Reine Mathematik

On the K-theory of groups with finite
decomposition complexity

Inaugural-Dissertation
zur Erlangung des Doktorgrades
der Naturwissenschaften im Fachbereich
Mathematik und Informatik
der Mathematisch-Naturwissenschaftlichen Fakultét
der Westfilischen Wilhelms-Universitdt Miinster

vorgelegt von
Daniel Kasprowski
aus Miinster
- 2014 -

WESTFALISCHE
WILHELMS-UNIVERSITAT
MUNSTER




Dekan:
Erster Gutachter:
Zweiter Gutachter:

Tag der miindlichen Priifung:

Tag der Promotion:

Prof. Dr. Martin Stein
Prof. Dr. Arthur Bartels
Prof. Dr. Johannes Ebert
13.05.2014

13.05.2014



Abstract

In this thesis it is proved that the assembly map in algebraic K- and L-theory with
respect to the family of finite subgroups is injective for groups G that admit a finite
dimensional model for EG and for which the family { H\G}r<¢ finite has finite decompo-
sition complexity. Finite decomposition complexity is a generalization of finite asymp-
totic dimension introduced by Guentner, Tessera and Yu. In particular, the above result
applies to finitely generated linear groups over fields with characteristic zero with a finite

dimensional model for EG.

Zusammenfassung

In dieser Arbeit wird bewiesen, dass die Assembly Abbildung in algebraischer K- und
L-Theorie beziiglich der Familie der endlichen Untergruppen fiir eine Gruppe G injektiv
ist, wenn G ein endliches Model fiir den Kklassifizierenden Raum EG besitzt und die
Familie { H\G} H<¢ endlich endliche Zerlegungskomplexitit hat. Endliche Zerlegungskom-
plexitét ist eine Verallgemeinerung von endlicher asymptotischer Dimension eingefiihrt
von Guentner, Tessera und Yu. Es wird gezeigt, dass obiges Resultat insbesondere auch
fiir endlich erzeugte lineare Gruppen iiber Kérpern der Charakteristik Null gilt, fiir die
ein endliches Model fiir EG existiert.
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Introduction

Many interesting obstructions in topology lie in the K- and L-theory of group rings. For
example Wall’s finiteness obstruction for a finitely-dominated space X with fundamental
group 7 lives in Ky(Zm). Another example of this flavor is the next theorem.

The s-Cobordism Theorem (Barden-Mazur-Stallings, see [Ker65]|). Let (W, 9oW, 0, W)
be a smooth h-cobordism of dimension at least 6 and with fundamental group w. Then
W s diffeomorphic to a cylinder OoW x [0,1] if and only if its Whitehead torsion
T(W,00W) € Wh(r) = K1(Zm)/(xg | g € 7) vanishes.

Unfortunately, computing the K- and L-theory of group rings is in general very hard.
One approach to simplify their computations is given by the Farrell-Jones conjecture
introduced in |FJ93|. For every ring R (with involution in the case of L-theory) and
every group G there are G-homology theories HE(_;Kp) and HE(_;LLg), such that

HO(G/H; Kp) = K.(R[H]) and HE(G/H; L) = L,(R[H))

for every subgroup H < G. In the formulation of Davis and Liick [DL98] the Farrell-Jones
conjecture predicts that the assembly maps

HE(EG;Kg) — HE (pt; Kr) = K.(R[G))

and
HE(EG;Lg) — HE (pt; Lg) = L.(R[G))

are isomorphisms. Here EG is the classifying space for virtually cyclic subgroups of G, see
Section 1.2. The left hand side is built only from the K- resp. L-groups of the group rings
R[H] with H < G virtually cyclic. If one knows these K-groups and the Farrell-Jones
conjecture is true for the group G, then the computation of K,(R[G]) can be attacked
using the Atiyah-Hirzebruch spectral sequence. So far no counterexamples to the conjec-
ture are known and it has been proved for many classes of groups. In [BFJR04, BR05| the
Farrell-Jones conjecture is proved for fundamental groups of closed Riemannian mani-
folds with negative sectional curvature and in [BL12a, BL12b, BLR08a, BLR08b, Weg12|
this is generalized to all hyperbolic and CAT(0)-groups.

If the Farrell-Jones conjecture is true for a torsion free group G, then Wh(G) = 0. In
particular, this implies that all h-cobordisms of dimension at least 6 with fundamental
group G are products. The Farrell-Jones conjecture also implies the Borel conjecture,
i.e. that all aspherical manifolds of dimension at least 5 with fundamental group G are
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topologically rigid. This shows that the conjecture is not only a tool for computations
but also implies other important results.
The maps

HY(EG;Kg) —» HY (EG;Kp) and HE(EG;Lg) — HE(EG;Lg)

are known to be split injective. Here EG is the classifying space for finite subgroups.
Therefore, the Farrell-Jones conjecture implies that the assembly maps

HE(EG;Kg) — HE (pt; Kg) = K.(R[G))

and
HE(EG;Lg) — HE (pt; L) = L.(R[G])

are split injective. In this thesis we prove for a certain class of groups that these assembly
maps are indeed split injective, see the theorem below. The main property we use is that
a certain family of quotients of G has finite decomposition complexity (FDC) introduced
by Guentner, Tessera and Yu in [GTY13], which is a generalization of finite asymptotic
dimension (FAD), see Section 1.4.

The main theorem of this thesis is the following result, see Theorem 3.2.2 and
Theorem 3.3.1.

Theorem. Let R be a ring and let G be a discrete group such that { H\G} geFin has finite
decomposition complexity, where Fin is the family of finite subgroups of G. Furthermore,
assume that there is a finite dimensional G-CW-model for the classifying space for proper
G-actions EG. Then the assembly map in algebraic K-theory

HY(EG;Kg) — HE (pt; Kg) = K.(R[G))

1s split injective.

If G is as above and R is a ring with involution, such that for every finite subgroup
H < G there is an ig € N with K_;(A[H]) = 0 for i > i, then also the assembly map in
L-theory

HE(EG;Lg) — HE (pt; Lr) = L.(R[G))

1s split injective.

Let R be a commutative ring with unit and G a finitely generated subgroup of GL,,(R)
with a bound on the size of its finite subgroups. In Theorem 4.1.13 we prove that the
family {H\G}gerin has FDC. This shows that the assumptions of our main theorem
are satisfied for a large class of groups. Some more details on groups satisfying the as-
sumptions of the main theorem can be found at the beginning of Chapter 4.

Knowing that these assembly maps are split injective is much weaker then knowing
that the full Farrell-Jones conjecture holds, but there are still some applications. For
example if for a group G the above assembly maps are split injective, then the Novikov
conjecture, i.e. the homotopy invariance of higher signatures, holds for manifolds with



fundamental group G. For the groups considered in this thesis the Novikov conjecture
was already proved in [GTY12].

The main theorem is a generalization of the results from Bartels-Rosenthal ([BRO7b])
and Ramras-Tessera-Yu (|[RTY]). In [RTY] the injectivity of the assembly maps is proved
under the stronger assumption that G has FDC and a finite model for EG. That G has
a finite model for EG in particular implies that G is torsion free and therefore also sat-
isfies the assumptions of our main theorem. Due to an error in [BRO7b] the proof given
there only holds for groups with finite asymptotic dimension and a finite model for EG.
This implies that there is an upper bound on the order of the finite subgroups of G and
thus the family {H\G}nerin has FDC by Corollary 4.1.3. Both times the strategy of
the proof is to first use the geometric condition FDC respectively FAD to show that a
certain non-equivariant map is an isomorphism and then show that the assembly map is
split injective, using the Descent Principle, see Section 3.1. While the first part of the
proof given here is very similar to that in [RTY], for the Descent Principle to hold the
finiteness condition on the classifying space is needed. To generalize this to only finite
dimensional classifying spaces, instead of working with the usual proper homotopy fixed
points, i.e. equivariant maps from EG, we need to consider maps from EG which are in
some sense bounded on each degree, see Section 3.1.

In the first chapter we will recall some basic definitions we need in this thesis and
also the concept of finite decomposition complexity, which was introduced in [GTY13,
GTY12]. We will also recall some facts about algebraic K- and L-theory and define the
assembly maps. In the last section of the first chapter we reformulate the assembly maps
in terms of controlled categories. Using controlled categories is so far the most important
tool for proving the Farrell-Jones conjecture since it allows to use the geometric properties
of the group.

In the second chapter we generalize the results from [RTY]| to a version which is
equivariant with respect to finite subgroups so that we can allow for groups with torsion.

In the third chapter we start by generalizing the Descent Principle and then use it to
show how the result from chapter 2 implies the main theorem.

The last chapter provides some examples of groups satisfying the assumptions of the
main theorem. As already mentioned the main class of groups for which we can prove
the assumptions is a subclass of linear groups.

In the thesis we will use the following notations and conventions:

e (G always denotes a group and all groups are discrete and countable. If not specified
otherwise Fin denotes the family of finite subgroups of G.

e Metrics in this thesis are allowed to take on the value oo if not specified otherwise,
but metrics on groups are always finite. For a group GG a metric G-space is a metric
space with an isometric G-action and a metric (G-)family is a family of metric
(G-)spaces.
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e For r > 0 and a subspace Y of a metric space X we define

Y''={zeX|dxzY)<r}

e For metric spaces {(Xj,d;)}icr we define J[,.; X; to be the formal set-theoretic
disjoint union of the spaces Xj, i.e. points in [[;c; X; are pairs (z,7) with z € X;
and we give this space the metric

d(m,l),(yd))—{ Ooy elsej

o If I is a G-set, X a G-space and {Y;};cr a family of subspaces of X with the
property that y € Y;, g € G implies that gy € Y;, then we always use the following
G-action on [, ; ¥;:

9(y, 1) == (9y, 9i)

On [[,c;Yi we use the following G-action:

9(Wi)ier = (9Yg—14)icr

Analogously when I is a G-set, A is a G-category and {U;};cs is a family of full
subcategories of A with the property that A € U;,g € G implies that gA € Uy,
then we use the following G-action on [ [, ;U;:

9(Ai)ier == (gAg—14)ier



1 Preliminaries

In this chapter we want to give some basic definitions in particular about G-CW com-
plexes and classifying spaces and introduce the concept of finite decomposition complex-
ity. Furthermore, we want to recall several facts about K-theory and define the main
object of our studies, the assembly map (see Conjecture 1.6.6). In the last section we
will reformulate the assembly map using controlled categories.

1.1 G-CW complexes

The spaces we work with will in most cases be simplicial G-CW complexes. For more
information on G-CW complexes see for instance [Liic89, Section 1 and 2| and
[tD87, Section II.1 and II.2].

Definition 1.1.1. Let G be a group. A G-CW complex is a G-space X together with a
filtration ) = X_1 C Xy C X1 C ... C X such that X = colim,cn X,, and such that for
every n € N there exists a collection {G;}ics, of subgroups of G and a G-pushout

Hieln G/Gi x 8" —— X1

| |

L, G/Gi x D" —— X,

Equivalently, a G-CW complex is a CW complex X with a cellular G-action, where an
action is cellular if for each open cell e of X and every g € G the left translation ge is
again an open cell of X and if ge = e then gz = z for all x € e. See [tD87, Proposition
11.1.15].

A G-CW complex is called finite dimensional if the underlying CW complex is finite
dimensional, i.e. there exists n € N with X = X,.

A G-CW complex is called finite if it is built out of finitely many G-cells G/G; x D",
i.e. it is finite dimensional and each index set I,, is finite.

Definition 1.1.2. A simplicial G-CW complex is a simplicial complex with a simplicial
G-action such that for each open simplex o and every g € G either ggNo =0 or gv = x
for every z € o.

For every simplicial complex K with a simplicial G-action the barycentric subdivi-
sion BK is a simplicial G-CW complex.

Definition 1.1.3. A metric space (X, d) (resp. the metric d) is called proper if for every
R > 0 and every z € X the closed ball Br(x) := {y € X | d(z,y) < R} C X is compact.




1 Preliminaries

We will call a metric d on X finite if d(z,y) < oo for all z,y € X.

Mostly we will consider simplicial G-CW complexes with proper G-invariant metrics.
To gain such metrics we will use the following.

Definition 1.1.4 (Simplicial path metric). Let K be a simplicial complex with vertices
v;. Define the euclidean metric d’ on K by

d/(z wiw,zyivz‘) = /Z i — il

Define the path metric d on K by

N

d(z,y) =inf > d(pi, pis1)
=0

where the infimum is taken over all sequences x = py,..,pny+1 = y (with arbitrary N)
such that p; an p;+1 lie in a common simplex of K. We define d(x,y) = oo if no such
path exists, i.e. if x and y lie in different path components of K.

Remark 1.1.5. The path metric restricts to the euclidean metric on each simplex. By
[Spa66, Theorem 3.2.8] the euclidean metric generates the weak topology on K if and
only if K is locally finite. By [Roe03, Proposition 1.24| the metrics d and d’ generate the
same topology and the path metric d is proper if K is locally finite. If G acts simplicially
on K, then d and d' are G-invariant.

1.2 Classifying spaces

A classifying space of a group G is a contractible G-CW complex with a free G-action.
More generally, we need the definition of classifying spaces for families of subgroups.
Recall the following from [Liic05, Section 1.2| and [tD87, Section 1.6].

Definition 1.2.1. Let G be a group. A family of subgroups F of G is a set of subgroups
which is closed under conjugation, i.e. H € F,g € G implies g"'Hg € F, and under
finite intersection, i.e. H, H' € F implies H N H' € F.

The examples of families of subgroups we will consider are {1}, the family consisting
only of the trivial group, Fin, the family of all finite subgroups, and VCyc, the family
of all virtually cyclic subgroups. A group is called virtually cyclic if it contains a cyclic
subgroup of finite index.

Definition 1.2.2. Let F be a family of subgroups of G. A G-F-CW complex is a G-CW
complex which isotropy groups all belong to F.

Definition 1.2.3. Let G be a group and F a family of subgroups of G then a classifying
space ExG for the family F is a terminal object in the G-homotopy category of G-F-CW
complexes, i.e. for every G-F-CW complex X there exists up to G-homotopy a unique
G-map X — ExG.
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Proposition 1.2.4 (|Liic05, Theorem 1.9],[tD87, Section 1.6]). For every family of sub-
groups F of G there exists a model for ExrG. A G-F-CW complex X is a model for ExG
if and only if X" ~ % for all H € F.

For the families of subgroups above we define the following abbreviations:

EG := E{l}G
EG = EFinG
EG = BycyoG

1.3 Metric properties of EG

Since we want to use metric methods for proving the injectivity of the assembly map
we need to know that we can find models for EG with nice metric properties. This is
established by the following theorem.

Theorem 1.3.1. If G admits a finite dimensional G-CW model for EG, then it also
admits a finite dimensional simplicial G-CW model for EG with a proper G-invariant
metric.

Before we can give the proof of this theorem we first need the following facts about
G-CW complexes and simplicial complexes.

Theorem 1.3.2 (Simplicial Approximation, [Hat02, Theorem 2C.1|). If K is a finite
simplicial complex and L is an arbitrary simplicial complex, then any map f: K — L is

homotopic to a map that is simplicial with respect to some iterated barycentric subdivision
of K.

Definition 1.3.3 (Simplicial Mapping Cone). Let f : K — L be a simplicial map. The
simplicial mapping cylinder M (f) is the following simplicial complex. Vertices are the
disjoint union of the vertices of L and those of the barycentric subdivision BK of K.
Let 0 be a simplex of K then for any vertex y € L the vertices ¢ € BK and y span a
1-simplex in M (f) if there is a vertex of o that is mapped to y under f. A finite set
of vertices x1,..,x, € BK and yi,..,y, € L spans an (n + m — 1) simplex in M(f) if
x1,.., Ty span an (n—1)-simplex in BK, y1, .., Ym span an (m —1)-simplex in L and z;, y;
span a 1-simplex in M (f) for all 4, j.
The simplicial mapping cone C(f) is M (f) together with a cone on BK C M(f).

We can now prove the following.

Lemma 1.3.4. Let X be a finite dimensional G-CW-complex with countably many cells,
then X is G-homotopy equivalent to a countable simplicial G-CW complex of the same
dimension.

This fact is well known and for example in [Hat02, 2C.5] a proof for the case G = {e}
can be found. We will here give this proof in an equivariant fashion.
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Proof. We will prove this by an induction over the skeleta X (™ of X. Let Y := X(©)
be the zero skeleton of X. This is a zero dimensional simplicial G-complex. Suppose we
already have constructed an n-dimensional simplicial G-complex Y, with a G-homotopy
equivalence f, : X" — ¥, Let ¢, : G/Gy x S™ — X™) be the attaching maps
of the n + 1-cells of X and let e denote the neutral element of G. By Theorem 1.3.2
the map f, o pa(e, ) : 8" — (X)% — VG is homotopic to a simplicial map
Vo + S = Y,Ge. This yields a simplicial G-equivariant map v, : G/Gy x S™ — Yy,.
Define Y;,41 := C(]] %) with the G-action permuting the cones, then f : X" — ¥}, can
be extended to a G-homotopy equivalence f,11 : X (n+1) Y,+1. By this construction
we get a simplicial G-complex Y which is G-homotopy equivalent to X, has the same
dimension and is also countable. To turn Y in a simplicial G-CW complex we might
need to use one step of barycentric subdivision. O

Lemma 1.3.5. Let X be a finite dimensional, countable, (simplicial) G-Fin-CW-complex.
Then X is G-homotopy equivalent to a locally finite, finite dimensional, countable, (sim-
plicial) G-Fin-CW complex.

Proof. Let {0y, }nen be an enumeration of the G-cells of X. For every t > 0 define
Y :={on | n < |t]} and let X; be the smallest subcomplex of X containing Y;. Since Y;
contains only finitely many G-cells, X; is finite for every ¢t > 0 as well.

The mapping telescope T := {(z,t) € X x [0,00) | z € X;} is a G-CW complex and
since X has only finite stabilizers, T is locally finite.

The natural projection p : T'— X is bijective on my. Let g € X and choose t > 0 with
xg € X¢. Let f:(S™,pt) = (X, z0) be a pointed map. There exists ¢’ with f(S™) C Xy .
The inclusion Xy x {t'} C T gives a map ¢ : (S™,pt) — (T, (xo,t")) with po g’ = f.
Using the linear path from (xg,t) to (z9,t") we get a map g : (S™, pt) — (T, (zo,t)) with
po g~ f. Therefore, p is surjective on m,. A similar argument shows that p is injective
on 7, as well.

By the same argument for each subgroup H < G the projection of the fixed point
spaces p : TH — X is an isomorphism for all homotopy groups.

Since both T and X are G-CW complexes, the map p is a G-homotopy equivalence,
[tD87, Propostion 11.2.7].

If X is simplicial, then there is a simplicial structure on T with vertices (v, n), where
n € N and v a vertex of X,. O

Lemma 1.3.6. If X is a model for EG, then X contains a countable G-subcomplex which
1s still a model for EG.

Proof. Because G has only countably many finite subgroups there exists a countable
G-subcomplex Xy C X with Xéq # () for all H < @G finite. Inductively define countable
G-subcomplexes X; C X, i € N, such that Xﬁ | = XiH is null homotopic for every
finite subgroup H < G. Those exist because X is contractible and they can be chosen
as countable complexes since the image of every contraction of Xi}f ;in X H lies in a
countable subcomplex. Since (|J;cn X)) = Uien XH and X! is contractible in XfH the
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subcomplex (J;en X)) has vanishing homotopy groups, and is therefore contractible.
So U;en Xi is a countable subcomplex of X which is still a model for EG. O

Combining the three lemmas above we can prove Theorem 1.3.1.

Proof of Theorem 1.3.1. By Lemma 1.3.6 there exists a countable, finite dimensional
G-CW model for EG. Thus, by Lemma 1.3.4 and Lemma 1.3.5 the group G admits
a locally finite, finite dimensional, simplicial G-CW model X for EG. By Remark 1.1.5
the path metric on X has the desired properties. ]

1.4 Finite decomposistion complexity (FDC)

The main metric property we are interested in is finite decomposition complexity. This
is a generalization of finite asymptotic dimension. We start by giving the definition of
asymptotic dimension due to Gromov [Gro93].

Definition 1.4.1. Let X be a metric space. A decomposition X = |J;c;U; is called
r-disjoint, if d(U;, U;) > r for all i # j € I. We then denote the decomposition by

r—disj
x=J v

A metric space X has asymptotic dimension at most d if for every r > 0 there exist d+ 1

subspaces U; covering X, i.e. X = U?:o U;, and r-disjoint decompositions

r—disj

U= |J Uy

JjeJi

such that sup; ; diamU; ; < co.

If there exists d € IN such that X has asymptotic dimension at most d we say that X
has finite asymptotic dimension (FAD).

A space X has asymptotic dimension d if it has asymptotic dimension at most d but
not asymptotic dimension at most d — 1. We denote the asymptotic dimension of X by
asdim X.

A family {X,}aca has asymptotic dimension at most d uniformly if for every r > 0
there exist decompositions

d r—disj
Xo=Jur, uvr= | Uy
=0 JET

for all « € A as above such that sup,,; ; diam U"; < oo.
Example 1.4.2. The space R™ with the euclidean metric has asymptotic dimension n.

Recall the following definition.
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Definition 1.4.3. A map f: (X,dx) — (Y,dy) between metric spaces is a coarse
embedding if there exist proper non-decreasing functions p,d: [0,00) — [0, 00) such that

S(dx(z,2")) < dy(f(x), f(2')) < pldx(z,2"), Va,2’ € X with dx(z,2") < .

A coarse embedding f: X — Y is a coarse equivalence if there exists a coarse embedding
g: Y — X such that both compositions have bounded distance to the identity, i.e. there
exists R > 0 such that

dy(fog(y),y) <R, dx(go f(z),z) <R, VzeXyeY.

Lemma 1.4.4. If there exists a coarse embedding f: X — Y, then asdim X < asdim Y.
In particular, if f is a coarse equivalence, then asdim X = asdim Y.

Proof. Let f: (X,dx) — (Y,dy) be a coarse embedding and let p,d: [0,00) — [0,00) be
proper non-decreasing functions such that

§(dx(z,2") < dy(f(z), f(2')) < p(dx(x,2')), Vz,2’ € X with dx(z,2') < co.

Assume Y has finite asymptotic dimension and define n := asdim Y. Let R > 0 be given
and choose a cover Y = J;, Y; with p(R) + 1-disjoint decompositions

p(R)+1—disj

JE€Ji

such that sup; ; diamY;; < oo.

Define X; := f~1(Y;) and X;; := f~'(Yj;). Let {Xjji}tres, be the decomposition of
X;j into infinitely apart subspaces, i.e. diam X;j;, < oo and dx(Xjjk, Xijw) = oo for
k# k. For x € X;5,2" € X; with j # j" and d(x,2") < oo we have

pldx(z,2")) = dy (f(z), f(2')) = p(R) + 1

and since p is non-decreasing this implies that the decomposition X; = | e ke Xijk
is R-disjoint. Furthermore, ¢(diam X;;,) < diamYj; for all k& € J;; which implies
sup, j, diam X;;;, < oo since § is proper. It follows that asdim X <n = asdimY’. O

Since asymptotic dimension is a coarse invariant we can define the asymptotic dimen-
sion of a group as implied by the following proposition.

Proposition 1.4.5. Let G be a countable discrete group, then G admits a finite, proper,
left-invariant metric. Furthermore, for any two such metrics d,d’ the identity

id: (G,d) — (G, d)

is a coarse equivalence. In particular, setting asdim G := asdim(G,d) does not depend
on the chosen proper, left-invariant metric.

10
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Proof. Let a enumeration {g,} of the elements of G be given and let e denote the neutral
element of G. Define

l(g) :==min{n +...4np | eN,Je; € {-1,1} :g=g3} -...- g }.

Then d(g,g’) :=I(g~1g’) is a finite, proper, left-invariant metric.
For the second part we can assume that G is infinite. For each r > 0 define

p(r) :=sup {d'(e,g) | g € G,d(e,g) < r} )

This function is proper since the metric d’ is proper and G is infinite. Furthermore,
d(g,9') = d'(e,g7"g") < p(d(e,g7'9")) = p(d(g,g')). Define

§(r) :==sup {L | sup{d(e,g) | d'(e,9) < L} <r}.

This function is proper since the metric d’ is proper and we get

d(g.9)=d(e,g7g") = 6(d(e,g7'q")) = 6(d(g,9")).

O]

Example 1.4.6. The euclidean metric on Z" is proper and left-invariant. The inclusion
Z™ — IR™ is a coarse equivalence. Therefore, asdim Z" = n.

The group Z* := P,y Z" has the following proper left-invariant metric

d((an)nGH\B (bn)nelN) = Z n‘an — bn|.
neN

Note that it is important to scale the metric in the n-th component by n to obtain a
proper metric. Taking the induced metric on Z> as a subspace of R® := @, . R with
the euclidean metric would not give a proper metric on Z*°. With this proper metric
7Z°° is not coarsely equivalent to R>.

Since Z*° contains Z" for every n it has infinite asymptotic dimension. But still it has
a kind of two step finite asymptotic dimension as we will explain now.

First, let n € N be given. We can decompose Z*° as

n—disj
z*= J g+2"
i€l

where {g; }icr is a representation system of the cosets for the subgroup Z" < 7Z>. This
decomposition is n-disjoint by our choice of metric on Z°.

The subspaces g; + Z™ are all isometric and have asymptotic dimension n. Therefore,
the family {g; + 7" };c; has asymptotic dimension n uniformly. Note that the asymptotic
dimension of the family depends on the chosen number n € N.

11
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This example motivates the following definition of finite decomposition complexity.
Finite decomposition complexity was first introduced in [GTY13, 2.1.3].

Definition 1.4.7. Let r > 0. A metric family X = {X,}qeca r-decomposes over a class
of metric families ® if for every a € A there exists a decomposition X, = U, U V] and
r-disjoint decompositions

r—disj r—disj
T __ r T o__ T
Ua - U Ua,iﬂ Va - U Va,j
iel(r,a) JEJ(r)

such that the families {U} ;}acaicr(ra) and {Vy ;}aeajei(ra) lie in ®. A metric family
X decomposes over D if it r-decomposes over © for all r > 0.

Let B denote the class of bounded families, i.e. X € B if there exists R > 0 such that
diam X < R for all X € X. We set ®¢ = B and given a successor ordinal v+ 1 we define
D41 to be the class of all metric families which decompose over ©,. For a limit ordinal
~v we define

9, =] Ds.
<y
A metric family X has finite decomposition complexity (FDC) if X € D, for some
ordinal ~y.
A metric space X has FDC if the family {X} consisting only of X has FDC.

Remark 1.4.8. It is easy to see that every metric space lying in ®,, with n € N has
asymptotic dimension at most 2". By [GTY13, Thoerem 4.1| the converse holds, i.e.
every metric space with finite asymptotic dimension lies in ®,, for some n € N. By the
same proof every metric family with finite asymptotic dimension uniformly lies in ©,, for
some n € N.

Example 1.4.9.

a) By Remark 1.4.8 our above decomposition of Z*>° = Z proves that Z°° has
neN
FDC.

(b) Let R be a commutative ring with unit. By [GTY13, Theorem 5.2.2] every count-
able subgroup of GL,(R) has FDC.

(c) By [GTY13, Theorem 5.1.2] all elementary amenable groups have FDC.
Example 1.4.10. The space R* = @, .y R with metric
d((zn), (yn)) = Z |Zn — Ynl
neN

does not have FDC. We will prove this by contradiction and assume R has FDC.
Applying the definition of FDC with parameter » = 1 in all steps we get a sequence U™,
n € N of metric families with

12
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o U= {R>};
e there are decompositions U = VU V; for all n € N, U € U™ such that

1—disj

vi= U v

Jel;
and V;j cuntt,
o there exists N € N with supy ¢~ diam U < oo.

Defining rU™ to be the family consisting of all spaces rU := {ru | u € U} with U € U"
and letting N be as above, we obtain a sequence of families, such that

o U’ = {R>};
e there are decompositions rU = rVy U rV; for all n € N,rU € U™ such that

r—disj
=Y
Jel;

and TVZ-j € ru"t;
® sup,ye,n diamrU < oo.

Using this decomposition implies that R® € ®y and thus we have asdimR>® < 2V by
Remark 1.4.8. But asdim R* = oo, since for every n € IN the space R"™ embeds into
R®.

Definition 1.4.11. By [GTY13, Coarse Invariance 3.1.3] FDC is a coarse invariant and
therefore we say a group G has FDC if it has FDC with any (and thus every) finite,
proper, left-invariant metric.

In the next section we will give a reminder on the definitions of coarse invariance for
metric families and recall inheritance properties for FDC from [GTY13].

1.5 Inheritance properties of FDC

To formulate the inheritance properties of FDC we need the following elementary con-
cepts from coarse geometry. For more information on coarse geometry see for example
[Roe03| or [GTY13, Section 3].

Definition 1.5.1. A map F: X = {X;} — )Y = {Y;} between metric families consists
of maps f : X; — Yj such that every X; € X is the domain of at least one map of the
family. It is

13
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e uniformly expansive if there exists a non-decreasing function

p: [0,00) = [0,00)
such that for every (f: X; = Y;) € F,z,y € X; with d(z,y) < oo

d(f(z), f(y)) < pld(z,y)), (1.5.2)

e effectively proper if there exists a proper non-decreasing function

d:[0,00) = [0, 00)
such that for every (f: X; = Y;) € F,z,y € X; with d(z,y) < oo

o(d(z,y)) <d(f(x), f(y)), (1.5.3)

e a coarse embedding if it is both uniformly expansive and effectively proper,

e 4 coarse equivalence if it is a coarse embedding and there exists a coarse embedding
G : Y — X such that there is a constant C' > 0 with d(z, go f(x)),d(y, fog(y)) < C
forallz € X;,y €Y, (f: Xi = Y;) € F,(g:Y; » X;) € G.

A map f: X — Y between metric spaces is metrically coarse if it is uniformly expansive
and proper. If X is proper and the metric on X is finite, then f is metrically coarse if it
is a coarse embedding.

A continuous, metrically coarse homotopy between proper continuous maps is called a
metric homotopy.

Remark 1.5.4. In the case where the metric spaces have a finite metric these definitions
coincide with the common definitions but we allow effectively proper maps to map points
with infinite distance close together. This allows us that metric spaces X = [],.; X; and
metric families {X;}ier can be regarded in the same way.

el

Definition 1.5.5. A family of subspaces Z of a metric family ) is a family of metric
spaces such that for every Z € Z there exists a fixed Y € Y with Z CY. Let F: X — )
be a map of metric families. We define F~Y(2):={f"Y2Z) | fe F,f: X - Y, ZCY}.

Recall the following inheritance properties of FDC from [GTY13].

Lemma 1.5.6 (Coarse Invariance [GTY13, 3.1.3|). Let X, be metric families. If there
s a coarse embedding from X to Y and Y has FDC, then so does X. In particular if X
has FDC, then any family of subspaces of X has FDC.

Theorem 1.5.7 (Fibering [GTY13, 3.1.4]). Let X,Y be metric families and F: X — Y
uniformly expansive. Assume Y has FDC and for every bounded family of subspaces Z

of Y the family F~(2) has FDC. Then X has FDC.

14
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Remark 1.5.8. Let F': X — ) be a map of metric families. The families F'~1(Z) for
every bounded family of subspaces Z of ) have FDC if and only if for every R > 0 the
families F~1({Bgr(y) CY |y € Y,Y € Y}) have FDC.

Theorem 1.5.9 (Finite Union [GTY13, 3.1.7|). Let X be a metric space. Let Xy, .., X},
be families of subspaces of X that have FDC. We define X to be the family consisting of
all unions Uf:l X; with X; € X;. Then X has FDC.

The last theorem is proved in [GTY13| only for metric spaces not for metric families.
But the same proof holds for metric families using that if two families U/, V have FDC,
then the union &/ UV has FDC as well.

Furthermore, all metrics in [GTY13] are finite, but the same proofs hold in the setting
where infinite metrics are allowed. This follows from the fact that for the purpose of
decomposing the space X = []..; X; can be treated in the same way as the family

X = {Xi}ier-

el

1.6 K- and L-theory

As mentioned in the introduction the K- and L-theory of group rings R[G] plays an
important role in topology. There is a functor IK(= IK~°°) from small additive categories
to (non-connective) spectra such that 7,IK(Pr) = K,(R), where Pg is the category of
finitely generated projective R-modules, or to be more precise a small skeleton of this
category. This functor is constructed in [PW85]. There also is a functor L(= L~%°)
from small additive categories with involution to (non-connective) spectra such that
T L(Pr) = L,(R) for any ring R with involution. This functor is constructed in [Ran92].
In the following K and I will always denote the functors to non-connective spectra. We
will state some more properties of these functors at the end of this section. We denote
the homotopy groups 7, of K(A) and L(.A) by K,,(A) and L,,(A) respectively. It is well
known that both functors K and I, commute with taking fixed points, i.e. if A is an
additive G-category, then the natural maps

K(A%) - K(A)Y and L(A%) — LAY

are weak equivalences.
To define the assembly maps we need the following definition.

Definition 1.6.1. Let G be a group. A G-homology theory is a functor HE from the
category of G-CW pairs to spectra such that the following axioms hold:

(a) (Homotopy invariance) If f is a G-homotopy equivalence, then HE(f) is a weak
equivalence.

(b) (Pair sequence) For any G-CW pair (X, A) the inclusions A — X and X — (X, A)

induce a homotopy fibration sequence of spectra:

HY(A) —» HYX) - HY(X, A)

15
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(¢) (Excision) For a G-CW pair (X, A) and a cellular map f : A — B the map
F:(X,A) = (X Uy B, B) induces a weak homotopy equivalence HY(f).

Definition 1.6.2. The orbit category OrG of a group G has the G-sets G/H, where
H < @ is a subgroup, as objects and has all G-maps between the objects as morphisms.

From any functor F': OrG — Gpectra a G-homology theory IF can be constructed via
IF(X) = MapG(_, X+) /\OT‘G F,

see [DLI8, Section 4].
This functor has the property that F(G/H) ~ F(G/H). We will denote its homotopy
groups by
HY(_;F) = m,F(X).

Definition 1.6.3. Let A be an additive G-category, H < G a subgroup. We define
the additive category A[H| as the additive category with objects being the objects of
A and morphisms ¢: A — B being collections {@y }hem of morphisms ¢y, : A — h™'B
of A, such that ¢, = 0 for almost every h € H. Addition of morphisms is defined
componentwise and composition of morphisms ¢, ¢’ is defined as

(po@)n:=> 1" ()o@
kl=h

Example 1.6.4. Let GG act on a ring R and let R;G denote the group ring twisted by
this action. Furthermore, let F(R) denote a small model for the G-category of finitely
generated free R-modules. Then the category F(R)[G] is equivalent to F(R;G), see
[BRO7a, Proposition 6.7].

In [BRO7a, Definition 3.1] for every additive G-category A a functor

K4: OrG — Gpectra

with the property K4(G/H) ~ K(A[H]) is defined. As mentioned above these give rise
to G-homology theories. We also have a functor L 4: OrG — Gpectra for any additive
G-category A with involution, see [BR07a, Section 5].

The K-theoretic assembly map with respect to a family of subgroups F and an additive
G-category A is the map

HE(E]:G;]KA) — H*G(G/G,]KA) = K*(A[G])7

induced by the map ExrG — G/G. The L-theoretic assembly map for an additive
G-category A with involution is the map

HY(ErG;La) — HY (G/G5La) = L.(AG)).

16
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Conjecture 1.6.5 (Farrell-Jones conjecture). For every group G, every additive G-ca-
tegory A (with involution) and every n € N the assembly maps

H (EG;Ka) = H (pKa) = Kq(AG))

and
H(EG: La) = H (pt; L) = Ln(A[G))
are isomorphisms.

The maps

HY(EG;K4) — HS(EG; K 4) and HE(EG; 1L 1) — HS (EG; T 4)

are split injective, see [Bar03a, Theorem 1.3]. Therefore the Farrell-Jones conjecture
implies the following conjecture.

Conjecture 1.6.6. For every group G, every additive G-category (with involution) and
every n € N the assembly maps

HE(EG;K4) — HY (pt; K ) = K, (A[G])

and

H(EG;La) — Hy (pt; La) 2 Ln(A[G))
are split injective.

In this thesis only the later conjecture is considered. For the reminder of this section
we will recall some properties of the functors K and IL, which we will need later.

Definition 1.6.7 (|[CP95, Definition 1.27]). Let U be a full subcategory of an addi-
tive category A. We say that A is U-filtered if every object A € A has a family of
decompositions {A = E; @ A;} called filtration with E; € U, A; € A, such that

(a) for each A € A the decomposition forms a directed poset under the partial order

E;® A; < E; ® Aj whenever the canonical maps F; - A —+ Ajand A; - A — E;
are trivial,

(b) for every A € A, U € U every map f: A — U factorsas A2 E;, & A; - E;, - U
for some 1,

(c) for every A € A, U € U every map f: U — Afactorsas U - E; - E;, ® A; =2 A
for some 1,

(d) for each A, B € A the filtration of A® B is equivalent to the sum of the filtrations
{A = El b Al} and {B = Fj b Bj}, i.e. to {Ez b Fj P Al b BJ}

The quotient A/U is defined as the category having the same objects as .4 and morphism
equivalence classes of morphism of A where f,g: A — B are equivalent if f — g factors
through some U € Y. We then callf — A — A/U (or U — A) a Karoubi filtration.

17
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Definition 1.6.8. An additive category A is called flasque if there exists a functor
F: A — A such that F @ idy4 and F' are naturally isomorphic.

The following facts are for example summarized in [BL12a, Theorem 5.1].
Theorem 1.6.9. Let A be an additive G-category (with involution).
(a) If Ais flasque, then IK(A) and L(A) are weakly contractible.

(b) If A is U-filtered, then
KU) = K(A) = K(A/U)

and
LU) - L(A) — L(A/U)

are homotopy fibration sequences.

(c) If p: A — B is an equivalence of additive categories (with involution), then IK(y)
and () are weak equivalences.

(d) If A = colim; A; is a colimit of additive categories (with involution) over a directed
system, then the natural maps colim; K(A;) — K(A) and colim; IL(A;) — L(A)
are weak equivalences.

Theorem 1.6.10 ([Car95],[CP95, Section 5|). Let A;,i € I be additive categories. Then
the natural map K(][;c; Ai) = [Lie; KA; is a weak equivalence.

If A;,i € I are additive categories with involution such that there exists j € N with
K, (A;) =0 foralln < —j and i € I, then also the natural map (] [,c; Ai) = [Lic; LA
is a weak equivalence.

In the next section we want to reformulate the assembly maps using controlled algebra.
From now on we will focus on algebraic K-theory, but most proofs hold the same way
for L-theory when considering additive categories with involution, see Section 3.3 for
the statement of the main theorem in the L-theory case and how the proofs have to be
adapted.

1.7 Controlled algebra

In a controlled category the objects are families of objects of a category A indexed over
a space X. This allows to measure the "length" of morphisms in X and to construct
different categories by specifying control conditions. At the end of this section we will see
how the assembly map can be described in terms of controlled categories. The definition
of a geometric module in this thesis is a slight variation of the definitions in [BRO7b]
and [RTY]. The first definition of geometric groups appeared in [CH69] and of geometric
modules in [Qui79| and [Qui82|. The first definition of continuous control is in [ACFP94].

For the following definitions let X be a metric space, G a group and A a small additive
G-category.
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Definition 1.7.1. Let Z := G x X x [0,1). A geometric A-module M over X is given
by a sequence of objects (M,).cz in A, subject to the following conditions:

(a) The image of supp(M) = {z € Z | M, # 0} under the projection
p:Z— X x|[0,1)

is locally finite, i.e. for every (z,t) € X x [0, 1) there exists a neighborhood U such
that U N p(supp(M)) is finite.

(b) For every x € X,t € [0, 1) the set supp(M) N (G x {x} x {t}) is finite.
A morphism ¢: M — N between geometric .A-modules M, N is a sequence
(Pay: My — NI)(I,y)GZQ
of morphisms in A, subject to the following conditions:

(a) ¢ is continuously controlled at 1, i.e. for each x € X and each neighborhood U of
(x,1) in X X [0, 1] there exists a neighborhood V of (z,1) in X x [0, 1] such that

forall g,¢' € G,v € Viy € U, ©(g.0).('9) = Lo ) (g:0) = O-

(b) For every z € Z the set {2/ € Z | ¢, » # 0 or ¢, , # 0} is finite.

(¢) ¢ is R-bounded for some R > 0, i.e. ¢(g44) g0y =0 forall g, 9" € G z,2" € X,
t,t' € [0,1) with d(z, 2’) > R. Then the infimum of these R is called the propagation
of .

Let Ag(X) denote the category of geometric A-modules over X and their morphisms.
The composition of morphisms is given by matrix multiplication. Ag(X) is an additive
category with pointwise addition.

Remark 1.7.2. Let A.(X) C Ag(X) be the full additive subcategory with objects
having support in {e} x X x [0, 1). This coincides with the definition of A.(X) in [RTY].
The inclusion A.(X) — Ag(X) is an equivalence because of condition (b) on the objects
of Ag(X).

Definition 1.7.3. If a subgroup H < G acts on X by isometries, then H acts on the
category Ag(X) by (hM) g0 = M M,-14p-154)) and the corresponding action on the
morphisms. Let AZ(X) be the corresponding H-fixed point category.

Definition 1.7.4. If G acts on X by isometries, let Ag_.(X) be the full subcategory
of Ag(X) with objects having support in G x GK x [0,1) for some compact subspace
K C X. This is equivalent to the category colimgc xep. Ag(GK). Let Ag_C(X) be the
H-fixed point category as above.

Furthermore, let AZ__(X)o and AZ(X)g be the full subcategory of AZ__(X) respectively
A (X)) with the following condition on the support of the objects:
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e For every object M the limit points of the image of supp(M) under the projection
Z — X x [0,1) are disjoint from X x {1}.

The inclusions of AZ__(X)g into AZ__(X) and AZ (X)), into AZ(X) are Karoubi filtra-
tions, see [BRO7b, (5.12)].

Define AZ__(X)> and AZ(X)> to be the quotients of AZ (X) by AE _(X)o and
AB(X) by AZ(X)o respectively.

Proposition 1.7.5 ([BRO7b, (5.15)]). The categories defined above are functorial in X
for continuous (equivariant) metrically coarse maps f : X — Y. If two such maps are
equivariantly metrically homotopic (see Definition 1.5.1), then they induce equivariant
weakly homotopic maps

K(Ag-e(X)) = K(Ag—(Y))
of the K-theory spectra.

Remark 1.7.6. Let G act on X by isometries. Then condition (c¢) on the morphisms is
automatically satisfied for the category Agf .(X). This is the only condition that depends
on the metric of X. For this reason it makes sense to define the category .Ag_ (X) for
any topological G-space X and it is functorial in X for continuous maps. The same holds
for Ag_c(X)o and Ag_c(X)oo.

Proposition 1.7.7. Let f : X — Y be a homotopy equivalence between topological
G-spaces then the induced map

fe: K(AG_o(X)) = K(AG_.(Y))
is a weak homotopy equivalence. The same is true for Ag_c(_)o and Ag_c(_)w.

Proof. [BFJR04, Proposition 5.5] states this for the category A% _.(_)°°. But in the
proof it is shown for AG__(_) as well. Then it follows for A% _(_)o by comparing the
long exact sequences

S Kn.Ag_c(X)o — Kn.Ag_C(X) — Kn.Ag_c(X)oo — nflAg_c(X)g —_— ..

| e e |

T Kn‘Agfc(Y)O - Kn‘Agfc(Y) - KnAgfc(Y)oo - ”l—lAgfc(Y)O ..

and using the 5-lemma. O

As already mentioned the assembly map can be interpreted as a map of controlled
categories, namely we have the following proposition.

Proposition 1.7.8. The category A% _ (EG)o is equivalent to the category A[G], see
Definition 1.6.3. Furthermore, the boundary map

Kn(AG_o(BG)®) = Kn-1(AG_o(EG)o)
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s equivalent to the assembly map
Hy (BG K a) — Hy (pt;Ka) = Kn(A[G]).

Proof. This is proved in [BFJR04, Section 6] in the case where the G-action on A is
trivial, but the same proof still holds in the general case. O

In the proof of our main theorem we often need to work with products of controlled
categories. In order to have good control conditions we can only work with those mor-
phisms which have the same length in each degree. To make this precise we begin with
recalling the definition of filtered categories.

Definition 1.7.9 ([PW85, Definition 1.1]). An additive category A is said to be filtered
if there is an increasing filtration

Fo(A,B) C F\(A,B)C...C F,(A,B)C ...

of hom(A, B) for every pair of objects A, B € A. Each Fj(A, B) has to be an additive
subgroup of hom(A, B) and we must have | J;c Fi(A4, B) = hom(A, B). We require the
zero and identity maps to be in the zeroth filtration degree and for f € F;(A, B) and
g € F;(B,C) the composition g o f to be in Fj;;(A,C). If f € Fi(A, B), we say that f
has (filtration) degree 1.

Example 1.7.10. The categories Ag(X) and A.(X) are filtered by defining a mor-
phism f to be of degree n if it is n-bounded.

Definition 1.7.11. For filtered additive categories {A;}ic; we define the bounded

product H?g 1 Ai to be the subcategory of [];.; A; containing all objects and those mor-

phisms ¢ = {¢; }ier such that there exists n € N with degree ¢; <n for all i € I.

Proposition 1.7.12. Let B; be A; filtered such that for the decomposition
{B; 2 B;j, ® E; j, }j,eq, with E;j, € A; the projections B; — E; j,, B j, and inclusions
E; j;, Bi j, = B; have degree zero for every B; € B;. Then Hfgl B; is H?gl A;-filtered and
the quotient is isomorphic to [[" B;/ A, where a morphism [g] € B;/Ai has degree k if
there exist f € B;, f € [g] with degree k.

Proof. Since inclusions and projections the have degree zero, a decomposition of
(B;) € H;’gl B; is given by a sequence of decomposition of the B;. For (f;): (B;) — (4;)
in H?gl B; with (4;) € Hfgl A; every f; factors as B; — Ej j, il—) A;. Since the inclusion
E; j, — B; has degree zero, the map f/ has the same degree as f; and the map (f;) factors
as (B;) — (E; ;) EiN (A;). Analogously condition (c) for a Karoubi filtration holds. This
implies that H;’g ; Bi is indeed H?g 1 Ai-filtered.

The categories [[°%, B;/ 1%, A; and H?gl B;/A; both have the same objects. And the

i€l i€l
natural map

bd bd bd
F:II8/]]A = []8i/A

iel iel el
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is surjective on morphisms. Let ((f;): (B;) — (B))) € Hfg ; Bi be a morphism, such that

fi factors over A; for every ¢ € I. This implies by condition (b) of Definition 1.6.7, that
fi factors as B; — E; j, f—l> B/ and again f; and f/ have the same degree. This implies

that (f;) factors as (B;) — (Eij;) ), (B!) and thus [(f;)] = 0 in H?gl B;/ H?gl A;.

Therefore, F' is also injective on morphisms. ]
Proposition 1.7.13. There is a Ag—.(X)o-filtration of Ag—.(X) such that all the

projections and inclusions have degree zero and for every family {X;} the quotient
1% Ag_e(X;)™ is isomorphic to [] Ag—e(X;)™.

Proof. Let p: G x X x [0,1) — X x [0,1) denote the projection. Let Z denote the
family of all subsets Z C G x X x [0,1) such that p(z) has no limit points at X x {1}.
Then every M € Ag—.(X) is Ag—c(X)o filtered by {M = M|z & M|gxxx[0,1)\z}- This
shows the first part of the proposition. The second follows if we can show that every
f € Ag—c(X)™ has a representative of degree 1. Let ¢ be a representative of f. For
every x € X let Uy := Bya(z) x [0,1] € X x [0,1]. Since ¢ is continuously controlled
at 1, there exists a neighborhood V, C U, of (z,1) € X x [0, 1] such that (g 4) (g.0) = 0
for all g,¢9" € G,v € Vp,y ¢ Uy Define V := J,cx Voo Then Mgy xxjo1)\axv is an
object in Ag_.(X)p and therefore the morphism ¢’: M — N defined by

’ _ ey g0) veV
So(glyy)v(gvv) - { ! yO ! else

also represents f.
/

' is 1-bounded, since go'( ),(90) # 0 implies v € V, and y € U, for some = € X.

g/
Therefore, d(pry(v),pry(y)) < 1, where pry: X x [0,1] — X is the projection. O

Proposition 1.7.14. For a metric space X = [[,.; X; we have an isomorphism

iel

bd
Aa(X) = [[ A (X))

i€l
If X is a metric G-space, this isomorphism is G-equivariant.

Proof. Since morphisms have bounded propagation they can not map from one compo-
nent of the coproduct to another. Therefore, we get a functor F': Ag(X) — [[;c; Ac(Xi)
by mapping M € Ag(X) to (M|x,)ier € [[;c; Aa(X:), where M|y, denotes the restric-
tion of M to G x X;x[0,1). Because morphisms in Ag(X) have bounded propagation the
functor F' has image in the bounded product. The functor F': Ag(X) — H?gl Acq(X;)
is a bijection on objects and morphisms and hence an isomorphism. If X is a metric
G-space, this functor is equivariant. O
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2 The K-theory of equivariant metric
families with FDC

In this chapter we will generalize a result from [RTY]| about the vanishing of a certain
controlled category. First we need the following definition.

Definition 2.0.1. A metric space X has bounded geometry if for each R > 0 there
exists N € N such that for all z € X the ball Bg(x) contains at most N points. A
metric family X has bounded geometry uniformly if for each R > 0 there exists N € N
such that for all X € X,z € X the ball Br(z) contains at most N points.

For the injectivity result of [RTY] the following theorem is the most important tool.

Theorem 2.0.2 (|[RTY, Theorem 6.4]). If X is a bounded geometry metric space with
finite decomposition complexity, then for each n € Z we have

colim K,,(A.(PsX)) =0,

§—00

where P; X is the Rips complex of X and the colimit is taken with respect to the maps
induced by the inclusions PsX — Py X for s’ > s.

To allow for groups with torsion in our main theorem we need to generalize the above
theorem to a version which is equivariant with respect to finite subgroups. We first recall
the definition of the Rips complex and then give an equivariant definition of FDC. In
the last section of this chapter we show how the proof of [RTY, Theorem 6.4] can be
generalized.

2.1 The Rips complex

Definition 2.1.1. Given a metric space X, a subspace ¥ C X and a number s > 0,
the Rips complex P;Y is the simplicial complex with vertex set Y and with a sim-
plex (xo,...,Zn) whenever d(z;,z;) < s for all 4, j € {0,...,n}. We equip P;Y with the
metric induced by the simplicial path metric on PsX. For s’ > s let i49: PsY «— PyY
denote the inclusion.

Given a subspace Z C X, a family W of subspaces of X and 0 < s < &', the relative rips
complex Py »(Z, W) is the subcomplex of Py X consisting of those simplices (o, . .., )
satisfying at least one of the following conditions:

® zo,..,2, € Z and d(z;, xj) < s for all 4,5 or
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2 The K-theory of equivariant metric families with FDC

® x0,..,T, € W for some W € W.

Note that in the second case d(z;,z;) < §' since (xo,...,zy) is a simplex of Py X. We
equip Ps ¢ (Z, W) with the metric induced by the simplicial path metric on P (X, W).
It is crucial for the following arguments, that we do not use the metric induced from
Py X. The relative Rips complex was introduced in [GTY12|. For subspaces Y, W C X
we define Py o (Y, W) := P, (Y, {W}).

Remark 2.1.2. Note that if X is a metric space with bounded geometry, then the
(relative) Rips complex is finite dimensional and locally finite. For this reason we will
always use metric spaces with bounded geometry in the following arguments.

We recall the following comparisons between distances in a bounded geometry metric
space X and the Rips complex P;(X) or the relative Rips complex from [RTY]. They
will be crucial for the decomposition arguments in Section 2.3.

Lemma 2.1.3 (|[RTY, Lemma 5.3|). Let W C X be metric spaces, and assume X has
bounded geometry. Given s’ > s > 0, let (PyW)! denote the t-neighborhood of PyW
inside Py o (X, W). Then for all z € X N (PyW)' (where X is viewed as the 0-skeleton
of Ps.¢(X,W)), we have

d(z, W) < (t+1)C(s, X)s,

where C(s, X) = (2v/2 + 1)dmPX=1 if dim P,X = 0, we define C(s,X) := 1). It

follows that inside the simplicial complex Py X we have inclusions
(PyW)' C Pyg (WECEX0 W) € Py (WEHDOE0:),

where on the left the neighborhood is still taken with respect to the simplicial path metric
on Py o (X, W). Additionally, for any U C X, we have inclusions

(P (U, W))" € (Pu(UUW))' € Py (U W) 0],

where the first neighborhood is taken inside Ps ¢ (X, W) and the second is taken inside
P, (X, UUW).

Lemma 2.1.4 (|[RTY, Lemma 5.4]). Let (X,d) be a bounded geometry metric space, with
subspaces X1, Xo C X and let W1, Wa be families of subspaces of X. Fori=1,2, let

Wi:UWi:{:BEX]:cGWforsomeWEWi}
denote the union of the subspaces in W;. Set W = W1 U Wy, and let d’' denote the
simplicial path metric on Ps ¢ (X, W) for some fized s,s' > 0. Setting V; = X; UW; and
P, = P, o (X;, W;) we have
d(V1,V2) < (d'(P1, P») +2)C(s, X)s,

where C(s, X) := (2y/2 + 1)3mPX=1 (if dim P, X = 0, we define C(s, X) :=1).
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2.2 Equivariant FDC

2.2 Equivariant FDC

We will now give a definition of finite decomposition complexity for families of metric
spaces with group actions.

Definition 2.2.1. An equivariant metric family is a family {(Xa, Ga)}aca where G, is
a group and X, is a metric G,-space.

Definition 2.2.2. An equivariant metric family X = {(Xq,Gqa)}aca decomposes over
a class of equivariant metric families © if for every » > 0 and every a € A there exists a
decomposition X, = Ul UV into G,-invariant subspaces and r-disjoint decompositions

r—disj r—disj
T __ T T __ T
U= |J Uz, and Vi= J VI,
iel(r,a) jed(ra)

such that G, acts on I(r, ) and J(r,«) and for every g € G we have gUy ; = Uy, ; and

a,gi
gV, j = Vg gj- Furthermore, the families

{( 1T Ug,i,Ga>}a6A and {( 1T v;,j,Ga>}a6A

i€l(r,a) jeJ(r,a)

have to lie in ®.

Notice that the underlying sets of U7, and [, I(r,a) U, ; are canonically isomorphic and
in this sense the G,-action on Hie[(r,a) U, is the same as the action on Uj, only the
metric has changed.

Definition 2.2.3. An equivariant metric family X is called semi-bounded, if there exists
R > 0 such that for all (X,G) € X,z,y € X we have d(z,y) < R or d(z,y) = oc.

Let B denote the class of semi-bounded equivariant families. We set e®g = e and
given a successor ordinal v + 1 we define e®, 1 to be the class of all equivariant metric
families which decompose over eD,,. For a limit ordinal v we define

€Dy = U eDg.
B<y

An equivariant metric family X has finite decomposition complexity (FDC) if X' € e®,
for some ordinal 7.

Note that the equivariant metric family {(Xa,{e})}aca has FDC if and only if the
metric family {X, }aeca has FDC.
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2 The K-theory of equivariant metric families with FDC

2.3 An equivariant vanishing result

In this section we prove the following generalization of [RTY, Theorem 6.4].

Theorem 2.3.1. Let X = {(Xqa,Ga)}taca be an equivariant family with FDC, and let
the family {Xq}aca have bounded geometry uniformly, then

bd
colim Kn< 11 Agg(PSXa)) —0

acA

for all n € 7, where the colimit is taken over the maps induces by the inclusion of the
the respective Rips complexes.

Remark 2.3.2. Assume that in the situation of Theorem 2.3.1 all groups G, are sub-
groups of a group G. Then the inclusions Ag, (PsXs) — Ag(PsX,) are equivalences of
G -categories, compare Remark 1.7.2. In particular the induced map

AZe(PoXo) = AS(PiX4)

on fixed points is an equivalence.

The idea of the proof of Theorem 2.3.1 is an induction over the decomposition complex-
ity of X. First we will decompose AgZ(PsXa) into Ag‘;‘ (PsU,) and Agz (PsVy) using
a Mayer-Vietoris sequence and then further decompose these two spaces into disjoint
unions of subspaces with lower decomposition complexity. But we only have a version
of the disjoint union axiom for "arbitrary far apart" subspaces. For this reason we have
to work with a bounded product where we apply FDC with growing parameter r. For
simplicity in this section we will denote Agz only by A% . We will prove Theorem 2.3.1
using the following proposition.

Proposition 2.3.3. Let {{Xa,GaltacA, }ren be a sequence of equivariant metric fam-
ilies, such that for each r € N the family {(Xa,Ga)}aca, has FDC and the family
{Xa}aca, has bounded geometry uniformly. Then

bd bd

. . Ga —

zggg;ffn(csé%ﬂ 11 4 <PsTXa>> =0
r>RacA,

for alln € Z, where Seq denotes the partially ordered set consisting of all non-decreasing
sequences of positive real numbers, with ordering (s, s2,...) < (s}, sh,...) if s; < s} for
all © € N.

Proof of Theorem 2.3.1 using Proposition 2.3.3.
Let s > 0 and z € Kn(HZdEA A% (P,X,)) be given. Let s := {s},ex € Seq. For
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2.3 An equivariant vanishing result

s’ = {s,.} > s we define the following maps

bd bd bd
A, K( [T A (psxa)> - Kn< 1111 AG%PSXQ))

acA reN acA
bd bd
' Kn< 1T 11 AG“(PS/TXQ)> <cohm 11 H ACe (Py X,) )
reN aeA REN r>RacA
T <HHAG‘*PX ) (HHAG“PX )
relN acA relN acA
[ls’ : <cohm H H AG Xa) ) (cohm H H AGe (P Xa )
r>RacA r>Ra€cA

The first map is the one induced by the diagonal map, the second one is the map to the
colimit, the third and forth map are those induced by the inclusions of the respective
Rips complexes. By Proposition 2.3.3 there is s’ = {s.} € Seq with s’ > s such that

g5 (ns (As(@))) = fist (4s(As(2))) = 0.

For R € N let
bd bd bd
E K< IT11 AG%PS;XQ)) - K( 11 AGQ(PS/RXQ)>
relN acA acA

be the map induced by the projection, then in particular there exists R € IN such that
for the above s’ € Seq

bd
0= pr(us (Au(2))) € Kn< I] A% (Ps;ar))

acA

Let

bd bd
. Kn< 11 AGa(PSXa)> — Kn< 11 AGa(Ps,RXa)>

acA a€A

be induced by the inclusion of Rips complexes. Then py (¥) = pr (s (As(2))) = 0.
This proves Theorem 2.3.1. ]

In the remainder of this section we will prove Proposition 2.3.3 by induction. The
following lemma gives the induction beginning.

Lemma 2.3.4. For each r € N let {(Xo,Go)}laca, € €Dy = B and let the X, have
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2 The K-theory of equivariant metric families with FDC

bounded geometry uniformly. Then

bd bd
lim K, | coli Go(Py, Xa) | =
i (C&%HHA (P >> 0

r>RacA,
foralln € 7.

Proof. Since {(Xa,Ga)}taca, € B there exist t, > 0 such that either d(z,y) < t, or
d(z,y) =00 for all @ € A, x,y € X,. For z € X, let Uy :={y € X, | d(z,y) < oo},
Gy :={9 € Go | gU, = U}, then diam U, < t, and as metric spaces G,U, = HGQ/GI Us.

Therefore,
X.= 11 II u-
i€la Go/G;

for some index set I,, where G; < G, is a subgroup and U; C X, is a G;-subspace
of diameter smaller than ¢, for all ¢ € I,. By Proposition 1.7.14 we get the following
equivalence

Ga

bd bd bd
AGDL (PST' XOC) = H H AGoc (PST' UZ) = H AGZ (PST' UZ)
1€la Go/G; i€ly

for all s, > 0. This implies that there are k; € N such that

bd
AG&(PsrXa) o H AGz(Akz) — H AGZ(A]“),

1€l 1€l

for all s, > t,. Each AFi is equivariantly metrically homotopy equivalent to its midpoint,
thus by Proposition 1.7.5 we get K (A% (A*)) = K (A% (pt)). The category A% (pt)
admits an Eilenberg swindle and therefore it is flasque and has trivial K-theory, compare
[Bar03b, Remark 3.20].

This implies that for s = {s, },en big enough the K-theory of

bd bd
H H A% (P, X,) = H H H ACi (AR
r>RacA, r>Ra€A, i€l
is trivial as well since K-theory commutes with products. O

Let v be a successor ordinal with v = S41. For the remainder of this section we assume
that we already have proved Proposition 2.3.3 for f. Let s = {s,},en € Seq be fixed.
For r € N let N, > 2 be such that for every a € A,z € X, the ball B, (x) contains
at most IV, points. The NV, are finite because the X, have bounded geometry uniformly.
Define C, := (2v/2 + 1)N=2. By the definition of FDC there are decompositions

Xo=UZ UV,
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2.3 An equivariant vanishing result

with finer decompositions

Crsrr—disj Crsrr—disj
Sr __ . Sr __ .
vy= | U ad V= ] WV

1€l (sr,ax) Jj€J(sr,0x)

such that Gy acts on I(s,, ) and J(s,,«) and for every g € G, we have gU; = Uy and
gV; = Vy;. Furthermore, the families

I o) i I )

1€l (sr, JEJ (sr,)
have to lie in eDg.

The parameter C.s,.r above is chosen because we want to use Lemma 2.1.3, i.e. for
any subspace U C X the r-neighborhood (P, (U))" of Py, (U) in P, (X) is contained in
P, (UC"Sr(T+2)). And so the subspaces Ps, (U;) become further apart with increasing r.

For t > 0 let

Wit .= {(U)1C s 0 (VIO i € I(sy,0),5 € J(sy,0) )}

Notation 2.3.5. Let s’ > s € Seq be given. From now on we will use the following
abbreviations, where we use the notations from above.

bd
PsX = colim H AGD‘(PST(XOL))

ReN
TZR,&EAT
bd
- : Ga A\t Go r\t
PUeV) = colim [T A% ((PUs)") @ A% (P, V3r))
T'ZR,&EAT
bd
-— 3 Ga r,t
Ps g (X, W,) := RCE(])I}I{QO H A (Psms’r (Xa,Wi ))
r>R,a€A,

bd
i : Ga Sr\t Sr\t
PUNY) = colim >RHEA Al (P, U 1 (P, VS

bd
gV, W) = colim [ A% ((Pa (U W) 0 (P (Vi W)

T‘ER,QEAT
bd
. t t/
}>{375,(Z,{€B]/7 th) = Recﬂ%)}g’rtg>0T>R|a|€A AGa ((PST,S’T (chtr’wz(slr,t)) ) @AGQ <(P8T75,T (Vofr’vvzr,t)) )

bd
Por (U = col; Ga (Ps” ( Sr tCm)) Ga (Psn ( . tCrsT>>
(ZRER% RCE?I\TI’?;OOR];IGA A o ((Ug) ® A o (V)
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2 The K-theory of equivariant metric families with FDC

Here the neighborhoods of the relative Rips complexes are taken inside Ps_ o <Xa, ng’t> .

Theorem 2.3.6. With the above notations we get the following commutative diagram of
(Mayer-Vietoris type) Karoubi sequences

P,UNYV)—— Py g (UNV, Wy)

i(il,iz) J{(iﬁvié)

PsUBV)—— P g(UDV, Wy)

ijl_]‘Q lji—jé

PS(X) Ps,s’(Xawt)

where all maps are given by the appropriate inclusions.

Proof. The non-equivariant version of Theorem 2.3.6 is [RTY, Theorem 4.12|. The ar-
gument for the equivariant version is the same. O

For the induction step of the proof of Proposition 2.3.3 we need the following two
lemmas.

Lemma 2.3.7. For each x € K,,_1(Ps(UNYV)) there exists s > s such that ps ¢ (z) =0,
where

Ps,s anl(Ps(u N V)) — anl(sts/(u N V,Wt))
is the map induced by the inclusion of the underlying Rips complexes.

The idea of the proof of Lemma 2.3.7 is that the pieces of the intersection U NV
become further apart with increasing r and have lower decomposition complexity. So
by the induction hypothesis we can increase the parameter of the Rips complex to get
the vanishing result. We have to work with the relative Rips complex to make sure that
after increasing the parameter the pieces of U and V are still far apart. The proof of the
lemma will be given later.

Lemma 2.3.8. For all § > s and each
€ Ky(Psy(U DV, Wy)),
there exist 8" > 8 such that pg ¢ ¢(x) =0, where
Ho,sr,sn: Kn(Pogt (U @V, W) = K (Por (U @ V)

1s the map induced by the inclusion of the underlying Rips complezes. For this inclusion
we use that for metric spaces U, W C X, where X has bounded geometry, the following
inclusion holds

(Ps.s (U, W))t C Py ((U U W)(t+2)05) ’

where C' = (2¢/2 + 1) P(X)=1 " gee Lemma 2.1.3.
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2.3 An equivariant vanishing result

The families W' are constructed in a way, so that the second parameter of the relative
Rips complex does not change the property of the pieces of & and V to be far apart.
Since they have lower decomposition complexity, we can use the induction hypothesis to
prove the lemma. Before giving the proof, we first prove Proposition 2.3.3.

Proof of Proposition 2.3.3 assuming Lemma 2.5.7 and Lemma 2.3.8. The induction be-
ginning was proved in Lemma 2.3.4. For the case of a successor ordinal v = +1 consider
the following commutative diagram,

Hs sl st

Kn(Peg (U BV, W;)) = K,,(Psr (U & VY))

lj{jé iblm

Kn(Ps,s’(Xawt)) Kn(PS”(X))

| |

Ps,s!
Kn_l(Ps(Z/[ N V)) E—— n—l(Ps,s’ (Z/{ N V? Wt))

Vs,s’

Vs,s! s

where the first two vertical sequences are the Mayer-Vietoris sequences coming from
Theorem 2.3.6. The other maps are induced by inclusions of Rips complexes. By
Lemma 2.3.7 for each x € K, (Ps(X)) there exists s’ > s such that ps¢(9(x)) = 0.
Therefore, 0(yss/(2)) = 0 and s ¢(x) has a preimage y € K, (Pss (U &V, Wy)). By
Lemma 2.3.8 there exists s” > s’ such that pusg ¢/(y) = 0, thus the image of z in
K, (Py X) is zero. Both 75 ¢ and 75 ¢ ¢ are induced by inclusions of Rips complexes, so
the composition is again induced by the inclusion. This proves the case for a successor
ordinal.

If 7 is a limit ordinal the induction step follows directly from the definition of FDC. [

Proof of Lemma 2.53.7. By Lemma 2.1.3 we have the following inclusions
(P U)! € Po, (U290 and (P, V)t € Py, ((v7)F20)

for all i € I(sy,),j € J(sp, ). Since US" is the (rC;s,)-disjoint union
(rCrsr)—disj
vr= U U

this implies
(r—2t—4)—disj

Pun= U o @y

and the analogous statement for V. Since the morphisms in Ps(U N'V) are uniformly
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2 The K-theory of equivariant metric families with FDC

bounded and lim,_, o 7 — 2t — 4 = oo for every ¢ we can decompose Ps(U NV) as

~ : Gao
POV gl R]LA (H( U0 <Ps,«v>)

Using again Lemma 2.1.3 we get an inclusion of the right hand side into
li AGQ P tC,«sT N (V tCrsy ]
st JT, (g o

By |[RTY, Lemma 6.15] we have a map from this category, where the Rips complexes are
endowed with the metric coming from Ps X, to the category

bd
U AGa<HP )G (V)twr)),
ReN,t>0
seseq ERL> r>R,a€A,

where the Rips complexes are endowed with the intrinsic metric. This map is given by
the inclusion of the Rips complexes, where we need to take the colimit over Seq to make
sure that the morphisms still have bounded propagation with the new metric.

By [RTY, Lemma 6.3] taking a finite thickening does not change the decomposition
complexity and therefore we have for all r,¢ > 0

<H(U )tc’“s’“ N (V)tc"ST G ) ac A, ) ceDp.

(]
This implies that by the induction hypothesis for g for every ¢ > 0
bd
colim K, (colim AGe <H P, s A (V; )tCTST) >> =0,

s’E€Se ReN
a r>R,a€A,

for the intrinsic metric. Here we use that Ps([[,c; Xi) = [[;c; Ps(Xi) for any family of
metric spaces {X;};cr. Therefore after taking the colimit over ¢ we have,

colim K, ( colim AG“ <H Py tCTsT N (V; )tCTST) >> =0.

s’€Seq RGN,t>O

The Rips complex Py ((U;)'*" N (V)tC""S’") with the intrinsic metric includes into the
intersection Py, o (U5, wert YN Py, o (VT Wf{’t) with the metric coming from the com-
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2.3 An equivariant vanishing result

plex Py o (Xa, Wi '), This induces a map

colim H AGa <]_[ Py ((U;)1C5 1 (V;)!Crsr) ) — Psg(UNV, W,).

RE]N,t>0

The composition of these maps in K-theory is ps¢ because all maps are induced by
inclusions of Rips complexes. And for s’ € Seq large enough the image of x under this
map is zero by the above. O

Proof of Lemma 2.5.8. Since (P, .U;)" C P;, (UZCTST) by Lemma 2.1.3 and we have
d(U;, Uj) > rCys, for all i,5 € I(s,,a), we also get d(Ps, (U;), P, (Uj)) > 7. Since t
is independent of r, this implies for r large enough that P 4 (U, Wf{’t) is the disjoint
union of the pieces Pj, (Ui, {UZ‘CTST N Vfc’"s’“} ) with i € I(s,,«). For fixed
io € I1(sy, ) define

JEJ (sr,)

X1 :=Uy, Xo:=|]JU
1#10
and
W = {(Usp)' " 0 (V))IOrsr | j € J(srya)} CWEY, Wa = Wit \ Wi
By Lemma 2.1.4 we have that

d((Uio)tCTST7 (Ura \ Uio)tcrsr)

d(Ps s (X1, W1), Ps (X2, W3)) > ol —2>7r—2t -2
Therefore, the above disjoint union is r — 2¢ — 2 disjoint, i.e.
(r—2t—2)—disj
Py, 5 (U W5) = U Py, o (Ui, AU Ve }jeJ(s,«,a))‘

1€l (sr,a)

Since every morphism in Psg(U @ V,W,) is bounded, arguing as in the proof of
Lemma 2.3.7 we can decompose Ps g (U &V, W;) as

bd y
i, 11 ["‘Ga (H (o (Us (U1 V93 )

>R,a€A, 7

0 (T (Pt 20 001)) )|

J
We can include (P, o (Us, {U?CTSTHV?CTST }j))tl into (Py, (UtCTST))tl for every i € I(s,, @)

(U(t+t +2)Crsr)

and by Lemma 2.1.3 this can further be included into Py . This induces
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2 The K-theory of equivariant metric families with FDC

a map from the above category to
bd
. Ga tCTST Ga tC’I‘S’I‘
Rce(l)l\lll,?;o II 4 <HPS§(U¢ )> wA <HPS/T(Vj )>
r>R,a€A, 7 j
As in the proof of Lemma 2.3.7 the induction hypothesis for 8 implies that for each
bd
. Ga tChr sy Ga tCr sy
ve Kn<3%%{ggo II A (HPs;(Ui )) ® A (HPS;(VJ- )))
T‘ZR,QEAT 7 J
there exists s” > s’ such that the image of x is zero in
bd
1 Ga tC’r T Ga tCr ™
Kn<3%%{?;o II A (HPS::(U} ’ )) & A (HPs;f(‘fj ’ )))
T‘ER,QEAT 7 J

Finally, we get a map to K,(Ps/ (U & V')), which again is induced by the inclusion of
Rips complexes. Since all maps are induced by inclusions, the map

Ms,s! s - Kn(Ps,s’ (u D V, Wt)) — Kn(Ps”(z/{t @ Vt))

is the composition of the above maps. O
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3 On the injectivity of the assembly map

In this chapter the main result is proved. This is the following theorem.

Theorem 3.2.2. Let G be a discrete group such that {H\G}perin, has FDC and let A
be a small additive G-category. Assume that there is a finite dimensional G-CW-model
for the classifying space for proper G-actions EG.

Then the assembly map in algebraic K-theory HE(EG; K 4) — K.(A[G]) is split in-
jective.

The outline of the proof is the following:
We will show that the metric equivariant family {(G, H)} geFin, see Definition 2.2.1,
has FDC if the family { H\G} gerin has FDC. Then Theorem 2.3.1 implies that

bd
colimKn< H Ag(PSG)> =0,

HeFin

for all n € IN.
This information about the fixed point categories for finite subgroups can be used to
gain information about the long exact sequence

o= KpAS(EG) — KnASEG)™® S K, 1 AS(EG)) — Ko 1 AS(EG) — ...

where fixed points with respect to the whole group G are taken. Following the strategy of
[BRO7b| we will use a Descent Principle for this comparison, but the version of [BRO7b]
can only be applied in the case where EG has a finite model. In the first section we
introduce a modified version of homotopy fixed points and prove a Descent Principle
which can be used for groups that only admit a finite dimensional model for EG instead
of a cocompact one. The proof of Theorem 3.2.2 is given in the second section.

In the last section we also prove an L-theoretic version of our main theorem.

3.1 The Descent Principle

For the groups we are interested in, in particular linear groups, we can only prove that
they have equivariant finite decomposition complexity with respect to finite subgroups,
but not equivariant with respect to the whole group itself. The main tool to still get a
result for the equivariant assembly map is to compare it with a homotopy fixed point
version. We begin with a sketch of the general idea behind this comparison. The proper
homotopy fixed points of a G-space X are defined as X"7in¢ := Map(EG, X). The
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3 On the injectivity of the assembly map

map EG — {pt} induces a map X& — X"#nG  The assembly map is equivalent to the
boundary map K, (A4 _(EG)*®) — K,—1(A%_(EG)) by Proposition 1.7.8. Now the
comparison with homotopy fixed points yields the following commutative diagram:

mK(AS_(EG)™) Tn 1 K(AG_(EG)o)

| |

o (K (A-o(BG) )" ) — 1 (K(Aa-o(EG)o) =)

By [BRO7b, Lemma 7.1] the fact that KAZ__(EG) is weakly contractible for every finite
subgroup H < G implies that the lower map is an isomorphism. If there is a cocompact
model for EG then the map denoted by f is an isomorphism by [Ros04, Theorem 6.2].
Therefore, if the lower map is (split) injective, so is the upper one. The idea of compar-
ing fixed points and homotopy fixed points to gain injectivity results is called Descent
Principle, see for example [BRO7b|, and it is due to [CP95|. For the case where there
only is a finite dimensional model for EG we take colimits over the cocompact subsets
of EG. The problem with this is that taking homotopy fixed points does not commute
with colimits and for this reason it does no longer suffice to show that K, A% (EG) =0
for every finite subgroup H < G. To get a similar diagram where we can show that the
lower map is an isomorphism, we need a more refined version of homotopy fixed points.
This will be developed in this section.

Let Z be a simplicial complex and J be the set of simplices of Z. A map from Z to a
space X is the same as a sequence (hy)ses € [[,c; Map(o, X) fitting together on their
faces. This can be viewed as a sequence (hn)nen € [[,ey Map(A™, [, X) with some
compatibility conditions, where J, is the set of n-simplices of Z and A" is the standard
n-simplex with vertices {0,..,n}. Let A be a filtered additive category and (IK.A), be
the n-th space of the spectrum KA. In the case where X is (K.A),, we can ask that the
maps have image in (K Hf}i A)p, instead of []; (KA),. This will allow us to make an
induction over the skeleta of Z instead of the individual cells without losing the control
conditions. Now we will make the above precise.

Let Z be a simplicial G-CW complex and A a filtered, additive category with G-action.
Let Ji be the G-set of k-simplices in the barycentric subdivision of Z. Since the vertices
of every simplex in the barycentric subdivision are naturally ordered by the inclusion of
the corresponding simplices in Z, we get maps

S;: Jk — kal,O' — 61»0 for 0 < < k.
Define for each n € N

AP .= Mapg <A’f, <1K1b_d[,4>n) =~ Map (A’“, (Klb_dIA>G>

Jk Jk n
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3.1 The Descent Principle

and
k bd
By = HMapG (Ak_l, <]KH.A> ) ,
i=0 Ik n

where (]K HZ}Z .A)n is the n-th space of the spectrum K Hbfli A. The maps s;: Jp — Jip_1
and the inclusions d;: AF1 — A* induce maps = (s))i: A}, — BJ respectively
gp = (d});: A} — B}

Since the maps d; are cofibrations the induced maps

bd bd
d;: Mapg <Ak, (KHA) ) — Mapg (Ak_l, (IKHA) )
Ji n Ji n

are fibrations and thus also the maps g;’ are fibrations.

Definition 3.1.1. Let Z be a simplicial G-CW complex. The bounded mapping space
Maprd(Z, KA) is defined as the spectrum whose n-th space is the subspace of [ [, . A}
consisting of all (hx)r € [[,en AL with f7'(hx—1) = g} (hg) for all k > 1. The structure

maps are induced by the structure maps of the spectra ]K( Hl}i A).

We think of the spectrum Mapléi(EG, K.A) as a bounded version of proper homotopy
fixed points. Note that this spectrum depends on the chosen model for EG as a simplicial
G-CW complex.

Remark 3.1.2. The inclusion HZZA — ][, A together with the natural map
K ( [, A)n — [1,, (KA), induces a map

bd
Fi.: Mapg (Ak, <]KH.A> ) — Mapg (Ak,H(]K.A)n> >~ Mapg (HAk, (lK.A)n>
Ji n Jk Jk

For o € Ji let Fy(hy)(o) denote the restriction of Fy(hg) to the o-component. Since
FP(hg—1) = git(hy,) for every (hy)y, € (Map(Z, KA)), , we get

Fi(hi)(0)lo, = di Fi(hy)(0) = s; Fi—1(hg—1)(0) = Fi—1(hk—1)(9;0).
For 01,09 € J, with 0,01 = 0;09 this implies
Fi(hi)(o1)]o; = Fi—1(hi—1)(0io1) = Fi—1(hi—1)(9j02) = Fi(hi)(02)lo; -

This shows that the maps

Fk(hk) S MapG <H Ak, (IK.A)n)
Jk

fit together to a map h € (Mapg(Z,K.A)), . Therefore, the inclusions Hf’;}i A=T[; A
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3 On the injectivity of the assembly map

induce a map
F: Map¥(Z, KA) — Mapg(Z, KA).

Furthermore, the diagonal map A: A — Hf}i A induces a map
G: K(AY) = Map¥(Z, K A)

by sending = € (KA%), to (hx)r € Map¥(Z, KKA), with hy = K(A)(x) for all k. The
composition FoG': K(A%) = Mapg (*, KA) — Mapg(Z, KA) is induced by the constant
map Z — .

Next we will show that Maplgl(Z, KA) can be characterized as a homotopy limit. We
will need this later on to see that it commutes with other homotopy limits.

Proposition 3.1.3. Let Z be a simplicial G-CW complex and A a filtered, additive
category with G-action. Let (A}, BY, fi', 9 )ken be as above. Then (Maplg(Z, ]K.A))n is
a model for the limit as well as the homotopy limit of the diagram (A}, B}, fi', 91 )keN-

We will use that pullbacks where one of the two maps is a fibration are homotopy
pullbacks and that the limit of a tower of fibrations is a homotopy limit of that tower.
These facts are well known and the analogous statements in the category of simplicial sets
instead of topological spaces can be found in [BK72, Chapter XI, Examples 4.1(iv)&(v)].

Proof. Let My, C [[;<,, A denote the subspace with fi'(hr—1) = g3 (hx). M, is a limit
of the diagram (A}, B, fi', 91 ) k<m:

Mo M, A(]

Ll

> (gg)*Al —> A1 i>> Bl

|,

Ay — = B

The limit arises from taking finitely many pullbacks. Since the maps g;’ are fibrations, the
space M, is a also a homotopy limit of this diagram and the induced maps M,,, — M;,_1
are fibrations as well. (Maplg(Z, lK.A))n is a limit of the tower

i > My — My — ... — My — My = Ay,

and since all these arrows are fibrations, it is also a homotopy limit of the tower. There-
fore, (Maprd(Z, ]KA))n is a model for the limit and the homotopy limit of the diagram

(A27Bgaf]?7g]?)k2€ﬂ\] D

Proposition 1.7.13 and Proposition 3.1.3 imply that we get the following homotopy
fibration sequence:

Map¢f(Z, K(Ag-c(X)o)) — Mapgf(Z, K(Ag-(X))) = Mapgf (Z, K(Ag—o(X)>))
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3.1 The Descent Principle

Now for a simplicial model for EG the diagram for the Descent Principle with bounded
homotopy fixed points is the following:

Ko (AS_(EG)™®) 0 Kno1(AZ_(EG)o)

0
chthGm 7o Map®(EG, KAG(GK)™ )HK%%%IEP Tn_1 MapX(EG, KAg(GK)o)

The next proposition gives a condition under which the lower map in the diagram for
the Descent Principle with bounded homotopy fixed points is an isomorphism. Using
bounded maps allows us to do an induction over the dimension of EG instead of the
individual cells.

Proposition 3.1.4. Let Y be a finite dimensional, simplicial G-CW complex with finite
stabilizers and let {Xa}aca be a directed system of metric G-spaces and equivariant
metrically coarse maps such that for every G-set J with finite stabilizers

G
coth (H.AG ) =0, VneN.

Then
coli;‘nﬂn(Mapléd(Y, KAg(Xa))) =0, VneN.
ac

Proof. Let xg € S™ be the base point. If no extra base point is added we will al-
ways consider 0 € AF as the base point. As above let Jj, be the set of k-simplices in
the barycentric subdivision of Y and let s;: J, — Jir_1 be defined by ¢ — 0;0. Let

« bd G
ze =K( 7 Ac(X, a)
An element in m,(Map% (Y, KAg(X,))) is represented by a system of maps

hi, € Map, (S™, Map(AF, Z%)) = Map, (S™ A A% | Z2)
such that
® hlgnp@ar), = (si)* 0 hp_1.
And a null homotopy of {hy} is a system of maps
Hy € Map, (S™ A I, Map(AF, Z7)) 2= Map, (S" A T A AR ZP) 22 Map, (S™ A AFFL Z22)
for some 8 > «, such that
o Hylgnpgart = (8i)* 0 Hp—1, 1 <i <k+1and

[ ] Hk’S”/\(@QAIH‘lU{O}) - hk
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3 On the injectivity of the assembly map

We will construct such a null homotopy {Hj} by induction on k. Since hg represents an
element in 7, Z§, there exists 8 > « such that hg is null homotopic in Zg by assumption.
Every such null homotopy is a map

Hy € Map, (S" A A, Z)
with
® Holsna@oatufoy) = ho-
Assume we have already constructed maps
Hj € Map, (S" A ATHY Z27)
for j < k and some 3 € A such that
o Hjlgnpo,ni+t = (si)* o Hj—1, 1 <i<j+1and
* Hj|snp@par1ufoy) = hj-
These maps can be glued together to a map
H), € Map, (8™ A 9AFFY Z7)
such that

. gk’S"AaiAk+1 = (81)* oHp_ 1, 1<t1<k+1and

o Hilsnp@oarr10(0y) = k-

Since S™ A dAFT! = Gntk the element Hj, gives an element in Map*(S”“‘k,Z]’f). By
assumption there exists 4’ > 3 such that Hj, is null homotopic in Map, (S™*, Z,’f/)G).
Any such null homotopy can be used to extend Hy to a map

Hj, € Map, (5" A AFF 27
with
o Hy|gnpgart = (8))* 0 Hp—1, 1 <i <k+1and
o Hilgna@oar+1ufoy) = M-

Since Y was assumed to be finite dimensional, after finitely many steps we have con-
structed the required null homotopy {Hy} of {hs}. O

This can be used to prove a version of the Descent Principle:
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3.1 The Descent Principle

Theorem 3.1.5 (Descent Principle). Let G be a discrete group admitting a finite dimen-
sional model for EG and let X be a simplicial G-CW complex. Assume that for every
G-set J with finite stabilizers

bd G
KQ?(Olclz)%pact Kn ( jl}] AG (GK)> - 07

then the assembly map

HE(EG;Ka) — K.(A[G])

s a split injection.

Proof. Let Y be a finite dimensional simplicial G-CW-model for EG. For each finite
subcomplex K C X consider the following commutative diagram:

K(AS(GK)o) K(AS(GK)) K(AS(GK)™)

| X

Mapgf (Y, K(Ac (GK)o)) — Mapg? (Y, K(Ac(GK))) — Mapgf (Y, K(Ag(GK)™))

| )

Mape (Y, K(Ac(GK)o)) —— Mapg (Y, K(Ag(GK))) —— Mapg (Y, K(Ac(GK)™))

All three rows in this diagram are induced by Karoubi filtrations and are, therefore,
homotopy fibrations. The vertical maps are those from Remark 3.1.2. The composition
go f is a weak homotopy equivalence by [Ros04, Theorem 6.2]. Therefore, f induces a
split injection on homotopy groups.

(Since K-theory commutes with products, g is a weak homotopy equivalence but we
do not need this fact here.)

Since colimgcx finite Kn(Ac(GK))) = Ky,(Ag—c(X)), after taking homotopy groups
and colimits over K C X finite we get the following commutative diagram:

K1 (AG_ (X)) . K (AG_(X)o)
fa

o Solim. g1 (Mapgf (Y, K (Ag(GK)™)) = colim mn(Mapi(V; K(Ag(GK)o)))

The lower horizontal map is an isomorphism by Proposition 3.1.4 and f, is split injec-
tive as stated above. Thus the upper horizontal map is split injective and this map is
equivalent to the assembly map by Proposition 1.7.8. O

The next theorem is a special case of Theorem 3.1.5 using the Rips complex.
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3 On the injectivity of the assembly map

Theorem 3.1.6 (Decent Principle). Let G be a discrete group admitting a finite dimen-
sional model for EG. Assume that for every G-set J with finite stabilizers we have

bd G
colim K, ( 11 A(;(PSG)> =0,
B jeJ

then the assembly map

HEY(EG;Ka) — K.(A[G])

s a split injection.

Proof. Consider the diagram

K(ASG(PsG)o) K(AS(P:@))

0 (
| | |
Map¢? (Y, K(Ag(PsG)o)) — Mapgf (Y, K(Aq(PsG))) — Mapg{ (Y, K(Aa(PG)™))
i | 5
(P,G (Ac(PG

Mapg (Y, K(Ag(PsG)o)) — Mapg (Y, K(Ag(PsG))) — Mapg (Y, K(Aq(PsG)>))

K(AG(PsG)™)

which is the analog of the diagram in the proof of Theorem 3.1.5. Taking homotopy
groups and colimits over s > 0 we can argue as in Theorem 3.1.5 to see that the map

colim K, (A% (P,G)>) — colim K,,_1(AZ(P,G)o)
S S
is split injective. Let PG denote the full simplicial complex with vertices G. Since
colimg Ag(PsG) is equivalent to Agf +(PxG) by definition, the above map is equivalent

to the map
Kn(-Ag—c(PooG)oo) — anl(Ag—c(PooG)O)-

The G-space PG is a model for the classifying space EG and thus this map is equivalent
to the assembly map by Proposition 1.7.8. O

3.2 The main theorem
For any subgroup H < G and any finite proper left invariant metric d on G the function
d Hg,Hg') := inf d(hg,q’
ma(Hg, Hy) = inf d(hg,g)
defines a finite proper metric on the quotient H\G.

Proposition 3.2.1. Let G be a group such that the metric family {H\G}perin has
FDC, then the equivariant metric family {(G, H)}geFin has FDC as well.
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3.2 The main theorem

Proof. Let {(X;, G;)}icr be an equivariant metric family with G; € F and X; C ]—[Ai G
be a G;-invariant subspace, where A; is a G;-set. We prove by induction on the decom-
position complexity that {(X;, Gi)}icr € €941 if {Gi\X;}icr € ©,. For the induction
beginning let {G;\X;}icr be in D9 = B. Then there exist R > 0 and Y; C G with
diamY; < R for all ¢ € I such that X; = G;Y;. This is equivalent to the existence of
G, < G; and
Xz J[ 9Gv
l9]€Gqi/G;

with G}Y; C G.

Let r > 0 be given and define S, := {H € Fin | H = (S),S C Bsri,(e)} and
k := maxpes |H|. Let g; € Y; be a fixed base point. Let H; < G} be the subgroup
generated by those g € G, with d(Y;, gY;) < r. For these g we have d(e,g[lggi) < 2R+r.
Therefore, g, 'H,g; € S and |H;| < k. We have the decomposition

Xi= |J gHY:
l9]€Gi/H;

This decomposition is r-disjoint, since d(ghy, ¢'h',y’) < r with g,¢' € G;,h, i/ € H; and
v,y € Y; implies that d(Y;,h~'g~1¢’h'Y;) < r and so by definition h=tg~'¢'h’ € H;
which is equivalent to gH; = ¢’H;. By definition of H; we get diam gH;Y; < k(2R + r).
Thus, {(X;, G;) }ier is m-decomposable over e®Dy = eB for every r > 0 and lies in e®;.
If {Gi\Xi}ier lies in ©.41, then it decomposes over ©. and the preimages under the
projection X; — G;\X; give a decomposition of {(X;, G;)} over €D, by the induction
hypothesis. The induction step for limit ordinals is trivial. O

We can now prove our main theorem:

Theorem 3.2.2. Let G be a discrete group such that { H\G}gerin has FDC and let A
be a small additive G-category. Assume that there is a finite dimensional G-CW-model
for the classifying space for proper G-actions EG.

Then the assembly map in algebraic K-theory HE(EG;K 4) — K. (A[G]) is a split
injection.

Proof. By the Descent Principle 3.1.6 it suffices to show that for every integer n and
every G-set J with finite stabilizers the following holds

bd G
colim K, < 11 Ag(PsG)> =0.
3 jeJ

Since (H%J Ag(PSG))G is equivalent to HbGdjeG\J .Agj (PsG), where G is the stabilizer
of j € J, this is equivalent to showing that for every family of finite subgroups {G;}ier
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3 On the injectivity of the assembly map

over some index set I the following holds

bd
colim K, < | (PSG))> =0.

icl

Since {(G, H)} gerin has FDC by Proposition 3.2.1 and the category Agi (PsG) is equiv-
alent to Agi(PSG) this follows from Theorem 2.3.1. O

3.3 L-theory

As already mentioned in the case L-theory only minor changes are required and we obtain
the following L-theoretic version of Theorem 3.2.2.

Theorem 3.3.1. Let G be a discrete group such that {H\G}merin has FDC. Let A be
a small additive G-category with involution. Assume that there is a finite dimensional
G-CW-model for the classifying space for proper G-actions EG. Assume further that for
every finite subgroup H < G there is an ig € N such that for i > ig, K_;(A[H]) = 0,
where A is considered only as an additive category.

Then the assembly map in L-theory HE(EG; 1L 4) — L.(A[G)) is a split injection.

Proof. For the proof of Theorem 3.2.2 we have only used the properties of K-theory
stated in Theorem 1.6.9, which hold for L-theory as well, except that we needed that
K-theory commutes with products for the proof of Lemma 2.3.4 and the proof of the
Descent Principle 3.1.6. We need that L-theory also commutes with products in these
cases. For the proof of Lemma 2.3.4 this is true without further assumptions because we
only need to commute with a product of categories with trivial K-theory. In the proof
of Descent Principle 3.1.6 the additional assumption about the vanishing of K_;(A[H])
for large ¢ is needed because only then the L-theoretic analogue of [Ros04, Theorem 6.2]
holds, see Theorem 1.6.10. ]
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Finite decomposition complexity is a coarse geometry property fulfilling strong inher-
itance properties, see Section 1.5. This allows to show that many classes of groups
have FDC, for example all elementary amenable and all (countable) linear groups, see
[GTY13, GTY12]. For our main theorem we need the stronger hypothesis that the family
{H\G}geFin has FDC. This property does not have as good inheritance properties as
FDC itself, but in this chapter we will prove the following theorem.

Theorem 4.1.13. Let R be a commutative ring with unit and let G be a finitely generated
subgroup of GLn(R), then {H\G} <, H|<n has FDC for every n € N.

This directly implies the following corollary of Theorem 3.2.2.

Corollary 4.0.1. Let R be a commutative ring with unit and let G be a finitely generated
subgroup of GLy,(R) with an upper bound on the size of its finite subgroups and a finite
dimensional model for EG. Then the assembly map

H (BG3Ka) = K. (A[G))
is split injective for every additive G-category A.

By Selberg’s Lemma [Sel60| the group G L, (F) is virtually torsion-free for every field F
of characteristic zero. In particular, every finitely generated linear group over a field of
characteristic zero has a global upper bound on the size of its finite subgroups. By a
result of Alperin-Shalen [AS81| a finitely generated subgroup of a linear group over a
field of characteristic zero has a finite dimensional model for EG if and only if there is
a global upper bound on the rank of its abelian subgroups. Therefore, Theorem 4.1.13
implies the following corollary of Theorem 3.2.2.

Corollary 4.0.2. Let F be a field of characteristic zero, G a finitely generated subgroup
of GL,(F) with a global upper bound on the rank of its abelian subgroups. Then the
assembly map

HE(BG; K 1) — K. (A[G))

is split injective for every additive G-category A.

For a finitely generated linear group G over a field of positive characteristic EG admits
a finite dimensional model by [DP, Corollary 5]. So Theorem 4.1.13 and Theorem 3.2.2
imply the following.
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Corollary 4.0.3. Let F' be a field of positive characteristic, G a finitely generated sub-
group of GLy(F). Suppose G has an upper bound on the order of its finite subgroups.
Then the assembly map

H (EG;K.a) — K. (A[G])

1s split injective for every additive G-category A.

4.1 Groups with finite quotient FDC

To show that a group G satisfies the property that {H\G}ger has FDC of our main
theorem we start with groups having finite asymptotic dimension and then use inheritance
properties. If a group G has finite asymptotic dimension we only know that the family
{H\G} g<q,|H|<n has FDC for every n € N, but not if the family { H\G} yeFin has FDC.
This property does not have good inheritance properties. Therefore, we make the two
following technical definitions.

Definition 4.1.1. A group G has finite quotient FDC (fqFDC) if for every n € N the
family

{H\G} <, H|<n

has FDC.
A group G has strong finite quotient FDC (sfqFDC) if for every n € N and every
extension I' of G (i.e. G is a normal subgroup of I') the family

{H\HG} y<r |1)<n

has FDC.

Proposition 4.1.2 ([BR07b, Lemma 2.2|). For a metric G-space X with finite asymp-
totic dimension and every n € N the family {H\X}py<q |m<n has finite asymptotic
dimension uniformly. In particular it has FDC by Remark 1.4.8.

Corollary 4.1.3. If a group G has finite asymptotic dimension, then it has fqF'DC.
Lemma 4.1.4. If G has fqF'DC, then any subgroup H < G has fqF'DC.

Proof. Let n € N be given. Considering the coarse embedding

{H'\H} gr<p1,111<n = {H'\G} <, |1|<n

embedding H'\ H into H'\G. The lemma follows from coarse invariance (Lemma 1.5.6).
O

For any subgroup H < GG and any finite proper left invariant metric d on G we defined
a finite proper metric on H\G by

dina(Hg, Hyg') == jnf d(hg,q').
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If we have a finite proper left invariant metric on G and a normal subgroup K < G, we
will always consider the metric

de/k (9K, §'K) == Jnf d(kg,g")

on G/K = K\G. This metric is again left invariant. Recall that a subgroup K of G
is called characteristic if for every automorphism ¢ of G we have p(K) = K. The first
inheritance property of sfqFDC is the following.

Lemma 4.1.5. sfqF'DC is closed under extensions K — G — Q) where K is a charac-
teristic subgroup of G, i.e. if K,Q have sfqFDC, then so does G.

Proof. Let K < G be characteristic, @ := G/K and G < T'. Assume K and @ have
sfqFDC.

Since K is a characteristic subgroup of GG, the group K is normal in I and @ is normal
in I'/K. We get a uniformly expansive map

{H\HG}g<r o<k — {H\HQ}n<r/K |H|<k

and {H\HQ}p<r/i <k has FDC because @ has sfqFDC. So by Theorem 1.5.7 it
suffices to show that for all » > 0 the family {H\HqB,(e)K} g<r,m|<kqcc has FDC,
where B,(e)K = {gk | g € B,(e),k € K}. We have a coarse embedding

{H\HqBT(e)K}HSFJH\gk,qEG — { U H\Hqu} )
g€B-(e) H<T\|H|<k,q€eG

Since H\HqgK is isometric to HY\H¥K , where H% = (qg)~!Hqg, the lemma follows
by Theorem 1.5.9 and the assumption that K has sfqFDC. O

Lemma 4.1.6. Let G be the direct union of groups G, having finite asymptotic dimen-
sion. Then G has sfqFDC.

Proof. Let k € N and an extension G < I' be given. For any r > 0 and H < T" with
|H| < k define
Zg = (B.(e) N HG).
Since
r—disj

HG = U 9ZH,
gZHEHG/ZH

in particular
r—disj

HG = U HgZy.
HgZyeH\HG/Zy

Therefore, { H\HG}||<), r-decomposes over { H\HgZp }4eq, m|<k and it suffices to show
that {H\HgZy }g4ec, m|<k has FDC for any r > 0.
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Let a be such that By 1)-(e) NG C Ga.

Claim: Zg NG < G, for all |H| < k.

Using this we conclude that {Zy NG} g<p has finite asymptotic dimension uniformly.
Furthermore, Zy/Zyp NG < HG/G = H/H N G has less or equal to k elements. For
every H choose h € Zy with Zy = Ule hH(Zy N G). Since hi1(Zy N G) is isometric
to Zg NG for every 1 < i < k the family {h¥(Zy N G)} )<k has finite asymptotic
dimension uniformly and, therefore, also

k
e = { Unt*(zu G)}lH k
i=1 <

has finite asymptotic dimension uniformly.

Numerating the elements of each H with |H| < k we conclude in the same way that

k
{HgZu}gec i<k = { U hf{gZH}
i=1 9€G,|H|<k

has finite asymptotic dimension uniformly.

If {HgZp}4eq, H|<k has finite asymptotic dimension, then {H\HgZp }seq,|m|<k has
finite asymptotic dimension as well by Proposition 4.1.2.

Therefore, {H\HgZp }4eq, i<k has FDC.

It remains to prove the above claim:

Let z € Zy and let m be minimal with

z=hig1... hingmg

for some hj € H,g; € G,g € G, such that h;g; € By (e) for all j.
Assume m > k > |H|, then there exist m — |H| < n; < ng < m with

Therefore,
(hnyGny - - - PanGm) ™ PngGng - - - hmgm € G 0 Bygi1ye(€) € Gi
and there exists ¢’ € G; with
Ry Gny * - himGm = oGy + -+ - - hingmg'-

Thus m is not minimal, a contradiction.
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Let z € Zy N G be represented as

z=hig1...hingmg

for some hj € H,g; € G,g9 € G, with hjg; € By(e) and m < k.
Then h1g1 ... hmgm € GN By,(e) C G, and therefore also z = h1g1 ... hpngmg € Ga.
This proves the claim. O

By the classification of finitely generated abelian groups we immediately get the fol-
lowing;:

Corollary 4.1.7. Abelian groups have sfqF'DC. O
Combining Lemma 4.1.5 and Corollary 4.1.7 yields:
Corollary 4.1.8. Solvable groups have sfgF'DC. O

To show that finitely generated linear groups have fqFDC we need the following ex-
tension property.

Proposition 4.1.9. Let K — G — @ be an extension and let K have sfqF'DC and Q
faFDC. Then G has fqFDC.

Proof. Let n € N be given. The map

{H\G}u<am<n = {(HNKN\Q}r<a, H|<n

is uniformly expansive and the family {(H N K)\Q} g<q, #|<n has FDC by assumption.
By Theorem 1.5.7 it suffices to show that for all > 0 the family

{H\HgBAe)K}geG,HKn:{ U H\HgK

~EBy(e) }9€G7|H|<n

has FDC. This follows from Theorem 1.5.9, the fact that H\HgyK is isometric to
H9"\H9'K and the assumption that K has sfqFDC. O

Now we prove the desired statement for linear groups over fields and then use our previ-
ous results to generalize this to finitely generated linear groups over general commutative
rings.

Theorem 4.1.10. Let G be a finitely generated subgroup of GLy,(F) where F is a field.
Then G has fqF'DC.

We only have to prove the following fqFDC version of [GTY12, Lemma 3.9]. It has
the same assumptions as the original lemma and it is proved in [GTY12] that these are
fulfilled for finitely generated linear groups over fields.

Lemma 4.1.11. Let G be a countable discrete group. Suppose there exists a left invari-
ant, finite pseudo metric d' on G with the following properties:
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4 Examples

(a) G has finite asymptotic dimension with respect to d'.

(b) For all v > 0 there exists a left invariant, finite pseudo metric d, on G such that
(i) G has finite asymptotic dimension with respect to d,,

(ii) dy is proper when restricted to By g (e), the ball of radius v around e with
respect to the metric d’.

Then G has fqFDC.

Condition (ii) in (b) in the lemma means precisely that By 4 (e) N B, 4 (e) is finite for
every s > 0.

Proof. Fix a proper, finite, left invariant metric d on G. By Theorem 1.5.7, applied to
the identity map

{H\(G,d)}y<c m<n = {H\(G,d) Y i< |H)<n;

it suffices to show that for every r > 0 the family {H\H B, #(9) }4eq,|m|<n has FDC. By
Corollary 4.1.3 this is implied if we show that the family {B, #(9)}4eq = {9Bra(€)}4ec
has finite asymptotic dimension uniformly when equipped with the metric d. Since all
spaces gB, ¢ (e) are isometric to B, g (e) we only have to show that B, s (e) has finite
asymptotic dimension.

Let 7 > 0. Pick da, as in the assumptions. The ball B, #(e) C G has finite asymptotic
dimension with respect to the metric do;.

Thus, it remains to show that the metrics d and d, on B, 4(e) are coarsely equivalent.

Since balls in G with respect to d are finite, we easily see that for every s there exists s’
such that if d(g, h) < s, then da,(g,h) < §'; this holds for every g and h in G. Conversely,
for every s the set Ba, 4(€) N Bs 4,, (€) is finite by assumption, and we obtain s’ such that
for every g in this set d(g,e) < s'. If g,h € B, g(e) are such that dy.(g,h) < s, then
g~ h € Bs 4,,(e) and d(g,h) < §'. O

To generalize this to arbitrary commutative rings we need Lemma 5.2.3 from [GTY13]:

Lemma 4.1.12. Let R be a finitely generated commutative ring with unit and let n be
the nilradical of R,
n={reR|3In:r" =0}

The quotient ring S = R/n contains a finite number of prime ideals p1, .., pyn such that
the diagonal map
S—S/p@...0S5/p,

embeds S into a finite direct sum of domains.

The next theorem is the fqFDC version of [GTY13, Theorem 5.2.2]. We need to assume
that G is finitely generated because we do not know if fgFDC is closed under unions.

Theorem 4.1.13. Let R be a commutative ring with unit and let G be a finitely generated
subgroup of GLy(R), then G has fqFDC.
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4.2 Finite wreath products

Proof. Because G is finitely generated we can assume that R is finitely generated as well.
With n and S as in the previous lemma, we have an extension

1= I+ M,(n) - GL,(R) - GL,(S) — 1 (4.1.14)

in which I 4+ M, (n) is nilpotent and therefore has sfqFDC by Corollary 4.1.8. In the
notation of the previous lemma we have embeddings

GLn(S) = GLn(S/p1) X ... X GLn(S/pn) = GLn(Q(S/p1)) X ... X GLn(Q(S5/pn))

where Q(S/p;) is the quotient field of S/p;.
Thus the quotient in the extension (4.1.14) has fqFDC by Theorem 4.1.10. Now, the
theorem follows from Proposition 4.1.9. O

4.2 Finite wreath products

A group G is said to satisfy the Farrell-Jones Conjecture with finite wreath products if for
every finite group F' the wreath product G F satisfies the Farrell-Jones Conjecture. The
reason to consider this version is that the class FJCw of groups satisfying the Farrell-
Jones Conjecture with finite wreath products is closed under finite extensions, i.e. for
every extension H — G — F such that F' is finite and H € FJCw also G € FJCw.

In this section we want to show that Corollary 4.0.1 also holds for finite wreath prod-
ucts, i.e. we want to prove the following.

Corollary 4.2.1. Let R be a commutative ring with unit and let G be a finitely generated
subgroup of GLy(R) with an upper bound on the size of its finite subgroups and a finite
dimensional model for EG. Let F' be a finite group. Then the assembly map

HE (B(G1F); K ) — K. (A[GF))
is a split injection for every additive G F'-category A.

Definition 4.2.2. Let H < G be a subgroup of finite index, R a ring. A homomor-
phism 7: H — GLy(R) is the same as viewing R" as an R[H]-module. The module
R[G] @R R" is a free R-module of rank [G' : H]n and for every choice of representa-
tives x; for G/H the set {(z;,¢;)} is a basis for R[G] ®pgy) R". This induces a map
7' G — GLig.pn(R). If 7 is injective also 7' is injective. The module R[G] ® gy R™ is
called the induced representation.

Corollary 4.2.1 follows from the following three observations.

Lemma 4.2.3. If G is a finitely generated subgroup of GL,(R), F a finite group, then
GUF is a finitely generated subgroup of GLpp2,(R).

Proof. G < G F is a subgroup of index |F|?. The induced representation of G F' gives
an embedding G F' — GLpp2,(R). O
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4 Examples

Lemma 4.2.4. If G has an upper bound on the size of its finite subgroups and F' is a
finite group, then G F has an upper bound on the size of its finite subgroups.

Proof. Assume every finite subgroup of G has order as most k, then every finite subgroup
of @ G has order at most kIl and considering the extension @, G — G1F — F we
see that every finite subgroup of G F has order at most |F|k!F!. O

Lemma 4.2.5. If G has a finite dimensional model for EG and F is a finite group, then
there is a finite dimensional model for E(GUF).

Proof. Let X be a finite dimensional model for EG. Let @G act on [[pX via

(98) rer-(xf) fer = (graf) fer. Let H < @Pp G be asubgroup. Then (zy) rer € ([1p X))
if and only if zy € xPrr(H) | where pry is the projection onto the f-factor in @, G. This
implies that the stabilizers of [ [ X are finite and the fixed point sets for any finite group
are contractible, i.e. [[ X is a finite dimensional model for E@Q, G. The group G F'
acts on [[p X via (g, f')(zf)rer = (grz(p-15)er. A subgroup H < G F is finite if
and only if H N @ G is finite. Therefore, all stabilizers of [[, X with respect to the
G ! F action are finite. The stabilizers for a finite subgroup H are given by

)~ (g™

Let p: GUF — F be the projection. We have the following homeomorphism

H
<H X) ~ H Xprf(HﬂéaFG)
F

feF/p(H)

V(g,f) S G?F:a:f :gfx(f’)lf}-

and ([]p X)H is contractible. Thus, [[ X is a model for E(G ¢ F'). O

52



Bibliography

[ACFP94] Douglas R. Anderson, Francis X. Connolly, Steven C. Ferry, and Erik K.

[ASS1]

[Bar03a]

[Bar03b)

[BFJRO4]

[BK72]

[BL12a)

[BL12b]

[BLROSa]

[BLROSb|

[BROS|

[BROTa)

Pedersen, Algebraic K-theory with continuous control at infinity, J. Pure
Appl. Algebra 94 (1994), no. 1, 25-47. MR 1277522 (95b:19003)

Roger C. Alperin and Peter B. Shalen, Linear groups of finite cohomological

dimension, Bull. Amer. Math. Soc. (N.S.) 4 (1981), no. 3, 339-341. MR 609046

(82¢:20087)

Arthur C. Bartels, On the domain of the assembly map in algebraic K-theory,
Algebr. Geom. Topol. 3 (2003), 1037-1050. MR 2012963 (2004h:19002)

, Squeezing and higher algebraic K-theory, K-Theory 28 (2003), no. 1,
19-37. MR 1988817 (2004£:19006)

Arthur Bartels, Tom Farrell, Lowell Jones, and Holger Reich, On the
isomorphism conjecture in algebraic K-theory, Topology 43 (2004), no. 1,

157-213. MR 2030590 (2004m:19004)

A. K. Bousfield and D. M. Kan, Homotopy limits, completions and

localizations, Lecture Notes in Mathematics, Vol. 304, Springer-Verlag, Berlin,

1972. MR 0365573 (51 #1825)

Arthur Bartels and Wolfgang Liick, The Borel conjecture for hyperbolic and
CAT(0)-groups, Ann. of Math. (2) 175 (2012), no. 2, 631-689. MR 2993750

, Geodesic flow for CAT(0)-groups, Geom. Topol. 16 (2012), no. 3,
1345-1391. MR 2967054

Arthur Bartels, Wolfgang Liick, and Holger Reich, Equivariant covers for
hyperbolic groups, Geom. Topol. 12 (2008), no. 3, 1799-1882. MR 2421141

(2009d:20102)

, The K-theoretic Farrell-Jones conjecture for hyperbolic groups, In-
vent. Math. 172 (2008), no. 1, 29-70. MR 2385666 (2009¢:19002)

Arthur Bartels and Holger Reich, On the Farrell-Jones conjecture for higher
algebraic K-theory, J. Amer. Math. Soc. 18 (2005), no. 3, 501-545. MR

2138135 (2006e:19004)

, Coefficients for the Farrell-Jones conjecture, Adv. Math. 209 (2007),
no. 1, 337-362. MR 2294225 (2008a:19002)

53



Bibliography

[BROTD)

[Car95|

[CH69)

[CPY5]

[DLYS]

[DP]

[FJ93]

[Gro93|

[GTY12]

[GTY13)

[Hat02]

[Ker65]

|Liic89]

[Liic05]

54

Arthur Bartels and David Rosenthal, On the K-theory of groups with
finite asymptotic dimension, J. Reine Angew. Math. 612 (2007), 35-57. MR
2364073 (20092a:19004)

Gunnar Carlsson, On the algebraic K-theory of infinite product categories,
K-Theory 9 (1995), no. 4, 305-322. MR 1351941 (96m:19008)

E. H. Connell and John Hollingsworth, Geometric groups and Whitehead
torsion, Trans. Amer. Math. Soc. 140 (1969), 161-181. MR 0242151 (39
#3485)

Gunnar Carlsson and Erik Kjeer Pedersen, Controlled algebra and the Novikov
conjectures for K- and L-theory, Topology 34 (1995), no. 3, 731-758. MR
1341817 (96£:19006)

James F. Davis and Wolfgang Liick, Spaces over a category and assembly
maps in isomorphism conjectures in K- and L-theory, K-Theory 15 (1998),
no. 3, 201-252. MR 1659969 (99m:55004)

Dieter Degrijse and Nansen Petrosyan, Bredon cohomological dimensions for
groups acting on CAT(0)-spaces, arXiv:1208.3884.

F. T. Farrell and L. E. Jones, [somorphism conjectures in algebraic K-theory,
J. Amer. Math. Soc. 6 (1993), no. 2, 249-297. MR 1179537 (93h:57032)

M. Gromov, Asymptotic invariants of infinite groups, Geometric group theory,
Vol. 2 (Sussex, 1991), London Math. Soc. Lecture Note Ser., vol. 182, Cam-
bridge Univ. Press, Cambridge, 1993, pp. 1-295. MR 1253544 (95m:20041)

Erik Guentner, Romain Tessera, and Guoliang Yu, A notion of geometric
complexity and its application to topological rigidity, Invent. Math. 189
(2012), no. 2, 315-357. MR 2947546

, Discrete groups with finite decomposition complexity, Groups Geom.
Dyn. 7 (2013), no. 2, 377-402. MR 3054574

Allen Hatcher, Algebraic topology, Cambridge University Press, Cambridge,
2002. MR 1867354 (2002k:55001)

Michel A. Kervaire, Le théoréme de Barden-Mazur-Stallings, Comment. Math.
Helv. 40 (1965), 31-42. MR 0189048 (32 #6475)

Wolfgang Liick, Transformation groups and algebraic K-theory, Lecture Notes
in Mathematics, vol. 1408, Springer-Verlag, Berlin, 1989, Mathematica Got-
tingensis. MR 1027600 (91g:57036)

, Survey on classifying spaces for families of subgroups, Infinite groups:
geometric, combinatorial and dynamical aspects, Progr. Math., vol. 248,
Birkhéuser, Basel, 2005, pp. 269-322. MR 2195456 (2006m:55036)




[PWS85]

[QuiT9|

[Quis2)

|[Ran92|

[Roe03]

[Ros04]

[RTY]

[Sel60]

[Spa66]

[tD87]

[Weg12]

Bibliography

Erik K. Pedersen and Charles A. Weibel, A nonconnective delooping of
algebraic K-theory, Algebraic and geometric topology (New Brunswick, N.J.,
1983), Lecture Notes in Math., vol. 1126, Springer, Berlin, 1985, pp. 166-181.
MR 802790 (87b:18012)

Frank Quinn, Ends of maps. I, Ann. of Math. (2) 110 (1979), no. 2, 275-331.
MR, 549490 (82k:57009)

, Ends of maps. II, Invent. Math. 68 (1982), no. 3, 353-424. MR 669423
(84j:57011)

A. A. Ranicki, Algebraic L-theory and topological manifolds, Cambridge
Tracts in Mathematics, vol. 102, Cambridge University Press, Cambridge,
1992. MR 1211640 (94i:57051)

John Roe, Lectures on coarse geometry, University Lecture Series, vol. 31,
American Mathematical Society, Providence, RI, 2003. MR 2007488
(2004g:53050)

David Rosenthal, Splitting with continuous control in algebraic K-theory,
K-Theory 32 (2004), no. 2, 139-166. MR 2083578 (2005g:19003)

Daniel A. Ramras, Romain Tessera, and Guoliang Yu, Finite decomposition
complexity and the integral Novikov conjecture for higher algebraic K-theory,
arXiv:1111.7022v4.

Atle Selberg, On discontinuous groups in higher-dimensional symmetric
spaces, Contributions to function theory (internat. Colloq. Function The-
ory, Bombay, 1960), Tata Institute of Fundamental Research, Bombay, 1960,
pp. 147-164. MR 0130324 (24 #A188)

Edwin H. Spanier, Algebraic topology, McGraw-Hill Book Co., New York,
1966. MR 0210112 (35 #1007)

Tammo tom Dieck, Transformation groups, de Gruyter Studies in Mathemat-
ics, vol. 8, Walter de Gruyter & Co., Berlin, 1987. MR 889050 (89¢:57048)

Christian  Wegner, The K-theoretic Farrell-Jones conjecture for
CAT(0)-groups, Proc. Amer. Math. Soc. 140 (2012), no. 3, 779-793.
MR 2869063

95



	Introduction
	Preliminaries
	G-CW complexes
	Classifying spaces
	Metric properties of EG
	Finite decomposistion complexity (FDC)
	Inheritance properties of FDC
	K- and L-theory
	Controlled algebra

	The K-theory of equivariant metric families with FDC
	The Rips complex
	Equivariant FDC
	An equivariant vanishing result

	On the injectivity of the assembly map
	The Descent Principle
	The main theorem
	L-theory

	Examples
	Groups with finite quotient FDC
	Finite wreath products


