
The Regular Representation

Vivien Bammert

28. October 2019

1 Regular Representation
In this section we will talk about the regular representation. For this we have first to
construct a vector space. We choose a finite set X as a basis and denote the vector
space as:

CX =

{∑
x∈X

cxx | cx ∈ C

}

So the elements of CX are linear combinations of the elements in X. If we take two
elements of CX, then ∑

x∈X
axx =

∑
x∈X

bxx⇔ ax = bx ∀x ∈ X

The addition of the elements of CX is given by:∑
x∈X

axx+
∑
x∈X

bxx =
∑
x∈X

(ax + bx)x

and an inner product on CX is defined as:

〈
∑
x∈X

axx,
∑
x∈X

bxx〉 =
∑
x∈X

axbx

So now with this notation we can give the definition of the regular representation.

Definition 1. Let G be a finite group. The regular representation of G is the homo-
morphism L : G −→ GL(CG) defined by

Lg
∑
h∈G

chh =
∑
h∈G

chgh =
∑
x∈G

cg−1xx (1)

for x = gh and g ∈ G.
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If we take a basis element h ∈ G, we have Lgh = gh, so this means that Lg acts on
the basis via left multiplication by g. So the L stands for left. Given the action on the
basis, the formula (1) is then the usual formula for a linear operator acting on a linear
combination of basis vectors. It follows that Lg is linear ∀g ∈ G. Also Lg has the
property that it is never irreducible when G is non-trivial. But what we will see later
is, that the regular representation of G contains all the irreducible representations of
G as constituents.
But first we have to prove that the regular representation is indeed a representation.

Proposition 1. The regular representation is a unitary representation of G.

Proof. It follows that Lg is linear. So we first have to show that L is a homomorphism.
Let g1, g2 ∈ G, h ∈ G basis element, then:

Lg1Lg2h = Lg1g2h = g1g2h = Lg1g2h.

So it follows that L is a homomorphism. Now we have to show that Lg is unitary. For
this we take the inner product:

〈Lg
∑
h∈G

chh, Lg
∑
h∈G

khh〉 = 〈
∑
x∈G

cg−1xx,
∑
x∈G

kg−1xx〉 =
∑
x∈G

cg−1xkg−1x

then we set y = g−1x and we get∑
y∈G

cyky = 〈
∑
y∈G

cyy,
∑
y∈G

kyy〉

Since x = gh and y = g−1x it follows y must be equal to h and therefore Lg is
unitary. From this we can conclude, that Lg is invertible and hence L is a unitary
representation.

We would like to decompose L into irreducible constituents for this we have first to
compute the character of L.

Proposition 2. The character of the regular representation L is given by

χL(g) =

{
|G| g = 1

0 g 6= 1.

Proof. We take a finite group G = {g1, . . . , gn} such that |G| = n. We know that for
a basis element gj ∈ G, we have Lggj = ggj . So if we want to write the matrix [Lg]ij
of Lg with respect to the basis G, we get that:

[Lg]ij =

{
1 gi = ggj

0 else

=

{
1 g = gig

−1
j

0 else.
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Because we only need the diagonal entries of [Lg]ij to compute the character, we have:

[Lg]ii =

{
1 g = 1

0 else

and from this we can conclude

⇒ χL(g) = Tr(Lg) =

{
|G| g = 1

0 g 6= 1.

Now we decompose the regular representation L into irreducible constituents. For
this we take a complete set {ϕ(1), . . . , ϕ(s)} of inequivalent irreducible unitary rep-
resentations of G and we fix di = deg(ϕ(i)). As a notation we put χi = χϕ(i) for
i = 1, . . . , s. So we formulate our first theorem.

Theorem 1. Let L be the regular representation of G. Then the decomposition

L ∼ d1ϕ(1) ⊕ d2ϕ(2) ⊕ · · · ⊕ dsϕ(s)

holds.

Proof. We know from last week, that we can write L ∼ m1ϕ
(1) ⊕ · · · ⊕msϕ

(s), so we
can compute the mi’s and then we can conclude.

mi = 〈χL, χi〉 =
1

|G|
∑
g∈G

χL(g)χi(g)

=
1

|G|
|G|χi(1)

= deg(ϕ(i))

= di

So now we can also see, that the regular representation contains all the irreducible
representations of G as constituents.
With this theorem we can now show some important properties.

Corollary 1. The formula |G| = d21 + d22 + · · ·+ d2s holds.

Proof. With the theorem above, we know that the decomposition holds. So we can
write the character of L as χL = d1χ1+ d2χ2+ · · ·+ dsχs. By using that χL(1) = |G|,
we get that

|G| = χL(1) = d1χ1(1) + · · ·+ dsχs(1) = d21 + · · ·+ d2s
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Now we can show as a consequence that the matrix coefficients of irreducible unitary
representations form an orthonormal basis for the space of all functions on G.

Theorem 2. The set B = {
√
dkϕ

(k)
ij : 1 ≤ k ≤ s, 1 ≤ i, j ≤ dk} is an orthonormal

basis for L(G), where we have retained the above notation.

Proof. We already know by the orthogonality relations that B is a orthonormal set.
And since |B| = d21 + · · ·+ d2s = |G| = dim(L(G)) it follows that B is a Basis.

Last week we saw that the irreducible characters form an orthonormal set of class
functions.
With the next theorem, we can show that they form an orthonormal basis.

Theorem 3. The set χ1, . . . , χs is an orthonormal basis for Z(L(G)).

Proof. Since we know that they form an orthonormal set, we must show that they
span Z(L(G)). So let f ∈ Z(L(G)) be a class function. Since Z(L(G)) is a subspace
of L(G) we can use the above theorem and write f as:

f =
∑
i,j,k

c
(k)
ij ϕ

(k)
ij , with c(k)ij ∈ C and 1 ≤ k ≤ s, 1 ≤ i, j ≤ dk.

Since f is a class function, we know that f(x) = f(g−1xg), ∀g, x ∈ G. So we get

f(x) =
1

|G|
∑
g∈G

f(g−1xg)

=
1

|G|
∑
g∈G

∑
i,j,k

c
(k)
ij ϕ

(k)
ij (g−1xg)

=
∑
i,j,k

c
(k)
ij

1

|G|
∑
g∈G

ϕ
(k)
ij (g−1xg)

=
∑
i,j,k

c
(k)
ij

 1

|G|
∑
g∈G

ϕ
(k)
g−1ϕ

(k)
x ϕ(k)

g


ij

=
∑
i,j,k

c
(k)
ij

[
(ϕ(k)
x )#

]
ij

=
∑
i,j,k

c
(k)
ij

Tr(ϕ
(k)
x )

deg(ϕ(k))
Iij

=
∑
i,k

c
(k)
ii

1

dk
χk(x).

So it follows:

f =
∑
i,k

c
(k)
ii

1

dk
χk
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and f is in the span of the irreducible characters. Therefore they form an orthonormal
basis for Z(L(G)).

From the previous talk we also saw, that the number of equivalence classes of irre-
ducible representations is at most the number of conjugacy classes we have in G. Now
we can show the equality.

Corollary 2. The number of equivalence classes of irreducible representations of G is
the number of conjugacy classes of G.

Proof. Since the irreducible characters build an orthonormal basis for Z(L(G)), we
know that

s = # irreducible characters = # equivalence classes of G = dim(Z(L(G))) = |Cl(G)|

Corollary 3. A finite group G is abelian if and only if it has |G| equivalence classes
of irreducible representations.

Proof. This statement holds because a finite group G is abelian ⇔ |G| = |Cl(G)|

Example 1 (Irreducible representations of Z/nZ).
Let ωn = e2πi/n. Define χk : Z/nZ −→ C∗ by χk([m]) = ωkmn for 0 ≤ k ≤ n− 1. Then
χ0, . . . , χn−1 are the distinct irreducible representations of Z/nZ.

Definition 2 (Character table). Let G be a finite group with χ1, . . . , χs irreducible
characters and C1, . . . , Cs conjugacy classes. The character table of G is the s × s
matrix X such that Xij = χi(Cj). So the rows of X are indexed by the characters of
G and the columns of X by the conjugacy classes of G and the ij-th entry of X is the
value of the i-th character on the j-th conjugacy classes.

Example 2. The character table of S3 is:

Id (12) (123)
χ1 1 1 1
χ2 1 -1 1
χ3 2 0 -1

Example 3. Now as another example of a character table we take the character table
of Z/4Z:

[0] [1] [2] [3]
χ0 1 1 1 1
χ1 1 i -1 -i
χ2 1 -1 1 -1
χ3 1 -i -1 i
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We can see in both examples that the columns of the character tables are orthogonal
with respect to the standard inner product. Before we will write down the theorem,
which will show this, we will need some notations.

If g, h ∈ G then the standard inner product of two columns is given by:
s∑
i=1

χi(g)χi(h)

And then we recall the indicator function δC . For a conjugacy C of G we have

δC(g) =

{
1 if g ∈ C
0 else.

Theorem 4 (Second orthogonality relations). Let C,C ′ be conjugacy classes of G and
let g ∈ C and h ∈ C ′. Then

s∑
i=1

χi(g)χi(h) =

{
|G|
|C| if C = C ′

0 if C 6= C ′

and so consequently the columns of the character table are orthogonal and hence the
character table is invertible.

Proof. We know that the δC ’s form a basis for Z(L(G)) and also the irreducible char-
acters do this. So we can write δC′ in terms of the irreducible characters:

δC′(g) =

s∑
i=1

〈δC′ , χi〉χi(g)

=

s∑
i=1

1

|G|
∑
x∈G

δC′(x)χi(x)χi(g)

=

s∑
i=1

1

|G|
∑
x∈C′

χi(x)χi(g)

=
|C ′|
|G|

s∑
i=1

χi(g)χi(h)

and since

δC′(g) =

{
1 if g ∈ C
0 else.

We can conclude that
s∑
i=1

χi(g)χi(h) =

{
|G|
|C| if C = C ′

0 if C 6= C ′
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So now it follows that the character table form an orthogonal set of non-zero vectors
and so they are linearly independent. And so the character table as a matrix has full
rank and therefore is invertible.

Remark 1. The character table is in fact the transpose of the change of basis matrix
from the basis {χ1, . . . , χs} to the basis {δC : C ∈ Cl(G)} for Z(L(G)).

Now we come to the last part, which will be about Representations of abelian groups.

2 Representations of abelian groups
In this part we compute the character of an abelian group. Since any abelian group is
a direct product of cyclic groups, we only need to know, how to compute the character
of a direct product. For this we have the following Proposition.

Proposition 3. Let G1, G2 be abelian groups and suppose that χ1, . . . , χm and ϕ1, . . . , ϕn
are the irreducible representations of G1, G2, respectively. In particular, m = |G1| and
n = |G2|. Then the functions αij : G1 ×G2 −→ C∗ with 1 ≤ i ≤ m, 1 ≤ j ≤ n given
by

αij(g1, g2) = χi(g1)ϕj(g2)

form a complete set of irreducible representations of G1 ×G2.

Proof. First we have to show that the αij are homomorphisms, so:

αij(g1, g2)αij(g
′
1, g
′
2) = χi(g1)ϕj(g2)χi(g

′
1)ϕj(g

′
2)

= χi(g1)χi(g
′
1)ϕj(g2)ϕj(g

′
2)

= χi(g1g
′
1)ϕj(g2g

′
2)

= αij(g1g
′
1, g2g

′
2)

= αij((g1, g2)(g
′
1, g
′
2))

⇒ αij are homomorphisms.
Then if αij = αkl ⇒ χi(g) = αij(g, 1) = αkl(g, 1) = χk(g)⇒ i = k
and similarly we can conclude that j = l

⇒ αij = αkl ⇔ i = k, j = l.

Since |G1×G2| = mn, so G1×G2 has mn inequivalent irreducible representations and
we also have mn αij ’s functions, it must follow that they are all of the inequivalent
irreducible representations.

Example 4 (Klein four group Z/2Z × Z/2Z). The character table of Z/2Z is given
by

[0] [1]
χ1 1 1
χ2 1 -1
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And so with the Proposition above we can compute the character table of Z/2Z×Z/2Z.
We have 2 · 2 irreducible characters and conjugacy classes:

([0], [0]) ([0], [1]) ([1], [0]) ([1], [1])
α11 1 1 1 1
α12 1 -1 1 -1
α21 1 1 -1 -1
α22 1 -1 -1 1

3 Literatur
All the informations are from the book:
Representation Theory of Finite Groups (An Introductory Approach) from Benjamin
Steinberg.
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