Proof of the h-Cobordims Theorem

Dominik Kirstein

June 30, 2020

Dominik Kirstein Proof of the h-Cobordims Theorem June 30, 2020 1/22



The h-Cobordism Theorem

Let My be a closed simply connected manifold of dimension n > 5. Then every h-cobordism
(W, Mo, My) over My is trivial over My.
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Short Reminder

In the following, let W be a compact n-manifold with boundary W = goW 11 91 W.
There exists a handlebody decomposition

Po
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Strategy

We first want to simplify the handlebody decomposition in the following way:

Lemma (Normal form Lemma)

Let (W,0oW,0. W) be a h-cobordism of dimension n > 6 and 2 < q < n— 3. Then there
exists a handlebody decomposition of the form

Pg+1
W = oW x [0, 1]+Z (6)+ > (¢7HY). (2)
i=1 i=1
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Short Reminder

Lemma (Elimination Lemma)

Let 1 < q < n— 3 and suppose that p; = 0 for j < q. Fix any 1 < ip < pg and suppose that
there is an embedding 1)9*1: S9 x D179 — 99 W, with the following properties:

o Y9t sqy0 is isotopic in 81 W, to an embedding ¢ $9 x 0 — 9y W, which meets the
transverse sphere of d)f’ transversally and in exactly one point and is disjoint from the
transverse sphere of ¢/ for all i # io;

o Y9115y is isotopic in 01 W1 to a trivial embedding @bé’“: 59 x0— 07 Wgi1.

Then

Pqg+1 Pg+2

Pn
W = oW x [0,1] + Z (¢7) +Z(¢"+1 (v7+2) +Z Y @) (3)
i=1

i=1,i#iy

vy
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Homology Lemma

Suppose n >6,2<q<n—3andip€{l,...,pq} and let f: ST — 0, W, be an embedding.
The following are equivalent:

(i) f is isotopic to an embedding g: S9 — 01 W, such that g meets the transverse sphere of
(d)%) transversally and in exactly one point and is disjoint from the transverse sphere of

(@) for all i # iy. //nq(%u')

(ii) There exists «y € 7 such that

[F] = +9[¢]

in Cq(W,B/oT/l//), where f: 59 — V|f7q is a lift of f.

(4)
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Homology Lemma
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Homology Lemma
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Homology Lemma
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Homology Lemma
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Modification Lemma

Let f: S9 — 0} Wq be an embedding and x; € Zw (j =1,...,pq+1)- Then there exists an
embedding g: S — 07 Wy such that:

o f and g are isotopic in Oy W1

e For a lift f: §9 — Vfl\/:7 one can find a lift g: S9 — VV:, such that

Pg+1

81 = [F1+ 3 - daal]™] (5)

L/—\/\/
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in Cq(W,oW).

Dominik Kirstein

Proof of the h-Cobordims Theorem

June 30, 2020 8 /22



Modification Lemma
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Dual Handelbody Decomposition

Suppose that

$Q

{
Po Pn
W =W x [0,1]+ > (¢9)+ 4+ > _(4]). (6)
i=1 i=1
Then there exists a handlebody decomposition relative ¢ W of the form
V_owl,
Pn ,\Pz PO
W=oW s [0,1]+ > (49)+ -+ > (). (7)
i=1 i=1
L-bew e

W\ T«
(]
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Normal Form Lemma

Let (W,0oW,0. W) be a h-cobordism of dimension n > 6 and2 < q < n—3. Then W has a
handlebody decomposition with handles only of index q and (g + 1):

Pq Pg+1
W= aoW x 0,11+ (1) + > (¢ (8)
=1 =1
Bk Wo 01 hadles, .= p,=0

Went 0c=0° e r<q
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Normal Form Lemma
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Normal Form Lemma
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Whitehead Group

The Normal Form Lemma gives us a decomposition

Pq Pg+1
W= oW x [0,1]+ > of + 7" (9)
i=1 i=1

Then dg41: Cq+1(W,(§(;17V) — Cq(W7 WV) is an isomorphism. The invertible matrix
representing this isomorphism with respect to the Zm-bases ([gb?H])lS;Squ and ([¢7])1<i<p,
is called the representative matrix.

-\
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Whitehead Group

Define the Whitehead group Wh(r) to be set of all invertible Zx-matrices (with arbitrary
dimension) modulo the following relations: A and B are equivalent if B is obtained from A by

a sequence of the following operations:
© Add x times the k-th row of A to the m-th row of A where x € Zm and k # m

A0

0o (1)
B 0

o= (5 7)

Q@ Multiply the m-th row of A with £+~ for vy € 7

@ Interchange two rows or columns of A.

. L\)L(D)CO e U(«(E) s ol
C R LD G
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Modifying the Handlebody Decomposition

in norwdk

Suppose A is the representative matrix of a handlebody decomposition of W and
B € GL(k,Zm) such that [A] = [B] in Wh(w). Then W has a handlebody decomposition with
representative matrix B.

Dl(a’ nee.! J° SLJWS
Tar euth @(h‘a’éou 1- § we o wwl:é, h‘!ﬂ. Z\N-:/{(Z!oeéy Jewh«fayv?’o\q
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Modifying the Handlebody Decomposition

@ Add x times the k-th row of A to the m-th row of A where x € Zm and k # m

G 4¥" sn [ B oo 7 (& o ) x d L BF' ]
@ 5= <8‘ g) Ak o Fovidd o le « coced o

o A= <§ (1)> Homoleg g losmney, + Concelakon Lesman

@ Multiply the m-th row of A with £+~ for vy € 7
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(5] Intercﬁzange two rows or cqumns of A.
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Proof of the h-Cobordism Theorem

Q Let (W,00W,01W) be a h-cobordism of dimension n > 6. If A is the representative
matrix of a handlebody decomposition of W such that [A] = 0 in Wh(r), then W is
trivial relative JoW .

@ Let My be a closed manifold of dimension n —1 > 5 and u € Wh(x). Then there exists a
h-cobordism (W, My, M1) with representative matrix A such that [A] = u.

o’

(P‘*GDQ: @ D¢7 %g_ precias (,Q.ﬂ,u-q L W l\% G L%JLQLQ'-I‘/ M‘«podnﬂ A
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Proof of the h-Cobordism Theorem
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The s-Cobordism Theorem

Let My be a closed connected manifold of dimension n —1 > 5 and m = m1(Mp).
@ A h-cobordism (W, My, My) is trivial relative My if the Whitehead torsion
T(W, My) € Wh(r) is zero.
@ For any u € Wh(r) there exists a h-cobordism (W, My, M1) such that 7(W, Mp) = u.

© The function
({ h-cobordisms over My}/ =) — Wh(r), (W, Mo, My) — (W, Mp) (10)

is a bijection.

’ Z(u, Ha\ :CA} ‘e Loﬂe-b “(l- JQ.,J o9 L‘JQ) o? JQOMPO,[JW“
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