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1 What do the form names mean?

Bor is the Borel o-algebra of R, i.e., the intersection of all o-algebras con-
taining the open subsets of R.

NR is the ideal of all nowhere dense subsets of R,

Mgr ={UQ € §(R) ; Q € [Nr]=“} which is the ideal of all meager subsets
of R,

N is the ideal of all closed nowhere dense subsets of R,
R ={UQePR); Qe Vgl=},

¢ ={UJQ € PMR) ; Q € [[R]=*]=¥} which is the ideal of all countable
unions of countable subsets of IR,

BF = {F c NN ; Fis dominated.} = {F c NN ; 3g € NNVf € F, f(n) <
g(n) for almost all n € N},

w* is the outer measure that when it’s assumed to be countably subadditive
it’s possible to define the Lebesque measure p on the measurable sets.

L is the class of all measurable subsets of R and

Ly ={z e PM); p*(x) =0} which is the ideal of outer Lebesgue measure
zero subsets of R.

We also use special notation for statements as the Axiom of Choice and weaker
forms of it, as follows.

AC(R) is the Axiom of Choice restricted to the real numbers,
DC(R) is the Axiom of Dependent Choices,

AC,(R) is AC restricted to countable families of subsets of the reals.!,
AC¥(R) is AC restricted to families of countable subsets of R,

ACZ(R) is AC restricted to countable families of countable subsets of R,

CUC(R) is the statement “A countable union of countable subsets of R is
countable”,

CBF is the statement “For every family F = {F; ¢ NY ; i € w} of non-
empty countable sets, there is a set H = {h; € NN ; i € w} such that
Vi € wVf € F;, f(n) < hi(n) for almost all n € w”,

BC(IR) is the statement “Bor \ {@} has a choice function”,
BC.,(R) is BC restricted to countable families of subsets of Bor,
BC¥(R) is BC restricted to families of countable subsets of Bor,

UT (wo, w, wo) is the statement “Every well ordered union of countable subsets
of R can be well ordered”,

lin general we will use subscript w for restriction to countable families and superscript
w for restriction to countable subsets



e BC(X,R) is the statement “For X C R, the Borel algebra Bx of X with the
relative topology has a choice function”,

e BC,(X,R) is BC(X,R) restricted to countable families,

o AC(wo,R) is the statement “For every family A = {4; ;i € u}, with u € Ord,
of non-empty subsets of R, there is a ¢ = {¢; ; ¢ € p} choice set” and

e AC(wo, lo) is the statement “For every well ordered family A of k-many sets,
k € Ord, such that | J.A is linearly ordered, A has a choice set”,

Moreover, the following form numbers represent the following forms.

13 - Every infinite subset of R has a countably infinite subset.

22 - If A C R such that |A] = 2% and Vx € A, |z| = 2%, then || A| = 2.

34 - Ny is regular.

35 - The union of countably many meager sets is meager.

36 - If A C R™ and AN B is countable for every bounded B, then A is countable.
37 - The Lebesque measure is countably additive.

38 - R is not a countable union of countable sets.

51 - All linear orderings have a cofinal sub well ordering.

93- L C PMR).

170 - X; < 2% where by for two sets A, B, A < B is defined as ‘there is an
injection from A to B.

203 - Every partition of R into non-empty subsets has a choice function

212 - ACig|(R), i.e., AC restricted to families of size |R| of arbitrary subsets of RR.
273 - Bor # P(R).

363 - |Bor| = 2%,

368 - [{z SR |z| < Ro}| = 2%,

369 - If R is partitioned into two sets, one of them has cardinality 2°.

Finally, let’s define the classes £0,TI2, A2 9B C ©O(R) inductively as

2 = {VCR;V is open},
fora>1, %0 = {U X, ;3 Bn;new)(1 <P, <aand X, €2},
fora>1,T° = {R\X;XecX’}
fora > 1, AY = X1
and B = |J Z)
a<wiy



