» We should be able to use this information to say more about X
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Idea Submanifolds generically intersect in submanifolds = get a product
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- N gives H,(T) a ring structure Hy(T): A e
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Ho(T") = /\Zn, rank H(T") = (:) = rank /\k 7"
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_ For every p € AN B the map of tangent bundles

T,A® T,B — T,X induced by the inclusions is surjective
(This is only defined under appropriate smoothness conditions)
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Good

If A, B intersect transversely in X, then A N B is a submanifold of the expected dimension:
dim(ANB) =dim A + dim B — dim X

v(ﬂz + O) + n

Some flaws, fixed by the “correct definition”:
» This does not work for all spaces X Z"'b X il T

@ has a non-intuitive multiplication direction

» One needs to be careful what generically intersect means
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- Cohomology rings “are” polynomial rings
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e - Cohomology rings “are” polynomial rings

» Polynomial can be multiplied :

FX) = X+ 1.g(X) =X 1= (f8)(X) = X* -1

P g

» This immediately generalizes to functions with values in a ring R:

(fg)(r) = f(r)g(r) (product in R)

» Cochains are functions on chains with values in Z, so

(f —g)(0) = f(o)g(0)

This is almost the definition of the cup product —
£




———— > n-chains «~ n-simplices, e.g. [0,1] Basis
—

1if [a, b] = [0, 1]

0,11 ([, ]) — {

0 else

» n-cochains «~ n-cosimplices, e.g. [0,1]* The dual basis
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S C&ﬂvl (f — g)(0) = F(o|[vo- e )& (o[ Vic s vier1])

» Multiply f € CK(X) 'k+ 1inputs and g € C'(X) [+ 1 inputs :

el —

» Note that they “dual-intersect” in vy — measures dual-intersections
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Let X be any topological space L/ /‘\'Q‘Z’—‘Z«L‘ -

» The cup product on singular chains is

—: CH(X) x CI(X) = C<I(X) ) A~

((f — g)(o) = f(0|[V0---, Vk])g(0|[vk---, Vk+l])

» The cup product descents to cohomology ( ﬂ ) \
/ —: H¥(X) x H'(X) = H*(X) -
(X) = (H*(X),~)

» This defines a graded commutative ring structure H*®
———
f—g=(1)"(g—f)

—

= Z[X]/(X?),deg X = n X
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» This can be computed directly from the cell structure Balloon
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» For n odd Z[X]Was a graded commutative ring Jq‘) \<
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Z(Xl, Xd) o rerd _
XX\ /\Z deg X; =1
I. (\_— |
Z[Xl, 7X2g]
" X = —X;X; = (1 5,,)>\<1\X/2) \
deg X; =1 “—1

» This can be computed intersecting submanifolds ' Intersection ring

» X; correspond to the classes [a;] of the fundamental loops

» XiXs corresponds to the class [Mg o] of the beast 'itself

H* | RP" =

» This can be computed intersecting submanifolds | Intersection ring
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For n = 5:
1 e [RP], X e [RP4] e [RP3], X3 ews [RP?], X* ews [RPY], X® v [RP)
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[RP4] o (mOamlaman3am430)) [RP3] o (CUO,iUl,CEQ,Oa,O_, 333)

o = [RP* N RP?] = [RP?] e~ (20,21, 22,0,0,0)

H*(CP™) = Z[X]/(X™1), deg X =2

AN
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Here is a list of important cohomology rings

Z[X]
(X2)’
» Torus T, real projective plane RP? and Klein bottle K (deg X = degY =1)

o HY(T) 2 N\(X, YY), HY(RP,Z/2Z) = Z/&ZJ)X] (ffﬁxxf 3]/)

> Orientable surfaces My o of genus ¢ > 0 without boundary
ZX1, ..., Xog]
(Xin = —Xle- = (]_ — 5,-",')X1X2)
» Real and complex projective spaces
Z)27[X]
(Xn+1)

H*(S") = deg X =n

. H*(K,Z)2Z) =

H.(Mg,o) = ,degX,- =1

z[X]

H*(RP", Z/2Z) = (Xm+1)

,deg X =1, H*(CP") =

deg X =2

Let X, Y be any topological spaces, and R a PID

» There are short (non-naturally) splitting exact sequences 7

D Ho(X,R)®r Ho(Y,R) = Ho(XxY,R) = @B Tor®(Hy(X, R), He(Y, R))
p+q=n p+q=n—1

P HP(X,R)@r HI(Y,R) = H'(XxY,R) = @B Tor®(HP(X,R), H(Y,R))

p+q=n p+q=n—1 /

» There are isomorphism of Q-vector spaces

— H.(X,Q) ®g H.(Y,Q) = H.(Xx Y, Q)
H* (X, Q) g™ (Y, Q) = H*(XxY, Q)

— No error terms
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If X,Y are finite cell complexes with projections p,q: XxY — X, Y, then

X(a’ b) - p*(a) ~ q*(b)
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HY(TY, Q) = AQ? degX; =1

H“’(T”‘): @,'CQ(XS//)@) - N@?

H*($%,Q) = Q[X]/(X?) degX =1
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