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h-Cobordism Theorem

Let (W; My, M;) be a h-cobordism over a simply connected manifold My
with dim (Mp) > 5. Then W is trivial
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Recall

h-Cobordism Theorem

Let (W; My, M1) be a h-cobordism over a simply connected manifold My
with dim (Mp) > 5. Then W is trivial

s-Cobordism Theorem

There is a more general statement for My connected with possibly
nontrivial fundamental group 7 such that h-cobordisms over My are
described by the so called Whitehead group Wh ().
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@ Handle Decomposition
o CW-Structures

@ Reducing Handle Decomposition
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Handles

@ The g-handle (of dimension n) is the space D9 x D"~9. Its transverse
sphere is {0} x S"—9- 1.

N\
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Handles

@ The g-handle (of dimension n) is the space D9 x D"~9. Its transverse
sphere is {0} x S"—9- 1.

o Let M be a manifold of dimension n with boundary and
¢9: S971 x D"9 — OM an embedding. The manifold obtained from

M by attaching a handle of index g by ¢9 is given by the pushout
M Uge D9 x D"~9. We denote it by M + (¢9).
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Handles

@ The g-handle (of dimension n) is the space D9 x D"~9. Its transverse
sphere is {0} x S"—9- 1.

o Let M be a manifold of dimension n with boundary and
¢9: S971 x D"9 — OM an embedding. The manifold obtained from

M by attaching a handle of index g by ¢9 is given by the pushout
M Uge D9 x D"~9. We denote it by M + (¢9).

1-handle

aw x [0,1]
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Handlebody Decomposition

In the following, W is a compact manifold of dimension n with boundary
OW = ggW Lo W.

Construction

Consider Wy = dpW x [0,1] and an embedding
$9: ST x D"=9 — 9;Wy. Denote Wy = Wy + (¢9). lterating this
process

Wy = Wo + (6%) + - + (¢7)

with boundary OW, = oW U 91 W,. We say this is a handle
decomposition of W, relative to dgW.
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Handlebody Decomposition

From Morse theory

W admits a handlebody decomposition relative to 0o W.

W= Wo+ (6%) + -+ (6)

where = means diffeomorphic relative to dpW.

Handle decompositions June 17, 2020 6/28



Handlebody Decomposition

From Morse theory

W admits a handlebody decomposition relative to 0o W.

W= Wo+ (6%) + -+ (6)

where = means diffeomorphic relative to dpW.

-0 -
00O
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Handle Manipulation

Strategy

We want to decide if W is a trivial cobordism, i.e., we ask whether we can
get rid of the handles without changing the diffeomorphism type of W
relative to dp W.
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Handle Manipulation

Strategy

We want to decide if W is a trivial cobordism, i.e., we ask whether we can
get rid of the handles without changing the diffeomorphism type of W
relative to dp W.

| A

Summary

@ Attaching handles via isotopic embeddings ¢9 and 99 gives
W+ (¢1) = W + (49).

o If W= W' and ¢9 defines a handle on 9; W, then
W+ (¢9) = W' + ((5") for some embedding ¢7 on &y W',

@ Handles can be ordered by increasing index.
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Handle Manipulation

Let ¢9,99: S971 x D"=9 — 9; W be isotopic embeddings, then
W+ (¢7) = W + (¢9).
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Handle Manipulation

Let ¢9,19: S9=1 x D"=9 — 9; W be isotopic embeddings, then
W+ (¢9) = W + (49).

Let i be an isotopy from ¢9 to ¥)9. There exists a diffeotopy H: W x [0, 1]
which is stationary on 9oW and such that i = H o ¢9 x Idjg 1}. Then Hy is
a diffeomorphism relative oW taking ¢9 to 19, so it extends to a

diffemorphism W + (¢9) — W + (¢9). O
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Handle Manipulation

Let W and W’ as in our assumption with boundary oW LU 9; W and
W' LU W', resp. Let F: W — W’ be a diffeomorphism restricting to a
diffeomorphism fo: dgW — oW’ and an embedding

$9: S971 x D"9 — 9;W. Then there exists an embedding

$9: S971 x D"9 — 9; W’ and a diffeomorphism

F': W+ (¢9) — W'+ (¢9) extending F.

Pick ¢9 = F o ¢9 and F’ the map induced by F.
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Handle Manipulation

Let V =W + (¥") + (¢9) with ¢ < r. Then V is diffeomorphic relative
oW to W + (¢9) + (¢") for an embedding ¢9.
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Handle Manipulation

Let V=W + (¢") + (#9) with g < r. Then V is diffeomorphic relative
oW to W + (¢9) + (¢") for an embedding ¢9.

Proof.

By the first lemma, it suffices to show ¢ is isotopic to an embedding ¢7
which doesn't meet the handle "

W+ (@) +(¢9) = W+ (¥") + (69) = W + (67) + (¥").
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Handle Manipulation

Let V=W + (¢") + (#9) with g < r. Then V is diffeomorphic relative
oW to W + (¢9) + (¢") for an embedding ¢9.

Proof.

By the first lemma, it suffices to show ¢ is isotopic to an embedding ¢7
which doesn't meet the handle "

W+ (@") + (¢7) = W+ (@) + (¢9) = W + (¢9) + (¥").
@ Since
dim S971 x {0} +dim{0} x S" "1 =(g—-1)+(h—r—-1)<n-—-1,
there is an isotopy of ¢9 to an embedding whose restriction to
S971 x {0} doesn't meet the transverse sphere of (¢").
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Proof.

@ Since D"~9 is contractible, there is a closed neighbourhood
U cC o1 (W + (¥")) and an isotopy from ¢9 to an embedding which
does not meet U.

o Take a diffeotopy on 01 (W + (¥")) taking all points in 9 (/") \ U
outside of the handle (¢)"). This determines ¢9.

June 17, 2020
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Handle Cancellation

Under certain circunstances, given a handle (¢9) on W we can attach a
second handle 19" such that W + (¢9) + (¢v971) = W.
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Handle Cancellation

Under certain circunstances, given a handle (¢9) on W we can attach a
second handle 19" such that W + (¢9) + (¢v971) = W.

o Pick embedding p: S971 x D=9 Usq_lxsi—q—l D9 x Sl_q_l - O W.
o Let ¢9 be its restriction to the first factor.
o Let 1/)1“ be the restriction of i to the second factor and
I ST % ST 5 9 (¢9) C Oy (W + (¢9)) restriction of the
characteristic map of ¢9. Glue both to the desired 91,
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Handle Cancellation

Let ¢9: S9-1 x D"9 — ;W and ¢9+1: §9 x D=9 — 9y (W + (¢9))
be embeddings such that 1)9+1 (59 x {0}) meets the transverse sphere of
(¢9) transversely at exactly one point. Then W = W + (¢9) + (¢911).
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Handle Cancellation

Lemma

Let ¢9: S9-1 x D"9 — ;W and ¢9+1: §9 x D=9 — 9y (W + (¢9))
be embeddings such that 1)9+1 (59 x {0}) meets the transverse sphere of
(¢9) transversely at exactly one point. Then W = W + (¢9) + (¢911).

Proof.

Similarly to last lemma, pick U C 9 (¢9) neighbourhood of the transverse
sphere of (¢9) and a diffeotopy on 91 (W + (¢9)) taking any point in

0 (¢7) \ U outside the handle (¢9).

Now we are in the situation of the previous example, for which the claim
holds. Ol

v
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Handle Cancellation

Definition

An embedding S9 x D"~9 — M into an n-dimensional manifold is called
trivial if it factors through D".
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Handle Cancellation

Definition

An embedding S9 x D"~9 — M into an n-dimensional manifold is called
trivial if it factors through D".

Let ¢9: S971 x D"~9 — 9, W be a trivial embedding. Then there is an
embedding ¢91: S9 x D"=971 — 9; (W + (¢9)) such that
W =W+ (69) + (¢71).
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Handle Cancellation

Definition

An embedding S9 x D"~9 — M into an n-dimensional manifold is called
trivial if it factors through D".

Let ¢9: S971 x D"~9 — 9, W be a trivial embedding. Then there is an
embedding ¢971: S9 x D"=9-1 — 9; (W + (¢9)) such that
W =W+ (69) + (¢71).

The Euler characteristic x (W) is >- 5 (—1) py where pq is the number
of handles of W of index g, so one cannot get rid of a single handle.
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Elimination Lemma

Let W = 0oW x [0,1] + 202 (¢9) + S0y (6F) + -+ + 3002, (67) We
denote:
o Wo=0oW x [0,1] + 32 (69) + 2P (67) + -+ + X724 (¢F).
0 O1Wy =0Wg\ (oW x {0}).
) 8(1) Wq =0 Wq N oh Wq_|_1
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Elimination Lemma

Lemma

Let 1 < g < n— 3 such that

W = oW x [0,1]+ 3000, (6F) + S0 (6741) + -+ £, (90
Suppose there is iy with 1 < ig < pq and an embeddmg

P+l S9 x Dn=a=1 — 90W,, satisfying:
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Elimination Lemma

Lemma
Let 1 < g < n—3such that
W = 8oW x [0,1] + 5270, (6) + S0 (677) ++-- + 0y (40).
Suppose there is iy W|th 1 <ip < pg and an embeddmg
P+l S9 x Dn=a=1 — 90W,, satisfying:
Q Y9 sax 0y is isotopic in 91 W, to an embedding
1[);”1: 59 x {0} — 01Wj meeting transversally the transverse sphere

of ¢,‘-(’) in exactly one point and disjoint to the transverse sphere of

any other g-handle.
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Elimination Lemma

Lemma
Let 1 < g < n—3such that
W = 8oW x [0,1] + 5270, (6) + S0 (677) ++-- + 0y (40).
Suppose there is iy W|th 1 <ip < pg and an embeddmg
P+l S9 x Dn=a=1 — 90W,, satisfying:
Q Y9 sax 0y is isotopic in 91 W, to an embedding
1[);”1: 59 x {0} — 01Wj meeting transversally the transverse sphere

of ¢,‘-(’) in exactly one point and disjoint to the transverse sphere of

any other g-handle.
2] d)qH!sqx{o} is isotopic in 01 W1 to a trivial embedding
It ST % {0} — OW,, 1.
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Elimination Lemma

Lemma
Let 1 < g < n— 3 such that
W = 8oW x [0,1] + 5270, (6) + S0 (677) ++-- + 0y (40).
Suppose there is iy with 1 < ig < pq and an embeddmg
P+l S9 x Dn=a=1 — 90W,, satisfying:
Q Y9 sax 0y is isotopic in 91 W, to an embedding
1[);”1: 59 x {0} — 01Wj meeting transversally the transverse sphere

of <¢,‘-(’) in exactly one point and disjoint to the transverse sphere of
any other g-handle.
2] ¢q+1!5qx{o} is isotopic in 01 Wg41 to a trivial embedding
9T 59 % {0} — W1,

Then W = oW x [0,1] + X, (67) + X025 (3771) + (w9+2) +
Pat? (¢q+2> e300 (87)
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Elimination Lemma

Proof.

The embeddings 3™ and 4™ can be extended to handle defining
embeddings @Di’“: S9x D97t — 5, W, and

l/)gHi S9x D971 — 99W, 1 such that
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Elimination Lemma

Proof.
The embeddings 3™ and 4™ can be extended to handle defining
embeddings @Df“: S9x D97t — 5, W, and
wg“: S9x D971 — 99W, 1 such that
o 3t is isotopic to ¢t in @y W, and 4§ is isotopic to 91 in
O W1
@ The conditions of the lemma still hold
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Elimination Lemma

Proof.

The embeddings 3™ and 4™ can be extended to handle defining
embeddings @Df“: S9x D97t — 5, W, and
wg“: S9x D971 — 99W, 1 such that
o 3t is isotopic to ¢t in @y W, and 4§ is isotopic to 91 in
O W1
@ The conditions of the lemma still hold

Then the Elimination Lemma follows by suitably applying the previous
lemmas. []

v
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Cellular chain complex

Let (X, A) be a relative CW-complex with X connected, fundamental
group 7 and filtration A C Xo C Xy C --- C X. Consider p: X — X
universal covering of X and write A= p~1(A) and X, = p~1 (Xy). Then

we have
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Cellular chain complex

Let (X, A) be a relative CW-complex with X connected, fundamental
group 7 and filtration A C Xo C Xy C --- C X. Consider p: X — X
universal covering of X and write A= p~1(A) and X, = p~1 (Xy). Then
we have

° ()?,K) has CW-structure given by AcC )?8 c---cX
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Cellular chain complex

Let (X, A) be a relative CW-complex with X connected, fundamental
group 7 and filtration A C Xo C Xy C --- C X. Consider p: X — X
universal covering of X and write A= p~1(A) and X, = p~1 (Xy). Then
we have
° ()?,Z) has CW-structure given by AcC )?6 c---cX
o Cellular Zm-chain complex Hy (5(;,)?;,:) with 7 action via deck
transformations with differential

X1 Xe2)

Hq (5(\:/7)/(;—/0 % Hq—1 ()/(;—/1) i> Hq—1 (Xq—th—Z

Handle decompositions June 17, 2020 18 /28



Cellular chain complex

@ Construction of Zm-basis of C; ()~<, Z)
For each i € I4 g-cell in X given by characteristic
map (7, ¢]) pick a lift
(5?,&?) . (D9,5971) — ()?;,)?;I) and a
generator of Hy (D9,5971) 22 Z. Write b; for its
image by (5?,5?) in Hg (5(;,)?;/1). This defines
a basis {b;|i € Iy}
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Cellular chain complex

@ Construction of Zm-basis of C; ()?, Z)
For each i € I4 g-cell in X given by characteristic
map (7, ¢]) pick a lift
(CD?,(;S;’) . (D9,5971) — ()Z,)?;) and a
generator of Hg (D9,5971) = Z. Write b; for its
image by (d)?,qﬁi’) in Hgy (5(;,)?;/1). This defines
a basis {b;|i € Iy}

@ To make this independent of choices, we say
{ojlj € Ig} and {Bk|k € I4} two such basis are
equivalent if there is a bijection ¢: I; — I and
elements ¢; € {£1} and ~; € 7 for i € I, such that
eiici = Boy(iy-
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Let (W,0oW) as before. We want to find an n-dimensional CW-complex
(X, W) and a homotopy equivalence (f, Id) : (W,8W) = (X, dW).
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Let (W,0oW) as before. We want to find an n-dimensional CW-complex
(X, W) and a homotopy equivalence (f, Id) : (W,8W) = (X, dW).

Construct inductively spaces X_1 = oW C Xg C --- C X, = X and
homotopy equivalences f;: Wy — X; such that fy|w,_, = f;—1 as follows:
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Let (W,0oW) as before. We want to find an n-dimensional CW-complex

~

(X,00W) and a homotopy equivalence (f, Id) : (W,00W) — (X, W).

Construct inductively spaces X_1 = oW C Xg C --- C X, = X and
homotopy equivalences f;: Wy — X; such that fy|w,_, = f;—1 as follows:

@ Forg=—1let fi: Wy = 0oW x [0,1] — X; = 0oW the projection.
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Let (W,0oW) as before. We want to find an n-dimensional CW-complex
(X, 99 W) and a homotopy equivalence (f, Id) : (W,3oW) = (X, W).

Construct inductively spaces X_1 = oW C Xg C --- C X, = X and
homotopy equivalences f;: Wy — X; such that fy|w,_, = f;—1 as follows:
@ Forg=—1let fi: Wy = 0oW x [0,1] — X; = 0oW the projection.
o Assume we have constructed X,_1 and fg_1. For each handle (¢7) of
W of index g, attach a g-cell to Xy_1 by f4—1 0 ¢7[sa-15{0}-
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Handlebody chain complex
The inclusion W, — W is g-connected. I
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Handlebody chain complex

The inclusion W, — W is g-connected.

Definition

Let p: W — W universal covering of W and 7 its fundamental group and
write Wy = p~! (W). The handlebody Zn-chain complex C, (W,ao W)

is given in degree g by H, (VNVC,W;_/l> with differential

Wai, o)

Hq (V%,W;—/l) &} Hg—1 (V/Vq\—/l) I_*> Hq—1 (Wq—h Wq—2
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Handlebody chain complex

The inclusion W, — W is g-connected.

Let p: W — W universal covering of W and 7 its fundamental group and
write Wy = p~! (W). The handlebody Zn-chain complex C, (W,ao W)

is given in degree g by H, (qu/vq\_/l) with differential

Wai, o)

Hq (anwq\—/l) &} Hg—1 (V/V;—/1> i> Hq—1 (Wq—lv Wq—2

RENEILS

The homotopy equivelence f induces an isomorphism of Zm-chain
complexes C, <W,80 W) = G <)~(,80 W>.

v
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Handlebody chain complex

o G, (W, 5;\/\7) has a Zmn-basis defined in a complete analogous way to

CW-complex.

o If W doesn’'t have handle of index 0 or 1 we can describe the
handlebody Zm-chain complex in terms of homotopy groups by

Tq (VAVJCI’W;—/l) = Hq (VAVan Wq—1>-
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Reducing the Handlebody Decomposition

Let W be a compact manifold of dimension n > 6 with boundary
OW = oW L1 01 W. Then the following are equivalent:

@ The inclusion 9gW — W is 1-connected,
Q@ We have

W =0oW x [0,1] + 312, (¢7) + 202, (67) + -+ 207 (87)
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Reducing the Handlebody Decomposition

Lemma
Let W be a compact manifold of dimension n > 6 with boundary
OW = oW L1 01 W. Then the following are equivalent:

@ The inclusion 9gW — W is 1-connected,
Q@ We have

W =0oW x [0,1] + 312, (¢7) + 202, (67) + -+ 207 (87)

2) = 1) Follows since Wj — W is 1-connected and dgW — Wy = W is
a homotopy equivalence.

0J
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Reducing the Handlebody Decomposition

1) = 2) First we show we can get rid of 0-handles. Let (gb%) a O-handle.

Handle decompositions June 17, 2020 24/28



Reducing the Handlebody Decomposition

1) = 2) First we show we can get rid of 0-handles. Let (gb%) a O-handle.

@ By assumption, the inclusion 9yW — Wj induces an isomorphism on
the set of path connected components.

Handle decompositions June 17, 2020 24/28



Reducing the Handlebody Decomposition

1) = 2) First we show we can get rid of 0-handles. Let (gb%) a O-handle.
@ By assumption, the inclusion 9yW — Wj induces an isomorphism on
the set of path connected components.
o There is a 1-handle (¢} ) such that ¢j |1y connects oW x {1}
and the handle (¢?).
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Reducing the Handlebody Decomposition

1) = 2) First we show we can get rid of 0-handles. Let (gb%) a O-handle.

@ By assumption, the inclusion 9yW — Wj induces an isomorphism on
the set of path connected components.

o There is a 1-handle (¢} ) such that ¢j |1y connects oW x {1}
and the handle (¢?).
o By the Cancellation Lemma, (¢}) cancels (¢?).
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Proof.
Next we cancel 1-handles via Ellimination Lemma. Let (gbi) be a 1-handle.
We need to construct an embedding ¢?: S x D"~2 — 8? Wi satisfying

the required conditions:
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Proof.
Next we cancel 1-handles via Ellimination Lemma. Let (d)i) be a 1-handle.
We need to construct an embedding ¢?: S x D"~2 — 8? Wi satisfying
the required conditions:

o Let 92 : St = D! x {x} C (¢}) for some fixed x in the transversal

sphere of (¢1).
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Proof.
Next we cancel 1-handles via Ellimination Lemma. Let (g{)i) be a 1-handle.
We need to construct an embedding ¢?: S x D"~2 — 8? Wi satisfying
the required conditions:
o Let 92 : St = D! x {x} C (¢}) for some fixed x in the transversal
sphere of (¢1).
@ The inclusion Wy — 91 Wy = doW x {1} induces an isomorphism
on the fundamental group. Together with the assumption, this
implies 8? Wp — W gives a surjection on the fundamental group.
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Proof.
Next we cancel 1-handles via Ellimination Lemma. Let (q{)i) be a 1-handle.
We need to construct an embedding ¢?: S x D"~2 — 610 Wi satisfying
the required conditions:

o Let 92 : St = D! x {x} C (¢}) for some fixed x in the transversal
sphere of (¢1).

@ The inclusion Wy — 91 Wy = doW x {1} induces an isomorphism
on the fundamental group. Together with the assumption, this
implies 8? Wp — W gives a surjection on the fundamental group.

o We can find an embedding ¥2 : S — 89W; which glues with ¢i to
¢83 St — 0; W4 which is nullhomotopic in W.
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Proof.

Next we cancel 1-handles via Ellimination Lemma. Let (¢1) be a 1-handle.
We need to construct an embedding ¢?: S x D"~2 — 610 Wi satisfying
the required conditions:

o Let 43 : S} = D! x {x} C (¢1) for some fixed x in the transversal
sphere of (¢1).

@ The inclusion Wy — 91 Wy = doW x {1} induces an isomorphism
on the fundamental group. Together with the assumption, this
implies 8? Wp — W gives a surjection on the fundamental group.

@ We can find an embedding 92 : St — 8%9W, which glues with ¢i to
¢83 St — 0; W4 which is nullhomotopic in W.

@ Since dim S + dim v,bg (51) < dim 01 W4, one can isotope the
embeddings ¢?: S x D"=2 — 9; W, of the 2-handles such that they
don’t meet ¥ (S'). Hence ¢ lies in 09 Wy

0J

v
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o By connectivity, 13 must already be homotopic in 1 W5, say via
h: D2 — 81 W2.
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o By connectivity, 13 must already be homotopic in 1 W5, say via
h: D2 — 81 W2.
o We can modify h relative to S such that it is an embedding
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o By connectivity, 13 must already be homotopic in 1 W5, say via
h: D2 — 81 W2.
o We can modify h relative to S such that it is an embedding

@ Then the normal bundle of h is trivial, hence also for 13
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@ By connectivity, 1[)8 must already be homotopic in 01 W5, say via
h: D2 — 61 W2.

o We can modify h relative to S such that it is an embedding

@ Then the normal bundle of h is trivial, hence also for 13

@ Thus ¢g extends to an embedding ©?: ST x D"~ — 99W;. This
satisfies the required conditions by construction
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We really require n > 6 to approximate h by an embedding.
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We really require n > 6 to approximate h by an embedding.
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