TALK 9: TRIANGULATED CATEGORIES

DAVID BOWMAN

1. INTRODUCTION

In this talk we shall discuss some basic notions pertaining to triangulated categories.
We have already seen everything in this talk except the Octahedral Axiom (7'r4) in the
examples of D°(X), D%(X), Di,e(X) for X a complex variety.

2. DEFINITIONS
We first recall additive categories.

Definition 1. A category C is additive if:

e ( is enriched over abelian groups and composition is bilinear;
e C has a zero object;
e C has finite coproducts.

Definition 2. A triangulated category is the data of an additive category K and
automorphism [1] :  — K called the shift functor and a collection of diagrams

f

X y 4 7z s x

called distinguished triangles subject to the following axioms:
(T'r1) Any morphism f: X — Y can be completed to a distinguished triangle

x Ly zmhxn.
For any X € K the diagram
X 5 X 50— X[

is a distinguished triangle. If we have a commutative diagram

X Y Z X[1]
A N A
X' Y 7! X'[1]

where the top row is a distinguished triangle and the vertical maps are isomor-
phisms, then the bottom row is also a distinguished triangle;

(T'r2) (Rotation) The diagram X Ly % zhx [1] is a distinguished triangle if and

only if Y % 7 B x71] M y{1] is a distinguished triangle;

(T'r3) (Completion) Given a solid commutative diagram

X Y Z X[1]
pl QJ/ r p[l}l
X/ Y’ 7z X'[1]

in which the rows are distinguished triangles there exists a dotted arrow Z - Z’
making the whole diagram commute;
1
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(T'r4) (Otahedral) Suppose

X =Y - A—- X]]]
Y —-Z— B—Y]l]
X —7Z—-C— X1

are distinguished triangles then there is a distinguished triangle
A— C — B — All]

making the following diagram commute:

X5y A X1
\ Z C X[1]
\ .
N
All] Y1)

When writing about triangulated categories we shall suppress the shift functor and
the distinguished triangles.

Example 1. Let X be a complex variety, then D°(X), D%(X), Dj,(X) are examples
where shift is given by shifting cohomological degree. The cone of every morphism gives
a triangle where

cone(X EN V) =X""avy"

‘ i+1 . .
and d* ;= (dﬁ_l 0 ) Furthermore, suppose U 2+ X is open and Z & X is
cone(X —Y) f dy

its complement, then for F' € D(X), D2(X), Di,(X) we obtain distinguished triangles
Wi'F — F — j.j"F — 41" F[1]
Ji*F = F = ixi"F — 55" F[1].
Definition 3. Suppose K, J are triangulated categories an additive functor F': K — J
is triangulated if:
e For all X € I there exists a natural isomorphism ¢x : F(X[1]) — F(X)[1];
e For any distinguished triangle X Sy s 70 x [1] in K the diagram

F(h)

) 29 pizy 29 poxon)

Fx) 2D, piy F(Z)

is a distinguished triangle in 7.
Lemma 1. Suppose
F
K J

«—
G

is an adjunction and both functors are additive. Then F is triangulated if and only if G
is.

Proof. Omitted. O
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3. BASIC PROPERTIES

In this section we shall discuss some basic properties of triangulated categories.

Lemma 2. In a distinguished triangle X Lyszh X[1], we have gof =0, hog = 0,
and —f[1]oh = 0.

Proof. We shall prove that go f = 0 and the other cases can be shown analogously after
applying rotation. We consider the solid diagram:

X X, X 0 X[1]
1XJ fl 1X[1]l
X — Y~ Z — X[1]

then by (T'r3) the dotted arrow exists making the diagram commute. Hence gof = 0. O

Definition 4. Let I be a triangulated category, and A an abelian category. An additive
functor F' : K — A is called a cohomological functor if for every distinguished triangle

xLy%zh X[1], the sequence

s Pzl 2 poxy Y pyy EY )

“Fm) F(X1]) “FCm) F(Y[1])

is a long exact sequence in A.

F(=g[1])

Lemma 3. Let K be a K-linear triangulated category. For any object X € K the
functors Hom(X, —) : K — K-mod and Hom(—, X) : K°? — K-mod are cohomological.

Proof. Let A € K, will show Hom(A, —) is cohomological (the fact for Hom(—, A) is

formally dual). We consider a distinguished triangle X Lyszhx [1]. Tt suffices to
show

Hom(A, X) ELN Hom(4,Y) £ Hom(A, 2)
is exact (exactness elsewhere can be proven analogously using rotation). We note g.o f. =
0 since g o f = 0 and Hom(A, —) is additive. Given ¢ € Hom(A,Y") such that gog =0
we obtain the solid diagram

A4 4 0 Al1]
A N
X —=Y — Z —— X[1]

We then apply (T'Rz), then (T'r3) and then (7'r2) in the other direction, hence obtaining
the dotted arrow p such that f.(p) = fop = q. As mentioned above exactness elsewhere
can be shown by the same argument after rotation. O

Lemma 4. (a) Suppose we have a commutative diagram

X Y Z X[1]
R
X' Y’ 7' X'[1]

in which the rows are distinguished triangles. If any two of the maps p, ¢ and r are
isomorphisms, then the third is an isomorphism as well.
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(b) In a distinguished triangle X Ly sz x [1], f is an isomorphism if and only if
Z = 0.

Proof. (a) By rotation it suffices to show that p and ¢ being isomorphisms implies r is
an isomorphism. We consider the commutative diagram:

X Y Z X[1]
RN
X' Y’ A X'[1]

and suppose p, ¢ are isomorphisms. We note by Lemma [3Hom(4, —) =: F(—) is a
cohomological functor for all A € K and hence we get a commutative diagram with
exact rows for all A € K

FX) —— F(Y) —— F(Z) —— F(X]1]) —— F(Y]1])

p*l q*l r*l p[l]*l q[l]*l

FX)—— FY') —— F(Z') —— F(X'[1)) —— F(Y[1))

by the classical 5-lemma r* is an isomorphism for all A. Hence by the Yoneda
lemma r is an isomorphism.
(b) We consider the diagram

X X, X 0 X[1]
lxl fl 0 lX[l]l
X ——Y Z X[1]

where the vertical 0 comes from (7'r3). By part b) f is an isomorphism if and only
if 0 is an isomorphism.

O
Definition 5. Suppose K is triangulated and f : X — Y is a morphism then a cone of

f is a member of the isomorphism class of objects Z such that X vy sz x [1] is
a distinguished triangle.

We are now able to reinterpret the octaherdal axiom, given X ENS'e f—,> X' then it
simply says
cone(f) — cone(f’ o f) — cone(f’) — cone(f)[1]
is a distinguished triangle.
Example 2 (Cone is not functorial). We work in D(C). We consider the solid commu-
tative diagram (where all maps are canonical)

1cpy

C 0 C[1] C[1]
| ] e |
0 C C[1] 0

and notice both dotted arrows make the whole diagram commute.

Lemma 5. The following properties of a distinguished triangle X iy 4% 70 x 1]
are equivalent:

e There is a map r: Y — X such that ro f = 1y,
e There is a map s: Z — Y such that gos =1,
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o h =0,
e There is an isomorphism u : Y — X @ Z such that the following diagram commutes:

x L oy 9 oz X

ol

X —XoZ —— 27— X[1]
ing pro 0

Definition 6. A distinguished triangle satisfying the equivalent conditions of the above
lemma is said to be split.

Lemma 6. Suppose we have two distinguished triangles and a map ¢ as shown below:
f

X y 45 7zt x)]

p QJ T p[l]
x Ly 9 g M

If ¢ ogo f = 0, then there exist morphisms p, r making the diagram commute. Moreover
if Hom(X, Z'[—1]) = 0, then p is uniquely determined by the condition that f'op = go f,
and r is uniquely determined by the condition that rog = ¢’ oq.

Proof. We apply Hom(X, —) =: F(—) to the bottom row, obtaining an exact sequence:

e F(Z]-1]) — F(X) L Py s P2 —

By assumption, the element (X @l yr ) € ker(g.) so it is f.(p) for some X & V. That
is, there is a map p : X — X' such that f'op = go f. The existence of r then follows
by (TT3).

If Hom(X, Z'[—1]) = 0 then Hom(X,X’) — Hom(X,Y’) and thus p is uniquely de-
termined by its image in Hom(X,Y”). For uniqueness of r we argue similarly instead
applying the functor F(—) = Hom(—, Z’) to the top row. O

Corollary 1. Given two morphisms X Sy ady & Z, if Hom(X, Z[-1]) = 0,

then there is at most one morphism Z LN X|[1] such that X Sy 8 70 X[1] is a

distinguished triangle.

Proof. Suppose we had two morphisms h,h’' : Z — X[1] that both gave distinguished
triangles. Consider the following diagram:

x -ty 2z by xp
P 11{ r p(1]
XY Z — X[1]

The above lemma tells us there are unique morphisms p and r making this commute,
and that they are completely determined by requiring the left and middle squares to
commute. Hence p = 1x and r = 1z are forced so commutativity of the right square
shows h = h'. O
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