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This is the second article in a longer series, intended to investigate the
topology of the modulj Spaces of Riemann surfaces. Using the description of
the moduli space as a king of configuration Space we will develop operationsg

for the homology of these Spaces.

In Part I "Hilbert Uniformization” We studied the modulj Space ﬁi(g) of
directed Riemann surfaces, i.e. the SPace of conformal equivalence classes
(F,x] of closed Riemann surfaces F  of genus 8 and given direction X

at some point P € F , This Space has the homotoéy type of the classifying
space BF(g) of the corresponding mapping class group F(g) = HoDiff+(F.X) s
Diff+(F,x) is the group of orientation-preserving diffeomorphisms of F
which keep x fixed. F(g) is isomorphic to the mapping class group F(g,l)

of a genus g surface with one boundary component.

The main objective of Part I was 5 neﬁ description of ﬁﬁ(g) - based on old
ideas of geometric function theory; a3 homotopy equivalence between fﬁ(g)

and a space PSC(g) of so called parallel sijt domains was established. A
point in :PSQ(g)- is an equivalence class £ = (L] of a configuration L =
(Ll’""Lég;A) consisting of semi-infinite ho;izontal slits Li in €, paired
by an involution AE 2:48 . Such configurations are éubjéct to some regularity
conditions; and the equivalence relatiop allows certainvjumps of slits across
longer pairs. The group Sim(C) of dilatations ang translations of € acts
freely on PSC(g) . Ang the orbit space PSC(g)/Sim(C) was proved to be homeo-

morphic to ﬁi(g) .

. . ﬁ- 3
This parametrization of m(g) shows the distinctive characteristics of a

configuration SPace: a point £ comprises two kinds of finite data, geometric



8IS 7 RINEAA Goon e DT R WA T, MIAL 80 R B T T R rewrvtroeyer T

T > —Y

and combinatoric, namely the Position of the slits énd their ordering and

pairing. Frem the viewpoint of moduli: the conformal structure of (F.x] i
screened against the complex plane, ang the picture so obtained is containe
in an essentially finite Piece of the plane. Whenever such a situation occur.
one is tempted to patch several such Pictures together. This method has a I
history in homotopy theory under the name Dyer-Lashof operations, where it
used with great success to study iterated 1oop spaces, function spaces or

classifying spaces of certain 8roups. In this article we will introduce_such
patchings systematically for the moduli Spaces, taking the spaces Psc(g) a

substitutes.
The aim is to construct cperations

8 : i(n,go) x PSC(g)? ——s Psm(g°+ng)
2
n

for various spaces i(n,go) which depend on n 2 1 » B 20 and have a fre

§:n-action. These parameter spaces for the operations will be configuration
spaces of points, pairs of points, etc., in the plane, in a surface, or in

the universal surface bundle over the moduli space. A homology class -

a € Hq(i(n.go)/iln) induces a homology operation -

eu : H,Psc(g) f———? Hn*+ qPSC(g°+ng) .

?
.

We call g, the genus and q the degree of e . Homology,operétions should
a
be useful first to create new homology classes from old ones, and then also

to organize the homology of the moduli spaces.

These are several interesting subspaces of PSC(g) , some of which admit
operations of a more intricate nature then the Dyer-LaShof operations above.

In particular, we use the subspace PSC (g) of parallel slit domains which

|
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are decomposable into a part in the upper resp. lower half-plane. Such partitione
parallel slit domains allow the two Parts to be implanted into a vertical pair
of patches in € . The new configuration spaces are configuration spaces of

vertical pairs of points in the plane, in a surface, or in the universal surfac

bundle over the moduli space. We call these operations symplectic.

Plan of the chapters.

Part II consists of 8 chapters, which are Paired: one chapter develops the geo-
metric side of some kind of operations, the other the homological side. Chapter
is confined to the most basic of all operations, the sum operation, which implan
two parallel slit domains into ( » the first into the upper, the second into

the lower half-plane. This operation
u o PSC(gl) x PSm(gz) " PSG(g1+gz)
makes PSC = |IPSC(g) an H-space. A special case is the stabilization map

o : PSC(g) —» BSC(g+l) , o(L) = u(e, (1)) |

1:(1) a fixed surface of genus 1 . In chapter 2 the homology H*(PSG;A) s

for
A a commutative ring with unit, is considered as a ring, a so called Pontrjagin
ring, with multiplication induced by W . We mention Harer's stability theorem
for H,(PSC;Z) and the polynomial subalgebra in H,(PSC;Q) foﬁﬁd by Miller as
the best global results on this ring so far. In chapter 3 we see the first

proper results on this ring so far. In chapter 3 we see the first proper opera-

tions as Dyer-Lashof maps

c"(c) x pse(g)® — PSC(ng)
=

n
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where 6“(@5 1s the ordered configuration space of the plane € . The existenc
of such operations was noticed by several authors, in particular [Miller 19867,
(Cohen 1987], [Maginnis 1987], described rather on the group level than on the
level of moduli spaces. The definition of & requires some technical prepara-
tions; we give full details here to save work in similar situations to come.

Theorem (3.6.2) summarizes the main properties of these operations. In chaper

=7
we study the operations in mod-2 homology H*(Psm;zz) induced by 9 : C"(G)ES
2

PS(IZ(g)2 —> PSC(2g) . The generator in HO(CZ(G);ZZ) induces the squaring ope-
ration Q_ : HP(PSE(g);ZZ) — HZp(Psm(ZE);ZZ) , Qo(x) =xfx = xz ; the gene-
rator in Hl(Cz(m);Zz) induces a Dyer-Lashof operation Q : Hp(PSG(g);ZZ)
binary operations, the generator in Ho(Ez(m);zz) induces the ring multipli-
cation, and the generator in Hl(EZ(C);ZZ) induces a Browder operation Rl :
Hp(PSGJ(gl);ZZ) ® Hq(PSG:(gZ);ZZ) — Hp+q+l(PSG(g1+g2);Zz) . The theory of
such operations is well-developed. We give some formulas for Qo’ Q1 and R1
In chapter 5 and chapter 6 we introduce the symplectic operations. They are
defined for the subspace PSC (g) , but stably PSC (w) = PSC(=) . Since these
operations take the finer slit structure of a surface (and not only'the handle

structure) into account, we obtain two new operations Qi . Qf of degree 1 ..

In the final chapters 7 and 8 we briefly present two generalizations of the

operations introduced so far. First we replace the complex plane € by any
fixed, (punctured) parallel glit domain 4=° ; i.e. we use configurations of
points (resp. vertical pairs of points) in 1:0 to parametéize implantations
of other (partitioned) parallel slit domains. Since configuration spaces of
surfaces have homology classes in dimensions greater than one, we obtain ope-
rations of degree greater thén one, which are not products of degree one ope-
rations. Having gone so far, the next step of generalization consists of vary-
ing the parallel slit domain £° itself. The nevw. parameter spaces are fibre-

wise configuration spaces of the universal surface bundle over PSC(g). We

only give some examples.
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Chapter 1

Basic ();)Eaxrzaizzicbriss\

1.1 The sum operation.
1.2 The stabilization map.

1.3 Conjugation and Schottky double.

Replacing the moduli space Mi(g) of conformal equivalence classes of directed
Riemann surfaces by the komotopy-equivalent space PSC(g) of parallel slit
domains immediately suggests to imitate certain constructions well-known in
the theory of loop spaces. The most basic is the sum operation which unites to
parallel slit domains to represent the connected sum of two Riemann surfaces.
As a speciai case we also have a stabilization procedure, adding a standard
elliptic curve. These operations will be persued and generalized in later chap-

ters.

There are many more such constructions, of which we mention only the conjugation

and the Schottky-doubling.



¥yl The sum operation.

Recall that a parallel slit domain £ = (L] = [L "’Lég;A] in PSC(g) is

Gy

an equivalence class of a non-degenerate configuration L = (Ll""’

L consists of slits L, S C and a pairing A € E:Ag , satisfying (I.4.1.2);

ng;k) -

the non-degeneracy condition is given in (I.4.2.4); and the equivalence class

£ = [L] is obtained by performing all possible crossings (I.4.3.2).

Let {:l and 1:2 be two parallel slit domains of genus g, and 8, » respec
ti&ely. Remembering that a conformal equivalence class in ﬁi(g) corresponds
to a similarity class of a parallel slit domain (see (I.5.5.1), there is an
obvious way to unite 1:1 and {:2 : one shifts 1:1 upwards till all its slit
lie in the upper half-plane I , and shifts £:2 down till all its slits lie ir
the lower h#lf-plane H , and then the union is a new parallel slit domain of

genus gr+g2 - To define this operation as a map

(1.1.1) i : PSfE(gl) x Psm(gz) — Pst(g,+g,)

=u
gl’gz

some technical preparations are necessary. Recall the functions a ,a_, b+ e

defined in (I.4.8). Note that a+({3) = a_(L£) is possible, but we always have

b.(L£) < b (£) ..

(1.1.2)
Ll &
— =" e

:/ /; '.‘/ 1 )
] . ./( 7 !
' 7 . ‘//, // 4 // |
:// -~ 7 - -~ <
— e e b )

L s s _ __ _ _Z_ _s_ -]

Ag a-(j:) a+(£)

The translation of £ by any complex number ¢ is denoted bv £ +c =

[Li+e,e sl +es Al , see (1.4.9). j



1 1 1 1 2 2.2

e = = . 1 2 - 2 :
Assume 4=° = [L7] [Ll""’Légl"\ ] and L£° = [L°] = [Ll""’Lagz'k 3.
1 : i
and we set b = b(£L°) and b’ = b+(£2) . Then all slits of Cl-ibl+%
are contained in H , and all slits of f.z- ibz--;- are contained in Hl-
Their ordering by imaginary parts is
1 .ol 1 1 .ol 1 2 2.1 2 1
|13 L; - i(b"~-%),...,L, - == - i(ho+ L -3 L
( ) ;-1 2) 8, i(b 2) » L - i(b +2),...,L487 i(b +2) "
\\V_,\_/ N~ o 2
\( »
1 .,.11 1
S™-i(b 'E) ’ zen i(b2+-2-

where we donote the sequences of slits by' Sl and 52 , respectively. We

denote the juxtaposition of the two sequences in (1.1.4) by Sle S2 . Likewise

- ; 1 2 '
is the (Whitney) A @ A sum of the two permutations the image under the

inclusion X x —_— =
Agl Zogz 4(g1+g2)

All in one formula gives

(st , 57522 = FePnler?] -

with §° =st-i0_(£h -1, 52242 i, (2 +h

. . 1 2
It is obvious that L£"® £° is a non-degenerate equivalence class; this
follows directly from the definition (I.4.2); compare also (1.1.5) below.

1 28
Furthermore L e L is a well-defined equivalence class, for any crossing

1

. - 2. .
possible in L£° or L is still possible in ;C',le £2 . And because b+ .

b_  are continuous functions, it follows that u  is continuous.
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. 1 2 "
Geometrically, L e L is the connected sum of the two Riemann surfaces

;
F, = F(i:l) and F, = F(£7) along the boundary of two discs. On F, o, we
cut out the disc Dl given by vy L

given by v, > b+({:2) 2y % » where v, =y is the harmonic conjugate of the

< b-(ill) - , and on Fz the disc D2

Ny}

dipole functions u. . Both are indeed discs, because they contain no stagnation
points. The curves v, = b_(i:l) - % and v, = b+(1:2) + % are real-analytic
curves through the dipoles P1 and P2 , and tangent to the directions X,

and x2 , respectively. If Fl-Dl and FZ—D2 are glued along these curves
by identifying points with the same u-value, the result is a closed surace F
of genus gr+g2 . F has anobvious complex structufe; Pl and P2 are iden-
tified to become the new dipole P ; and similarly the two directions xl > xz
become the same in F . The two harmonic functions u, and u, agree by con-
struction on the new curve anl = BDZ , and thus determine a dipole function
for F . Only the harmonic conjugates vV, have to be renormalized by
adding the imaginary integration constants -i(b_(i:l) - %) and 'i(b+(i:2)'+%)
respectively; now they are both zero on 3D, = 3D2 , and A is positive on

1

Fl—Dl c F, and v, 1is negative on FZ-D cF.

2

(1.1.5) .' T

: : Fl
e

_ Ly 1 )
GRETrEAL PP T e Py iy T b_(£ )‘E X —F
T £

-
/////‘/////,/.//‘/// A (( ))a’v’

Xz < (“JN
= « vy=bT(£hd)+d i
,4;x\\k

2
1=



For g = 0 the auxiliary functions a_ , b+ are not defined; the formula

(1.1.4) makes nevertheless sense if 1:1 or i:z are the only element [(§]

in PSC(0) . Recall that we defined basepoints 1:(g) € PSC(g) in (I.4.5.21).

(1.1.6) Proposition.

(i) CoWl=L-ib(e)-h

(i) (Pl e L - i(b (£) + %) , for anv 1 € PSC(g) ,

(g.) . (g,) (g,+g,)
AL 1782

(i) = L + 4 igl ; .

The proof is obvious. The statements (i) and (ii) say that (@] is a homotopy-

neutral element for the sum operation. There is an associativity law.

(1.1.7) Propositition. For anv 81>85,8q 2 0 the diagram

PSC(g)) x PSC(g,) x PSC(g,) —dxXu PSC(g,) x PSC(g,+g,)
, l
uxid H

v

is homotopy-commutative.

Proof. The required homotopy u e (idxp) = p o (uxid) amounts to a homotog

of translations. For t € [0,1] we define
m, '(£1.£2,£3) e (£le£2) = ©ith

with h = b+(i:2) - b_(ilz) + 1 . Clearly, m = p(pxid) , and m = u(id = u) .



A ‘much more subtle property of . is the commutativity. Its proof is postpone
till we have developed the general framework. In its formulation below <

denotes the twist map interchanging the two factors.

(1.1.8) Proposition. For anv 8,8, 2 0 the diagram

PSC(g,) x PSC(g.)

Psm(gl+g2)
v

\\\\\\\\\,
P

PSG(gZ) x Psm(gl‘)

is homotopy-commutative.




1.2 The stabilization map.

(1)

Let L be the basepoint in PSC(1) » Biven by the slit end points s, =ik

k
for k = 1,..,4 and the pairing A = (13) (24)

(1.2.1)

The stabilization is defined by adding this fixed surface of genus 1 ,

(1.2.2) o : PSC(g) ———> PSC(g+l)

a(L£) = L£ e 1:(1) .

Geometrically, ¢ inserts a new handle in the surface F(L£) , in a small disc

near the dipole.

The stabilization map allows to define an infinite object, the space of infinite

parallel slit domains

(1.2.3) Ps€(») = 1lim PSc(g) .
2

From (I.2.4.29, 1.3.7) we conclude, that PSC(») is the classifying space for
the infinite (sometimes called stable) mapping class group [(«,1) = lim I(g,1)
->

The inclusions T[(g,1) < (g+l,1) are defined as follows. If F , isa
; g

1



surface of genus g with one boundary component, it is contained in Fg+l L=
’

Fg 1 U T with T = Fl 5 torus with two boundary components.

\OO.@@(%@

N~
=~
~—

(1.

Fg,l

Extending a diffeomorphism of Fg 1 (which is the identity on aFg l) by the

identity on T , defines a homomorphism Diff'(F 1) — Diff (F

g, 1" g g+tl, 1’

o 1 1) inducing T(g,1) — TI(g+l,1) . In other words, let F_ be a connecte

oriented, smooth, non-compact surface of infinite genus and without boundary;
+

and let Diffcpt(Fw) be the group of orientation preserving diffeomorphisms

which are the identity outside a compact set; then [(=,1) = ﬂoDiff:p (F)

t

The stabilization is compatible with the sum operation.

(1.2.5) : Proposition. (1) uo (g x id) = g o TN
(i) poe (id x q) = g oy .,

(iii) uu(oxg) = g o\ , ]

Again the proof is postponed, since it is a special case of general associa-

tivity laws.



1.3 Conjugation and Schottkv-double.

Given a parallel slit domain L = [Llpu,Lag;A] we define its conjugate 4=

to be the image under the conjugation z = x + iy /> zZ = x - iy of the comple:

plane. Thus L = [thp",fl;f] with A(k) = 4g+1 -A(4g+1-k) . The new sur-

face F(L£) 1is just F(L£) with the conjugate complex structure.

7]

D(L£) = £ £ is a parallel slit domain of genus 2g , representing the

Schottky-double of F(L£) .

The conjugation £ — £ is an involution on PSC(g) and only one of several

interesting self-maps of PSC(g) which we will investigate elsewhere.
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Chapter 2
The Pontrjagin Ring H (I Psc(g)))
R =
2.1 PSC = || PSC(g) as an H-space.

gz20
2.2 The Pontrjagin product.

2.3 Homological stability,

The disjoint union PSC of all PSC(g) has a multiplication induced by the
sum operation. It induces a product on the graded homology module H*(PSG)
This chapter contains only some elementary definitions; and we quote a theorem

of E. Miller about a polynomical subalgebra, and J. Harer's stability theorem.
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2.1 PSC = ||PSC(g) as an H-space.

The disjoint union of all spaces PSC(g) , g 2 0 , is denoted by PSC . The sum

operation p , defined by (1.1.4) on each>compongnt of the product PSC x PSC ,

is a map
(2151 u : PSC x PSC ——» PS¢ .
The following is a rewording of Propositions (1.1.6 - 8).

(2.1.2) Proposition. PS€@ is a h-associative, h-commutative H-space with two-

sided h-neutral element [0] . : =

We repeat that the commutativity of p up to homotopy is still to be proved.

































































































































































































































