union of all Q(ζk) is the maximal abelian field extension of Q, or equivalently

every finite Galois extension of Q with abelian G (L/Q) is contained in some Q(ζk)

RoU ⇔ abelian

I Every
√
±n is a linear combination of some ζak

I Ditto for every algebraic integer with abelian Galois group

I Kronecker’s Jugendtraum (a.k.a. Hilbert’s twelfth problem): is this still true if

Q is replaced ny any number field? Still open in 2021



This is also a no-go theorem

I The polynomial X 4 − 4 · X 2 + 2 has splitting field Q(
√

2 +
√

2) with

G (Q(
√

2 +
√

2)/Q) ∼= Z/4Z

So
√

2 +
√

2 “is” a root of unity See above

I The polynomial X 4 − 5 · X 2 + 2 has splitting field L with

G (L/Q) ∼= D8

So its roots, e.g.
√

1
2 (5 +

√
17), “are” not roots of unity Try yourself



Thank you for your attention!

I hope that was of some help.


