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1. Introduction

Our goal in this paper is to use global methods (specifically, the Taylor—
Wiles—Kisin patching method) to construct a candidate for the p-adic local
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Langlands correspondence for GL,, (F'), where F' is an arbitrary finite exten-
sion of Q,, and p t 2n. At present, the existence of such a correspondence is
only known for GL;(F') (where it is given by local class field theory), and
for GL2(Qp) (cf. [Coll0; Pasl3]). We do not prove that our construction
gives a purely local correspondence (and it would perhaps be premature to
conjecture that it should), but we are able to say enough about our con-
struction to prove many new cases of the Breuil-Schneider conjecture, and
to reduce the general case of the Breuil-Schneider conjecture (under some
mild technical hypotheses) to standard conjectures related to automorphy
lifting theorems.

The idea that global methods could be used to construct the corre-
spondence is a natural one; the only proofs at present of the classical local
Langlands correspondence [HT01; Hen00; Sch13] are by global means, and
indeed the first proofs of local class field theory were global. The basic idea
is to embed a local situation into a global one, apply a global correspondence
(for example, the association of Galois representations to certain automor-
phic forms), and then to prove that the construction is independent of the
choice of global situation. In this paper, we carry out the first half of this
idea (although, in contrast to the constructions of [HT01], the direction of
the correspondence we construct is from representations of the local Galois
group G to representations of GL,(F")). We intend to return to the sec-
ond half (investigating the question of independence of the global situation)
in subsequent work. (See Section 6 for a discussion of the relationship of
our construction to conjectural extensions of the existing p-adic Langlands
correspondence for GL2(Q,).)

1.1. A candidate for p-adic local Langlands

Let p t 2n be prime, and let F be the residue field of the ring of integers
O in some fixed field of coefficients F, a finite extension of Q,. The main
construction of the paper associates to any representation 7 : Gp — GL,,(F)
a compact, torsion free O-module M, equipped with commuting actions of
GL,(F) and of a local O-algebra R, which is a formal power series ring
over the universal lifting O-algebra RY.

If r: Gp — GL,(E) is a continuous lifting of 7 (with respect to some
suitable integral structure on r), and y : Roo — O is a homomorphism com-
patible with the homomorphism z : RE — E arising from (an appropriate
choice of integral structure on) r, then we define V(r) := (Mx®p__ ,O)[1/p]
(where d denotes the Schikhof dual); this is a continuous, unitary E-Banach
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space representation of GLy,(F'), which we show is furthermore admissible
(Proposition 2.13 below).!

This construction is the key point of this paper, and the most optimistic
of us expect that r — V(r) will realize the p-adic Langlands correspondence
for GL,,(F'). At the moment we do not have enough control over the rep-
resentations V' (r) for an arbitrary Galois representation r to say anything
definitive in this direction in general. (Indeed, a priori, V(r) depends not just
on 7, but on the choices of x and of y; furthermore, it is not evidently non-
zero.) However, if r satisfies the assumptions of Theorem B below, namely
is potentially crystalline and generic with regular Hodge—Tate weights, then
we can show (Theorem 4.35) that the subspace of locally algebraic vectors
in V(r) is isomorphic to the locally algebraic representation BS(r) associ-
ated to r by Breuil and Schneider [BS07]. This result is very much in the
spirit of a Langlands correspondence, as BS(r) is a tensor product of an
algebraic representation, which encodes the information about the Hodge—
Tate weights of r, and a smooth representation, which corresponds to the
Weil-Deligne representation of r by the classical Langlands correspondence.

1.2. The Breuil-Schneider conjecture

Before giving more details of our construction, we discuss an application of
it to the Breuil-Schneider conjecture [BS07]; this conjecture predicts that
locally algebraic representations of GL,,(F') admit invariant norms (and thus
nonzero completions to unitary Banach representations) if and only if they
arise from regular de Rham Galois representations by applying (a generic
version of) the classical local Langlands correspondence to the corresponding
Weil-Deligne representations. (This conjecture is motivated by the case of
GL2(Qp), where it is an immediate consequence of known properties of the
p-adic local Langlands correspondence.) In one direction, Hu [Hu09] showed
that if such a norm exists, the locally algebraic representation necessarily
comes from a regular de Rham representation.

The converse direction is largely open. We recall the conjecture in more
detail in Section 5 below, to which the reader should refer for any unfamiliar
notation or terminology. As we remarked above, given a de Rham represen-
tation r : Gp — GLn(@p) of regular weight, in [BS07] there is associated to
r a locally algebraic Q,-representation BS(r) of GL,(F). The following is
[BS07, Conjecture 4.3] (in the open direction).

n the definition of V/(r) given there, certain additional restrictions are placed
on the choice of extension of = to y; we suppress this technical point in the present
discussion.
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A Conjecture. If r: Gp — GLn(@p) is de Rham and has regular weight,
then BS(r) admits a nonzero unitary Banach completion.

In fact, the known properties of the p-adic local Langlands correspon-
dence for GL2(Q,) suggest that there should even be a nonzero admissible
completion. Conjecture A was proved in the case that mgy,(r) is supercus-
pidal in [BS07, Theorem 5.2], and in the more general case that WD(r) is
indecomposable in [Sor13]. (The notation is defined in §1.8). The argument
of [Sor13] is global. It makes use of a strategy of one of us (M.E.) who ob-
served that if r arises as the local Galois representation coming from an
automorphic representation, then one can obtain an admissible completion
from the completed cohomology of [Eme06b], c¢f. Proposition 4.6 of [Eme05]
(and also [Sor15]). However, as there are only countably many automorphic
representations, it is not possible to say anything about most principal series
representations in this way; indeed, as was already remarked in [BS07] (see
the discussion before Remark 5.7), the principal series case seems to be the
deepest case of the conjecture.

Other than for GL2(Q,), the only previous results in the general princi-
pal series case that we are aware of are those of [AKS13; Ies12; KS12; Vig08],
which prove the conjecture for certain principal series cases for GLa(F'), un-
der additional restrictions on the Hodge filtration of r. The methods of these
papers do not seem to shed any light on the stronger question of the exis-
tence of admissible completions. Under the assumption that p { 2n, which
we make from now on, we have associated an admissible unitary Banach
representation V (r) to any continuous representation r : Gp — GLy(Q,).
In order to prove Conjecture A, it would be enough to establish that V (r)
contains a copy of BS(r) when r is de Rham of regular weight. We expect
this to be true in general, and we are able to show that it is equivalent to
proving a certain automorphy lifting theorem. The following is our main
result in this direction. (See sections 2 and 5 for any unfamiliar terminol-
ogy; note in particular that the hypothesis that r lies on an automorphic
component does not imply that r arises from the Galois representation as-
sociated to an automorphic representation, but is rather the much weaker
condition that it lies on the same component of a local deformation ring as
some such representation. It is a folklore conjecture (closely related to the
problem of deducing the Fontaine—Mazur conjecture from generalisations
of Serre’s conjecture via automorphy lifting theorems) that every de Rham
representation of regular weight satisfies this condition. Note also that we
call a potentially crystalline representation r : Gp — GLn(@p) generic if
the smooth representation of GL,(F") corresponding via the classical local
Langlands correspondence to the Weil-Deligne representation underlying r
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is generic, i.e. admits a Whittaker model; see Section 2.3 of [Kud94] for more
details on this notion.)

B Theorem (Theorem 5.3 and Remark 4.20). Suppose that p  2n, that
r:Gp — GLn(@p) is potentially crystalline of reqular weight, and that r
is generic. Suppose further that r lies on an automorphic component of the
corresponding potentially crystalline deformation ring. Then BS(r) admits
a nonzero unitary admissible Banach completion.

By taking known automorphy lifting theorems, in particular those proved
in [BLGGT14], we are able to deduce new cases of Conjecture A. In partic-
ular, we deduce the following result (Corollary 5.5).

C Theorem. Suppose that p > 2, that r : Gp — GLn(@p) is de Rham of
reqular weight, and that r is generic. Suppose further that either

1. n =2, and r s potentially Barsotti-Tate, or
2. F/Q, is unramified and r is crystalline with Hodge—Tate weights in
the extended Fontaine—Laffaille range, and n # p.

Then BS(r) admits a nonzero unitary admissible Banach completion.

Actually, we prove a more general result (Corollary 5.4) which establishes
the conjecture for potentially diagonalisable representations; conjecturally,
every potentially crystalline representation is potentially diagonalisable. We
remark that while we expect these results to extend to potentially semistable
(rather than just potentially crystalline) representations, and to non-generic
representations, we have restricted to the potentially crystalline case for two
reasons: we can use the main theorems of [BLGGT14] without modification,
and we do not have to consider issues related to the possible reducibility of

BS(r).
1.3. The patching construction

In the proof of the classical local Langlands correspondence [HT01; Hen00],
the globalisation argument uses a reduction to the supercuspidal case (via
the classification of irreducible smooth representations of GL(F) given
in [BZ77; Zel80]), and then uses trace formula methods to realise super-
cuspidal representations as the local components of cuspidal automorphic
representations. No such argument is possible in our setting; there are only
countably many automorphic representations, but already for GL2(Q)) there
are uncountably many irreducible p-adic Galois representations (even up to
twist).
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It is natural to hope that in the p-adic setting, one could carry out an
analogous globalisation using “p-adic automorphic representations”, such as
those arising from the completed cohomology of [Eme06b]. However, since
the locally algebraic vectors in completed cohomology are computed by clas-
sical automorphic representations, one cannot expect to see any regular de
Rham Galois representations in completed cohomology other than those
arising from classical automorphic representations.

The globalisation argument in the proof of classical local Langlands is
effectively a result showing the Zariski-density of automorphic points in
the Bernstein spectrum; the analogous result for p-adic local Langlands
(or rather, for the part of it pertaining to regular de Rham representa-
tions) would be a Zariski-density result for automorphic points in the corre-
sponding local Galois deformation rings. This is not known in general, but
strong results in this direction follow from the Taylor—Wiles—Kisin patching
method, which provides a Zariski-density result for a non-empty collection
of components of a local deformation ring (and in general shows that each
component either contains no automorphic points, or a Zariski-dense set of
points; as mentioned above, the problem of showing that each component
contains an automorphic point is closely related to the problem of deducing
the Fontaine-Mazur conjecture from generalisations of Serre’s conjecture,
cf. Remark 5.5.3 of [EG14]).

The Taylor—Wiles—Kisin method patches together spaces of automorphic
forms with varying tame level. Traditionally, the weight and the p-part of the
level of these forms is fixed, and one obtains a patched module for a certain
universal local deformation ring corresponding to de Rham representations
of fixed Hodge—Tate weights, and a fixed inertial type. In the present paper,
we instead vary over all weights and levels at p, obtaining a module M, over
the unrestricted local deformation ring (with some power series variables
adjoined). By construction, My, naturally has an action of GL,,(OF); by
keeping track of the action of the Hecke operators at p, we are able to
promote this to an action of GL, (F"). Dualising the fibre of this patched
module at the point corresponding to a particular Galois representation r,
and inverting p, gives the unitary admissible Banach representation V(r)
that we seek. The condition that p 1 2n is needed to employ the Taylor—
Wiles—Kisin method (for example, this condition is necessary in order to be
able to appeal to various results from [BLGGT14]), but we suspect that it
is not ultimately needed to carry out variants of these constructions.

We do not know whether it is reasonable to expect that our construction
is purely local, and thus defines a p-adic local Langlands correspondence; this
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amounts to the problem of showing that the patched modules that we con-
struct are purely local objects. For some weak evidence in this direction,
see [EGS15], which proves a related result for lattices corresponding to cer-
tain 2-dimensional tamely potentially Barsotti-Tate representations. It can
also be shown that our construction recovers the known correspondence for
GL2(Qyp), without needing to use the full strength of the p-adic local Lang-
lands correspondence. We are currently writing a paper which will explain
this and for which the main steps are: showing that our module M, is pro-
jective as a GLg(Qp)-representation, computing its cosocle via the weight
part of Serre’s conjecture, and exploiting the density of crystabelline points
in local deformation rings. Finally, we refer to Section 6 below for a slightly
more detailed discussion of how the construction of this paper might relate
to a hypothetical p-adic local Langlands correspondence in the general case
of GL,(F).

1.4. Inertial local Langlands, the Bernstein centre, and
local-global compatibility

In Sections 3 and 4 we relate the theory of the Bernstein centre and the so-
called inertial local Langlands correspondence to the theory of potentiallly
crystalline deformation rings, and the Taylor-Wiles—Kisin patched modules
which lie over them.

More precisely, in Section 3 we synthesise and expand on results of Bern-
stein and Bernstein—Zelevinsky, Bushnell-Kutzko, Schneider—Zink, and Dat,
to draw the following conclusions: for any inertial type T (i.e. a representation
7 : Ir — GL,(Q,) with open kernel which extends to the Weil group of F),
there is an associated smooth type o (1), which is a smooth @p—representation
of GL,,(OF), with the following properties:

(i) The Hecke algebra H(o(7)) := End(c—IndgE:Egl)a(T)) is commuta-

tive.

(ii) o(r)appears as a GL,,(Op)-subrepresentation of an irreducible smooth
GL,,(F)-representation 7 if and only if the Weil-Deligne representation
attached to m via the local Langlands correspondence is isomorphic to
7 when restricted to Ir, and in addition satisfies N = 0. Furthermore,
for such m, the representation o(7) appears in 7 with multiplicity one.

Suppose that 7 is an irreducible smooth GL,, (F)-representation whose
associated Weil-Deligne representation is isomorphic to 7 when restricted
to Ip, and in addition satisfies N = 0, so that o(7) appears with multi-
plicity one in 7, by (ii) above. By Frobenius reciprocity, the Hecke algebra
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’H(U(T)) then acts on the associated one-dimensional multiplicity space via
a character xr : H(o(7)) — Q,, and hence there is an induced surjection
C—Indglﬂzggl)a(ﬂ (o) Qp — 7 In this context, we establish one fur-

ther result.
(iii) If 7 is generic then the preceding surjection is an isomorphism.

From these results, we deduce that the connected components of the
Spec of the Bernstein centre for GL,(F) are identified with the various
SpecH(U(T)), as T ranges over all (isomorphism classes of) inertial types.
Over any such component we have the universal GL, (F')-representation
C—Indgizggl)a(ﬂ, whose fibre over the point x, arising from a generic 7
whose associated Weil-Deligne representation satisfies N = 0 is isomorphic
to the representation 7.

For both the comparison with Galois deformation rings that we make in
Section 4, and for the connections that we draw with the theory of Banach
space representations of GL, (F), it is technically important to work over a
finite extension of @, rather than over @p, so we also explain how to descend
the preceding results from @p to such finite extensions.

In Section 4, we consider so-called locally algebraic types, which are rep-
resentations of GL, (Or), defined over some finite extension E of @p, of the
form oy, ® 0alg, Where ogy is the smooth type attached to some inertial

type 7, and oqg is an irreducible algebraic representation of Resp/q, GLy.

Attached to o we have a Hecke algebra H(o) := End(c—Indgif'Eg)F)a); it

is isomorphic to H(osm). Attached to o and any continuous representation
7 : Gp — GL,(F) as above, there is a universal lifting ring RZ(c), pa-
rameterising potentially crystalline lifts of 7 whose associated inertial type
coincides with 7, and whose Hodge—Tate weights match with the highest
weight of 0, after applying the usual p-shift.

One of the main results of Section 4, which may be of independent
interest, is the existence of a homomorphism 7 : # (o) — Rx(c)P[1/p] which
interpolates the local Langlands correspondence. (This gives an algebraic
extension of an analogous rigid-analytic result proved in [Che09]). Namely,
if x: Ry(o)P[1/p] — Q, corresponds to a crystalline lift 7, of 7, if 7 is the
irreducible smooth representation of GL,,(F') associated to the Weil-Deligne
representation underlying r, via the local Langlands correspondence, and if
Xr : H(o) = H(ogm) — Q, is the character of H(o) associated to 7, then
we have the equality x, = xz o).

The second main result of this section is a key reciprocity law related to
the Hecke action on locally algebraic vectors in My, which we refer to as
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local-global compatibility (in analogy with the classical local-global compat-
ibility results for cohomology of Shimura varieties [Carl4]). Given a locally
algebraic type o, we may form the R..-module

Mao(0) = Hom&" (o, (Mo, 0*)7,

where * denotes continuous dual. We show that the RZ-action on this module
factors through RP (o). It is thus equipped with two natural H(o)-actions:
one via its very definition together with Frobenius reciprocity (and so re-
lated to the structure of My, as a GL, (F)-representation), and one via the
homomorphism 7 (and so related to the structure of M, as an RF-module);
local-global compatibility is the statement that these two actions coincide.

This reciprocity law is crucial to our analysis of the locally algebraic
vectors in the representations V' (r), and to our study of the Breuil-Schneider
conjecture.

1.5. The relationship with [Sch15]

We briefly discuss how our work relates to some other recent progress in
the field. In [Sch15], Scholze provides more evidence for the existence of a
purely local p-adic local Langlands correspondence for GL, (F'), by studying
the cohomology of the Lubin—Tate tower. In the classical case [HT01], when
I # p, it is known that the Lubin—Tate tower simultaneously realizes the
local Langlands correspondence and the Jacquet-Langlands correspondence,
between representations of GL,, (F') and representations of D*, where D/F
is the central division algebra of invariant 1/n. Scholze uses the Lubin—Tate
tower to construct a purely local functor

m = F(m)

from admissible, smooth [F,-representations of GL,,(F') to admissible repre-
sentations of D* equipped with an action of Gp. This functor goes in the
opposite direction from our construction.

However, when n = 2, Scholze proves that it is compatible with our
patching construction (Corollary 9.3 of [Sch15]), in the following sense. As
in the case of unitary groups and GL,(F’), one can patch the cohomology
of locally symmetric spaces coming from a quaternion algebra (which is
split at p and ramified at all infinite places) to obtain a representation 7.,
of GLa(F'). One can also patch the cohomology of certain Shimura curves
(corresponding to a quaternion algebra which is ramified at p, but split at
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one infinite place) to get a representation po, of D* x Gp. Then Scholze
shows that

F(Too) = Poo-

(In fact, Scholze employs a variant of the patching construction used in this
paper, making use of ultrafilters to reduce the amount of bookkeeping needed
to obtain the action of Hecke operators at p.) We remark that it should be
possible to adapt his strategy to p-adic representations and to general n
(using Shimura varieties of Harris—Taylor type for the latter step). It seems
reasonable to expect that this will lead to a proof that one can recover the
G p-representation r from the Banach space V(r) that we associate to it (at
least in cases where it can be shown that V() is nonzero; for example, this
will be the case for the representations considered in Theorems B and C,
where we even prove that the locally algebraic vectors in V(r) are nonzero.)

1.6. Outline of the paper

In Section 2, we carry out our patching construction. Section 3 contains
an introduction to the results of Bernstein—Zelevinsky, Bushnell-Kutzko,
Schneider—Zink and Dat on types and the local Langlands correspondence
for GL,. We then refine some of these results, as described above, and ex-
plain how to descend them from algebraically closed coefficient fields to finite
extensions of Q. In Section 4 we begin by establishing our interpolation of
the classical local Langlands correspondence over a (potentially crystalline)
local deformation ring, and then apply this to establish local-global com-
patibility for our patched modules. Finally, in Section 5 we combine our
local-global compatibility result with automorphy lifting theorems to prove
our results on the Breuil-Schneider conjecture.
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1.8. Notation

We fix a prime p, and an algebraic closure @p of Q,. Throughout the paper
we work with a finite extension E/Q, in @p, which will be our coefficient
field. We write O = Op for the ring of integers in F, w = wg for a uni-
formiser, and F := O/w for the residue field. At any particular moment
E is fixed, but we allow ourselves to modify F (typically via an extension
of scalars) during the course of our arguments. Furthermore, we will often
assume without further comment that £ and F are sufficiently large, and in
particular that if we are working with representations of the absolute Galois
group of a p-adic field F, then the images of all embeddings F' — @p are
contained in FE.

If F' is a field, we let G denote its absolute Galois group. Let € denote
the p-adic cyclotomic character, and € the mod p cyclotomic character. If F
is a finite extension of QQ, for some p, we write Ir for the inertia subgroup
of Gp, and wp for a uniformiser of the ring of integers O of F'. If Fisa
number field and v is a finite place of F' then we let Frob, denote a geometric
Frobenius element of G P

If F is a p-adic field, W is a de Rham representation of Gg over FE,
and k : F — FE, then we will write HT (W) for the multiset of Hodge—Tate
weights of W with respect to k. By definition, the multiset HT (W) contains
¢ with multiplicity dimg(W &, ¢ F(i))9F. Thus for example HT () = {—1}.

We say that W has reqular Hodge—Tate weights if for each k, the el-
ements of HT (W) are pairwise distinct. Let Z'} denote the set of tuples
(&1,...,&,) of integers with & > & > -+ > &,. Then if W has regular
Hodge-Tate weights, there is a { = (§,i) € (Zﬁ)Hom@p(F’E) such that for
each Kk : F — E,

HT, (W) ={&1+n—1,62+n—2,...,8n},

and we say that W is reqular of weight €. For any £ € Z', view £ as a
dominant weight (with respect to the upper triangular Borel subgroup) of
the algebraic group GL,, in the usual way, and let Mé be the algebraic Op-
representation of GL,, given by

M{ = Ind§ (wof) o,
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where B, is the Borel subgroup of upper-triangular matrices of GL,,, and
wp is the longest element of the Weyl group (see [Jan03] for more details
of these notions, and note that Mé has highest weight £). Write M, for
the Op-representation of GL,(Op) obtained by evaluating Mé on Op. For

any & € (Zi)Hom@P(F’E) we write L¢ for the O-representation of GL,(OFr)
defined by

L¢ == QnrsmMe, 0,5 O.

If F is a p-adic field, then an inertial type is a representation 7 : Ip —
GLn(@p) with open kernel which extends to the Weil group Wg.

Then we say that a de Rham representation p : Gp — GL,(F) has
inertial type 7 if the restriction to I'r of the Weil-Deligne representation
WD(p) associated to p is equivalent to 7. Given an inertial type 7, there is
a finite-dimensional smooth irreducible Q,-representation o(7) of GL,(OF)
associated to 7 by the “inertial local Langlands correspondence”; see The-
orem 3.7 below. (Note that by the results of Section 3.13 below, we will be
able to replace o(7) by a model defined over a finite extension of E in our
main arguments.)

Let F' be a finite extension of QQ,, and let rec denote the local Langlands
correspondence from isomorphism classes of irreducible smooth representa-
tions of GL,,(F) over C to isomorphism classes of n-dimensional Frobenius
semisimple Weil-Deligne representations of Wy as in the introduction to
[HT01]. Fix once and for all an isomorphism ¢ : Q, — C. We define the lo-
cal Langlands correspondence rec, over @p by 2orec, = recos. This depends
only on 271(\/p), and if we define r,(7) := rec,(7 @ | det |1=™)/2), then r,, is
independent of the choice of 2. Furthermore, if V' is a Frobenius semisimple
Weil-Deligne representation of Wy over E, then r, L(V) is also defined over
E by [Clo90, Prop 3.2] and the fact that r, commutes with automorphisms
of C. (The claims about the dependence of rec, and r, on the choice of ¢
follow from the main theorem of [Hen93|, together with a study of the be-
haviour of e-factors under automorphisms of C. In the case n = 2, this is
explained in [BH06, §35], and the same argument goes through in general,
with the required input on e-factors being provided by [BH00, Thm. 3.2].2)

Recall that a linear-topological (O-module is a topological O-module
(that is, it has a topology for which both addition and the action of O are
continuous) which also has a fundamental system of open neighborhoods of

2 Alternatively, perhaps more conceptually, the claims are also implied by the
geometric realisation of r, (up to dualising ) for supercuspidal representations in
the cohomology of the Lubin-Tate tower. See Lemma VII.1.6 and the definition of
rec; on page 237 of [HTO01].
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the identity which are O-submodules. If A is a linear-topological @-module,
we write AV for its Pontrjagin dual Hom{™ (A, E/O), where E/O has the
discrete topology, and we give AV the compact open topology.

By the proof of Theorem 1.2 of [ST02], the functor given by A — A% :=
Hom"™ (A, O) induces an anti-equivalence of categories between the cat-
egory of compact, O-torsion-free linear-topological O-modules A and the
category of w-adically complete and separated O-torsion-free O-modules.
A quasi-inverse is given by B +— B? := Homp(B, ©), where the target is
given the weak topology of pointwise convergence. We refer to this duality
as Schikhof duality. Note that if A is an O-torsion free profinite linear-
topological O-module, then A? is the unit ball in the E-Banach space
Homp (A, E).

If r : Gp — GL,(F) is de Rham of regular weight a, then we write
Talg(r) = LI ®0 E, and mgy(r) := r, {(WD(r)" =), both of which are E-
representations of GLy,(F). (The GL,(OF)-action on L¢ extends linearly to
a GL,(F')-action on mag(r).) As the names suggest, ma,(7) is an algebraic
representation, and mgy, (1) is a smooth representation. Note that mae(r) =
Le ®o E for & := —arni1-i-

We let Artp : FX = Wj}b be the isomorphism provided by local class
field theory, which we normalise so that uniformisers correspond to geometric
Frobenius elements.

We write all matrix transposes on the left; so ‘g is the transpose of g. We
let G,, denote the group scheme over Z defined to be the semidirect product
of GL,, x GL; by the group {1, j}, which acts on GL,, x GL; by

1

3lg, )it = (u-tg7!

S 1)

We have a homomorphism v : G, — GL1, sending (g, ) to p and j to —1.

Further notation is introduced in the course of our arguments; we men-
tion just some of it here, for the reader’s convenience.

From Subsection 2.8 on, we will have fixed a particular finite extension
F of Qp, with ring of integers Op and uniformiser wr. To ease notation
we will typically write G := GL,(F), K := GL,(OF), and Z := Z(G). For
each m > 0, we write I';, = GL,(Op/@w}) and K, = ker(GLn(OF) —
GL(Op /@), so that K/Ky = Ty,

Furthermore, throughout Section 2, a large amount of notation is intro-
duced related to automorphic forms on a definite unitary group, and Taylor—
Wiles—Kisin patching. Here we merely signal that the main construction of
this section, and our major object of study in the paper, is a patched G-
representation that we denote by M. Beginning in Section 4, we will also
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write
d
Moo(0®) := (Homggﬁ;{”(Moo, (UO)d)) ,
when ¢° is a K-invariant Opg-lattice in a K-representation o of finite dimen-
sion over F.

We use Ind to denote induction, and c-Ind to denote induction with
compact supports. In Sections 3 and 4, we use ig to denote normalised
parabolic induction.

If o is a representation of K, then we will write H(o) := Endg(c-Ind% o)
to denote the Hecke algebra of G with respect to o. Sometimes, when it is
helpful to emphasise the role of G, we will write H(G, o) instead. We also
use obvious variants with G and K replaced by another p-adic group and
compact open subgroup.

2. The patching argument

In this section we will carry out our patching argument on definite unitary
groups. The key difference between the construction presented here and pre-
vious patching constructions is that the object we end up with is not simply
a module over a certain Galois deformation ring, but rather a GL,,(F)-
representation over that ring; we refer to the discussion at the beginning of
Subsection 2.8 below for a more detailed account of this difference.

Our construction uses the same general framework as that used in section
5 of [EG14] (which in turn is based on the approach of [CHT08], [BLGG11]
and [Thol2]); we recall the key elements of this framework in the first sev-
eral subsections that follow. We follow the notation of [EG14] as closely as
possible, and we indicate explicitly where we deviate from it.

The construction itself is the subject of Subsection 2.8, and the key fact
that it actually produces a GL,(F')-representation is verified in Proposi-
tion 2.10. In Subsection 2.12 we explain how our patched representation of
GL,,(F') gives rise to admissible unitary Banach representations attached to
local Galois representations.

2.1. Globalisation

Let F//Qp be a finite extension, and fix a continuous representation 7 : Gp —
GL,,(F). Our goal in this subsection is to give a criterion for 7 to be obtained
as the restriction of a global Galois representation that is automorphic, in a
suitable sense (and satisfies some additional convenient properties).

We will assume that the following hypotheses are satisfied:
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e pt2n, and
e 7 admits a potentially crystalline lift of regular weight, which is po-
tentially diagonalisable.?

Conjecturally, the second hypothesis is always satisfied; this is Conjecture
A.3 of [EG14]. In this direction, we note the following result.

2.2 Lemma. After possibly making a finite extension of scalars, the second
hypothesis is satisfied if either n =2 or T is semisimple.

Proof. If n = 2, this is Remark A.4 of [EG14]. If 7 is semisimple, then after
extending scalars, we may write it as a sum of inductions of characters, and
it is easy to see that by lifting these characters to crystalline characters, we
can find a potentially crystalline lift which has regular weight, and is a sum
of inductions of characters. Such a lift is obviously potentially diagonalisable
(indeed, after restriction to some finite extension, it is a sum of crystalline
characters). O

Having assumed these hypotheses, Corollary A.7 of [EG14] (with K our
F, and F our F)) provides us with an imaginary CM field F' with maximal
totally real subfield F'™, and a continuous irreducible representation p :
Gz — Gu(F) such that p is a suitable globalisation of 7 in the sense of
Section 5.1 of [EG14]. Here we say that p is irreducible if p|g., which is
regarded as a representation valued in GL,(F), is irreducible. We recall the
properties that (F, F™,p) need to satisfy for this definition:

e cach place v | p of F* splits in F, and has F = F; we fix a choice of
such isomorphisms.

and

e p is automorphic (see, for example, Definition 5.3.1 of [EG14]) and
unramified at primes v { p.

e the inverse image of GL,,(IF) x GL1(F) under p is G.

. ﬁ(Gﬁ(CP)) is adequate in the sense of Definition 2.3 of [Tho12].4

3Recall that, as in [BLGGT14], a potentially crystalline representation 7 of G
is potentially diagonalisable if there exists a finite extension F’/F such that r|q,,, is
crystalline and lies on the same irreducible component of the universal crystalline
lifting ring of 7|¢,, (with fixed Hodge-Tate weights) as a sum of characters lifting
77|G4F, . ~

We will not need the precise definition of an adequate subgroup of GL,,(F,); we
will only need to know that this property is satisfied in order to apply the machinery
developed in [Thol2]. See Section 2.6 for more details.
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e For each place v | p of f+, there is a place v of F lying over v with
plg._ isomorphic to 7.

Tkervadﬁ\gﬁ ~
o I does not contain F'({p).

Corollary A.7 of [EG14] guarantees that all these properties can be satisfied

simultaneously. (The only difference is that the last property is replaced by
—kerp ~
the fact that F does not contain F((,), which is stronger, since kerp C

Gz by the second property above.) In order to arrange that our patched
modules have a certain multiplicity one property, we will also demand that:

¢ p(Gy) = GL,(F') for some subfield F' C F with #F' > 3n.

To see that we can arrange this, note that the proof of Proposition A.2
of [EG14] (which is the main input to Corollary A.7 of op. cit., together
with the potential automorphy results of [BLGGT14]) allows us to arrange
that p(Gz) = GL,(Fym) for any sufficiently large m.

Finally, after making a solvable base change, we can and do assume that
F/F7 is unramified at all finite places.

2.3. Unitary groups

We now use the globalisation p of our local Galois representation 7 to carry
out the Taylor-Wiles—Kisin patching argument as in Section 5 of [EG14].
The definitions of Hecke algebras, the choices of auxiliary primes and so on
are essentially identical to the arguments made in [EG14], and rather than
repeating them verbatim, we often refer the reader to [EG14] for the details
of these definitions, indicating only the differences in our construction.

As in Sections 5.2 and 5.3 of [EG14], we fix a certain definite unitary
group G/F* together with a model (which we will also denote by G) over
Oz, . (The group G is denoted G in [EG14], but we will later use G to denote
GL,(F).) This model has the property that for each place v of F* which
splits as ww® in F, there is an isomorphism w,, : CNJ(OFT) = GLn(Of, ); we
fix a choice of such isomorphisms. We also choose a finite place v; of Bt
which is prime to p, with the properties that

e vy splits in ﬁ, say as v1 = U105,

e v; does not split completely in F'((,), and

e p(Frobz ) has distinct F-rational eigenvalues, no two of which have
vy

ratio (Nvp)*!.
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(It is possible to find such a place v; by the Cebotarev density theorem, and

our assumptions that p(G ) = GL, (F') with #F' > 3n, and that ﬁker 2dPle
does not contain ﬁ(g“p). Indeed, choosing a conjugacy class in Gal(ﬁ(cp)/ﬁ),
we have a positive density set of places vy satisfying the first two conditions,
and with Nv; taking a fixed value A modulo p; if we then choose a diagonal
matrix in GL,(F’) with distinct diagonal entries, none of whose ratios are
AL then another application of the Cebotarev density theorem produces
the required place vy.

Note that this differs slightly from the choice of place v in the first
paragraph of Section 5.3 of [EG14], where the third condition is replaced by
the requirement that ad p|(Frob ﬁﬁl) = 1. However, it is still the case that

any deformation of p|g. is unramified (see Lemma 2.5 below). We have
made this choice in order to be able to arrange that our patched modules
satisfy multiplicity one. B

Let S, denote the set of primes of F'* dividing p. We now fix a place p | p

of F'*, and for each integer m > 0 we consider the compact open subgroup
Un =11, Un,o of G(A%ﬂr), where

Unp = é(OﬁQ for all v which split in F other than v; and p;
Upm,v, is the preimage of the upper triangular matrices under

G(Of: ) = G(ky,) = GLn(ky,)

Um,p is the kernel of the map CNJ(Oﬁ;) — CNJ((’)Z;; /wg;);

e U,,, is a hyperspecial maximal compact subgroup of é(ﬁj ) if v is
inert in F.

By the choice of v; and U,y ,, we see that Uy, is sufficiently small (in the
sense of Section 5.2 of [EG14]). Write U := Uy. In order to make the patching
argument, we will need to consider certain compact open subgroups of the
U,, corresponding to choices of sets of auxiliary primes @y that will be
introduced in Section 2.6. Specifically, for each integer N > 1, we will have a
finite set of primes Qx of F disjoint from S,U{v1} as well as open compact
subgroups U;(Qn), of é((’)ﬁj) for each v € Qn and i = 0,1. We then
define subgroups U;(Qn)m = [[, Ui(QN)mw C U, for i = 0,1 by setting
UO(QN)m,v = Ul(QN)m,v = Umw for v ¢ QNa and Ui(QN)m,v = Uz(QN)v
for v € Qn.

By assumption, 7 has a potentially diagonalisable lift of regular weight,
say Tpot.diag | GF — GL;, (O). Suppose that 1ot diag has weight £ and inertial
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type 7 (in the sense of Section 1.8). Extending E if necessary, we may assume
that the GL,(Op)-representation o(7) is defined over E. Then we have
two representations L¢ and Lyv of GL,(Or) on finite free O-modules in
the following way: the representation L¢ is the one defined in the notation
section, and L.v is a choice of GL,(OF)-stable lattice in o(7)". Set L¢ ; :=
L.v ®o Lg¢, a finite free O-module with an action of GL, (OF).

Returning to our global situation, let W¢ . denote the finite free O-
module with an action of Hvesp\{p} Un,v given by We - = ®Qyeg\ (pr,0Ler

~

where U, , acts on the factor corresponding to v via Uy, , = é(OFQ —

GLn(OF.) = GL,(OF). In order to avoid duplication of definition, we allow
QN = & in the definitions we now make. For any finite O-module V with
a continuous action of U, ,, we have spaces of algebraic modular forms
Se+(Ui(QN)m, V); these are just the functions

f:GFON\GAY,) = We, @0V

with the property that if g € é(A%‘;) and u € U;(QN)m then f(gu) =
u~tf(g), where U;(QN)m acts on We,r ®o V' via projection to Hvesp Un,p-
(For example: when V' = O is the trivial representation, then after extending
scalars from O to C via O C @p N? C, this space corresponds to classical

automorphic forms of fixed type o(7) at the places in Sy, \ {p}, full level p™
at p, and whose weight (via our fixed isomorphism 7 : @p — C) is 0 at places
above p, and given by & at each of the places in S, \ {p}.)

We let TS»U@w 0V he the commutative O- polynomlal algebra generated
by formal variables T(J ) forall 1 <j <n, w a place of F lying over a place
v of F+ which splits in F and is not contained in Sp UQnN U {v1}, together
with formal variables T7 U) for 1 < j < n. The algebra TSY@v v acts on
Ser(Ui(QN)m, V) via the Hecke operators

(]) — 1 ww].] 0
Ty’ - [Um,w b ( 0 Lo Unm,w

where w,, is a fixed uniformiser in (9~

Choose an ordering 41, ..., d, of the (distinct) eigenvalues of p(Frobg, ).
Since p is a suitable globalisatlon of 7, it is in particular automorphic in the
sense of Definition 5.3.1 of [EG14], and we let mg, be the maximal ideal of
TS»U@~ 1Y corresponding to p, and containing each of the elements

(ng) — (N 730726, .. -57)),
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for 1 < j < n. We will write m for mg.
2.4. Galois deformations

Let S be a set of places of F* which split in F', with Sp € S. Asin [CHTOS],

we will write F'(S) for the maximal extension of F unramified outside S, and
from now on we will write G/, ¢ for Gal(F(S)/F7T). We will freely make use
of the terminology (of liftings, framed liftings etc.) of Section 2 of [CHTO08].

Let T'= S, U {v1}. For each v € Sy, we let v be a choice of a place of
F lying over v, with the property that p|g. = 7. (Such a choice is possible

by our assumption that 7 is a suitable globalisation of 7.) We let T denote
the set of places v, v € T. For each v € T, we let Rg denote the maximal
reduced and p-torsion free quotient of the universal O-lifting ring of p|q . .

For each v € Sy, \ {p}, we write RE ST for the reduced and p-torsion free

quotient of RE corresponding to potentially crystalline lifts of weight & and
inertial type 7. (Such a quotient of RY exists by Corollary 2.7.7 of [Kis08]. It
has the property that for any E-algebra A, an E-algebra map R?[l /p] = A

factors through R?’S’T if and only if the pullback of the universal lifting
along this map is potentially crystalline of weight ¢ and inertial type 7.)

Consider (in the terminology of [CHTO08]) the deformation problem
IS T — —n N D, sT
S = (F/F+>T7T707P751 5ﬁ/ﬁ+?{RiDl}U{RED}U {RE ¢ }’UGSP\{p})'

There is a corresponding universal deformation p™ : Gz, . — G, (REY)

of p. In addition, there is a universal T-framed deformation ring RET in the
sense of Proposition 2.2.9 of [CHTO08], which parameterises deformations of
p of type S together with particular local liftings for each v € T.

2.5 Lemma. R% is formally smooth over O, and all of the corresponding
Galois representations are unramified.

Proof. By our assumptions on vy, this is immediate from Lemma 2.4.9 and
Corollary 2.4.21 of [CHTOS]. O

2.6. Auxiliary primes

Recall that the globalisation p constructed in Section 2.1 satisfies the prop-
erty that p(G Fe )) is adequate. This property is needed in order to apply
the version of the Taylor—Wiles patching argument given in [Thol12] (see also
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Section 5.5 of [EG14]). More precisely, Proposition 4.4 of [Thol2] allows us
to choose an integer ¢ > [F™ : QJn(n — 1)/2 and for each N > 1 sets of
primes Qy, @y with the following properties (as well as a crucial property
about the generation of global Galois deformation rings over local ones that
we will recall below):

e () is a finite set of finite places of F+ of cardinality ¢ which is disjoint
from T and consists of places which split in F;

e () consists of a single place v of F' above each place v of Qy;

e Nv=1 mod p" for v € Qn;

e for each v € Qn, plg, =5 @ 1= where 1) is an eigenspace of Frobe-
nius on which Frobenius acts semisimply.

We remark that, for each v, any (generalized) eigenspace 15 of Frobenius
on which the action is in fact semisimple can be chosen. Part of the content
of Proposition 4.4 of [Thol2] is that the adequacy of p(G 7 Cp)) implies the
existence of such an eigenspace for appropriately chosen primes v.

For each N, v € Qn and i = 0,1, we let U;(Qn)s C G(Opy) denote
the parahoric open compact subgroups defined in Section 5.5 of [EG14],
following [Tho12]. (We briefly recall their definition here: they are the inverse
images under 5 of certain parahoric subgroups paN, ]:15]\,71 of GL,(O Fs)' These
parahoric subgroups correspond to the partition n = (n— dﬁN) + dT’N, where
dy is the dimension of the eigenspace ¢5: pY is the standard parahoric and
P is the kernel of the map

i — GLgg (kg) = k' — kX (p).

The first map in the sequence is given by projection to the dEN—block and
reduction to kg, the second map is taking the determinant and the last one is
projection onto the maximal p-power order quotient of /@HX These parahoric
subgroups are roughly supposed to be analogous to levels I'g(v),I';1 (V) in the
case of modular curves and modular forms.)

For each v € Qn, a quotient Rg v of RE is defined in Section 5.5 of [EG14]
(following [Thol2]). We let Sg,, denote the deformation problem

Son = (F/F*, TUQn, TUQN, O, B, 51_n5%/ﬁ+’

{RSY U{RTY U{RT* }oes, 5y U {RY huequ)-

We let Rggi" denote the corresponding universal deformation ring, and we
N

let RES denote the corresponding universal T-framed deformation ring. We
N
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define
oc ~ o~ D7 77— ~
Rl°¢ .— RE@ (®veSp\{p}Rg ¢ ) ®R5Dl

where all completed tensor products are taken over O. By the choice of the
sets of primes ), we also know that

e the ring Rgg can be topologically generated over R!°¢ by
q—[F*:QJn(n—1)/2 elements.

For each v € Qn we choose a uniformiser wy; € Oﬁa’ so that we have
the projection operator pr,_ € Endo(S¢(Ui(QN)m,O/@" )m,, ) defined
as in Proposition 5.9 of [Thol2]. We briefly recall that, at level Uy(Qn)w,
pry,_ is defined as (the pullback along 7 of) a polynomial in the Hecke
operators corresponding to the block GLd}U“V inside the parahoric subgroup

pHN C GLy (O ). The same formula also gives rise to an element of the Hecke

algebra for p?\,’l c GL,(O ﬁa)' This gives a compatible projection operator at
level U1(Qn )y, which we will also call pr,,_ by abuse of notation. In the case
of level Up(QnN)v, Pry. is the projection onto a one-dimensional subspace,
which is identified with the spherical vector, according to Proposition 5.9 of
op. cit. At level U1(Qn)v, Pry. is best understood in terms of the associated
Galois representation: it only allows tamely ramified deformations of the
subrepresentation of p corresponding to 1. See Proposition 5.12 of op. cit.
for more details.

We define pr to be the composite of the projections pr_,_. (These projec-
tions commute among themselves, and so it doesn’t matter in which order
we compose them. Whenever we use pr it will be clear from the context
what the underlying set @y is.) Then, as in Section 5.5 of [EG14]:

1. The map

pr: Sg’T(Uma O/wT)m — pr (S&T(U()(QN)m, O/wr)mQN)

is an isomorphism. Moreover, since pr is defined using Hecke operators
at places in @y, it commutes with the action of G(F;‘) on the spaces

of algebraic automorphic forms. More precisely, if g € G (ﬁ;r ) satisfies
g_lUm/,pg C Up,p for some positive integers m < m/, then we have a
commutative diagram

Ser (U, O/@" )~ pr (Ser (Uo(QN)m, O/ Jimg,)

L Js

Ser (U, O/ —— D (St (Uo(QN)mrs O/ imy, )
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where both vertical arrows are induced by the action of g € é(ﬁ; )

(namely: (gf)(g") = f(d'9))-
2. Let

Iy, = GL,(Op/wy) 2U/Upn,
and

Agy = [ Uo(@n)o/U1(Qn)w-

vEQN

Then Up(Qn)o acts on Se -(U1(Qn)m, O/@") via (9f)(g") = gpf(d'9),
and this action factors through Ag, x I';,. With respect to this ac-
tion, pr (Se-(U1 (Qw s /5 g, ) is a projective (0/5") [ Ag | [Tunl-
module, and there is a natural I';,-equivariant isomorphism

pr (ngT(Ul(QN)m’ O/wr)mcm )AQN — Ser (U, O/@" ).

(The projectivity follows from the proof of Lemma 3.3.1 of [CHTOS|.
The fact that there is a I';,-equivariant isomorphism follows immedi-
ately from point (1) and the definitions. We shall not need the anal-
ogous statement about coinvariants which is recalled in [EG14] and
proved in [Thol2]; see Remark 2.9 below for an indication as to why
not. We remark that, by the explicit construction of U;(Qn), above,
Agq, is a finite abelian group of p-power order.)

3. Let T?’;UQN (Ui(QN)m, O/w") be the image of To»Y@~ -0V in the ring
Endo (pr (Se,+(Ui(QN)m, O/w"))). As in Proposition 5.3.2 of [EG14],
there exists a deformation

SpUQ N r
G gy = In (Tf,TUQ (UH(QN)m, O/ )"‘QN>

of p which is of type S, . In particular, pr (S - (Ui (QN)m, O/WT)mQN)
is a finite Rggi; -module.

2.7 Remark. The construction of the above deformation of p follows the
outline of the proof of Proposition 3.4.4 of [CHTO08], but one can appeal to
Corollaire 5.3 of [Labll] for the necessary base change results and to the
main results of [Car12; Carl14] for local-global compatibility in the conjugate-
self-dual case, which will show that the deformation is of type Sg,. (For
the places in S, \ {p}, the argument is similar to the one in the proof of
Lemma 4.17 (1), which works at the place p. In particular, the argument
relies on Theorem 3.7.)
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As in Section 5.5 of [EG14], there is a homomorphism Ag, — (Rggiv)X

N
obtained by identifying Ag, with the product of the inertia subgroups in
the maximal abelian p-power order quotient of HUEQN G, and thus a ho-

momorphism O[Ag,] — Rggijz. The Rggil‘v’-module structure coming from

the existence of Galois representations thus induces an action of O[Ag, ] on
pr (Se,r (U1(QN)m> O/@" )y, ), Which agrees with the one in (2) above.

2.8. Patching

We now make our patching construction, by applying the Taylor—Wiles—
Kisin method. Before doing so, we provide a brief comparison and contrast
with the patching constructions in some previous papers, such as [EG14]
and [EGS15]. In the latter paper, we employ Taylor—Wiles—Kisin patching
to construct what we call patching functors, which are (essentially) certain
exact functors from the category of continuous GL,(OFp)-representations
on finitely generated O-modules to the category of coherent sheaves on
an appropriate deformation space of local Galois representations (perhaps
with some auxiliary patching variables added). Although this is not dis-
cussed in [EGS15], such a functor can be (pro-)represented by an object
M, which is a continuous GL,,(OF)-representation over the local deforma-
tion ring (again, perhaps with patching variables added). More precisely, in
terms of such a GL, (Op)-representation M, the patching functor can be
defined as Homggﬁ&Ln(OF)”(Moo, VY)Y, if V is a continuous representation
of GL,(OF) on a finitely generated O-module. The exactness of the patch-
ing functor can be encoded in the requirement that M., be a projective
O[|GL,(OF)]]-module.

In this paper our approach is to construct the representing object M, di-
rectly, and (most importantly) to promote it from being merely a GL,,(OF)-
representation to being a representation of the full p-adic group GL,,(F'). (In
terms of patching functors, one can somewhat loosely think of this as extend-
ing the patching functor from the category of GL,,(OF)-representations to a
category that we might call the Hecke category, whose objects are the same,
but in which the morphisms between any two GL,,(Op)-representations U
and V are defined to be Homgy,, () (C—Indgizggl)u c—IndgE:Egl)V).)

Obtaining this additional structure on M, requires us to keep track of
additional data (“partial actions” of the non-compact directions in G) in the
course of the patching process. Before presenting the details of our construc-
tion, we remark that Scholze has simplified this aspect of our construction
by a reinterpretation of patching in terms of ultraproducts [Sch15, §§8, 9],
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which obviates the need for keeping track of this extra data. We have chosen
to keep the original form of our argument here, however.

From now on, to ease notation we write K = GLn((’)ﬁﬁ) = GL,(OF),
G = GLn(ﬁE) = GL,(F), and Z = Z(G). For each integer N > 0, we
set Ky = ker(GLn(OF) — GLn((’)F/wg)), so that K/Ky — T'y. We
have the Cartan decomposition G = KAK, where A is the set of diagonal
matrices whose diagonal entries are powers of the uniformiser wg, and we
let Ax be the subset of A consisting of matrices with the property that the
ratio of any two diagonal entries is of the form w}, with |r| < N, and set
Gy = KANK. Note that Gy is not a subgroup of G unless N = 0, but that
each K\Gn/KZ is finite, and G = Un>oGN.

If (o,W) is a representation of KZ, then we write Ind$ o for the
space of functions f : Gy — W with f(kg) = o(k)f(g) for all ¢ € Gy,
k € KZ; this is naturally a K Z-representation via (kf)(g) := f(gk). We
define Ind% , & in the same way; then Ind%, o is a representation of G via
(9.)(9') = f(g'9).

For each N, we set

Mi>QN = pr(SE,T(Ui(QN)QNa O/wN)mQN)V-

Note that M; g, depends on the integer N as well as on the set of primes
Qn (it could happen that Qy; = Qn for M # N), but we will only include
@ in the notation for the sake of simplicity. Note also that we could have
equivalently defined

Mi,QN = pr\/ (Sg,T(Uz(QN)QNa O/WN)mQN )7

since pr is an endomorphism of Se - (U;(Qn)2n, O/ )
duality is an exact contravariant functor.

Let Ag, be as above; it is of p-power order by the definitions of the
Ui(Qn)2n- It follows from point (2) in the previous section that M g, is a
finite projective (O/w™)[Ag,][[an]-module. Since Z centralises U1 (Qn)2n,
there is also a natural action of Z on M g, .

o, and Pontrjagin

2.9 Remark. The reason for including a Pontrjagin dual in the definition of
M, g, is that Se - (U;(Qn)2n, O/ is a space of automorphic forms, and
so is most naturally thought of as being contravariant in the level, while
patching is a process that involves passing to a projective limit over the
level (rather than a direct limit). Now since S¢,(Ui(Qn)aon, O/w™) is a

space of automorphic forms on the definite unitary group G, it is a space of



26 A. Caraiani et al.

functions on a finite set, and so has a natural self-duality. Thus, by exploiting
this self-duality to convert its contravariant functoriality into a covariant
functoriality, we could omit the Pontrjagin dual in the preceding definition,
and indeed it is traditionally omitted (see e.g. [CHTO08], [BLGG11], [Thol2],
and [EG14]). However, we have found it conceptually clearer to include this
duality in our definitions and constructions.

We now define a K Z-equivariant map

an MLQN — Ind?{% ((MLQN)KN)

(where (M g, )k, denotes the Ky-coinvariants in M g, ) in the following
way. Note firstly that there is a natural identification

(M1,gy)kx = pr' (Se (U1(@Qn)N, Ofw™ )i, ),

so it suffices to define a K Z-equivariant map

an : Se(U1(Qn)an, O/w™)Y — Ind 7, Se (U1 (Qn)w, O/™)Y.

Now, given g € G, we have g ' Kong C Ky, so that there is a natural map
9" S (U1(QN) N, O/w™) = Se- (U1 (Qn)2n. O/w™)
given by (9" - f)(z) := f(zg), and a map
g = (979" : Se (UL (QN)an, OJwN)Y — Se (U1 (Qn)n, O ™).

(The latter is well defined since Gy is stable under taking inverses. We
note that ¢g* (resp. g.) may be interpreted as the natural pullback (resp.
pushforward) map on cohomology (resp. homology) under the natural right
(resp. left) action of G(A*) on the tower of arithmetic quotients of G.) We
have (gh)* = g* o h* and hence (gh).« = g« © hx, whenever all are defined. We
also remark that we have the relation

an(pr'(£))(g) = pr'(an(f)(9)),

which follows from the fact that pr and pr¥ are defined using Hecke operators
away from p and hence commute with g, and, respectively, g*. Then we define

an by

(an(x))(g) = g«().
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In order to check that this is K Z-equivariant, we must check that for all
k € KZ we have (an(kz))(g) = (kan(z))(g); this is equivalent to checking
that g.(kz) = (gk).«(z), which is immediate from the definition.

Set M. EQN =Mig,® Ry RE{;N. We have an induced K Z-equivariant

map ay : MlD,QN — Ind%}(MEQN)KN. Define
ROO = Rloc[[xl’ - 7xq—[ﬁ'+:@]n(n—1)/2]]’

Soo = O[[Zl, ce s Rn2HT YLy e >yq”»
for formal variables T1see o Ty (feqin(n_1)/20 Y1+ Ya and z1,..., Zp247.

For each N, we fix a surjection Ry, — RES of Rl°°-algebras (which, as

recalled in Section 2.6, is possible by the choice of the sets Q). These
choices allow us to regard each M. 1|:|QN as an Rs.-module. Also, we fix choices

of lifts representing the universal deformations over Rgni" and each Rg«gi"
N

such that our chosen lift over each Rggi" reduces to our chosen lift over Rgni".
N

These choices give rise to isomorphisms RE(; = Rggi" ®00|[21, -, Zn247]]
N N

compatible with a fixed isomorphism RET = REV®00([21, . . -, 2n2pr]];

they also allow us to regard each MID,QN as an O[[z1, ..., zp247]]-module.

Finally, for each N, choose a surjection O[[y1, . .., y4]] = O[Ag, ] with kernel
contained in the ideal generated by (1 + y;)? Y _1fori=1,...,q. This gives
each MlD Y the structure of an S..-module and hence the structure of an
Seo[[K ]]—Vmodule (where the action of K factors through I'on). We note that
the action of Sy, on MID,QN factors through that of REQTN.

We now apply the Taylor—Wiles method in the usual way to pass to a

subsequence, and patch the modules MlD,QN together with the maps ay :
MID,QN — Ind%}(MEQN) K- More precisely, for each N > 1, let by denote
the ideal of Sy, generated by @™, 2V and (1 + y;)?" — 1. Let a denote the
ideal of So generated by the z; and the y;. Fix a sequence (9n)n>1 of open

ideals of Rgni" such that

o wVR¥Y C oy C Ann runiv (S 7 (Uan, O/m™M)%);
e Oy D Onyq for all N;
e Ny>10ny = (0).
(For example, we may take 0y = mggm N Ann guns (S¢ 7 (Uan, O/m™)¥).)
At level N, we consider tuples consisting of

e a surjective homomorphism of R'°“-algebras ¢ : Roo — Rgniv JON;
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e a finite projective (Suo /b )[[on]-module MP which carries a commut-
ing action of Ro, ®p O[Z] such that the action of S can be factored
through that of R;

e the action of ZN K should factor through that of Zon := (ZNK)/ZN
Ksn and be compatible with the action of I'gp;

e an isomorphism v : (M5 /aMY) =S¢ (Usn, O/w™)Y, that is both
I'sn- and Z-equivariant, and is compatible with ¢;

e a K Z-equivariant and Ry, ®© Sso-linear map

a: MY = md$y [(MP)k, ],
whose reduction modulo a is compatible with the map
Ser Uz, O/w")y = Indiy [Se - (Un, O/w ™)y

induced by the action of Gy on the spaces of algebraic modular forms.

We consider two such tuples (¢, M5, 1, a) and (¢/, M5, ¢, a’) to be equiv-
alent if ¢ = ¢’ and if there is an isomorphism of (So,/bn)[[an] ®0 Reo Q0
O[Z]-modules MP = MY which identifies 1 with ¢/ and a with o’. Note
that there are at most finitely many equivalence classes of such tuples. (Even
though the algebra O[Z] is not of finite type over O, the compatibility be-
tween the Z-action and the I's-action gives only finitely many possibilities
for the O[Z]-action. Also, for a given M there are only finitely many K Z-
equivariant homomorphisms o : M — Indf(%[(M k. ], because MY and
K\Gx/KZ are finite.) Note also that a tuple (¢, MD, v, a) of level N gives
rise to a tuple (¢/, MY, ¢, ') of level (N —1) by setting ¢’ := ¢ mod dn_1,
MY = (MB/bn_1) Ky, and ¢’ := ¢ mod w” 1. The map o is defined
by the formula o/ (72)(g) = a(m)(g). Here T denotes the image of m € M
in MY and a(m)(g) denotes the image of a(m)(g) in (M~ )k, _,. Note that
for any m € M©, v € Kyn-1) and g € Gy—1, we have

a((y = m)(g) = a(m)(g(y — 1))
=a(m)((gv9~" = 1g) = (979~ — Da(m)(9),
by the K-equivariance of a.. Using the fact that gyg~' € Ky_1 it is straight-
forward to see that o is well-defined.

For each pair of integers N’ > N > 1, we define a tuple (¢, M, 4, a)
of level N as follows: we set ¢ equal to Ry — RES —» RgniV/DN and

we set MU = (MEQN’ ®S.. Soo/bN) K,y The map ¢ comes from points (1)
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and (2) in the previous section. The map « comes from ay+ defined above
(in the same way that o/ is defined in terms of « in the previous paragraph)
and the compatibility it is required to satisfy comes from the commutative
diagram in point (1) of the previous section. Since there are only finitely
many isomorphism classes of tuples at each level N, but N’ is allowed to be
arbitrarily large, we can apply a diagonal argument to find a subsequence
of pairs (N'(N), N)n>1 indexed by N such that for each N > 2, the tuple
indexed by N reduced to level (N — 1) is isomorphic to the tuple indexed
by (N —1). For each N > 2, we fix a choice of such an isomorphism.
We now define

My = @(MEQN/(N) e SOO/[JN)KQN’
N

where the transition maps are induced by the isomorphisms fixed in the
previous paragraph. (We drop the square from the notation here in order
to avoid notational overload in later sections.) Each of the terms in the
projective limit is a (literally) finite O-module, endowed with commuting
actions of So[[K]] and Ry ®o O[Z], and by construction the transition
maps in the projective limit respect these actions. Thus M., is naturally
a profinite topological So[[K]]-module which carries a commuting action
of Roo ®p O[Z], the topology on My, being the projective limit topology
(where each of the terms in the projective limit is endowed with the discrete
topology). Moreover, the action of Sy, on My, can be factored through
some map So, — Roo. This follows from the fact that the image of S in
Endg (M) is closed and the analogous statement holds at each finite level
N. (Recall that the action of Sy on MlD;QN factors through that of REQTN )
We remark that M., and its extra structures depend on the many choices
we have made, in particular on the subsequence of pairs (N'(N), N) and on
the choice of isomorphisms between different levels for N > 2.

The module M, is the key construction of the paper; the remainder of
this section is devoted to recording some additional properties that it enjoys.
Firstly, since the transition maps in the projective limit are given simply by
reducing from level N to level N — 1, it is easily verified that the natural
map induces an isomorphism

(MOO/bN)KzN ; (MEQN/ /bN)KzN'

(N)

Next, from this, it follows from the topological form of Nakayama’s lemma
that My is in fact a finite Sy[[K]]-module. It follows that the topology
on M., coincides with the quotient topology obtained by writing it as a
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quotient of Sy [[K]]", where Soo[[K]] is endowed with its natural profinite
topology. Crucially, there is a K Z-equivariant and R.o-linear map

Qoo : My — Ind¥, My,

by taking the projective limit of the maps
(MEQ o, ©5. Soo/BN) iay — Ind$y ((MEQN,(N) @5 Soo /bN)KN> .

induced by an/ vy : M1y, — Indf{}'(m ((MLQN,(M)KN,(N)). We denote
this induced map by @y (y)-
The following proposition establishes the additional key properties of

the patched module M, that we will need.

2.10 Proposition. M, is finitely generated and projective over Sx[[K]],
and consequently 1is finitely generated over Roo[[K]]. Furthermore, aoo is
injective, and its image is G-stable, so that an induces an action of G on
M,..

Proof. As we already noted above, M, is finitely generated over S [[K]];
in particular we may choose a surjection So[[K]]" = My for some r > 1.
In order to check that My, is a projective So[[K]]-module, it is enough to
check that this surjection splits.

Since each M g, is a projective (O/w™)[Ag,][[2n]-module, we see
that

(MOO/bN)KzN = (MIE,lQN/ /bN)K2N

is a projective S /by[[an]-module, so we have a cofinal system of ideals
(namely, the ideals generated by by + ker(O[[K]] — O[l'an])) defining the
topology of S [[/]] modulo which the surjection splits. The sets of possible
splittings at these finite levels then give us a projective system of non-empty
finite sets, and an element of the projective limit of this projective system
gives the required splitting.

Since, as observed above, the S.,-action on M, factors through the
R-action, we see that My, is also finitely generated over R o[[K]].

We now check that ae, is injective. Note that by definition, for each
an : Mig, — IndIG(%((MLQN)KN) we have (ay(m))(1) = 1.(m) = m,
where ™ denotes the image of m in (M g, )k, - From this (with N replaced
by N'(N)) we deduce that (ay:(n))(m))(1) = m where m is the image

of m € (MID,QNI(N)/bN)KZN in (MEQN,(N)/EN)KN. This then implies that

(@too(m)) (1) = m for each m € My, and g is certainly injective.

(N)
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In order to show that the image of v is G-stable, we will show that for
all g € G, m € My, we have

g(aoo(m)) = Qo ((aoo(m)) (g))

In other words, we will show that for all g,h € G and m € My, we have

(erso(m)) (hg) = (0roc (oo (m))(9)) ) ().

Let m be an element of My, and let N be any integer large enough
so that g, h,gh € Gp. This certainly means that g, h,gh € Gan as well.
Since N can be arbitrarily large, it is enough to show that both sides of
the equation above become equal in (M /by )k, and we do this by explicit
computation.

We let my : Moo — (Moo/bN)KzN and oy : My — (Moo/bN)KN denote
the projection maps. Then by definition, we have

o N (oo (oo (M) (9)) () = @) (T (oo (m) (9))) (R)
= anv(n) (o2n (oo (m)(g)) mod by ) (h)
= an (v (@n 2n) (m2n (M) (9) mod by ) (h).

Now, for integers N, N, N” > 1 with N < N'(N), we let U1 (Qn+(x), N)n~ be
the open compact subgroup lying between Ut (Q - (n)) v+ and Up(Qn+(n)) N7

for which Uo(Qn+(ny)N+/UL(Qnv(ny, N)n» = (Z/pNZ)?. Then we have a

commutative diagram

Ser (U1(Qnrany 2N)an, O/*N) " —E— Se  (U1(Qn(2)s 2N)2w, O /)

H lnat

Se.r (U1(Qn/(2n) 2N)an, O/w?N) ¥ Ser (U1(Qne 2y N)2w, O/w™)”

[ |»

hg).
Se.r (U1(Qn vy N)aw, 0/z™) 9, Ser (U1(Qnravy, N, Ofw™)”.
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First localising at mg , then applying the projector prY, then ten-

(2N)?
univ

soring over RSQ with REQT , and finally reducing modulo boy or by

NY(N) NY(N)
as appropriate, we obtain a commutative diagram:

(Moo/ban) Ky —2— (Moo /b2N) Koy

(Moo /baN) K, x (Moo/bN) K x

[ |

hg).
(Moo /6N ke 2% (Moo /b ) ke

Now, on the one hand, the element mox(m) lies in the space in the upper
left corner of this diagram. By definition, we have

(v (@ 2wy (man (m))(g) mod by) (h) = ha o nat o g, (man(m))

On the other hand, wyx(m) lies in the space in the lower left corner of the
diagram, and we have

an(wy (mn(m)) (hg) = (hg)s (nn(m)) = (hg). o nat(man(m)).
The desired equality now follows from the commutativity of the above dia-
grams. O

Note that for each positive integer m, the compact open subgroups Uy,
have the same level away from p. Let UP C G(A%o;p) denote that common
level. Define the w-adically completed cohomology space

Ser (UP, 0)m := lim (lim Sg 7 (Upn, O/ )m).-

The space §§7T(U P,O)m is equipped with a natural G-action, induced from
the action of G on algebraic automorphic forms. Moreover, S¢ - (U?, O)y is
equipped with a natural action of the Hecke algebra

S, .S,
T3 (UP, O) 1= Hm Te" (U, O)u.

By taking the inverse limit of the TZ’;(Um,(’))m—Valued deformations of p
of type S we obtain a map R%Y — ']I‘pr(UF', O)m. Therefore, Sg,T(U”, O)m
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is also equipped with an action of the local deformation ring RED via the
composition RED — RV — T?’;(UP, O)m.

2.11 Corollary. There is a G-equivariant isomorphism
(Moo/aMoo) = Se . (UP, 0)2

which is compatible with the R»p@—actz'on on both sides.

Proof. We have a K Z-equivariant isomorphism
Voo : (Moo /aMoo) =5 Se (U, 0)4

obtained by taking the projective limit of the I'oy- and Z-equivariant iso-
morphisms v at level N.
We first show that 1, is compatible with the R»E—action on both sides.

The RED—action on the left hand side is via the map RED — Ry and each
Y at level N is compatible with ¢ : R, — R$™/0n. On the other hand,
the action of RED on the right hand side is via the map RED — Rgni" and
Nn>10n = (0). The desired compatibility follows.

_Moreover, Vo fits into a commutative diagram

(Mucfal) =" Se, (U, 0)%

E E
d%, (Mao/aMs) —2 nd%, (Se-(UP, 0)%)

where both vertical maps are induced by the action of g € G. (The fact
that the right vertical map has G-stable image follows from the analogue of
Proposition 2.10 for the completed cohomology space 5’§7T(U p,(’))f%. Since
My can be thought of as a patched version of completed cohomology, the
arguments for S¢ (U, O)4 are analogous, but easier.) The G-equivariance
of Y, now follows from Proposition 2.10. O

2.12. Admissible unitary Banach representations

An E-Banach space representation V of G is an F-Banach space V' together
with a G-action by continuous linear automorphisms such that the corre-
sponding map G x V — V is continuous. A Banach space representation V'
is called unitary if there exists a G-invariant norm defining the topology on
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V. The existence of such a norm is equivalent to the existence of an open,
bounded G-invariant O-lattice © C V. A unitary L-Banach space represen-
tation is admissible if © ®o F is an admissible (smooth) representation of
G. (This means that the space of invariants (© ®o F)¥ is finite-dimensional
for every open subgroup H C G.) This definition of admissibility is equiv-
alent to that of [ST06] by Proposition 6.5.7 of [Eme]. (The latter definition
requires ©% to be a finitely generated module over O[[H]].)

Fix a lifting r : Gp — GL,(O) of 7. We now explain how M, allows
us to associate to r an admissible unitary Banach representation V (r) of
GL,(F).

As above, we identify F with fg. By definition, 7 comes from a homo-
morphism of O-algebras x : R'Ej — O. We extend this to a homomorphism
of O-algebras

x RE@ (@Uegp\{p}R?’é’T) -0
by using the homomorphisms R? ST 50 corresponding to our given po-
tentially diagonalisable representation Tpot.diag, and then extend 2’ arbi-
trarily to a homomorphism of O-algebras y : R — O. We set V(r) :=

(Moo ®pr..y O)[1/p].

2.13 Proposition. The representation V (r) is an admissible unitary Ba-
nach representation of GLy,(F).

2.1/ Remark. Note that we do not know if V(r) is independent of either the
global setting or the choice of y. We also do not know that V'(r) is necessarily
nonzero, although we will prove that V(r) # 0 for many regular de Rham
representations r in Section 5 below, as a consequence of the stronger result
that (for the particular choice of r under consideration) the subspace of
locally algebraic vectors in V(r) is nonzero.

Proof of Proposition 2.13. The image of (M ®g_, O)? in V(r) is a unit
ball stable under GL,,(F'), and so V(r) is a unitary representation.

In order to see that V(r) is admissible, we must show that for each N >
0, the F-vector space (Moo ®p..,O)? ®F) K~ i3 finite-dimensional. Writing
7 for the composite Ros - O — F, we must check that (Mao ®r.y5F) K, is
finite-dimensional. Since My, is a finite Sy[[/K]]-module, and kery induces
an open ideal of S, this is immediate. O

2.15 Remark. While we have assumed throughout this section that 7 has
a potentially diagonalisable lift with regular Hodge—Tate weights, this hy-
pothesis is not needed for our main results, which concern representations
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r: Gp — GL,(E). Indeed, possibly after making a ramified extension of
E, it is easy to see that any such representation can be conjugated to a
representation ' which factors through GL,(O) and whose reduction 7 is
semisimple, so that # has a lift of the required kind (possibly after further
extending F) by Lemma 2.2.

3. Hecke algebras and types

In the following two sections we will use the local Langlands correspondence
and the theory of types to establish local-global compatibility results for our
patched modules. In particular, we will make use of the results of [BK99] and
[SZ99] in order to study spaces of automorphic forms which correspond to
fixed inertial types. As explained in the introduction, in some of our results
we will for simplicity restrict ourselves to the case of Weil-Deligne represen-
tations with N = 0; this means that we will limit ourselves to considering
potentially crystalline Galois representations. However, some of our results
are more naturally expressed in the more general context of representations
with arbitrary monodromy, so we will make it clear when we impose this
restriction. We begin by collecting and explaining various results from the
literature that we will need.

Let F/Q, be a finite extension. Recall that we write K = GL,(OF),
G = GL,(F), and that Wg is the Weil group of F. Although several of
our references work over C, we work consistently over @p (except in Subsec-
tion 3.13, where we fix a single Bernstein component, and work over a finite
extension of Q). The various results over C are transferred to our context
over @p via our fixed choice of 1 : @p 5 C.

As recalled in Section 1.8, the local Langlands correspondence rec,, gives
a bijection between the isomorphism classes of irreducible smooth represen-
tations of G over @p, and the n-dimensional Frobenius semisimple Weil—
Deligne representations of Wg, independently of the choice of #; thus none
of our results below depend on the choice of 1.

3.1. Bernstein—Zelevinsky theory

We now recall some details of the local Langlands correspondence and its
relationship to Bernstein—Zelevinsky theory, following [Rod82].

Given a partition n = ny + --- + n,, let P = M N be the correspond-
ing standard parabolic subgroup of G with Levi subgroup M and unipotent
radical N (standard with respect to the Borel subgroup of upper triangular
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matrices), so that M = GL,,(F) X --- X GL,, (F). For any smooth repre-
sentations m; of GL,,(F'), the tensor product 7} ® -+ ® 7, is naturally a
representation of M and thus of P, and we denote by 7 X - - - X 7, the nor-
malised induction z’%(m@- --®@m,). If 1, ..., m, are irreducible supercuspidal
representations then m X --- X 7, has finite length by [Rod82, Proposition
4].

Any smooth irreducible representation m of G is necessarily a subrep-

resentation of some 7 X --- X 7, for some P and some irreducible super-
cuspidal representations 71, ..., m.. By [Rod82, Proposition 5], 7 determines
the multiset {m,..., 7} (and thus the corresponding partition of n, up to

reordering) uniquely, and we refer to it as the cuspidal support of 7. For any
representation m; of GL,, (F'), and any integer s, we write m;(s) := m;®| det |°.
Then by [Rod82, Théoreme 1] (and the remark which follows it), m x - - - X,
is reducible if and only if there are some i, j with n; = n; and m; = m;(1).
We define a segment to be a set of isomorphism classes of irreducible
cuspidal representations GL,,, (F') of the form A = {m;, m;(1),...,m(r — 1)}
for some r > 1, and we write A = [m;, m;(r — 1)]. We say that two segments
Ay, As are linked if neither contains the other, and A1UAs is also a segment.
If Ay = [m;, 7] and Ay =[x, 7] are linked, we say that Ay precedes Ay if

1
1"

T

= m;(r) for some r > 0.

If A = [m, m(r —1)] is a segment, then m; x - -+ x m;(r — 1) has a unique
irreducible subrepresentation Z(A) and a unique irreducible quotient L(A).
By [Rod82, Théoreme 2|, if Aq,..., A, are segments such that if i < j, then
A; does not precede Aj, then the representation Z(Aq) x --- x Z(A,) has
a unique irreducible subrepresentation, which we denote Z(Aj X - -+ x A;).
Every irreducible smooth representation of G is of the form Z(A; x --- x
A,) for some segments Ay, ..., A,, which are uniquely determined up to
reordering. By [Rod82, Théoréme 3], the analogous statement also holds for
the L(A;). By [Rod82, Théoreme 5|, Z(Ay,...,A,) occurs with multiplicity
one as a subquotient of Z(A1) x --- x Z(A,).

The link with the local Langlands correspondence is as follows [Rod82,
§4.4]. The representation recy(7) is irreducible if and only if 7 is supercuspi-
dal. For each integer > 1 there is an explicitly defined r-dimensional Weil—
Deligne representation Sp(r) whose restriction to the Weil group is unrami-
fied and whose monodromy operator has rank r—1 (see page 213 of [Rod82]).
Then if A = [m;, m;(r — 1)] is a segment, we have rec,(L(A)) = recy(m) ®
Sp(r), and more generally we have rec, (L(A1, ..., A;)) = ®I_ rec, (L(4,)).
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3.2. The Bernstein Centre

We now briefly recall some of the results of [Ber84] (in the special case
that the reductive group under consideration there is GL,) in a fashion
adapted to our needs. The Bernstein spectrum is the set of G-orbits of pairs
(M,w), where M is a Levi subgroup of G, w is an irreducible supercuspidal
representation of M, and the action of GG is via conjugation; note that up to
conjugacy, (M,w) is of the form (GLy, (F) x---xGL, (F),m®---®m,), as
in the preceding section. As we will explain below, the Bernstein spectrum
naturally has the structure of an algebraic variety over @p (with infinitely
many connected components), the Bernstein variety. Given an irreducible
smooth G-representation m, we obtain a point of the Bernstein spectrum
by passing to the cuspidal support of . This map is surjective; any point
(M,w) of the Bernstein spectrum is equal to the cuspidal support of 7 for
any Jordan—Holder factor 7 of z'gw (and indeed these are precisely the =
for which (M,w) arises as the cuspidal support; here P is any parabolic
subgroup of G admitting M as a Levi quotient — the collection of Jordan—
Hoélder factors of i w is independent of the choice of P).

The connected components of the Bernstein variety are as follows. Fix a
pair (M, w) as above; then the component of the Bernstein variety containing
(M,w) is the union of the G-orbits of the pairs (M, aw), where « is an
unramified quasicharacter of M. We say that two pairs (M,w) and (M’ ")
are inertially equivalent if they are in the same Bernstein component, and
write [M, w] for the equivalence class. Fixing one such pair (M, w), it is easy
to see that there is a natural algebraic structure on the inertial equivalence
class, because the set of unramified quasicharacters of M has a natural
algebraic structure, and thus so does any quotient of it by a finite group; this
gives the structure of the Bernstein variety. Given an irreducible smooth G-
representation 7, we will refer to the inertial equivalence class of its cuspidal
support as the inertial support of .

For any connected component €2 of the Bernstein variety, we have a cor-
responding full subcategory of the category of smooth G-representations,
whose objects are the smooth representations all of whose irreducible sub-
quotients have cuspidal support in £2. Such a subcategory is called a Bern-
stein component of the category of smooth G-representations, and in fact the
category of smooth G-representations is a direct product of the Bernstein
components. Given a Bernstein component €2, the centre 3q of € is the cen-
tre of the corresponding Bernstein component (that is, the endomorphism
ring of the identity functor), so that 3q acts naturally on each irreducible
smooth representation 7 € ). Since 7 is irreducible, each element of 3q will



38 A. Caraiani et al.

act on m through a scalar. In fact this scalar depends only on the cuspi-
dal support of 7, and in this way 3q is identified with the ring of regular
functions on the connected component €2 of the Bernstein variety.

The above notions extend in an obvious way to products of groups
GL,,(F'), and we will make use of this extension below without further
comment (in order to compare representations of G with representations of
a Levi subgroup).

Finally, we note that from the link between the local Langlands corre-
spondence and Bernstein—Zelevinsky theory explained in Section 3.1, it is
immediate that two irreducible smooth representations m, 7" of G lie in the
same Bernstein component if and only if rec, ()|, = recy(n')|1,. (where we
ignore the monodromy operators).

3.3. Bushnell-Kutzko theory

Fix a Bernstein component €. In [BK99], there is the definition of a semisim-
ple Bushnell-Kutzko type (J,\) for Q, where J C K is a compact open sub-
group, and A is a smooth irreducible @p—representa‘cion of J. The pair (J,\)
has the property that if 7 is an irreducible smooth representation of GG, then
Hom (A, 7) # 0 if and only if 7 € Q, and in fact the functor Hom (A, x)
induces an equivalence of categories between (2 and the category of left mod-
ules of the Hecke algebra H(G, \) := H(G, J; \) := Endg(c-Ind§\), with the
inverse functor being given by c—Indg)\ ®@(an) (%)

Let 7 be an irreducible representation in €2, and let (M,w) be a rep-
resentative for the inertial support of w. We can and do suppose that M
is a standard Levi subgroup []i_; H?;l GLe, (F), and that w = ®_ 75%,
where m; and m; are not inertially equivalent (that is, do not differ by a
twist by an unramified quasicharacter) if ¢ # /. Then by the construc-
tion of (J,A) in [BK99], there is a pair (J N M, Ajs) which is a semisimple
Bushnell-Kutzko type for the Bernstein component Qs of M determined
by w, in the sense that if m); is an irreducible smooth representation of
M, then Hom jnpr(Aar, mar) # 0 if and only if mp € Qpy, and the functor
Hom jnaz(Aar, %) induces an equivalence of categories between Q2 and the
category of left modules of H (M, \js) in the same way as above.

Let P be a parabolic subgroup of G with Levi factor M. Then the
normalised induction ig restricts to a functor from Qs to 2, and there
is a unique injective algebra homomorphism tp : H(M,A\y) — H(G, )
(which is denoted jg on page 55 of [BK99]) such that under the equivalences
of categories explained above, ig corresponds to the pushforward along ¢p
(given by Homy(az .z, ) (H(G, ), %))



p-adic local Langlands correspondence 39

It will be useful to us to have a somewhat more explicit description of the
pair (J N M, Ay). Recall that we may write M =[]/, H;-lizl GLe, (F), and
that w = ®§’:17rz®di. Then as is explained in [BK99, §1.4-5] (see also the para-
graph after Lemma 7.6.3 of [BK93]), we may write J N M =[]\, H;-lizl Ji,
v = Qi )\l@di, where (J;, A;) is a maximal simple type occurring in ;
in the sense of [BK98]. There is a corresponding isomorphism H (M, A\yr) =
®7_ 1 H(GL, (F), )\i)®d"’, and each H(GLe, (F), );) is commutative, so that
H(M, \pr) is commutative. The following somewhat technical lemma will be
useful to us in Section 4. We remind the reader that the algebra H(M, \yr)
is naturally isomorphic to the convolution algebra of compactly supported
functions f : M — End@p()\M) such that f(jmj’) = jo f(m) o j for all
meM,j,j € JNM (see [BLI4, §2.2]).

3.4 Lemma. There is an integer e > 1 and a Q,-basis for H(M, Apr) with
the property that if v is an element of this basis, then the e-fold convolution
of v with itself is supported on t,(J N M) for some t, € Z(M).

Proof. By the above remarks, we need only prove the corresponding result
for the Hecke algebra of a maximal simple type H (GLei (F), )\i). In this case,
the proof of Theorem 7.6.1 of [BK93] shows that we can take a basis given by
Hecke operators supported on cosets of the form ¢.J; where t € D(B) in the
notation of [BK93]. By Lemma 7.6.3 of [BK93], it suffices to show that there
is a positive integer e such that if ¢ € D(B) then the e-fold composition of a
Hecke operator vy supported on t.J; with itself is supported on sJ;, where s is
a scalar matrix. But D(®B) is a cyclic group, generated by a uniformiser wg
of some finite extension of fields E/F inside GL¢,(F), so we can just take e
to be the ramification degree e(E : F'). In that case, the e-fold composition
of a Hecke operator supported on wgJ; with itself is supported on wgJ;, as
remarked on the bottom of page 201 of [BK93]. O

3.5 Remark. If \; is a maximal simple type for GLy, (F'), then the ramifica-
tion degree e(E : F) is equal to n;/f;, where f; is the number of unramified
characters of F'* which preserve a supercuspidal GL,, (F)-representation
containing A;. This follows from Lemma 6.2.5 of [BK93]. Therefore, the ele-
ment det(wg) of F* has valuation f;.

3.6. Results of Schneider—Zink and Dat

We will need a slight refinement of the Bernstein centre and of the theory
of Bushnell-Kutzko, which is constructed in the paper [SZ99]. Note that
there is not quite a bijection between irreducible smooth representations of
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G and characters of the Bernstein centre; as explained in Section 3.2, any
two Jordan—Holder constituents of a parabolic induction from an irreducible
cuspidal representation correspond to the same character of the centre, so
that for example the trivial representation and the Steinberg representation
correspond to the same character. Furthermore, as recalled in Section 3.2,
two irreducible representations lie in the same Bernstein component if and
only if the corresponding Weil-Deligne representations agree on inertia, but
have possibly differing monodromy operators, and it can be useful to have
a finer decomposition. In particular, we wish to be able to consider only the
representations with V = 0.

Let ©Q be a Bernstein component, with (J,\) being the corresponding
semisimple Bushnell-Kutzko type. Let Irr(€2)y denote the irreducible ele-
ments 7w of () with the property that N = 0 on rec,(m). In [SZ99, §2], the
material recalled in Section 3.1 above is recast in terms of certain partition
valued functions, which depend on the inertial support 2. In [SZ99, §3], a
partial ordering is defined on these functions, and there is a unique max-
imal element for this ordering, which we will denote by P from now on.
In [SZ99, §6] an irreducible direct summand op()) of Ind% X is constructed,
with the property that if 7 is an irreducible smooth G-representation, then
Hompg (op(A), m) # 0 if and only if 7 € Irr(€2)o, in which case op(A) occurs
in 7| g with multiplicity one. (This follows immediately from Proposition 6.2
of [SZ99], using the relationship between the partial ordering on partition
valued functions in [SZ99] and the monodromy operators, which is explained
in the proof of Proposition 6.5.3 of [BC09].)

If 7 is the inertial type corresponding to €2, then we write o(7) for op(A).
As remarked on page 201 of [SZ99], since P is maximal, o(7) coincides with
the representation ps = ex Indf A constructed in Theorem 4.1 of [Dat99)].
Here e is a certain idempotent in H(G, A) which is constructed in [Dat99,
§4.2].

Let 3q be the centre of Q. By Theorem 4.1 of [Dat99], the action of 3¢
on c-Ind%o(7) induces an isomorphism

30 =2 Endg (C-Indf(cr(T)) =: H(G»J(T)),

so in particular H(G, 0(7’)) is commutative.

Let Wiar) := Na([M,w])/M be the relative normaliser of the inertial
equivalence class of (M,w), with (M,w) as in Section 3.2. Then by Propo-
sition 2.1 of [Dat99], the natural algebra homomorphism tp : H(M, A\pr) —
H(G, ) induces an isomorphism tp : H(M, )Vl = Z(H(G,N)). It
follows from [Dat99, Theorem 4.1] that there is an algebra homomorphism
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sp: H(G,\) = H(G,o (7)), which makes H(G,0(7)) a direct summand of
H(G, \), and the composite sp o tp induces an isomorphism

H(M, M)V 5 H(G, o (7).

(The map sp is just given by h — e * h * e, where ek is the idempotent
mentioned above.)

We summarise much of the preceding discussion as the following theo-
rem.

3.7 Theorem. If T is an inertial type, then there is a finite-dimensional
smooth irreducible @p—representation o(1) of K such that if ® is any ir-
reducible smooth @p—representation of G, then the restriction of m to K
contains (an isomorphic copy of) o(T) as a subrepresentation if and only
if recy(m)|1, ~ T and N = 0 on recy(m). Furthermore, in this case the re-
striction of m to K contains a unique copy of o(7). The ring H(G, U(T)) =
Endg (c-Ind% o (7)) is commutative.

3.8 Remark. We may think of this result as an inertial local Langlands cor-
respondence for GL,, in the potentially crystalline case. For GLg /F, the
correspondence between 7 and o(7) matches the inertial local Langlands
correspondence of Henniart (see the appendix to [BM02]), restricted to the
potentially crystalline case.

3.9 Proposition. Let m; be an irreducible supercuspidal representation of
GLp, (F) for1 <i <7, andn =mny+---+n,. If 7; 2 m;(1) (the condition
being empty if n; # n;) for every i < j then the G-socle and the G-cosocle
of m1 X -+ X m. are irreducible. Moreover, the socle occurs as a subquotient
with multiplicity one and is the only generic subquotient of m X -+ X m.

Proof. This is an exercise in Bernstein—Zelevinsky theory [BZ77; Zel80]. We
will make use of the material recalled from [Rod82] at the beginning of this
section. If we let Ay = {m},...,A, = {m}, then by assumption the A; are
segments such that A; does not precede A; for 7 < j. Since the segments are
of length one, we have L(A;) = Z(A;) = m; by definition, so that as recalled
above mp X - - - X m, has a unique irreducible subrepresentation Z(Aq,..., A,;)
and a unique irreducible quotient L(Aq,...,A;). In addition, Z(A4,...,A,;)
occurs as a subquotient with multiplicity one, so we only need to show that
it is the unique generic subquotient.

Let U,, C GL,(F) be the subgroup of unipotent upper-triangular matri-
ces, and let 0, : U, — @px be the character (u;;) — (327 uii+1), where

Y F — @; is a fixed smooth non-trivial character. If 7 is a representation
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of G, we let mg, be the largest quotient of m on which U, acts by 0,,. If w is an
irreducible representation of G then the dimension of 7y _ is at most one, and
is equal to one if and only if 7 is generic. Since U, is equal to the union of
its compact open subgroups, the functor 7 +— 7, is exact. Thus it is enough
to show that (m; X --- X m)p, is one dimensional and Z(Aq,...,A;)p, is
non-zero.

In [BZ77; Zel80] the authors define a family of exact functors 7 — 7%
for 0 < i < n from the category of smooth representations of GL,,(F') to the
category of smooth representations of GL,,_;(F'). The representation 7@ is
called the i-th derivative of 7. We have 7(9) = 7 and 7(™ = 7, . If 7 is
irreducible and supercuspidal then 7 = 0 for 0 < i < n and 7™ is one
dimensional, by [BZ77, Theorem 4.4]. By [BZ77, Corollary 4.6] we have that
(1 % -+ x )™ 2= (7)) @ ... @ (7,) ") which is one dimensional, since
the m; are supercuspidal representations of GL,, (F). It follows from [Zel80,
Theorem 6.2] that Z(Aq,. .. ,Ar)(”) # 0, as required. O

If 7w in Q) is irreducible, then the action of 3g on 7 defines a @p—algebra

morphism x, : 30 — Endg(7) & @p. The following is a strengthening of
Theorem 4.1 of [Dat99].

3.10 Proposition. Let w be an irreducible smooth @p—representation of G,
such that rec,(m)|r, ~ T and N =0 on rec,(m). Then

C—IHd%U(T) ®36,xx @p 2y X - X Ty,

where m; is a supercuspidal representation of GLy,(F'), such that if i < j
then m; 2 m;(1) (the condition being empty if n; # nj), and recy(mw) =
®]_ recy(m;). Moreover, the representation w is the unique irreducible quo-

tient of c—Ind?(U(T) ®30,xx Qp-

Proof. Since N = 0 on recy(m), we may write it as a direct sum of irreducible
representations of the Weil group W, and there is a partition n = ny+-- -+
n, and supercuspidal representations m; of GLy,(F') such that rec,(m) =
@®]_ recy(m;). After reordering we may assume that if ¢ < j then 7; 2 m;(1).
It follows from Proposition 3.9 that w1 X --- X 7. has a unique irreducible
quotient ’.

Then recy (') = @®l_ recy(m;) as representations of Wr, and N = 0 on
rec, (') since all the segments have length one, as in the proof of Proposition
3.9. Thus rec,(n’) = rec,(w), which implies that = = 7. Since the socle of
m X -+ X m, is irreducible and occurs as a subquotient with multiplicity
one, the action of 3 on m X --- X 7, factors through an algebra morphism
X : 30— @p. Since the cosocle is isomorphic to m, we deduce that x = x.
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Theorem 3.7 implies that 7 is a quotient of c-Ind%-¢ (7). Since c-Ind%-o (1)
is projective there exists a G-equivariant map ¢ : C—Ind%O‘(T) = T X X T
such that the composition with 7wy X - - - X 7w, — 7 is surjective. The G-cosocle
of the cokernel of ¢ is zero. Since 7w X - -+ X 7, is of finite length, so is the
cokernel of ¢, and we deduce that ¢ is surjective. Since 3 acts naturally on
everything, ¢ induces a surjection @ : c-Ind%o (1) ®3,, . Q, —» T X Xy

Furthermore, [Dat99, Theorem 4.1] implies that the semisimplification
of c-Ind% o (1) ®3,, X is isomorphic to the semisimplification of 7} x - - - x 7,
where 7} are supercuspidal representations of GL, (F') for some integers nj,
such that n = n{ + -+ 4+ nl. Since 7 is an irreducible subquotient of both
7y x ... x7hand m X - - X 7y, [BZ77, Theorem 2.9] implies that 7] X - -+ x 7}
and 71 X - - - X7, have the same semisimplification. Thus c-Ind% o (7)® 3ae Qp
and m; X - -+ X 7, have the same semisimplification, which implies that ¢ is
an isomorphism, as required. O

3.11 Corollary. Let €2 be a Bernstein component corresponding to an in-
ertial type T and let 3q be the centre of Q). Let x : 3q — @p be a @p—
algebra morphism. Then the G-socle of c-Ind%o(7) ®3q,x @p is irreducible
and generic, and all the other irreducible subquotients are not generic.

Conversely, if an irreducible representation m in ) is generic then 7 is
isomorphic to the G-socle of c-Ind% o (7) @3, . Q,.

Proof. The first part follows from Propositions 3.9 and 3.10. The converse
may be seen as follows. There exist supercuspidal representations m; of
GL,,(F') such that n = n; +---+n, and 7 is a subquotient of w1 x -+ X 7.
If w is a permutation of {1,...,7r} then m X -+ x 7 and w1y X =+ X Ty
have the same semisimplification by [BZ77, Theorem 2.9], so we may as-
sume that the m; satisfy the conditions of Proposition 3.9. Since the socle
of my X - -+ X m, is irreducible and occurs as a subquotient with multiplicity
one, the action of 3¢ on 71 X - - - X m, factors through a maximal ideal, which
is equal to x, as ™ occurs as a subquotient. If we let 7’ be the G-cosocle
of m x -+- x m, then 7/ satisfies the conditions of Proposition 3.10, and we
have x. = xx. The assertion follows from Propositions 3.9 and 3.10. ]

3.12 Corollary. Let m be an irreducible smooth generic @p—representation
of G, such that recy(m)|r, ~ 7 and N = 0 on recy(m). Then we have a
natural isomorphism c-Ind%o (1) @3, 4. Q, =m.

Proof. By Corollary 3.11, we see that the G-socle of c-Ind% o (1) ®3,, ., Q, is
isomorphic to 7 and occurs with multiplicity one as a subquotient. Theorem
3.7 implies that 7 is a quotient of c-Ind% o (1) ®3,,,, Q,. This implies the
assertion. O
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3.13. Rationality

As a preparation for the next section we explain in this subsection how the
results above remain true with a finite extension F of Q, as coefficient field,
as long as F is sufficiently large (depending on the Bernstein component €2).
We do this by following various parts of the construction of the Bernstein
centre in [Renl0], working over E rather than over @p, and we then deduce
the results from those over @, by faithfully flat descent. Let (M, w) be the
supercuspidal support of some irreducible representation in 2, let X'(M) be
the group of unramified characters x : M — @; , and let

X(M)(w):={xeX(M):w=wd® x}.

Let M? be the intersection of the kernels of the characters y € X' (M), and
let T' be the intersection of the kernels of the x € X (M)(w). The restriction
of w to MY is a finite direct sum of irreducible representations, see [Renl0,
p. VI.3.2]. We fix one irreducible summand p. It follows from Lemme VI.4.4
of [Ren10] and its proof that p extends to a representation pr of T, such that
Ind pr is isomorphic to a finite direct sum of copies of w. Thus y € X' (M)
lies in X'(M)(w) if and only if the restriction of x to 7' is trivial. Thus the
restriction to 7" induces a bijection

(3.14) X(M)/X(M)(w) > X(T),

where X (T') is the group of characters from 7' to @; , which are trivial on
MO,

Let D be the Bernstein component (for M) containing w, let 3p be the
centre of D and let TI(D) := c-Ind}¥,p. Tt is shown in [Renl0, p. VI1.4.1]
that TI(D) is a projective generator for D. Thus we may identify 3p with
the centre of the ring Endy, (II(D)). Since p is irreducible, II(D) is a finitely
generated Q,[M]-module.

Let 3q be the Bernstein centre of Q and let II(Q) := % II(D), where
P is any parabolic subgroup with Levi subgroup M. It is shown in [Renl0,
Thm.VI.10.1] that II(Q) is a projective generator of €2, which is a finitely
generated @p[G]—module. Thus we may identify 3q with the centre of the
ring Endg (I1(92)).

It follows from Bushnell-Kutzko theory that w = c-Ind}'A, and p =
C—Indj}/[ U/\, where J is an open compact-mod-centre subgroup of M, J is an
open compact subgroup of M, and A, A are (necessarily) finite-dimensional
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irreducible representations. We may realise both A and A over a finite ex-
tension E of Q,. By compactly inducing these realisations, we deduce that
both w and p can be realised over E. We denote these representations by wg
and ppg, respectively. It is shown in [Renl0, Lemme V.2.7] that X (M)(w)
is a finite group. Let W (D) be the subgroup of Ng(M)/M stabilising D.
For each w € W(D) there are precisely |X(M)(w)| unramified characters
¢ such that w¥ = w ® &. Since the group M /M"Y is finitely generated, by
replacing F with a finite extension, we may assume that all the characters
§ are E-valued. By further enlarging £/ we may assume that /g, where ¢ is
the number of elements in the residue field of F, is contained in E. Then
the modulus character of P is defined over FE.

Let II(D)p := c—Ind%opE, and let 3p g denote the centre of its endomor-
phism ring End, (H(D)E) Since pg @ @p = p, we have II(D)g ®p @p =
II(D). We may express the generators of II(D) (as a Q,[M]-module) as a
finite Q,-linear combination of elements of II(D)g. The E[M]-submodule
of II(D) g generated by these elements has to equal II(D) g, as the quotient
is zero once we extend the scalars to @,. In particular, II(D)g is a finitely
generated E[M]-module.

Let TI(Q)g := G T(D)g and let 3 be the centre of Endg(I1()g).
The smooth parabolic induction commutes with ® E@p, as the set P\G/H
is finite for every open subgroup H of G and tensor products commute with
inductive limits, so II(Q) g ® Q, = II(R2). Since II() is a finitely generated
Q,[G]-module, arguing as in the previous paragraph we deduce that II(Q)g
is a finitely generated E[G]-module.

The following observation (see for example Lemma 5.1 of [Pas13]) is very
useful. If 7 and 7" are representations of some group G on E-vector spaces,
such that 7 is a finitely generated E[G]-module, then

(3.15) Hompgg)(m, ') ®p Q, = Homyg (¢ (1 ®8 Q' @p Q,).
It follows from (3.15) that

(3.16) Endy (II(D) ) ®k Q, = Endy (II(D)),

(3.17) Endg(II(Q) ) ®r Q, = Endg (T1(2)).

Let Dg be the full subcategory of smooth representation w’ of M on
E-vector spaces, such that w’ ®p @p is in D. It follows from (3.15) that
Hom (II(D) g, w') ®p Q, = Homy (II(D),w’ ®g Q,). Since II(D) is a pro-
jective generator of D, we deduce that II(D)g is a projective generator of
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Dp. (This follows from the fact that @p is faithfully flat over E; we will re-
peatedly use this fact below without further comment.) In particular, 3p g
is naturally isomorphic to the centre of the category Dpg.

Similarly we let Q be the full subcategory of smooth representations 7’
of G on E-vector spaces, such that 7’ @ g @p is in €). The same argument as
above gives that II(Q2) g is a projective generator of Qp and 3 g is naturally
isomorphic to the centre of Qg.

3.18 Lemma. Let A be an E-algebra and let Z be an E-subalgebra of A.
If Z ®E Q, is the centre of A®E Q,, then Z is the centre of A.

Proof. For each z € Z, we define an E-linear map ¢, : A — A, a — az — za.
Since z®1 is central in AQg @p by assumption, we deduce that (Im¢,) ®g
@p = 0, which implies that Im ¢, = 0. We deduce that Z is contained in
Z(A), the centre of A. If z € Z(A) then z ® 1 is contained in the centre of
A®pQ, and thus in Z®pg Q, by assumption. Hence (Z(A)/Z) ®pQ, =0,
which implies that Z = Z(A). O

§.19 Lemma. The isomorphism (3.16) induces an isomorphism 3p.E ®F
Qp = 3D

Proof. Since TI(D) 2 Ind¥ (c-Ind%;.p) and induction is a functor, we have
an inclusion Endr(c-Ind}p) € Endy(II(D)). Now [Renl0, Thm.VI.4.4]

implies that this inclusion identifies Endy(c-Ind%;0p) with the centre of
Endy;(II(D)). The assertion follows from Lemma 3.18 applied to Z =

Endy(c-Ind}jopg) and A = Endy (IL(D) ). O

Let Irr(D) be the set of irreducible representations in D. Every such
irreducible representation is of the form w ® y for some xy € X' (M). We thus
have a bijection X (M)/X (M )(w) 5 Irr(D), x — w ® x. Composing this
bijection with (3.14) we obtain a bijection

(3.20) Irr(D) = X(T).

Now X(T) is naturally isomorphic to the set of homomorphisms of @p—

algebras from Q,[T/M°] to Q,. It is explained in [Ren10, p. VI1.4.4] that we
have identifications

3p = Endy(Ind%. p) 2 Q,[T/MY);

see Théoreme VI.4.4 for the first isomorphism and Proposition VI.4.4 for
the second, so that (3.20) induces a natural bijection between Irr(D) and
MaxSpec 3 p.
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The group W (D) acts on Irr(D) by conjugation. For each w € W (D)
let £ € X(M) be any character such that w"¥ = w ® £, and let &, be the
restriction of £ to T'. If &1 and & are two such characters then w®§&; =2 w® =
w ® &, and hence &;1&5 U lies in X(M)(w). It follows from the definition of T
that the restriction of {1&5 L'to T is trivial. Thus &, depends only on w and
not on the choice of £. If x € X (M) then (w®x)* = w®x™¢. Thus the action
of W(D) on X(T') via (3.20) is given by w.x = x"“&y. If we identify X (T)
with the maximal spectrum of Q,[7//M°] then this action is induced by the
action of W (D) on Q,[T//M°] by Q,-linear automorphisms given on the basis
elements by w.(tM°) = &1 (¢)t MO if x : Q,[T/M°] — Q, is a morphism
of Q,-algebras then (w.x)(tM?%) = x(w'.(tM?)) = xS (Hw HwMO) =
Eu (DX (EMO)

3.21 Lemma. The action of W(D) on 3p preserves 3p k.

Proof. Since w and p can both be defined over E, so can the representation
pr defined at the beginning of [Renl0, p. VI.4.4], and in particular so can
pr, its restriction to T'. Hence, if we identify 3p with Q,[T/M"] as in [Ren10,
Prop.VIL.4.4] then 3p g is identified with E[T/M?]. Since the characters &,
are E-valued by the choice of E, we get the assertion. O

3.22 Lemma. 3o g = S‘g%)).

Proof. Since T1(Q) = ;3 TI(D) and parabolic induction is a functor, we have
an inclusion 3p C Endg (II(Q)). It follows from the discussion immediately
preceding the proof of Theorem VI.10.4 of [Renl0] that this inclusion iden-

tifies 3‘Z)V(D) with the centre of Endg(TI(€2)). The assertion follows from
Lemma 3.18 applied to Z = 35 ) and A = Endg (I(Q)). 0

3.23 Proposition. The isomorphism (3.17) induces an isomorphism
30,8 ©8 Q, = 3q.

Proof. Using Lemmas 3.19 and 3.22 we obtain

3000pQ, 23w ©pQ, = (3p.r®pQ,)V D) 23 =35

where the last isomorphism follows from [Renl0, p. VI.10.4], as in the proof
of Lemma 3.22. O

3.24 Lemma. 3q g coincides with the ring E[B] constructed in [Che09,
Prop. 3.11].
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Proof. Let A be the subgroup of X' (M) x W (D) consisting of pairs (&, w),
such that w® = w ® ¢. This subgroup acts naturally on E[M/M°]. The map
& (&, 1) identifies X' (M) (w) with a normal subgroup of A and the quotient
is isomorphic to W (D). We have

Q,[M/MOA = (@, [M/MOPFODENWD) = G [7/MO0)W(P) = 3W(P)

see [Ren10, Rem.VI1.4.4] for the second isomorphism. Chenevier defines E[B]
to be E[M/MP°]®. This subring gets identified with E[T/M%W () inside
Q,[T/MOWP) and with BIV;%)) inside S‘I/DV(D), see the proof of Lemma 3.21.
The assertion follows from Lemma 3.22. O

Let o(7) be the representation of K given by Theorem 3.7. After replac-
ing F by a finite extension we may assume that there exists a representation
o(r)E of K on an E-vector space, such that o(7)p ®p Q, = (7). Then
C—Ind?{C)‘(T)E is an object in Qp. Since 3q g is the centre of Qf it acts on
c-Ind%o(7) g, thus inducing a homomorphism 3¢ g — Endg (c—Ind%a(T) E)-

3.25 Lemma. The map 3o p — Endg (C—Ind?(U(T)E) s an isomorphism.

Proof. Tt follows from Theorem 4.1 of [Dat99] and Proposition 3.23 above
that the map is an isomorphism once we extend scalars to @p. This implies
the assertion. O

Let R := End¢ (II(£2)). Since II(€2) is a projective generator the functors
M — M ®% II(Q2) and 7 — Homg(II(Q2), ) induce an equivalence of cate-
gories between the category of right R-modules and . If 7 is irreducible,
then the action of 3 on 7 factors through x, : 30 — @p. It follows from
[Renl0, Lem.VI.10.4] that R is a finitely generated 3o-module , which im-
plies that the module corresponding to « is a finite dimensional @p—vector
space. Since 3q g is a finitely generated algebra over E, E(xx) := x=(30,F)
is a finite extension of E.

In the above E was only required to be sufficiently large. Thus if E’ is a
subfield of @p containing E, then we let Qp/, II(Q) g be the corresponding
objects defined over E’ instead of E. Then II(Q)g is a projective generator
of Qg and the functors M — M ®x_, I1(Q) g and 7 — Homg(I1(?) g/, ) in-
duce an equivalence of categories between the category of right R gr-modules
and Qp/, where R := Endg(I1() g ).

3.26 Lemma. Fvery irreducible generic m € Q can be realised over E(xr).
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Proof. In order to ease the notation, we write E' := FE(x,) and 7’ :=
c-Ind%o(r) g ®3,, E'. Then

™ ®p @p = C'Indf(g(T) @30,Xx @p =T X X Ty,

where the last isomorphism is given by Proposition 3.10. Hence, ’ @ g @p
is of finite length, which implies that Homg(II(Q2), 7’ ®g Q) is a finite
dimensional Q,-vector space, which implies that M’ := Homg(IL(Q) g, ') is
a finite dimensional E’-vector space.

If 7" is an irreducible E’-subrepresentation of 7/, and if we define M" :=
Homg(II(Q) g, "), then M"” is an irreducible Rpg-module which is finite
dimensional over E. It follows from [BouAlg, Cor.12.7.1a)] that M"® g Q,, is
a semi-simple R-module. Hence, 7" ® g Q, is a semi-simple G-representation.
Proposition 3.9 implies that the G-socle of ©” @p: Q, is irreducible and is
isomorphic to 7. Thus 7" ®p Q, = 7. O

Henceforth for each Bernstein component 2 we will fix a sufficiently
large F as above and work with it. Agreeing on this, we will omit E from
the notation when there is no danger of confusion. For instance we will write
3q, o(7), and so on, in place of 30 g, 0(7)E and so on. Note that we fixed
a choice of E in Section 2; however, it is harmless to replace our patched
module M., with its base extension to the ring of integers in any larger
choice of F, and we will do so without further comment.

4. Local-global compatibility

The goal of this section is to prove that the patched module M, satisfies
local-global compatibility, in the following sense: the G-action on My, (ob-
tained by patching global objects) will induce a tautological Hecke action
on certain patched modules for particular K-types. On the other hand, we
will define a second Hecke action via an interpolation of the classical local
Langlands correspondence. We will then prove that these two Hecke actions
coincide. The details are made explicit below.

Note that it is plausible that M, should satisfy local-global compatibil-
ity, since it is patched together from spaces of algebraic modular forms; the
difficulty in proving this is that the modules at finite level are all p-power tor-
sion, while local-global compatibility is usually defined after inverting p, so
that we need to establish some integral control over the compatibility. Some
of our arguments were inspired by the treatment of the two-dimensional



50 A. Caraiani et al.

crystalline case in [Kis07, §3.6], and somewhat related considerations in the
arguments of [Kis09b].

Let o be a locally algebraic type for G = GL,,(F') defined over E. Then
by definition ¢ is an absolutely irreducible representation of K = GL,,(OF)
over E of the form ogn ® 0,1g, where ogy is a smooth type for K (i.e.
osm = o(7) for some inertial type 7) and oy is the restriction to K of
an irreducible algebraic representation of Resp/q, GLy; we will sometimes
also write oy, for the corresponding G-representation. (So, all of our locally
algebraic types are “potentially crystalline”, in the sense that they detect
representations for which N = 0.) Set H(o) := Endg(c-Ind% o).

We say that a continuous representation r : Gp — GL,(FE) has Hodge—
Tate weights prescribed by a1 if 7 is regular of weight £ and o, is dual
to (the restriction to K of) the representation with highest weight vector
¢. (Given such an r, the representation Oalg is the restriction to K of the
representation 7,1, defined in Section 1.8). We will say that r is potentially
crystalline of type o if it is potentially crystalline with inertial type 7 and
Hodge-Tate weights prescribed by o,),. We also say that a global represen-
tation has type o if it restricts to such an r. Let RED (o) be the local universal
lifting ring of type o at p (i.e. the unique reduced and p-torsion free quotient
of RED corresponding to potentially crystalline lifts of type o).

Let X = Spf Rg (0), with ideal of definition taken to be the maximal

ideal, and let X*® denote its rigid generic fibre (as constructed in [Jon95,
§7]). Note that X™8 = U;U; is an increasing union of affinoids, and in
fact is a quasi-Stein rigid space, since it is a closed subspace of an open
polydisc, which is an increasing union of closed polydiscs. By a standard
abuse of notation, we will write O y+is for the ring of rigid-analytic functions
on A"& Then Oyuz = I'&Hj I'(Uj,Oy,) and we equip it with the inverse
limit topology. We note that by [Jon95, Lemma 7.1.9], there is a bijec-
tion between the points of A™8 and the closed points of Spec RE(U)[l/p].
The universal lift over RED(O') gives rise to a continuous family of rep-
resentations p''® : Gp — GL,(Oxris). (The continuity of p™8 is equiva-
lent to that of each of the representations Gp — GL, (I'(U;,Op,)) ob-
tained by restricting elements of GLy,(Oysix) to U;.) If  is a point of
X"& with residue field E,, we denote by p, : Gr — GL,(E,) the spe-
cialisation of p® at z. We define the locally algebraic G-representation
Malgz ‘= Tsm(Pz) OF Oalg = Tsm(Pz) ®F, Talg(pe). (Recall the notation
Tem(pe) and T, (p2) from §1.8; in particular, mem(p.) = r;l(WD(px)F_ss).)
Note that #(o) acts via a character on the space Hompg (o, 7 alg2), the
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latter being one-dimensional (by Theorem 3.7 together with the argument
of [ST06, Lemma 1.4]).

The following theorem, which may be of independent interest, gives our
interpolation of the local Langlands correspondence. Its proof will occupy
much of this section.

4.1 Theorem. There ts an E-algebra homomorphism
n:H(o) = RS (0)[1/p]

which interpolates the local Langlands correspondence r,. More precisely, for
any closed point x of Spec R—E(U)[l/p], the H(o)-action on Hompg (0, T alg 2)

factors as m composed with the evaluation map RED (0)[1/p] = E,.

We begin by proving the following weaker result, showing the existence
of a rigid analytic local Langlands map.

4.2 Proposition. There is an E-algebra homomorphism 1 : H(o) — Oxrie
which interpolates the local Langlands correspondence r,. More precisely,
for any point x € X8, the action of H(c) on Homg (o, Tlalg,z) factors asn
composed with the evaluation map Oxrie — F,.

Recall that A& = U;U; can be written as an increasing union of rigid
spaces associated to reduced affinoid algebras. Théoreme C of [BCO8] as-
sociates a family of Weil-Deligne representations to a family of Galois rep-
resentations over the rigid space associated to a reduced affinoid algebra.
Applying it to each U; and to prig|Uj, we obtain a compatible family of
Weil-Deligne representations /.)i,i\%D : Wp — GL,(I'(U;,0y,)) and thus a
Weil-Deligne representation py7, : W — GLy,(Oyris). Note that pyf, has
N =0. .

For a point  of X™8, we denote by PWD,z the specialisation of pi,l\%D at x.
Then pwp ¢|r. >~ 7 for all points = of A™&. Recall that 3¢ is the Bernstein
centre for the Bernstein component 2 corresponding to o(7).

4.3 Proposition. There exists a unique E-algebra map I : 3 — Oxris
such that for any point x of X™8 with residue field E,, the smooth G-
representation m, corresponding to pwp. via the local Langlands correspon-
dence rec, determines via specialisation the map x ol : 3g — E,.

Proof. Consider the following map, obtained by specialisation:

va:3a— [] E.

reXTis



52 A. Caraiani et al.

where ¢ is defined on the factor corresponding to z by evaluating 3¢ at the
closed point in the Bernstein component €2 determined via local Langlands
by x, and E!/E, is a sufficiently large finite extension.

Consider as well the following map, also obtained by specialisation:

. s /
YWD OXrlg — H Ex
rEXris

This is an injection since X™* is reduced and since each I'(U;, Oy, ) is Jacob-
son. (The Jacobson property is true of any affinoid algebra. To see that A
is reduced, it is enough to check it on completed local rings at closed points,
but these are the same as the completed local rings of RE(O’) [1/p] by [Jon95,

Lemma 7.1.9]. The latter is reduced (being a localisation of RE(O‘), which

is reduced by definition) and excellent, since R:(c) is a complete, local,
noetherian ring (and thus excellent by [EGAIV2, Scholie 7.8.3(iii)]). The re-
ducedness of the completed local rings now follows from [EGAIVy, Scholie
7.8.3(v)].)

In order to define our map I, it suffices to show that the image of 3¢
under 7y is contained in the image of vwp. Let T : Wp — 3q be the
pseudo-representation constructed in Proposition 3.11 of [Che09]. (Note that
Chenevier’s E[B] is our 3g by Lemma 3.24.) By the construction of T, we
have 7 o T = qwp o tr(pyp). Therefore the proof of the proposition is
reduced to Lemma 4.5 below. Ul

Write v : Wgp — Z for the valuation map assigning 1 to any lift of the
geometric Frobenius. Let ¢ € Wg be an element of valuation 1. For w € Wg
and any Ip-representation 7o, let 7& be the twist r¥(y) = ro(w™tyw).

4.4 Lemma. Let r be an irreducible continuous representation of Wg over
Q-

1. The restriction r|r, decomposes as a direct sum of non-isomorphic

irreducible Ip-representations @{erfi for some integer f > 1. Ift € Z

then r(¢') respects the decomposition (i.e. m(¢t) sends r(lﬁi into itself

for 1 <i < f) exactly when f | t.
2. We have tr(r(w)) #£ 0 for some w € Wr of valuation t if and only if

flt.
3. The unramified characters x of W satisfying r ® x ~ r are exactly

the characters of order dividing f.

Proof. (1) The representation r|r, factors through a finite quotient Ir/H,
so it decomposes as a direct sum of irreducible Ip-representations @{:lm,
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for some integer f > 1. The fact that r is irreducible as a Wg-representation
implies that r(¢) acts transitively on (the representation spaces of) the r;.
Up to reordering the r;, we may assume that it sends r; to r;;;, where
rf+1 := 71. Moreover, we also deduce that r;y; ~ rf) and that r; ~ rf'f.
Finally, all the representations r; are non-isomorphic, since if there was an
isomorphism between them, we could define a proper Wr-subrepresentation
of r and thus contradict the irreducibility of r. (More precisely, if we had
an isomorphism 71 ~ riy¢ for some 1 < s < f, then we could assume that

f = sf’ for some integer f’ and get Ip-isomorphisms
Qg :T1D - D75 l>7“1+sk@"'®rs(l+k)

for each 1 < k < f’. In that case, we could take the Ip-subrepresentation
of r generated by v + as(v) + -+ + agp—1)(v) with v € 71 @ -+ D 7y} it
is easy to check that this space is also stable under ¢ if we choose the ayy
appropriately.) The fact that r(¢) induces a cyclic permutation of the f
irreducible constituents implies the statement about r(¢).

(2) Since r(w) is not supported on the diagonal unless f | t we get
the only if part. For the if part, assume that f | ¢. By part 1, the matrix
r(¢!) has the same block decomposition as r|;,.. Note that the group algebra
of Ir/H surjects onto @{zlEnd@p (r;), since the 7; are non-isomorphic irre-
ducible representations of the finite group Ip/H. Therefore, there is some
linear combination of matrices ), ; ¢ - r(h) which has non-zero trace
against the non-zero matrix r(¢'). This implies that tr(r(h - ¢')) # 0 for
some h € Ip.

(3) Observe that r® x ~ r if and only if x(w)trr(w) = trr(w), Yw € W.
The latter condition is equivalent via part 2 to the condition that y(w) =1
for all w € W such that f|v(w), or equivalently that x/ = 1. Hence part 3
is verified. O

4.5 Lemma. The image of T generates 3q as an E-algebra.

Proof. Tt suffices (by the faithful flatness of the extension Q,/F) to prove
the result after replacing F with @p. Since the inertial type 7 factors through
a finite quotient Ir/H, it decomposes as a direct sum @le(Ti)di, where the
7; are non-isomorphic inertial types such that o(7;) is cuspidal. As in the
proof of Proposition 3.11 of [Che09], the Bernstein component 2 decomposes
as 1 x -+ x , and 30 = ®]_;30,, where each ; corresponds to the
simple type o((7;)%). If we let T; : Wr — 3q. be the pseudo-representation
associated to €; by Proposition 3.11 of [Che09], then by definition T'(g) :=
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> oi_1Ti(g). It suffices to show that the image of T' in 3¢ generates each
3q-subalgebra 3q, fori=1,...,r

Let r; be an irreducible Wg-representation such that r;|7, ~ 7',, and let
fi be the integer associated to 7; by Lemma 4.4. By choosing rec,, L) ®% as
a base point, each closed point of Spec 3. may be represented by an unram-
ified character x; = (Xi,1,---,Xi,d,) (or more precisely by ®?i:1(rec; ) ®
Xi,j) up to a permutation of factors), where the x; j are unramified characters
of F*. Then each T;(g) is defined by

Consider elements g € Wr of the form h - ¢', with h € Ir and t; € f;Z
By Lemma 4.4(1), the matrix r;(¢%) is non-zero and consists of f; blocks
which match the block decomposition of 7;. Because the constituents of 7;
are non-isomorphic for different i’s, we may choose the ¢;, such that

Z ch - tr(n(h) -n(qbti)) #£0

helrp/H

and > 2,c; g - ri(h) = 0 for i’ # i. In particular, this means that
Dherpsm Ch - T(he') € 3,

We will now compute ¢, /g Ch - T(h¢'), as an element of 3q,. Since
the terms for ¢’ # i vanish, we can identify this with 3, 5 cn - Ti(ho")
and work inside the Bernstein centre 3q, for the simple type o((7;)%). If
we factor out the non-zero scalar } ey, /g ca - tr(ri(h) - ri(¢")), we are left
with Z?’izl Xij (Art F((bt)) We wish to identify this as a regular function
on the Bernstein component 3q,. Notice that Artg(¢!) € F* has valuation
t;, which by Lemma 4.4(3) and Remark 3.5 coincides with the valuation of
det(rp, )"/fi, where E;/F is the extension in Lemma 3.4 for the cuspidal
type o(7;).

By the proof of Lemma 3.4, the Hecke algebra H(o(7;)) is generated by
the Hecke operator (well-defined up to a non-zero scalar) supported on 7g,.
By the isomorphism between H(o(7;)) and the Bernstein centre 3 (s(,)) for
the type o(7;), the latter is generated by the regular function on unramified
characters

x = x(det(mg,)).

Now, the Bernsteln centre 3q, can be identified with the elements in the
product H =1 39(a(r,)) Which are invariant under the action of the symmetric
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group Sy, (see the proof of Proposition 3.11 of [Che09] or use the Satake
isomorphism on the level of Hecke algebras). For j = 1,...,d;, let X;; €
H?;l 30(o(r)) corespond to the regular function defined above in the jth
component. From the observation on the valuation of Artg(¢!), we see that

the function
d;

(e xia) = D i (Artr(6)

j=1

matches Z;-li:l ij/ fi e 30, up to a non-zero scalar.

Note that we can ensure that ¢;/f; is any integer. Therefore, we can
generate all elements in 3¢, of the form Z?i:l X lk] for any k € Z. Since 3q, is
obtained by taking invariants under Sy, in @p [X Z-jlﬂ, X ijil], it is generated
as a @p—algebra by the elementary symmetric polynomials in X;; together
with H;l';l X py L Over @p, which is a field of characteristic 0, we may take the
sums of powers of d; variables as generators for the elementary symmetric
polynomials in those variables. We may also generate the product of the
inverses of the variables from sums of powers with negative exponents. [

4.6 Remark. While the proof of Lemma 4.5 is slightly technical, the lemma
itself is rather natural; it expresses the idea that local Langlands should
make sense in families, and hence that the family of G-representations pa-
rameterised by 3o — and thus the parameter ring 3¢ itself — should be
completely determined by the corresponding family of Weil group represen-
tations, which are encoded by the 3g-valued pseudo-representation 7.

If we let g denote the E-subalgebra of 3¢ generated by the image of
T, then this is a finite type E-algebra, and we have a morphism Spec 3 —
Spec®q. It is not hard to see (e.g. by applying local Langlands over the
fraction field of 2q) that this is a birational map, which is in fact a bijection
on points (as one sees by applying local Langlands at the closed points). Un-
fortunately, we were unable to find a completely conceptual proof in general
that this morphism is an isomorphism of varieties over E.

In the case when 3o parameterises supercuspidal representations, one
can see this as follows: it suffices to check that one obtains an isomorphism
after passing to the formal completion at each closed point z € Spec 3q.
Let m, be the supercuspidal G-representation corresponding to x, and let
T, : Wr — E, the specialisation of T" to the image of x in Spec%lq. Let R,
be the universal formal deformation ring of T, so that we have morphisms

Spf 30, — Spf A — Spf R,
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the second being induced by T'. Let r, : Wp — GL,(E.) denote the (abso-
lutely) irreducible representation attached to 7, via local Langlands, where
E!/E, is a finite extension, and let 7). denote the composite T, : Wp —
E, — E!. Then T, is the pseudo-representation attached to r,. Since r,
is irreducible, the universal formal deformation rings of r, and 7). coincide
([Nys96, Théoreme 3], [Rou96, Corollaire 6.2]), and are thus both given by
R, ®p, E.. A direct analysis, using that the source and target are both ob-
tained simply by forming unramified twists, and that local Langlands gives
a bijection on isomorphism classes that is compatible with twisting, shows
that the composite of the base change to E! of the above morphisms is an
isomorphism. Since the first of them is dominant, it is also an isomorphism.
Thus the morphism Spec 3o — Spec 2l is a bijection on closed points and
induces isomorphisms after completing at each closed point. From the latter,
we see that it is étale and radiciel, hence an open immersion by [EGAIVy,
Théoreme 17.9.1] and, since it is also surjective, we see that it is in fact an
isomorphism.

One could use a variant of the argument in first paragraph of the proof
of Lemma 4.5 to reduce the general case of the lemma to the case when 3q
parameterises a family of supercuspidal representations, where the preceding
argument then applies. In this way, one could give a slightly more conceptual
proof of the Lemma.

Proof of Proposition 4.2. We adopt the notation of §3.13. In particular M
is the Levi subgroup in the supercuspidal support of some (thus any) irre-
ducible representation in €, and X'(M) is the group of unramified charac-
ters of M(F). The group automorphism X (M) = X (M) given by xu +—
x| det \% gives rise to an F-isomorphism Spec 3p = Spec 3p. The latter
map is invariant under the W(D)-action (the point is that |det| is invari-
ant under G-conjugation) so it descends to an E-isomorphism Spec 3 —
Spec 3q in view of Lemma 3.22. Let tw : 3 — 3q denote the induced
isomorphism.

We have a natural isomorphism i, : H(osm) — H(o); viewing Hecke
algebras as endomorphism-valued functions on G, this is given by ¢ — -0,
. (This is a priori only an injection, but in fact is an isomorphism by the proof
of Lemma 1.4 of [ST06].) Now we construct 7 as the following composite map

—1

H(o) % H(owm) ~ 30 S 30 5 Oy,

where the second map comes from Lemma 3.25. Note that n is already
defined over E. To verify the desired interpolation property of 7, we let
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z : Oyns — E, be an FE-algebra map. Then zo [ otw : 3 — E, gives the
supercuspidal support of msm(pz) = 7, LWD(p,)¥~%) by Proposition 4.3;
indeed, since I interpolates rec, by that proposition, I o tw interpolates 7.
In order to complete the proof, we can and do base change to @p. Then
Proposition 3.10 shows us that 3q acts on Hompg (Usm,ﬂ'sm(px)) through
zolotw.

To conclude, it is enough to observe that the action of H(ogy) on the
space Hom g (Usm, ﬂsm(px)) is compatible with the 3g-action on the same
space via the isomorphism H(ogm) ~ 30, and also with the (o )-action on
Homp (0, 7 alg,2) via the canonical isomorphisms between the algebras (via
tr) and the modules. These are readily checked. O

In order to deduce Theorem 4.1 from Proposition 4.2, we will now use the
results of [Hu09] to show that the image of n is bounded, in the sense that
for any h € H(o), the valuation of 7(h) at each point of X' is uniformly
bounded.

Recall that 0 = 045 ® Ogm, Where oy = o(7) for some inertial type
T :Ip = GL,(E). Let x : RE(J)[l/p] — E, be a closed point, so that E,
is a finite extension field of E. Then = defines a local Galois representation
pz : Gp — GL,(E,) which is potentially crystalline, and has Hodge—Tate
weights determined by the highest weight & of ca1,. Set T, := Tgm(pz). Re-
call that 7 g . is the locally algebraic representation defined over E, corre-
sponding to p, (see §1.8), whose smooth part is 7, and which determines the
character xr,ot; ! : H(0) = E, (via the action of H(o) on Homg (0, a1 z)-

Let P = M N be a parabolic subgroup of G, with Levi M and unipotent
radical N. Let Z(M) be the centre of M, let Ny C N be a compact open
subgroup and define Z(M)" := {t € Z(M)[tNot~* C Ny}. When P is a
standard (upper) parabolic, the subgroup Z(M)* of Z(M) consists of ele-
ments with non-decreasing p-adic valuations on the diagonal. Then [Eme06a]
defines a Jacquet module functor Jp on locally analytic representations of
G.

We will consider the following condition on a locally analytic represen-
tation V of G.

4.7 Condition. For every parabolic subgroup P = M N as above, with modu-
lus character dp, every x : Z(M) — E* such that Homy,y) (x. Jp(V)) #0,
and every t € Z(M)*, we have |x(t)dp(t)~t, < 1.

As above, we write 7 = gzl(n)di, where the 7; are pairwise non-
isomorphic Ip-representations corresponding via Theorem 3.7 (the inertial
local Langlands correspondence) to cuspidal types o(7;) of GL.,(OF). Let



58 A. Caraiani et al.

M = []/_, GL,(F)% be a standard Levi of G, with corresponding standard
parabolic P = MN.

From now on until the end of this section, we will replace 7, (as well
as Xr., Osm, and so on) by its base extension to @p. Then as recalled in
Section 3.1, 7, is the unique irreducible quotient of a normalised parabolic
induction 7y := ig Tz M, Where my, = ®7{:1(®?1’:17rz7i7j) such that each 7, ; ;
is a supercuspidal representation of GL,, (F') containing the type o(7;) and
where for each i, we have 7y ; j % ms5(1) for 1 < j' < j <d;.

Proposition 3.10 gives a G-equivariant homomorphism ¢ : c—Ind%asm —
7z, which identifies 7, with c-Ind% osm ®4(0.,.) .. Qp- We identify Wins ., ]
with [[;_, Sq, in the obvious way, where Sy, is the symmetric group on
{1,...,d;}. Note that Wy -, ,, and the identification are independent of z.

4.8 Lemma. Let x(m,; ;) denote the central character of my; ;. For an
element w = {w;}i_; € Wirrr, .1, define characters xqzw : Z(M) — @; by
Xow = ®::1 ®j:1 X(Trm,i,wi(j))-

For everyt € Z(M)*, there exists a constant Cy such that | Xz (t)|p < Ct
for all points = of X,

Proof. We know that o, ® 7, after twisting by a unitary character (this
twist is discussed at the beginning of §5 below), corresponds to the poten-
tially crystalline Galois representation p, with Hodge—Tate weights deter-
mined by 0,14, in the sense that 7| det |[' =" «» WD(p,)F =5 via the modified
local Langlands correspondence as in Section 4 of [BS07]. Moreover, note
that by Lemma 4.2 of Section 4 of [BS07], o, ® 7, actually has a model
over a sufficiently large finite extension of @, so the characters x. . then
take values in some sufficiently large finite extension E,/Q).

The equivalence between parts (ii) and (iv) of [Hu09, Thm. 1.2] (where
our coefficient field is taken to be E) shows that oae(det)! ™" @ 7| det |1 "
has a unitary central character and satisfies Condition 4.7 [Eme06a]. There-
fore so does o1y ® 5.

Note that by Proposition 4.3.6 of [Eme06a] we have Jp(oag @ 7z) —

Ugg ® r%(frm)d]l;/ ? where r$ is the normalised Jacquet functor for smooth
representations. Putting this formula together with Condition 4.7, we see
that then we have |x(t)|, < |ai\{g(t) - 0p(t)~1/2|7! for every x occurring in
rlg:(ﬁa:)-

Now, Proposition 3.2(2) of [Hu09] computes r%(7,) (observe that in the
notation of loc. cit., all b; are 1 in our case) and shows that the characters
Xzw = Qi_q ®?”:1 X(Ta i (j)) Of Z(M) for all sets w of permutations w; of
{1,...,d;} occur in r§(#,). The result follows. O
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Let Z(M)™* C Z(M) be the subgroup generated by elements with the
property that the p-adic valuations are non-decreasing on the diagonal of

each block GL%. Clearly, Z(M)* C Z(M)*+.
4.9 Corollary. The conclusion of Lemma 4.8 holds for allt € Z(M)™.

Proof. There is a permutation of {1,...,r} which induces a permutation on
the factors GL?: of M such that the image of ¢t under that permutation has
non-decreasing p-adic valuations. Let M’ be the Levi subgroup of G with
the permuted blocks as factors. Abstractly, M’ ~ M and by Proposition 6.4
of [Zel80], we know that the induction ig 7 is independent of the ordering
of the 7;. We conclude by applying Lemma 4.8 to the Levi M’ instead of
M. O

As discussed in Sections 3.3 and 3.6, we have a semisimple Bushnell-
Kutzko type (J,\) such that ogy is a direct summand of Indf (), and the
natural map sp : H(G, \) = H(0sm) induces an isomorphism

Z(H(G,\)) = H(ow).

In particular, this means that 7,|; contains A. Then in the notation of
Section 3.3, 7, p contains the type (J N M, Apr). Let X7, ,, be the character
by which H(M, \pr) acts on Hom jans(Aar, 7war)-

4.10 Corollary. Let t € Z(M) and let vy € H(M, pr) be an intertwiner
supported on t(J N M). Then there exists a constant Cy such that for all
points x of X"'& we have |xr, ., (v¢)|p < Ct.

Proof. Assume vy # 0. Note that since ¢t € Z(M), 1,(t) commutes with
the action of J N M on Aj; and since \j is irreducible we deduce that
v(t) is a nonzero scalar. Rescaling, we may assume that 14(t) := idy,,. Let
s € Z(M)** be such that s = ¢ for some w € Wiy, ,,1- It follows from
the definitions that xr, ,, (#4) = Xz,w(s), and the corollary then follows from
Corollary 4.9. O

4.11 Corollary. Let v € H(M,\ps). Then there exists a constant C), such
that | X, ,,(V)|p < Cy for all points x of X8,

Proof. Since v has compact support and we only need some bounded con-
stant C,, it suffices to prove the claim in the case that v is an element of
the basis of H(M, \ys) given by Lemma 3.4. Let v/ be the e-fold convolu-
tion of v with itself, where e is as in the statement of Lemma 3.4; then
from Corollary 4.10 applied to v/, we see that there is some constant C,
such that |xr, ,,(V)|p < C¢ for all . This implies that |xx, ,, (V)| < Cy, as
required. O
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4.12 Proposition. For any v € H(o), there is a constant C,, such that

X, (151 () [p < C

for all points = of X",

Proof. Recall from Section 3.6 that we have an isomorphism
(spotp): H(M, ) Vermeasl 5 H(ogm).

Set v := (spotp)~*(t;'(v)). Corollary 4.11 implies that there is a constant
C, such that |xr, ., (v)|p < C, for all z.

Now, in order to conclude, we just need to relate xx, ,, (var) to xx, ((spo
tp)(vam)) for any vy € H(M, Aag)Vrmennl - As recalled in Section 3.3,
iIGD corresponds on the level of Hecke modules to pushforward along the
map tp. More precisely, if we let M := Homjnp(Aas, mp ) and N =
Hom s (A, 7z), then N o~ Homy(ps ) (H(G, A), M). Here we view H(G, \)
as a left H(M, \ps)-module via tp and the action of H(G, \) on the space
of homomorphisms is via right translation. For z € Z(H(G,\)), we note
that the right action is also a left action, so the eigenvalue of z on N
is the same as the eigenvalue of (tp)~!(z) on M. On the other hand,
Hompg (o, 7;) ~ exN for the idempotent ex in H(G,\) which defines o.
Therefore, any eigenvalue of e * z on ex N is an eigenvalue of z on N. We

deduce that xr, ,, (var)=xx, ((sp o tp)(var)). O

Proof of Theorem j.1. By [Kis08, Thm 3.3.8] we know that RED(J)[l/p] is
a regular ring. Proposition 7.3.6 of [Jon95] (which is applicable because
RED (0)[1/p] is in particular normal) then implies that the ring of rigid an-
alytic functions on A& whose absolute value is bounded by 1 coincides
precisely with the normalisation of RED (o) in RED (0)[1/p], and so the ring of

bounded rigid analytic functions on X8 is equal to RE (o)[1/p].
The result then follows immediately from Proposition 4.12 and the defin-
ing property of n. O

4.18 Remark. In order to deduce Theorem 4.1 from Proposition 4.2 in the
crystalline case (that is, the case that ogy, is the trivial representation), one
could appeal directly to the inequalities in Proposition 3.2 of [BS07] (see
also [ST06]). In this case, one can obtain a precise bound in terms of the
Hodge-Tate weights (so in terms of o = 041,) on the power of p by which
we need to scale the usual generators of the spherical Hecke algebra H(o).
Therefore, in the crystalline case, one can prove that the integral Hecke
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algebra H(o°) (with o° the algebraic representation of K over O satisfying
0° ®o E ~ 0,41g) maps to the normalisation of the local deformation ring of
type 0. We expect a statement like this should hold true in the general case
as well, see Remark 4.21 for more details.

We now return to the global setting. Let the notation be as in Section 2.
Fix a K-stable O-lattice ¢° in 0. Set

d
My (0°) = (Hom%)[rf;(”(Moo, (Uo)d)) )

where we are considering homomorphisms that are continuous for the profi-
nite topology on M, and the p-adic topology on (ao)d, and where we equip
Hom‘gﬁ}q](Moo, (0°)%) with the p-adic topology. Note that M (c°) is an
O-torsion free, profinite, linear-topological O-module.

4.14 Lemma. There is a natural isomorphism of topological O-modules

v

Moo(0°) = lim (Homggﬁ;(ﬂ(Moo, (0° /M)V)) .
n

Proof. Let H := Hom{Spy (Moo, (9°)%), so that Moo(0°) = H. Then H? =

lim Homo(H,0/w") = lim Homo(H/w",0/w") = lim (H/w")". Since

M is a projective O[[K ﬁ?nodule, the short exact sequence

o

0= (0°)¢ % (6°)4 = (0°)¢ /™ = 0
yields an isomorphism H/w™ = Hom%)[r[l;(]](Moo, (0°)?/w™). Finally,
(0°)? /" = Homp (0° /=", O/w"™) = (6° /™).
O
4.15 Remark. One may modify the proof of Lemma 4.14 to show that

v
M, (0°) is naturally isomorphic to (Hom%’ﬁ}(]](Moo, (O'O)V))

4.16 Remark. My (0°) is essentially the patched module constructed in Sec-
tion 5.5 of [EG14], although as the conventions and constructions of the
current paper differ slightly from those of [EG14] (see e.g. the difference
in the choices of vy, noted in the discussion of Subsection 2.3, as well as
Remark 2.9) we will not make this precise.
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Let H(c°) := Endg(c-Ind%0°); this is an Op-subalgebra of H(c). Note
that since ¢° is a free O-module of finite rank, it follows from the proof of
Theorem 1.2 of [ST02] that Schikhof duality induces an isomorphism

HomgP ) (Moo, (0°)%) 22 Homp (0°, (Mao)?).

Frobenius reciprocity gives Homg (6°, (Muo)?) 22 Homg(c-Ind%o°, (Myo)?).
Thus Mo (0°) is equipped with a tautological Hecke action of H(c°), which
commutes with the action of R...

Let Roo(0) be the quotient of R, which acts faithfully on M. (c°). (It
follows from Lemma 2.16 of [Pas15] that this is independent of the choice of
lattice 0° C 0.)

Set Roo(0)" := Reo ®RED R—E(O‘).

4.17 Lemma. 1. Ry (o) is a reduced O-torsion free quotient of R (o)’
2. If h € H(c°) is such that n(h) € RE(U), then the action of h on

My (0°) agrees with the action of n(h) via the natural map RﬁD (o) —
Roo (o).

Proof. (1) That R (o) is O-torsion free follows immediately from the fact
that by definition it acts faithfully on the O-torsion free module My (c°).
The fact that it is actually a quotient of Ry (o)’ is then essentially an imme-
diate consequence of classical local-global compatibility at p, but to see this
will require a little unraveling of the definitions. Note that if N is sufficiently
large, then Ky acts trivially on (6°)¢/w™. Recall that I'y is defined to be
GL,, (O /@R OF). Using Lemma 4.14, we see that

Mee(o®) = im Homorr,| (Moo 08 (0°)/)
= i Homorray (O /03 (@) /)
so it suffices to show that if IV > 0 then the action of Ry, on
Hom@i (Mig,, ., (0°) /=)
factors through R (o)’. Now, by definition we have

O
MvaN’(N) -
prY (e (U1(Qn+(n))an vy, O/ W), ) @puv  RYT

>
MQN () SQn/ () SQN’(N)
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so it suffices to prove the same result for

con ! v Or
HomSte) (Ser (U1 (Qarimanray O/ ROME DR S

(o) /=),

which is equal to

Hom%)[l[l}q] (Sg,T (U1(Qn(v)) 2N (V) (9/WM(N))v

mQN/(N)’
oyd ;N , Or Vv
(%) /@ ) ®Rg‘5:v,(m (R QN’<N>) ’
which in turn equals
S U , O d N ® univ RDT \/‘
5,7( 1(Qn(n))o, (0°)% /@ )mQN,(m RSQN,(N) ( SQN/(N))

Therefore it would suffice to prove the same result for

Ser (Ur(Qnr(a))os (0°)%) Opee (Rgr ).

MQ N () SQN’(N) SQN’(N)

If T denotes the image of TS»Y@~ @)V iy the endomorphism ring

Endp (Sg,r (Ul (QN/(N))0> (Uo)d)

)
mQN/(N))

then the action of Rggi" on Se (U1(Qn'(n)o, (0°)%) is given by

N(N) Me N (w)

an O-algebra homomorphism Rggi" — T. Since the space of automor-
N'(N)

phic forms Se - (U1(Qn+(n))os (O'O)d)mQ is O-torsion free (by the choice

of Upv, in Section 2.3) and the algebra %F)is reduced (by the usual compar-
ison between algebraic modular forms and classical automorphic forms, and
the semisimplicity of the space of cuspidal automorphic forms; cf. [CHTO08,
Corollary 3.3.3 and §3.4]), then by the definition of RED(O'), we need to show

that if T — @p is a closed point, then the restriction to G, of the corre-

sponding Galois representation Gz FTUQurny Qn(@p) is potentially crys-
talline of type o; but this is immediate from classical local-global compati-
bility (see e.g. Theorem 1.1 of [Carl4]).

Finally, to see that R (o) is reduced, we note that by part (2) of

Lemma 4.18 below, the ring R (0)[1/p] is a direct factor of the regular
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(by [Kis08, Thm 3.3.8]) ring Roo(0)'[1/p]. Thus Reo(0)[1/p] is regular, and
in particular reduced, and hence so is its subring Ro(0). (The reader can
easily check that this reducedness is not used in the proof of Lemma 4.18,
and hence no circularity is involved in this argument.)

(2) Again, this is essentially an immediate consequence of classical local-
global compatibility at p, but a little explanation is needed in order to make
this plain.

Note first that the natural action of H(c°) on My (c°) is induced via
Frobenius reciprocity from the G-action on M., which is patched from the
partial G-actions defined by

aN/(N) : (MOO/bN)KzN — C—IndIG{%((Mm/bN)KN)

and these in turn, after taking homomorphisms into (¢°)%/@®, induce par-
tial H(o°)-actions on spaces of algebraic modular forms of weight (o°)9.
(More precisely, the G-action on w-adically completed cohomology

Ser (U7 (@ni(w)), O) = @(h_n)l Se + (U1(Qn/(N))ms O/ws)>
gives rise, via Frobenius reciprocity and the identification
Se.r (UF (@Qnr(3))o, (0°)7) = Homp (an Ser (UF (Qnr(w)); 0))»

to a natural action of H(c°) on Se (U1 (Qn+(n))os (c°)?).) We see therefore,
as in part (1), that it is enough to consider the natural action of each h €
H(c®) on the spaces

Se.r (U1(Qnr(n))o, (0°)%) Oper  (RgT )Y

MQ N () SQnr(n) SQN’(N)

for N > 0. In addition to the natural action of #(¢°), this is equipped with
an action of R?(U) via the composite RﬁD — Rloc — REQT , which factors

N(N)
through RED (o) by part (1). By classical local-global compatibility and the
defining property of the morphism 7 of Theorem 4.1, we see that, after
inverting p, the action of h on this space agrees with the action of n(h). The
desired result now follows from the fact that Se - (U1 (Qn+(n))os (oo)d)mQ
N/(N)
is O-torsion free.
We now use the usual commutative algebra arguments underlying the
Taylor—Wiles—Kisin method to study the support of My (c°).



p-adic local Langlands correspondence 65

4.18 Lemma. 1. The module My (c°) is finitely generated over Ry (o)
and Cohen—Macaulay, and moreover My (c°)[1/p] is locally free of
rank one over R (o)[1/p]. The topology on M (0c°) coincides with
its m-adic topology, where m denotes the mazximal ideal of Roo(0).

2. The support of Mo (c°) in Spec Roo (o) is a union of irreducible com-
ponents of R (o).

3. Let Roo(0) be the normalisation of Roo(0) inside Roo()[1/p]. Then the
action of H(c°) on M (0°) induces an O-algebra map o : H(c®) —
R (o).

Proof. Since M is a finite projective Soo[[K]]-module, the module My, (c°)
is finite and projective (equivalently, free) over So. Indeed, we may write
My as a direct summand of So[[K]]" for some r > 0, and so the space

cont

Hom@ (Moo, (O'O)d)d is a direct summand of
cont r o\d\ e ~ cont ond\d\"
HomGiey (Soo [[K)", (0°)%)" = (Homonm] (Ssol[K]], (0°)%) ) :

Thus it suffices to note that since So[[K]] = Seu®0O[[K]] as an O[[K])-
module, there is a natural isomorphism

Hom{Si (Socl[KT), (0)%)" = Hom{Si (O[]}, Hom$™ (S, (%))

=~ Hom{$™ (S ®0 0°, O)d = S ®0 0°.

Since My, (0°) is free of finite rank over the formal power series ring S,
it is Cohen—Macaulay. Since the So-action on My, (0°) factors through the
action of Ry, which in turn factors through R (o) by definition, we also
conclude that My (0°) is finitely generated over Roo (o).

Since the identification of My, as a direct summand of Soo[[K]] is com-
patible with the natural topologies on each of M., and S [[K]], one easily
verifies that the topology on My (c°) coincides with its n-adic topology,
where n denotes the maximal ideal of So,. Furthermore, since by definition
Roo(0) embeds into Endg_ (Moo (0°)), we find that R (o) is finite as an
Sso-algebra, and so in particular the n-adic topology and m-adic topology
on Mo (0°) coincide (where, as in the statement of the lemma, m denotes
the maximal ideal of Roo(0)). Thus the topology on My (c°) coincides with
its m-adic topology.

By Lemma 3.3 of [BLGHT11], Lemma 2.4.19 of [CHT08], and Theorem
3.3.8 of [Kis08], we see that the ring Ry (o)’ is equidimensional of the same
Krull dimension as Su. Since My, (0°) is free of finite rank over S, and the
image of Roo(0) in End(Muo(0°)) is an Soo-algebra, we see that the depth of
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My (0°) as an R (o) -module is at least the Krull dimension of S.,. Since
this is equal to the Krull dimension of Ry (), it follows immediately from
Lemma 2.3 of [Tay08] that the support of My (c°) is a union of irreducible
components of R (0)". (Of course, conjecturally R (o) is actually equal to
Roo(0))

That Mo (0°)[1/p] is locally free over R (0)[1/p] follows by an argument
of Diamond (c¢f. [Dia97]). More precisely, R—E(U)[l /p] and each of the rings

RZ7[1/p] for places v | p, v # p are regular by Theorem 3.3.8 of [Kis08], and
Ry is formally smooth by Lemma 2.5, so Roo()'[1/p] is regular by Corol-
lary A.2. Therefore Roo(0)[1/p] is also regular, so My (c°)[1/p] is locally
free over Ry (0)[1/p] by Lemma 3.3.4 of [Kis09a] (or rather by its proof,
which goes over unchanged to our setting, where we do not assume that
R (0)[1/p] is a domain).

That it is actually locally free of rank one can be checked at finite level,
where it follows from the multiplicity one assertion in Theorem 3.7, the
choice of v; (and the fact that we have fixed the action mod p of the Hecke
operators at v;), and the irreducibility of p, together with [Labll, Thms.
5.4 and 5.9].

This completes the proof of parts (1) and (2), and so we turn to prov-
ing (3). To this end, let A be the R.-subalgebra of the endomorphism
algebra of My (0c°) generated by H(c°). Since My (c°) is a finite type
R (0)-module, we see that A is a finite R (0)-algebra. Since My (c°)[1/p]
is in fact locally free of rank one over Ro(c)[1l/p] we have the equality
Endp_ 15 (Meo(0%)[1/p]) = Roc(0)[1/p], 50 that AlL/p] = Roo(o)[1/p]
So the natural map H(c°) — A lands inside Roo(0). O

The morphism a of Lemma 4.18 induces an FE-algebra morphism « :
H(o) = Roo(0)[1/p].

4.19 Theorem. The map « coincides with the composition
H(o) = RF (0)[1/p] = Roo(0)[1/p).

Proof. Note firstly that if h € H(o®) is such that n(h) € RE(O’), then the
two maps agree on h by Lemma 4.17 (2). Since Ry (o) is p-torsion free by
Lemma 4.17 (1), it is therefore enough to show that H (o) is spanned over
E by such elements.

Now, H(0c°) certainly spans H(o) over E, so it is enough to show that
for any element b’ € H(c°), we have n(p“H’) € RﬁD (o) for some C' > 0; but
this is obvious. O
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4.20 Remark. It follows from Lemma 4.18 (2) that the locus of closed points
of Spec RE(J)[l/p] which come from closed points of Spec Ry (0)[1/p] is
a union of irreducible components, which we call the set of automorphic
components of Spec RﬁD (0)[1/p]. (Note that we do not know a priori that this
notion is independent of the choice of global setting, although of course we
expect that in fact every component of Spec R-E(a)[l /p] is an automorphic
component.)

4.21 Remark. We expect that n(#(c°)) is contained in the normalisation of
RﬁD (0) in RﬁD (0)[1/p]; it may well be possible to prove this via our methods,
but as we do not need this result, we have not pursued it. It is easy to see
that the analogous result holds for the quotient of R(c) corresponding to
the automorphic components in the sense of Remark 4.20.

4.22. The action of the centre of G

We next prove a structural result (Proposition 4.23 below) which describes
the action of the centre Z of G on M.

As usual, we identify Z with F'*, by associating to each element of
F* the corresponding scalar matrix. Local class field theory then gives an
embedding Z = F'* Artg G%, which we again denote by Artp.

If 7" : Gp — GL,(RS) denotes the universal lift of 7, then its de-

terminant is a character det "™V : G%b — (RE)X, which, when composed

with Artp, induces a character det r"™V o Artp : Z — (R%')X. If we let Ay
denote the completion of the group algebra O[Z] at the maximal ideal gen-
erated by w and the elements z — (€*(®~1)/2 det ™) o Artp(z), then this
character induces a homomorphism Ay — RED; the corresponding morphism

of schemes Spec R-E — Spec Az simply associates to each deformation 7 of 7

the character (e”(”_l)/ 2 det r"iV) o Artp of Z; in this optic, the complete lo-
cal ring Az is identified with the universal deformation ring of the character
e(n=1/2 det 7.

By local-global compatibility, Z acts on S¢ - (U;(@Qn)2n, F)[mg, ] via the
character (€*("~1)/2 det 7) o Artp. This implies the elements of the form z —
(e"=1/2 det 7""V) o Artp(z) act nilpotently on MY [m™], for all n > 1 and
for all z € Z. Hence the action of of O[Z] on MY extends to a continuous
action of Az. Pontryagin duality induces an isomorphism End{™(MY) =
(End$™(Moo))°P, which makes My into a continuous A%-module. Since
Az is commutative, A% = A.

Let wp be a choice of uniformiser of F' and let z = diag(wp,...,wr) €
Z,so that Z = (Z N K)z%. Write S = 2z — [u] € O[Z], where we set yu =
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(@("=1/2 det 7) o Artp(wr). Let A be the closure in Ay of the subring O[S].
Since S lies in the maximal ideal of Az, we see that A is isomorphic to
O[[S]]. We now make use of the category of pseudo-compact A[[K]]-modules;
see [Gab62, §IV.3], [Bru66] for the definition and properties of this category.

4.23 Proposition. M, is projective in the category of pseudo-compact
A[[K]]-modules.

Proof. Let P be a pro-p Sylow subgroup of K. Since the index (K : P) is
finite and is not divisible by p, it is enough to show that M, is projective in
the category of pseudo-compact A[[P]]-modules. We will in fact show that
M is a pro-free A[[P]]-module, i.e. it is isomorphic to a product of copies
of A[[P]].

Since P is a pro-p group, A[[P]] is a local ring with residue field F. It
follows from the topological Nakayama’s lemma for pseudo-compact A[[P]]-
modules, that it is enough to show that the first right derived functor of

-® A[p) F vanishes, see [Bru66, Proposition 3.1]. We denote this derived

oAl[P]]
functor by Tor; = ~(F, M).

Note that the functor —@AHP”F is the composite of the two func-

tors — @OHP] F and —®, /w F. Considering the corresponding spectral se-

—O[[P
quence, we see that it is enough to show that both Tor, ! ”(IF,MOO) and

—A\/w ~ .
Tor,"  (F, Moo ®oyp) F) vanish.

We know by Proposition 2.10 that M, is a finitely generated projective
Soo[[K]]-module, thus a free, finitely generated Soo[[P]]-module, and thus

projective in the category of pseudo-compact O[[P]]-modules. This implies
—o[P
that Tor, . H(IF,MOO) vanishes.

—A/w ~

Since A/w = F[[S]] is a DVR, to show that Torl/ (F, Moo ®0yp) F)
vanishes it suffices to show that M ®(9[[PH F is S-torsion free. Since M,
is a free finitely generated Soo[[P]]-module, My @@Hpﬂ F is a free finitely
generated S /w-module. Since So/w is a domain, it is enough to show
that there is a polynomial ¢ € F[X] with zero constant term, such that the
action of ¢(S) on M ®0[[PH [F is given by a non-zero element of S /w.

We will now construct such a polynomial ¢, thus finishing the proof.
Let Z denote the centre of G, so that in particular Z (Aoﬁi) contains Z;
since the group Z(A%ﬁ)/(ZYA%ﬁ) N U@Z(F*) 1~s finite, we can choosi: some
a > 0 for which we can write z* = wy, with u € Z(A%o+)~ﬂU0 and y € Z(F™T).
We may write u = u,uP with u, € ZNK, uP € UY N Z(A%ﬂ). By replacing
a by a multiple we may assume that u, € Z N P.
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We claim that ¢(X) = (X + p)* — u® does the job, and note that ¢(S5) =
2% — pu®* = yuPu, — p®. Since 7y acts trivially on each M g, it acts trivially
on My, and hence the action of z on My, coincides with the action of u,uP.
Since u, € ZNP, the action of ¢(S5) on My, @0[[13” IF coincides with the action
of u? — p®. The action of u” on each M g, factors through that of Ag,.
(Indeed, for each v € Qn, the component of u” at v lies in Up(Qn)y; since
U1(Qn)o acts trivially on M, g, , the claim is immediate from the definition
of Ag,.) Thus the action of ¢(S) on My @o[[p]] F coincides with the action
of an element of Sy, /w, and this action is zero if and only if u? acts trivially
on My, and p® = 1. In this case, z% would act trivially on My, /I My, where
J is the maximal ideal of O[[Z N P]].

Suppose for the sake of contradiction that this happens. We choose a
locally algebraic type o such that My (c°) # 0. It follows from [Pasl5,
Lemma 2.14] and the fact that Z N P acts trivially on ¢°/w that

Moo (0°) /Moo (0°) = Hom%)ﬁ;q}(Moo/wMoo, (0° )" )Y
= Hom%ﬁ;{”(Moo/jMoo, (0°/m)Y)V.

Thus to see that (2% — u®) does not act by zero on My, /IM, it is enough
to show that it does not act by zero on My (0°)/wMso(0°).

Theorem 4.19 implies that the action of z on My, (c°) is the same as the
action of z under the map H(c°) — RED (0) = Roo(0), which can be checked

to be compatible with the map Ay — RE — Ry. Explicitly, if Frob, is

the element of G}b corresponding to wr by local class field theory, then the
action of z on My (c°) matches the determinant of Frob,. Then by Theo-
rem 4.19, M. (6°)/wpMu(0°) would be supported on a quotient of RY (o)
corresponding to representations where the determinant of Froby is flfxed;
that is to say (again by local-global compatibility), for any representation
r: Gp = GL,(Q,) arising from a Q,-valued point of Spec R(0)[1/p], the
value of detr on Froby would be determined modulo .

However, we know that Spec R(o) is a union of irreducible components
of Spec R(0)" := Spec Roo ®RED RED(O'), and hence any twist of r by an un-

ramified character which is trivial modulo my also arises from a @p—valued
point of Spec R(c). Making an unramified twist by an appropriate charac-
ter (e.g. by a character which takes Frob, to 1 + wp, for some sufficiently
ramified extension E’ of F), shows that det r(Froby) is not constant mod
wEg, as required. O

4.24 Remark. Since Pontrjagin duality induces an anti-equivalence between
pseudo-compact and discrete A[[K]]-modules [Bru66, Prop. 2.3], Proposition
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4.23 may be reformulated as the statement that MY is injective in the
category of discrete A[[K]]-modules.

4.25 Remark. Following [Emel0, Definition 2.3.1], we say that a smooth
representation V' of ZK is locally Z-finite, if for every v € V the O[Z]-
submodule generated by v is finitely generated as an O-module. Such repre-
sentations form a full subcategory ModZ*(O) of the category Mod$ (O)
of smooth representations of ZK on O-torsion modules. The category of
discrete A[[K]]-modules coincides with the full subcategory of Modgi}ﬁn((?)
consisting of representations V', such that every v € V is annihilated by a
power of the maximal ideal of A.

It follows from the Chinese remainder theorem that the category of
discrete A[[K]]-modules is a direct summand of ModZ(0), so by Re-
mark 4.24, MY is injective in Modgl}ﬁn((’)). Since K is compact, every
smooth representation of K is locally admissible. Combining this obser-
vation with [Emel0, Lemma 2.3.4] we deduce that Mod% " (O) coincides
with the category of locally admissible representation of ZK on O-torsion
modules, Mod43™(0). Thus MY, is injective in Mod}39™(0).

In some situations it can be useful to consider quotients of M, having a
fixed central character. (This corresponds, on the Galois side, to considering
deformations of 7 having a fixed determinant.) To this end, we state and
prove Corollary 4.26 below.

Let z : Az — O be an O-algebra homomorphism. Let & be the composi-
tion Z — A} 5 O%. Let Mod$3%(O) be the full subcategory of Mod3(O)
consisting of those representations on which Z acts by the character ¢ 1. Let
Mod% 2" (O) be the category of profinite augmented representations of Z K
over O, as defined in [Emel0, Definition 2.1.6]. Pontrjagin duality induces
an anti-equivalence of categories between Mod%} (O) and Mod} >*"#(0),
[Emel0, (2.2.8)]. Let €(O) be the full subcategory of Mod}2""#(O) con-
sisting of those representations on which Z acts by the character &, so that
¢(0) is anti-equivalent to ModSZH[lf(O) via Pontrjagin duality.

4.26 Corollary. M. @AZ@O is a non-zero, projective object in €(O).

Proof. Note that €(QO) is naturally a full subcategory of the category of
pseudo-compact A[[K]]-modules. The projectivity of My, &, . O follows
from the fact that the functor Homg o) (Moo ®a,.z O, —) coincides with the
restriction of the functor Homf{’[l[llt(”(Moo, —) to €(0); the exactness of the

latter follows from Proposition 4.23. The reduction of M, ® Az, © modulo
w is isomorphic to My, ®4, F, which is non-zero, as otherwise the topological
Nakayama’s lemma for pseudo-compact Az-modules would imply that M,
is zero. ]
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4.27 Remark. The same argument as in Remark 4.24 shows that the dual
(Moo @,z O)V is injective in Modszn}ég((’))'

4.28. Locally algebraic vectors

We conclude this section by computing the locally algebraic vectors in V (r),
in the case when r is a generic, potentially crystalline point of some Ro (o).
(In other words, we identify the locally algebraic vectors at such points on
automorphic components of type o.)

Let € be a Bernstein component corresponding to the inertial type 7 and
let (J, A(7)) be a type for this component, as in §3.3. The representation o (7)
in Theorem 3.7 is a quotient of Ind’ \(7).

4.29 Remark. To orientate the reader not familiar with types, the example
to keep in mind is the following: if 7 is a direct sum of copies of the trivial
representation, then J is the Iwahori subgroup, A\(7) is the trivial repre-
sentation of J, and o(7) is the trivial representation of K. The Steinberg
representation St lies in €2, but Homg (o (7), St) = 0. If we worked only with
o(7), we would not be able to control copies of St tensored with an algebraic
representation inside the locally algebraic vectors of our patched modules.
This explains the need to work with A(7) instead of o (7).

We will redo some of the lemmas in §4 with A instead of o. We denote
by Aalg the representation denoted by 0,1, in §4. We let A := A\(7) ® Ay, and
fix a J-stable O-lattice A° in A. Set

d
Moo (\°) := (Homg)ﬁg]}(Moov (Ao)d)) .

4.30 Lemma. My (\°) is a free Soo-module of finite rank.

Proof. This follows from the fact, proved in Proposition 2.10, that My, is
projective as an Sso[[K]]-module; see the proof of Lemma 4.18. O

Let Ry (A) be the quotient of R, which acts faithfully on M. (A°), and
set Roo(A) := Roo ®p0 Rﬁm()\), where RE()\) is the unique reduced and p-
P

torsion free quotient of RED corresponding to potentially semi-stable lifts of
weight A,z and inertial type 7.

4.31 Lemma. R ()) is a p-torsion free quotient of Roo(\)'.
Proof. The proof is the same as the proof of part (1) of Lemma 4.17. O

4.32 Lemma. The support of My (A°) in Spec Roo(N) is a union of irre-
ducible components of Roo(N)'. In particular, Reo()) is reduced.
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Proof. The first assertion follows from Lemma 4.30 and the fact that S, and
R (M) have the same Krull dimension. Since R ()’ is reduced, any non-
reduced quotient of the same dimension will have an associated prime, which
is not minimal. It follows from Lemma 4.30 that M., (\°) is a faithful Cohen—
Macaulay module over Ry (A), thus this cannot happen, and so Roo()) is
reduced. O

4.33 Proposition. Let x be a closed E-valued point of Spec Roo(N)[1/p], let
Ty be the corresponding Galois representation and let V (ry) be the unitary
Banach space representation defined in §2.12, and let V(rg[;)l'alg be the sub-
space of locally algebraic vectors in V(ry). Then V()48 2 1 ® ma4(ry),
where m is a smooth admissible representation which lies in ).

Proof. Let I1"?!& be any locally algebraic representation of G. Let W be an
irreducible algebraic representation of G. We assume that FE is large enough,
so that any such W is absolutely irreducible. Then W is also an absolutely
irreducible representation of the Lie algebra of G and this category is semi-
simple, as E has characteristic 0. This induces an isomorphism

Hl.alg ~ @ HOIDE(W, Hl.alg)sm @r W,
w

where the sum is taken over all irreducible algebraic representations W of
G and Homp (W, I1"8)*™ denotes the smooth vectors for the conjugation
action of G on Homg(W, I1"2!8). The theory of the Bernstein centre asserts
that any smooth representation m of G decomposes as

T @W[Q],
Q

where the sum is taken over all the Bernstein components and 7[Q?] is the
maximal subquotient of 7 lying in 2. Thus

Hl.alg ~ @ HOII]E(W, Hl.alg)sm [Q] @p W.
w,Q

We claim that V(r;)'¥8 & 7 ® 7,4(r,) with 7 in Q. If this was not the

case then by the above there would be A = Ay (7') ® X, such that either

T # 7 or A, # Aaig and Hom pr (N, V(ry)'#8) # 0. But Lemma 4.31 implies

that the inertial type of r, is 7/ and the Hodge—Tate weights correspond to
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the highest weight of )\glg. This is a contradiction. Since 7 lies in €2, 7 is
admissible if and only if Hom j(A(7), ) is finite dimensional. We have

dimg Hom j(A(7),7) = dimg Hom (A, V(1)) = dimg M (X°) ®r_ o E,

o0y &

where the last equality follows from [Pasl5, Prop. 2.20]. Since My (\°) is
a finitely generated R.,-module, we deduce that the above dimensions are
finite and hence 7 is admissible. O]

4.34 Proposition. Let z,y be closed, E-valued points of Spec Roo(N)[1/p],
lying on the same irreducible component. If x is smooth then

dimg Hom (A, V(Tx)l'alg) < dimg Hom s (A, V(ry)l‘alg).
Proof. Since A is locally algebraic we have
Hom j (A, V(ry)l'alg) = Hom (A, V(ry)).
It follows from Proposition 2.20 of [Pasl5] that
dimg Hom j(\, V(ry)) = dimg Moo (X°) ®pr_ 4 E.

If x is a smooth closed point of Spec Roo(A°)[1/p] then the localisation
Roo(A°)m, at z is a regular ring. Since Moo (A°) is a Cohen—Macaulay module,
so is its localisation Moo (A°)m, at x. Since Roo (A°)m, is regular, the standard
argument using the Auslander—Buchsbaum theorem allows us to conclude
Moo (A°)m, is a free Rog(A°)m,-module of rank equal to dimg M (X°) ®Rr__ o
E. Let V(q) be the irreducible component of Spec R (A°) containing z. By
further localising Moo (A°)m, at q we deduce that

dimpg Moo()\o) PR,z E= dimﬁ(q) Moo()\o> QR ,‘i(q)

Since the function p — dim,(,) Moo(A°) @, k(p) is upper semi-continuous
on Spec R, we conclude that for any F-valued point y € V' (q) we have

dim,{(q) Moo()\o) PR, H(q) < dimg Moo()\o) R0y E. O

4.35 Theorem. Let x be a closed E-valued point of Spec Roo(0)[1/p], such
that mem (1) is generic. Then

V(Tx)l’alg = Wsm(rz) ® 7T1.alg<7n$)'
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Proof. We claim that x is a smooth point of Spec R (\). Lemma 4.32 implies
that it is enough to check that x is a smooth point of Spec R (A)'. Tt follows
from [Kis08, Thm 3.3.8] that RE’é’T[l/p] is a regular ring for all v € S, \ {p}.
Moreover, both RE and O[[z1, ..., "Eq—[ﬁ+:<@}n(n—1)/2“ are regular rings (the
former by Lemma 2.5). We let

~ D T ~ ~
B = <®vesp\{p}R1~, £ ) ® R% ® Ol[x1, . .. ’mq—[ﬁ'+:Q]n(n—l)/2]]'

Corollary A.2 implies that B[1/p] is a regular ring. It follows from [All14,
Thm. D] that the restriction of r, to Gp defines a smooth point x5 of
Spec R-E()\)[l /p]. Since complete local noetherian rings are excellent and
the localisations of excellent rings are excellent, the smooth locus is open in
Spec RED(/\)[l/p}. Thus there is f € RED()\), such that Spec RED()\)[l/pf] is
an open neighborhood of z; contained in the smooth locus. It follows from
Corollary A.2 that (RED()\) ®0 B)[1/pf] is a regular ring. Since Ry (\)' =
RED()\) ®o B, this proves the claim.
Let y be any closed point in V(a) N Spec Roo(0)[1/p], where

a:(yl,...,yh) C Seo-

It follows from the Corollary 2.11 via Proposition 2.20 of [Pasl5], that
V(ry) is identified with the closed subspace of the completed cohomology
§§7T(U P O)m ®o E, consisting of vectors annihilated by the maximal ideal
m, corresponding to y. Thus

V(Ty)l'alg = (S’ﬁ,T(Up> O)m ®0 E)l'alg[my] & Tam(ry) @ Taig(ry)-

The last isomorphism follows from Prop. 3.2.4 of [Eme06b], which shows
that locally algebraic vectors of any given weight are precisely the algebraic
automorphic forms of that weight, together with classical local-global com-
patibility (Thm 1.1 of [Car14]). A priori, mem(ry) ® Taig (1) may appear with
some multiplicity, but this multiplicity is seen to be 1 by our choice of UP
(and the fact that we have fixed the action mod p of the Hecke operators at
v1), and the irreducibility of p, together with [Labll, Thms. 5.4 and 5.9].
Proposition 4.33 implies that V()88 = 7 ® m,(r;), where 7 is a
smooth representation lying in €. Since x lies in the support of M (o),
Hompg (o(7),m) # 0. It follows from Theorems 4.1, 4.19 and Corollary 3.12
that 7em () is a subrepresentation of 7. Since A(7) is a type for €, it is
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enough to show that
dimg Hom j(A(7), 7) < dimg Hom j(A(7), Tsm (72))-

Since 7, and ry, have the same Hodge-Tate weights, 7 (ry) = Talg(72), and
the restriction of these representations to J is equal to Aujg. Since Ay is an
irreducible representation of the Lie algebra of GG, we have isomorphisms

HOHIJ<)\(7'), 7T) = HomJ()\, V(Tx)l.alg)
and
Hom 7 (A(7), Wsm(ry)) =~ Hom (A, V(,r.y)l.alg)'
Proposition 4.34 implies that

dimg Hom j(A(7), 7) < dimg Hom j(A(T), Tsm(7y))-
Thus it is enough to show that
dimg Hom j(A(7), Tem(ry)) < dimg Hom y(A(T), Tem(rz))-

Since both r, and r, are potentially crystalline Theorem 3.7 together with
Proposition 3.10 implies that there is a surjection

T X o X T = T (1)

Since mgm(ry) is assumed to be generic, the same argument together with
Corollary 3.12 gives an isomorphism

1 X oo X T = g (1)

Moreover, in this case we have m3 X ... X m = myq) X ... X Ty for any
permutation o € S,. Since mgy (r;) and mem(ry) lie in the same Bernstein
component, they have the same inertial support. Thus we may assume that
each 7} is a twist of 7; by an unramified character. This implies that there is
a J-equivariant surjection msm (72)|7 = Tsm(7y)|s, which implies the desired
inequality. O

4.36 Remark. When r is ordinary (more precisely when r satisfies the as-
sumptions on 7, in Theorem 4.4.8 of [BH15]), it should be possible to prove
that V (r) contains the locally-defined representation I1(r)°™¥ of [BH15]. This
should follow precisely the same strategy of proof as Theorem 4.4.8 of op.
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cit., which roughly shows that, when r is the restriction of a global auto-
morphic representation, the representation II(r)°'¥ occurs in completed co-
homology. The global ingredients used for this are the computation of locally
algebraic vectors in completed cohomology and the fact that the reduction
mod w of completed cohomology is an injective object in the category of
smooth K-representations. In our case, V (r) is obtained by taking the fibre
of M [1/p] at a point corresponding to r, and MZ[1/p] can be thought of
as a patched version of completed cohomology. The analogous ingredients
are the computation of locally algebraic vectors in Theorem 4.35 and the
projectivity of My, in Proposition 2.10.

4.87 Remark. The computation of V(r;)'*& when x is a closed point of
Ro(N)[1/p] for which the corresponding representation r; is not necessar-
ily potentially crystalline, and related questions connected to the Breuil-
Schneider conjecture, will be discussed in the forthcoming thesis of Alexan-
dre Pyvovarov.

5. The Breuil-Schneider conjecture

Continue to assume that p { 2n, and that F' is a finite extension of Q. If
r: Gp — GL,(F) is a de Rham representation of regular weight then we
say that r is generic if gy, () is generic. In this case, we set

BS(r) := Taig (1) ® Tem (7).

(In fact, our BS(r) differs from the definition made in [BS07] in that m.,(r)
and 7gm(r) are their analogues in [BS07] times the characters det” ! and
| det |*~1, respectively. Since (det | det |)" ! is a unitary character, this makes
no difference to the following conjecture. See also Section 2.4 of [Sorl5] for
a discussion of the difference between these conventions.) The following is
[BS07, Conjecture 4.3] (in the open direction, in the generic case).

5.1 Conjecture. Ifr: Gp — GL,(FE) is de Rham and has regular weight,
then BS(r) admits a nonzero unitary Banach completion.

5.2 Remark. In fact, it seems reasonable (particularly in the light of Corol-
lary 5.4 below) to conjecture that there is even a nonzero admissible com-
pletion. (We recalled the definition of admissibility in Section 2.12.) Indeed,
completed cohomology always gives rise to admissible Banach space repre-
sentations, so this is a reasonable expectation from the point of view of the
global p-adic Langlands correspondence. Further motivation for focussing
on admissible completions is provided by the functor constructed in [Sch15],
which takes as input admissible F-representation of G.
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Fix a representation r : Gr — GL,(E), and assume from now on that
r is potentially crystalline of regular weight, and that r is generic. By Re-
mark 2.15 (and possibly replacing E with a finite extension if necessary), we
may replace r with a conjugate representation so that r : Gp — GL,(0O),
and 7 satisfies the hypotheses of Section 2. We can therefore carry out the
construction of Section 2, obtaining the patched module M. Recall that
r is induced from an O-algebra homomorphism z : RﬁD — O, which we ex-
tended to an O-algebra homomorphism y : Rs, — O. Then V(r) is obtained
from the fibre of (M, )%[1/p] above the closed point of Re[1/p] determined
by .

Write ogm(r) for o(7), oag(r) for mue(r)|k, and let 0 = oag(r) ®
osm(7), keeping in mind the convention at the end of Section 3.13. (Also
enlarge F to another finite extension if necessary as explained in that sec-
tion.) As above, we write # (o) for Endg(c-Ind% o), which is isomorphic to
Endg (C-Ind%}a(ﬂ) via (g, 50 that 7y, (r) determines a character X () :
H(o) — E. Since r is generic, we see from Corollary 3.12 that gy (r) =
(c-Ind% o (7)) QH(0), Xy - Tensoring with mag(r), we have

BS(r) = (C—Indﬁa) OH() Xoram () -

Since our representations V' (r) are unitary Banach representations, and
since BS(r) is irreducible by [ST01, Appendix], in order to prove Conjec-
ture 5.1 it would be enough to check that Homg(BS(7), V(r)) # 0. While we
cannot at present do this in general, we are able to reinterpret the problem
in terms of automorphy lifting theorems, and deduce new cases of Conjec-
ture 5.1. In particular, Corollary 5.5 below gives the first general results in
the principal series case.

5.3 Theorem. Suppose that p t 2n, and that r : Gp — GL,(E) is a generic
potentially crystalline representation of regular weight. If r corresponds to
a closed point on an automorphic component of Rﬁm(o—)[l/p] (in the sense
of Remark 4.20), then BS(r) admits a non-zero unitary admissible Banach
completion.

Proof of Theorem 5.3. As remarked above, since BS(r) is irreducible it suf-
fices to show that Home (BS(r), V(r)) # 0. This follows immediately from
Theorem 4.35. We also observe that it admits a simpler direct proof. Propo-
sition 2.20 of [Pas15] implies that

dimg Homg (0, V(1)) = dimp M (0°) @p. y E.
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(More specifically, in the notation of that paper we take R = Ry, © = 0°,
V=0, N= My, and m° = O, regarded as an R..,-module via y. Note
that [Pasl5] assumes that N is finitely generated as an R[[K]]-module, which
is satisfied in our case: My, is a finitely generated Ro,[[K]]-module, since it
is finite over Sy[[K]] and the S-action on M, factors through a map
Soo = Roo-)

Together with Frobenius reciprocity, this shows that

Homg (c—Ind?(U, V(r)) = Homg (o, V(r)) # 0,

as y is in the support of My (0°)[1/p] by assumption. Since BS(r) is iso-
morphic to (c-Ind%o) @ (o), xmom(ry E» We need only show that the action of
H(0°) on Moo(0°) @R,y O factors through the character x,_ (y; but this
is immediate from Theorem 4.19. Ul

5.4 Corollary. Suppose that p t2n and that r : Gp — GLy,(E) is de Rham
of reqular weight and potentially diagonalisable in the sense of [BLGGT14].
Suppose also that r is generic. Then BS(r) admits a nonzero unitary admis-
sible Banach completion.

Proof. By Theorem 5.3, we need only prove that r corresponds to a point on
an automorphic component of RED (0)[1/p]. Recalling that y was chosen to
correspond to the potentially diagonalisable representation rpt.diag at the
places v | p, v # p, this follows from Theorem A.4.1 of [BLGG13], which
constructs a global automorphic Galois representation corresponding to a
point on the same component of RED(U)[l /p] as r (cf. the proof of Corollary
4.4.3 of [GK14)).

Indeed, the existence of a global automorphic Galois representation cor-
responding to a point on R—E(U)[l/p} shows that S¢ . (Up, (0°)%)m[1/p] is
supported at this point. We have R»E (0)[1/pl-equivariant isomorphisms

Se.r (U, (6°)H)m[1/p] = Homg (0°, S - (UP, O)m) [1/p]

~ Hom%)[r[l;(]] (Moo /aMo, (O'O)d) [1/p],
where the former comes by identifying locally algebraic vectors in com-
pleted cohomology and the latter follows from Schikhof duality and Corol-
lary 2.11. These isomorphisms imply that (MOO(JO)/GMOO<O'O>)d[1/p] is sup-
ported at the same point of R?(O’)[l /p] coming from a global automorphic

Galois representation. Therefore, M., (c°)%[1/p] is supported at a point of
R (0)[1/p] on the same component as r. Finally, we conclude that the
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component of R?(O’)[l /p] corresponding to r is automorphic in the sense of
Remark 4.20. O

5.5 Corollary. Suppose that p > 2, that r : Gp — GL,,(E) is de Rham of
reqular weight, and that r is generic. Suppose further that either

1. n =2, and r is potentially Barsotti—Tate, or

2. F/Q, is unramified, r is crystalline, n # p and r has Hodge—Tate
weights in the extended Fontaine—Laffaille range; that is, for each k :
F — E, any two elements of HT;(r) differ by at most p — 1.

Then BS(r) admits a nonzero unitary admissible Banach completion.

Proof. Note that in case (2), the hypothesis on the Hodge-Tate weights
implies that p > n, so as p > 2 and we are assuming that n # p, we certainly
have p 1 2n. By Corollary 5.4, it is enough to check that our hypotheses
imply that r is potentially diagonalisable; in case (1), this is Lemma 4.4.1
of [GK14], and in case (2), it is the main result of [GL14]. O

5.6 Remark. The attentive reader will have noticed that since throughout
the paper we assumed that F is sufficiently large (and allowed it to be en-
larged in the course of making our argument), we have not proved cases
of Conjecture 5.1 as it is written, but rather an apparently weaker version,
which allows a finite extension of scalars. However, Conjecture 5.1 is an
immediate consequence of this version, in the following way: given an (ad-
missible) unitary Banach completion of BS(r) ® g E’, where E’/E is a finite
extension, we may regard this completion as being a representation over F,
and then the closure of BS(r) inside it gives the required representation.

6. Relationship with a hypothetical p-adic local Langlands
correspondence

In this section we describe the relationship between our construction and a
hypothetical p-adic local Langlands correspondence.

6.1. A hypothetical formulation of the p-adic local Langlands
correspondence

Perhaps the strongest hypothesis one might make regarding a p-adic local
Langlands correspondence is the following: that given 7 : Gp — GL,(F)
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with trivial endomorphisms® and with associated deformation ring Ry, there
exists a finitely generated Ry[[K]]-module Lo, which is O-torsion free, and
is equipped with an Rz-linear G-action which extends the K-action arising
from its R[[K]]-module structure.

6.2 Remark. In the case of GLy(Q)), let @ be the mod p representation
of GL2(Q,) attached to 7 by the mod p local Langlands correspondence
of [Col10]. Then Lo, can be taken to be the projective envelope of 7V in an
appropriate category €(QO) of GL2(Qy)-representations. See the discussion
in Section 1.2 of [Pas13] for more details. As it follows from the discus-
sion on page 10 of op. cit., in the case when 7, (and thus 7), has trivial
endomorphisms, the local deformation ring R7 can be identified with the
endomorphism ring of the projective envelope Lo, in €(O).

Given such an object L, then for any r : Ggp — GL,(FE) arising from
an Opg-valued point x of Spec R, we may associate a unitary Banach space
representation B(r) := (Le ®r, . Or)?[1/p] of G, which should be “the”
representation of G associated to r via the p-adic local Langlands correspon-
dence.

One might conjecture that such a structure should exist and satisfy the
following properties:

6.2.1. Relationship with classical local Langlands. For any poten-
tially semistable lift r : Gp — GL,,(F) of 7 with regular Hodge—Tate weights,
the locally algebraic vectors of B(r) are isomorphic to BS(r).

6.2.2. Local-global compatibility. Using the notation for completed
cohomology and the Hecke algebra that acts on it introduced in the discus-
sion preceding Corollary 2.11, there is an isomorphism of T?f; (U, 0)ulG]-
modules

N em(U)
Se A (UP, 0)% = (Tﬁi(U‘“, O)m @R, Loo)

(here ’]I‘?DT(U P, O)m is regarded as an R-algebra via the natural maps Ry —
Rgni" — 'I['?I’T (U?,O)m, where the first morphism corresponds to restrict-
ing global Galois representations to the decomposition group at p, and the

second morphism is induced by the universal automorphic deformation of

SWe make this assumption in what follows for simplicity, since the discussion is
purely hypothetical in any case. If ¥ admits non-trivial endomorphisms, then we
would instead work with the lifting ring R,‘;' in everything that follows, and the
representation L., would be endowed with a further equivariant structure for the
group GL,, acting by “change of basis”.
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p), as well as analogous isomorphisms when we add the auxiliary Qy-level
structure, as in the patching process.’

6.3. The relationship between L., and M.

If Condition 6.2.2 held, then we would find that our patched R [G]-module
M is obtained by restricting Roo ®R. Loo to the smallest closed subscheme
of Spec R, which contains the support of all the modules (M, QE,,( N) D8
Seo/bN) K,y that arise in the patching process. Optimistic conjectures (of
“big R equals big T”-type) might suggest that this support is all of R,
and thus that M, is obtained from L., simply by pulling it back along the
natural map Spec R», — Spec Ry. For this reason, we are hopeful that our
patched representation M, is a good candidate for (the pull-back to Reo
of) p-adic local Langlands. (We note that, in the case of GL2(Q)), we can
prove that L., constructed as in Remark 6.2, and M., have the desired
relationship.)

6.4. The relationship with the Fontaine—Mazur conjecture

Note that if both Conditions 6.2.1 and 6.2.2 held, together with an appro-
priate “big R equals big T” result, then we would find that if p is a de Rham
deformation of p corresponding to a point of Rgniv, then it would contribute
to the locally algebraic vectors of completed cohomology. However, locally
algebraic vectors in the completed cohomology arise precisely from algebraic
automorphic forms (see Prop. 3.2.4 of [Eme06b]), and hence we would con-
clude that p would be an automorphic Galois representation. (This is an
abstraction of the strategy used to deduce the Fontaine-Mazur conjecture
for most odd two-dimensional representations of Gg in [Emell].)

6.5. Concluding remarks

The preceding discussion shows that the question of whether one can in fact
relate M, to a purely local correspondence which satisfies the above two

6We remark that in the local-global compatibility isomorphism above there is a
multiplicity m(U?), which depends on the level away from p. However, it should
be possible to impose certain global conditions, as we do in Section 2.1, which
will ensure that this multiplicity can be taken to be 1. This multiplicity should
not increase when we add auxiliary @ y-level, since we also apply the projection
operators defined in [Thol2] at primes in Qy.
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conditions is closely related to the Fontaine-Mazur conjecture for deforma-
tions of p. Given this, we expect it to be a difficult question to precisely
determine the support of My, and the related modules My, (¢°) in general,
and we likewise expect it to be difficult to analyse the extent to which M,
arises from a purely local construction over Spec Ry.

Furthermore, it seems quite possible that our hypothetical formulation
of the p-adic local Langlands correspondence is too naive; even if a local
correspondence of some kind exists, it may be of a more subtle nature. In
this case, we would still expect it to have a strong relationship to our patched
modules M., but perhaps not as direct as the one considered in the above
discussion.

In any case, whatever the eventual truth might be, the preceding dis-
cussion suggests that the further investigation of the patched representation
M, is a problem of substantial interest, which we hope to return to in future
work.

Appendix A. Completed tensor product and Serre’s
conditions

Let L be a finite extension of Q, with the ring of integers O and residue
field k. Let C be the category of complete local noetherian O-algebras, which
are O-flat and have residue field k. If A and B are objects in C then the
completed tensor product over O is defined as

A®o B :=lim A/m% ®o B/m}.

It is easy to see that A ®p B is again in C. For example, if A = O[[z1, ..., z,]]
and B = O[[y1,...,Ym]], then A®p B = Ol[x1,...,Zn,Y1,---,Ym]], and
every ring in C can be obtained as a quotient of such rings. The aim of this
note is the following Proposition.

A.1 Proposition. Let A, B be objects in C, let x € A and let y € B. If
A[l/pz] and B[1/py] satisfy Serre’s condition (R;) (resp. (S;)) then so does
(A®o B)[1/pry].

We note that the completed tensor product does not commute with
localisation. Indeed, A[1/p] is not even a local ring. A standard application
of Serre’s conditions (R;) and (5;), see [Mat89, §23|, yields the following
result.
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A.2 Corollary. Let P be one of the following properties: reduced, requ-
lar, Cohen—Macaulay, normal. If A[l/px] and B[1/py] have P then so does
(A®o B)[1/pry].

We will split the proof of Proposition A.1 into several steps.

A.3 Lemma. Let K be a field, A a noetherian K-algebra and K’ a finite
separable field extension of K. If A satisfies (R;) (resp. (Si)) then so does
K' @K A.

Proof. Let B = K' @k A, let B be a prime ideal of B and let p = A N*P.
Then B is a free A-module of finite rank. This implies that By is flat over
A,. Since the conditions (R;) and (S;) are local, A, satisfies (R;) (resp.
(S;)). It is enough to show that for every prime ideal q of A, the fibre ring
By ®4, r(q) satisfies (R;) (vesp. (5;)), [Mat89, Thm.23.9]. The fibre ring is
a localisation at P of B®4 k(q) = K' @k k(q). Since K’ is a finite separable
extension of K, this ring is isomorphic to a finite product of fields, and hence
is regular. O

A.4 Lemma. Let A, B € C be integral domains and let K(A) and K(B)
be the quotient fields of A and B, respectively. Then K(A) ®4 (A®o B) ®p
K(B) is a regular ring.

Proof. We first note
(1.4) K(A) @4 (Ao B) ®p K(B) = S;'(S5' (A®0 B)),

where Sy and Sp denote the multiplicative sets A\ {0} and B\ {0}, respec-
tively.

If both A and B are formally smooth, then A®¢ B is formally smooth,
as explained above, and hence regular. Since a localisation of a regular ring
is again regular, [Mat89, Thm. 19.3], we deduce from (1.4) that the assertion
holds if both A and B are formally smooth.

In general, by Cohen’s structure theorem for complete local rings there
are subrings A’ C A, B’ C B, such that A’ and B’ are formally smooth
objects of C and A is a finite A’-module, B is a finite B’-module. The last
property implies that

ARoB=A®a (A ®eB)®p B.
This induces an isomorphism between K(A) ® 4 (A®e B) ®p K(B) and

K(A) @k (K(A) @4 (A ®o B') ®p K(B')) @ () K(B).
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Since A" and B’ are formally smooth, and K(A’), K(B’) are of characteristic
0, Lemma A.3 implies the assertion. O

A.5 Lemma. Let A,B € C with A an integral domain with quotient field
K(A) lety € B. If B[1/py] satisfies (R;) (resp. (Si)), then so does K(A)® 4
(A®o B)[1/y].

Proof. Since A is O-flat, A®p B is B-flat. Moreover,
C:=K(A) ©4 (ARo B)[1/y]

is A®p B-flat, since it is a localisation of A®p B at S and {1,y,7%,...}.
Thus C' is B-flat. Let P be a prime ideal of C' and let p = B N*P. Then Cy
is flat over B,. We note that p,y ¢ p. Since B[1/py| is assumed to satisfy
(R;) (resp. (S;)) and these conditions are local, B, satisfies (R;) (resp. (.5;)).
It follows from [Mat89, Thm. 23.9] that it is enough to show that for every
prime q of By, the fibre ring Cy ® g, x(q) satisfies (R;) (vesp. (S;)). We claim
that Cypy ®p, k(q) is regular, so that these conditions are satisfied. Since it
is the localisation of C' ®p k(q) at B, it is enough to show that C' ®p r(q)
is regular. Since

C @p £(q) = K(A) ©a (A0 B/q) ©@p/q K (B/q)

the assertion follows from Lemma A.4. O

Proof of Proposition A.1. The idea is the same as in the proof of Lemma
A.5.Let C := A®p B and let 3 be a prime ideal of C' not containing p, z and
y. Let p := ANP. Then A, satisfies (R;) (resp. (5;)) and Cyp is flat over A,. It
is enough to show that for all prime ideals q of A, the ﬁb/r\e ring Cy @4, K(q)
satisfies (R;) (resp. (S;)). The ring K(A/q) ®4/q (A/q®0 B)[1/y] satisfies
(R;) (resp. (S;)) by Lemma A.5. Since the fibre ring is the localisation of

this ring at 3, the assertion follows. O
References
[AKS13] Eran Assaf, David Kazhdan, and Ehud de Shalit. Kirillov

models and the Breuil-Schneider conjecture for GLa(F).
arXiv:1302.3060. 2013.

[All14] Patrick B Allen. Deformations of polarized automor-
phic Galois representations and adjoint Selmer groups.
arXiv:1411.7661. 2014.



[BCOS

[BC09)

[Ber84|

[BHO0]

[BHO6]

[BH15]

[BK93]

[BK9S]

[BK99)]

[BL94]

[BLGG11]

[BLGG13]

[BLGGT14]

REFERENCES 85

Laurent Berger and Pierre Colmez. Familles de représentations
de de Rham et monodromie p-adique. Astérisque 319
(2008). Représentations p-adiques de groupes p-adiques. I.
Représentations galoisiennes et (¢, I')-modules, pp. 303-337.
Joél Bellaiche and Gaétan Chenevier. Families of Galois
representations and Selmer groups. Astérisque 324 (2009),
pp. xii+314.

J. N. Bernstein. Le “centre” de Bernstein. In: Representations
of reductive groups over a local field. Travaux en Cours. Edited
by P. Deligne. Paris: Hermann, 1984, pp. 1-32.

Colin J. Bushnell and Guy Henniart. Davenport-Hasse re-
lations and an explicit Langlands correspondence. J. Reine
Angew. Math. 519 (2000), pp. 171-199.

Colin J. Bushnell and Guy Henniart. The local Langlands con-
jecture for GL(2). Vol. 335. Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sci-
ences|. Springer-Verlag, Berlin, 2006, pp. xii+347.
Christophe Breuil and Florian Herzig. Ordinary representa-
tions of G(Q,) and fundamental algebraic representations.
Duke Math. J. 164.7 (2015), pp. 1271-1352.

Colin J. Bushnell and Philip C. Kutzko. The admissible dual of
GL(N) wvia compact open subgroups. Vol. 129. Annals of Math-
ematics Studies. Princeton, NJ: Princeton University Press,
1993, pp. xii+313.

Colin J. Bushnell and Philip C. Kutzko. Smooth representa-
tions of reductive p-adic groups: structure theory via types.
Proc. London Math. Soc. (3) 77.3 (1998), pp. 582-634.

Colin J. Bushnell and Philip C. Kutzko. Semisimple types in
GL,,. Compositio Math. 119.1 (1999), pp. 53-97.

L. Barthel and R. Livné. Irreducible modular representations
of GLg of a local field. Duke Math. J. 75.2 (1994), pp. 261—
292.

Tom Barnet-Lamb, Toby Gee, and David Geraghty. The Sato-
Tate Conjecture for Hilbert Modular Forms. J. Amer. Math.
Soc. 24.2 (2011), pp. 411-469.

Tom Barnet-Lamb, Toby Gee, and David Geraghty. Serre
weights for rank two unitary groups. Math. Ann. 356.4
(2013), pp. 1551-1598.

Thomas Barnet-Lamb, Toby Gee, David Geraghty, and
Richard Taylor. Potential automorphy and change of weight.
Ann. of Math. (2) 179.2 (2014), pp. 501-609.



86

[BLGHT11]

[BM02]

[BouAlg]

[Bru66]

[BSO07]

[BZ77]

[Carl2]

[Carl4]
[Che09]

[CHTOS]

[Clo90]

[Col10]
[Dat99]

[Dia97]

REFERENCES

Tom Barnet-Lamb, David Geraghty, Michael Harris, and
Richard Taylor. A family of Calabi-Yau varieties and poten-
tial automorphy II. Publ. Res. Inst. Math. Sci. 47.1 (2011),
pp. 29-98.

Christophe Breuil and Ariane Mézard. Multiplicités modu-
laires et représentations de GLy(Z,) et de Gal(Q,/Qp) en
[ = p. Duke Math. J. 115.2 (2002). With an appendix by Guy
Henniart, pp. 205-310.

N. Bourbaki. Eléments de mathématique. Algebre. Chapitre
8. Modules et anneaux semi-simples. Second revised edition
of the 1958 edition. Berlin: Springer, 2012, pp. x+489.
Armand Brumer. Pseudocompact algebras, profinite groups
and class formations. J. Algebra 4 (1966), pp. 442—470.
Christophe Breuil and Peter Schneider. First steps towards
p-adic Langlands functoriality. J. Reine Angew. Math. 610
(2007), pp. 149-180.

I. N. Bernstein and A. V. Zelevinsky. Induced representations
of reductive p-adic groups. I. Ann. Sci. Ecole Norm. Sup. (4)
10.4 (1977), pp. 441-472.

Ana Caraiani. Local-global compatibility and the action of
monodromy on nearby cycles. Duke Math. J. 161.12 (2012),
pp- 2311-2413.

Ana Caraiani. Monodromy and local-global compatibility for
[ = p. Algebra Number Theory 8.7 (2014), pp. 1597-1646.
Gaétan Chenevier. Une application des variétés de Hecke des
groupes unitaires. preprint. 2009.

Laurent Clozel, Michael Harris, and Richard Taylor. Auto-
morphy for some [-adic lifts of automorphic mod [ Galois rep-
resentations. Pub. Math. IHES 108 (2008), pp. 1-181.
Laurent Clozel. Motifs et formes automorphes: applications
du principe de fonctorialité. In: Automorphic forms, Shimura
varieties, and L-functions, Vol. I (Ann Arbor, MI, 1988).
Vol. 10. Perspect. Math. Boston, MA: Academic Press, 1990,
pp- 77-159.

Pierre Colmez. Représentations de GL2(Qp) et (¢,T)-
modules. Astérisque 330 (2010), pp. 281-509.

J.-F. Dat. Caracteres a valeurs dans le centre de Bernstein. J.
Reine Angew. Math. 508 (1999), pp. 61-83.

Fred Diamond. The Taylor-Wiles construction and multiplic-
ity one. Invent. Math. 128.2 (1997), pp. 379-391.



[EG14]

[EGAIV,)]

[EGAIV,]

[EGS15]

[Eme]

[Eme05]

[Eme06a)]

[Eme06b]

[Emel0)]

[Emell]
[Gab62]

[GK14]

[GL14]

[Hen00]

REFERENCES 87

Matthew Emerton and Toby Gee. A geometric perspective
on the Breuil-Mézard conjecture. J. Inst. Math. Jussieu 13.1
(2014), pp. 183-223.

A. Grothendieck. Eléments de géométrie algébrique. IV. Etude
locale des schémas et des morphismes de schémas. II. Inst.
Hautes Etudes Sci. Publ. Math. 24 (1965), p. 231.

A. Grothendieck. Eléments de géométrie algébrique. IV. Etude
locale des schémas et des morphismes de schémas IV. Inst.
Hautes Etudes Sci. Publ. Math. 32 (1967), p. 361.

Matthew Emerton, Toby Gee, and David Savitt. Lattices
in the cohomology of Shimura curves. Invent. Math. 200.1
(2015), pp. 1-96.

Locally analytic vectors in representations of locally p-adic
analytic groups. Memoirs of the AMS (to appear) ().
Matthew Emerton. p-adic L-functions and unitary comple-
tions of representations of p-adic reductive groups. Duke
Math. J. 130.2 (2005), pp. 353-392.

Matthew Emerton. Jacquet modules of locally analytic rep-
resentations of p-adic reductive groups. I. Construction and
first properties. Ann. Sci. Ecole Norm. Sup. (4) 39.5 (2006),
pp. 775-839.

Matthew Emerton. On the interpolation of systems of eigen-
values attached to automorphic Hecke eigenforms. Inwvent.
Math. 164.1 (2006), pp. 1-84.

Matthew Emerton. Ordinary parts of admissible representa-
tions of p-adic reductive groups I. Definition and first proper-
ties. Astérisque 331 (2010), pp. 355-402.

Matthew Emerton. Local-global compatibility in the p-adic
Langlands programme for GLg /Q. 2011.

Pierre Gabriel. Des catégories abéliennes. Bull. Soc. Math.
France 90 (1962), pp. 323-448.

Toby Gee and Mark Kisin. The Breuil-Mézard conjecture for
potentially Barsotti-Tate representations. Forum Math. Pi 2
(2014), el, 56.

Hui Gao and Tong Liu. A note on potential diagonalizabil-
ity of crystalline representations. Math. Ann. 360.1-2 (2014),
pp. 481-487.

Guy Henniart. Une preuve simple des conjectures de Lang-
lands pour GL(n) sur un corps p-adique. Invent. Math. 139.2
(2000), pp. 439-455.



88

[Hen93]

[HTO1]

[Hu09)

[Ies12]

[Jan03]

[Jon95]

[Kis07]

[Kis08]
[Kis09a]
[Kis09b]

[KS12]

[Kud94]

[Lab11]

REFERENCES

Guy Henniart. Caractérisation de la correspondance de Lang-
lands locale par les facteurs ¢ de paires. Invent. Math. 113.2
(1993), pp. 339-350.

Michael Harris and Richard Taylor. The geometry and coho-
mology of some simple Shimura varieties. Vol. 151. Annals
of Mathematics Studies. With an appendix by Vladimir G.
Berkovich. Princeton, NJ: Princeton University Press, 2001,
pp. Vviii+276.

Yongquan Hu. Normes invariantes et existence de filtrations
admissibles. J. Reine Angew. Math. 634 (2009), pp. 107-141.
Marco De leso. FExistence de normes invariantes pour GLa.
arXiv:1207.4517. 2012.

Jens Carsten Jantzen. Representations of algebraic groups.
Second. Vol. 107. Mathematical Surveys and Monographs.
Providence, RI: American Mathematical Society, 2003,
pp. xiv+576.

A. J. de Jong. Crystalline Dieudonné module theory via formal
and rigid geometry. Inst. Hautes Etudes Sci. Publ. Math. 82
(1995), 5-96 (1996).

Mark Kisin. Modularity for some geometric Galois represen-
tations. In: L-functions and Galois representations. Vol. 320.
London Math. Soc. Lecture Note Ser. With an appendix
by Ofer Gabber. Cambridge: Cambridge Univ. Press, 2007,
pp. 438-470.

Mark Kisin. Potentially semi-stable deformation rings. J.
Amer. Math. Soc. 21.2 (2008), pp. 513-546.

Mark Kisin. Moduli of finite flat group schemes, and modu-
larity. Annals of Math.(2) 170.3 (2009), pp. 1085-1180.
Mark Kisin. The Fontaine-Mazur conjecture for GLo. J.
Amer. Math. Soc. 22.3 (2009), pp. 641-690.

David Kazhdan and Ehud de Shalit. Kirillov models and in-
tegral structures in p-adic smooth representations of GLo(F).
J. Algebra 353 (2012), pp. 212-223.

Stephen S. Kudla. The local Langlands correspondence: the
non-Archimedean case. In: Motives (Seattle, WA, 1991).
Vol. 55. Proc. Sympos. Pure Math. Amer. Math. Soc.,
Providence, RI, 1994, pp. 365-391.

J.-P. Labesse. Changement de base CM et séries discretes. In:
On the stabilization of the trace formula. Vol. 1. Stab. Trace
Formula Shimura Var. Arith. Appl. Int. Press, Somerville,
MA, 2011, pp. 429-470.



[Mat89]

[Nys96]
[Pas13]
[Pas15]

[Ren10]

[Rod82]

[Rou96]

[Sch13]

[Sch15]

[Sor13]

[Sor15]

[STO1]

[STO02]

[STO6]

[SZ99]

REFERENCES 89

Hideyuki Matsumura. Commutative ring theory. Second.
Vol. 8. Cambridge Studies in Advanced Mathematics. Trans-
lated from the Japanese by M. Reid. Cambridge University
Press, Cambridge, 1989, pp. xiv+320.

Louise Nyssen. Pseudo-représentations. Math. Ann. 306.2
(1996), pp. 257-283.

Vytautas Pasktunas. The image of Colmez’s Montreal functor.
Publ. Math. Inst. Hautes Etudes Sci. 118 (2013), pp. 1-191.
Vytautas Pasktinas. On the Breuil-Mézard conjecture. Duke
Math. J. 164.2 (2015), pp. 297-359.

David Renard. Représentations des groupes réductifs p-
adiques. Vol. 17. Cours Spécialisés [Specialized Courses].
Paris: Société Mathématique de France, 2010, pp. vi+332.
Frangois Rodier. Représentations de GL(n, k) ou k est
un corps p-adique. In: Bourbaki Seminar, Vol. 1981/1982.
Vol. 92. Astérisque. Paris: Soc. Math. France, 1982, pp. 201-
218.

Raphaél Rouquier. Caractérisation des caracteres et pseudo-
caracteres. J. Algebra 180.2 (1996), pp. 571-586.

Peter Scholze. The local Langlands correspondence for GL,
over p-adic fields. Invent. Math. 192.3 (2013), pp. 663-715.
P. Scholze. On the p-adic cohomology of the Lubin-Tate tower.
ArXiv e-prints (June 2015). arXiv: 1506.04022 [math.AG].
Claus Sorensen. A proof of the Breuil-Schneider conjecture
in the indecomposable case. Ann. of Math. (2) 177.1 (2013),
pp. 367-382.

Claus Sorensen. Eigenvarieties and invariant norms. Pacific J.
Math. 275.1 (2015), pp. 191-230.

P. Schneider and J. Teitelbaum. U(g)-finite locally ana-
lytic representations. Represent. Theory 5 (2001). With an
appendix by Dipendra Prasad, 111-128 (electronic).

P. Schneider and J. Teitelbaum. Banach space representations
and Iwasawa theory. Israel J. Math. 127 (2002), pp. 359-380.
P. Schneider and J. Teitelbaum. Banach-Hecke algebras and
p-adic Galois representations. Doc. Math. Extra Vol. (2006),
pp. 631-684.

P. Schneider and E.-W. Zink. K-types for the tempered com-
ponents of a p-adic general linear group. J. Reine Angew.
Math. 517 (1999). With an appendix by Schneider and U.
Stuhler, pp. 161-208.


http://arxiv.org/abs/1506.04022

90

[Tay08]

[Tho12]

[Vig0g]

[Zel80]

REFERENCES

Richard Taylor. Automorphy for some [-adic lifts of automor-
phic mod [ Galois representations. II. Pub. Math. IHES 108
(2008), pp. 183-239.

Jack Thorne. On the automorphy of l-adic Galois represen-
tations with small residual image. J. Inst. Math. Jussieu
11.4 (2012). With an appendix by Robert Guralnick, Florian
Herzig, Richard Taylor and Thorne, pp. 855-920.
Marie-France Vignéras. A criterion for integral structures and
coefficient systems on the tree of PGL(2, F'). Pure Appl. Math.
Q. 4.4, Special Issue: In honor of Jean-Pierre Serre. Part 1
(2008), pp. 1291-1316.

A. V. Zelevinsky. Induced representations of reductive p-adic
groups. II. On irreducible representations of GL(n). Ann. Sci.
Ecole Norm. Sup. (4) 13.2 (1980), pp. 165-210.

ANA CARAIANI

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, FINE HALL,
WASHINGTON RD., PRINCETON, NJ 08544, USA

E-mail address: caraiani@princeton.edu

MATTHEW EMERTON

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO,
5734 S. UNIVERSITY AVE., CHICAGO, IL 60637, USA
E-mail address: emerton@math.uchicago.edu

ToBY GEE

DEPARTMENT OF MATHEMATICS, IMPERIAL COLLEGE LONDON,
LonpoN SW7 2A7Z, UK
E-mail address: toby.gee@imperial.ac.uk

DAVID GERAGHTY

DEPARTMENT OF MATHEMATICS, 301 CARNEY HALL, BOSTON COLLECE,
CHESTNUT HiLL, MA 02467, USA

E-mail address: david.geraghty@bc.edu

VYTAUTAS PASKUNAS

FAKULTAT FUR MATHEMATIK, UNIVERSITAT DUISBURG-ESSEN,
45117 ESSEN, GERMANY

E-mail address: paskunas@uni-due.de

Suc WoO SHIN

DEPARTMENT OF MATHEMATICS, UC BERKELEY, BERKELEY, CA 94720, USA
KOREA INSTITUTE FOR ADVANCED STUDY, 85 HOEGIRO, DONGDAEMUN-GU,
SEOUL 130-722, REPUBLIC OF KOREA

E-mail address: sug.woo.shin@berkeley.edu


mailto:caraiani@princeton.edu
mailto:emerton@math.uchicago.edu
mailto:toby.gee@imperial.ac.uk
mailto:david.geraghty@bc.edu
mailto:paskunas@uni-due.de
mailto:sug.woo.shin@berkeley.edu

	Introduction
	The patching argument
	Hecke algebras and types
	Local-global compatibility
	The Breuil–Schneider conjecture
	Relationship with a hypothetical p-adic local Langlands correspondence
	Completed tensor product and Serre's conditions
	References

