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THORSTEN BECKMANN

Abstract. We introduce a linearised form of the square root of the Todd class

inside the Verbitsky component of a hyper-Kähler manifold using the extended

Mukai lattice. This enables us to de�ne a Mukai vector for certain objects in the

derived category taking values inside the extended Mukai lattice which is func-

torial for derived equivalences. As applications, we obtain a structure theorem

for derived equivalences between hyper-Kähler manifolds as well as an integral

lattice associated to the derived category of hyper-Kähler manifolds deformation

equivalent to the Hilbert scheme of a K3 surface mimicking the surface case.

1. Introduction

1.1. Background: Derived categories of K3 surfaces. The study of derived

categories of smooth projective varieties goes back to the works of Mukai [45, 46].

Over the years derived categories and equivalences between them have attracted

great attention and culminated in many results, see for example [13,15�17,24,49].

LetX and Y be smooth projective varieties. We denote by Db(X) := Db(Coh(X))

the bounded derived category of coherent sheaves on X. Orlov [49] showed that any

derived equivalence Φ: Db(X) ∼= Db(Y ) is isomorphic to a Fourier�Mukai functor

FME with Fourier�Mukai kernel E ∈ Db(X × Y ). In particular, using the Mukai

vector

v = ch(_)td1/2 : Db(X)→ H∗(X,Q)

with td1/2 the formal square root of the Todd class td ∈ H∗(X,Q) the Fourier�Mukai

functor FME induces an isomorphism

ΦH = FMH
E : H∗(X,Q) ∼= H∗(Y,Q).

Let us specialize the above to the case of K3 surfaces S. Any smooth variety Y

which is derived equivalent to S is again a K3 surface [18]. The integral cohomology

groups H∗(S,Z) are equipped with the Mukai pairing b̃ which is equal to the inter-

section pairing up to a sign b̃(1, p) = −1 for 1 ∈ H0(S,Z) the fundamental class and

p ∈ H4(S,Z) the point class. Moreover, the lattice H∗(S,Z) carries a weight-two
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Hodge structure inherited from H∗(S,Z). As alluded to above for a derived equiva-

lence Φ: Db(S) ∼= Db(S′) between two K3 surfaces the following diagram commutes

(1.1)

Db(S) Db(S′)

H∗(S,Z) H∗(S′,Z).

Φ

v v

ΦH

Mukai has shown that the morphism ΦH associated to Φ is a Hodge isometry [46].

Furthermore, the lattice H∗(S,Z) together with its Hodge structure determines the

derived category completely. That is, two K3 surfaces S and S′ are derived equivalent

if and only if H∗(S,Z) and H∗(S′,Z) are Hodge isometric [49].

In particular, many properties of the derived category of a K3 surface S are

encoded by the lattice H∗(S,Z) of rank b2(S) + 2 together with its Hodge structure.

For example, this can be used to show that the number of Fourier�Mukai partners of

S, that is the number of non-isomorphic K3 surfaces S′ which are derived equivalent

to S, is �nite.

In addition, the group of auto-equivalences Aut(Db(S)) of K3 surfaces admits a

representation

ρH : Aut(Db(S))→ H∗(S,Z).

The group Aut(Db(S)) contains elements such as spherical twists STE along spherical

objects E ∈ Db(S). These are symmetries which become only visible in the derived

category. The image of ρH has been computed to be Aut+(H∗(X,Z)), the group of

Hodge isometries with real spinor norm one [27, 30, 46, 49]. A conjecture describing

the kernel of ρH has been put forward by Bridgeland [16] and has been proven for

K3 surfaces with Picard rank one [7, Thm. 1.3].

The main goal of this paper is to �nd suitable analogues for the above results for

the higher-dimensional analogues of K3 surfaces, that is hyper-Kähler manifolds X.

For example, we want to study their derived categories and equivalences between

them by means of an integral lattice of rank b2(X) + 2.

1.2. Hyper-Kähler manifolds. Let X be a compact irreducible hyper-Kähler

manifold of dimension 2n, that is a compact simply connected Kähler manifold

whose space of holomorphic two-forms is spanned by a non-degenerate symplectic

form. We brie�y recall properties of X needed to state our results, see Section 2 for

a more thorough recollection.

The second cohomology H2(X,Q) of X is endowed with a quadratic form called

the Beauville�Bogomolov�Fujiki (BBF) form b. The Verbitsky component

SH(X,Q) ⊂ H∗(X,Q)
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of X is the subalgebra generated by all cohomology classes of degree two. It inherits

a bilinear form

bSH(ω1 · · ·ωm, µ1 · · ·µ2n−m) = (−1)m
∫
X
ω1 · · ·ωmµ1 · · ·µ2n−m

called Mukai pairing from the intersection pairing, where ωi, µj ∈ H2(X,Q). The

extended rational Mukai lattice of X is the graded vector space

H̃(X,Q) := Qα⊕H2(X,Q)⊕Qβ.

This space is endowed with a bilinear form b̃ as well as a Hodge structure which

both restrict to the BBF form and the Hodge structure on H2(X,Q), respectively.

The classes α and β are of Hodge type, orthogonal to H2(X,Q) and satisfy b̃(α, α) =

b̃(β, β) = 0 as well as b̃(α, β) = −1 such that H̃(X,Q) resembles H(S,Q) for S a K3

surface, see Section 2.2 for more details. There exists an embedding

ψ : SH(X,Q) Symn(H̃(X,Q))

T

of quadratic spaces and T denotes the the orthogonal projection onto the subspace

SH(X,Q). The morphism ψ realizes the Verbitsky component as an irreducible

representation of the Looijenga�Lunts�Verbitsky (LLV) algebra g(X), see [37,55,56]

and Section 2.2.
Let us turn now to derived categories of hyper-Kähler manifolds X. Until recently

not much has been known about Db(X). Huybrechts�Nieper-Wiÿkirchen have shown

that any Fourier�Mukai partner of X is again a hyper-Kähler manifold [31, Thm.

0.4]. Taelman in [55] has re�ned the study of the derived category of X. He showed

that a derived equivalence Φ: Db(X) ∼= Db(Y ) between hyper-Kähler manifolds

restricts to a Hodge isometry

ΦSH : SH(X,Q) ∼= SH(Y,Q)

which is functorially induced by a Hodge isometry

(1.2) ΦH̃ : H̃(X,Q) ∼= H̃(Y,Q),

see [55, Sec. 4] or Section 2.3. This can be used to show that for derived equivalent

hyper-Kähler manifolds X and Y there is an isomorphism

Hi(X,Q) ∼= Hi(Y,Q)

of Q-Hodge structures for all i [55, Thm. D].

1.3. Extended Mukai vector. The starting point of this paper is the following

observation.

Proposition 3.4. Let X be a hyper-Kähler manifold of dimension 2n. Then

td1/2 = T

(
(α+ rXβ)n

n!

)
∈ SH(X,Q).
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Here, we decompose

H∗(X,Q) = SH(X,Q)⊕ SH(X,Q)⊥

orthogonally with respect to the intersection product on cohomology and (_) denotes

the projection onto the subspace SH(X,Q). The number rX ∈ Q is an explicit

constant depending on n, the second Chern class c2(X), and the Fujiki constant cX

of X, see (3.1). In particular, it only depends on the deformation type of X. For

K3 surfaces the proposition reads

td1/2 = T (α+ β) = 1 + p ∈ H∗(X,Z)

and for X of K3[n]-type we have

td1/2 = T

(
(α+ n+3

4 β)n

n!

)
∈ SH(X,Q).

This enables us to de�ne in Section 4 an extended Mukai vector

ṽ(E) ∈ H̃(X,Q)

for certain objects E ∈ Db(X). It relates to the classical Mukai vector v(E) ∈
H∗(X,Q) via

T (ṽ(E)n) = cv(E) ∈ SH(X,Q)

for c ∈ Q1 and this property characterizes the line spanned by ṽ(E) in H̃(X,Q). For

example, to a line bundle L ∈ Pic(X) with �rst Chern class c1(L) = λ we assign

ṽ(L) = α+ λ+

(
rX +

b(λ, λ)

2

)
β ∈ H̃(X,Q).

Moreover, the formation of the extended Mukai vector is functorial2 for derived

equivalences, i.e. for a derived equivalence Φ the extended Mukai vector of Φ(E)

equals ±ΦH̃(ṽ(E)). For the details and precise de�nitions we refer to Section 4.

1.4. Derived equivalences of hyper-Kähler manifolds. Consider a derived

equivalence Φ: Db(X) ∼= Db(Y ) between projective hyper-Kähler manifolds X and

Y . Associated to it we have the induced Hodge isometry

ΦH̃ : H̃(X,Q) ∼= H̃(Y,Q).

It is a priori very hard to calculate this isometry for a given derived equivalence.

However, the above de�ned extended Mukai vector allows us now to easily com-

pute ΦH̃ for most known examples of derived equivalences between hyper-Kähler

manifolds. We demonstrate this in Sections 7 and 10.
Moreover, its properties lead to the following structural result for derived equiv-

alences between hyper-Kähler manifolds.

1For all known deformation types of hyper-Kähler manifolds we actually have c ∈ Z.
2The (at �rst sight surprising) possible extra sign comes from a sign convention in [55, Thm.

4.9] for certain hyper-Kähler manifolds. For all applications this issue can be ignored.
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Theorem 4.15. Let X and Y be deformation-equivalent projective hyper-Kähler

manifolds and Φ: Db(X) ∼= Db(Y ) an equivalence with Fourier�Mukai kernel E. The
rank r of E is of the form ann!

cX
for a ∈ Q. If r = 0, then E induces coverings of X and

Y with Lagrangian cycles, or there exists a Hodge isometry H2(X,Z) ∼= H2(Y,Z).

If, for example, E is an X-�at sheaf on X × Y , then the second statement of the

theorem means that the codimension n component of supp(E) is a �at family of

Lagrangian subvarieties of Y which dominates Y .

Note that the number in the above theorem

ann!

cX

must in particular be an integer. For all known examples of hyper-Kähler manifolds

cX ∈ Z and therefore we must already have a ∈ Z using Legendre's or de Polignac's

formula.

The theorem splits derived equivalences Φ = FME : Db(X) ∼= Db(Y ) between

hyper-Kähler manifolds into three cases. If the rank of the Fourier�Mukai kernel E
is non-zero, we are in the �rst case and the theorem asserts that the possible ranks

of E are severly restricted. In the second case, the geometries of X and Y are related

by a correspondence in the n-th Chow group An(X × Y ) which induces coverings of

both manifolds by Lagrangian cycles. In the last case the derived equivalence implies

the existence of a Hodge isometry H2(X,Z) ∼= H2(Y,Z). To obtain a geometric

interpretation of this conclusion, recall that up to �nite index any Hodge isometry

is induced from a parallel transport operator [39, Lem. 6.23]. The Global Torelli

Theorem [57] states that the existence of a Hodge isometry H2(X,Z) ∼= H2(Y,Z)

induced from a parallel transport operator is equivalent to X and Y being birational.

1.5. Integral structure. We now specialize for the rest of the introduction to the

case of K3[n]-type hyper-Kähler manifolds X, that is hyper-Kähler manifolds which

are deformation-equivalent to Hilbert scheme of length n subschemes on a K3 surface.

In this case we are able to obtain an integral lattice of rank b2(X)+2 invariant under

derived equivalences mimicking the situation for K3 surfaces.

More explicitly, we de�ne in Section 5 an integral lattice

Λ ⊂ H̃(X,Q)

called K3[n] lattice which inherits a Hodge structure ΛX from X through the embed-

ding. As an abstract lattice it is isometric to H2(X,Z) ⊕ U with U the hyperbolic

plane, but its weight-two Hodge structure di�ers from the one induced from H2(X,Z)

by a B-�eld twist, see Remark 5.8. The main di�erence in the higher-dimensional

situation compared to the case of K3 surfaces is that H2(X,Z) is not unimodular

and the B-�eld twist compensates for the non-trivial discriminant.
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The K3[n] lattice is a sublattice Λ ⊂ Λg of index two of the lattice Λg generated

by all extended Mukai vectors of objects in Db(X). We refer to Section 5 for a

discussion of all the lattices that appear and their relations.

Our main result now is the following yielding a complete analogue of Mukai's

results [46] for derived equivalences of K3 surfaces.

Theorem 9.2. Let X and Y be projective K3[n]-type hyper-Kähler manifolds and

Φ: Db(X) ∼= Db(Y ) a derived equivalence. Then ΦH̃ restricts to a Hodge isometry

ΦH̃ : ΛX ∼= ΛY .

Even stronger, the K3[n] lattice is invariant by the action of all (compositions of)

parallel transport operators and derived equivalences acting on the extended Mukai

lattice H̃(X,Q). The precise statement is Theorem 8.1.

As in the surface case, the existence of a lattice together with a Hodge structure

governing properties of the derived category has strong implications. Here is one

example.

Theorem 9.4. For a �xed projective K3[n]-type hyper-Kähler manifold X the num-

ber of projective K3[n]-type manifolds Y up to isomorphism with Db(X) ∼= Db(Y ) is

�nite.

For all currently known deformation types of hyper-Kähler manifolds a derived

equivalence Db(X) ∼= Db(Y ) implies that X and Y must, in fact, be deformation-

equivalent. In general, it is not known whether this conclusion remains true for

arbitrary hyper-Kähler manifolds.

In [8, Thm. 1.2] it is shown that any hyper-Kähler manifold which is birational to

a moduli space of stable objects on a K3 surface S is itself a moduli space of stable

objects on S. Using the K3[n] lattice we are able to upgrade this result to derived

categories.

Corollary 9.6. Let MS
σ (v) be a smooth moduli space of stable objects on a projec-

tive K3 surface S and X a projective K3[n]-type hyper-Kähler manifold such that

Db(X) ∼= Db(MS
σ (v)). Then X is itself a moduli space of stable objects on S.

The corollary also yields the following.

Corollary 9.7. For two smooth moduli spaces MS
σ (v) and MS′

σ′ (v
′) of stable objects

on projective K3 surfaces S and S′ with Db(MS
σ (v)) ∼= Db(MS′

σ′ (v
′)) we have Db(S) ∼=

Db(S′). Furthermore, S and S′ are derived equivalent if and only if their Hilbert

schemes S[n] and S′[n] are derived equivalent.

Finally, considering a single hyper-Kähler manifold X of K3[n]-type Theorem 9.2

implies that the representation

ρH̃ : Aut(Db(X))→ O(H̃(X,Q))
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induced from (1.2) factors via a representation

ρH̃ : Aut(Db(X))→ Aut(ΛX).

Here, Aut(ΛX) denotes the group of all Hodge isometries of the K3[n] lattice ΛX .

Specializing to Hilbert schemes X = S[n] of elliptic K3 surfaces S with a section, we

are able to give a lower bound on the image of ρH̃.

Theorem 9.8. For the Hilbert scheme S[n] of a K3 surface with U ⊂ NS(S) the

image Im(ρH̃) of the representation ρH̃ satis�es

Âut
+

(ΛS[n]) ⊂ Im(ρH̃) ⊂ Aut(ΛS[n]).

The group Âut
+

(ΛS[n]) is the group of all Hodge isometries with real spinor norm

one which act via ±id on the discriminant group. When 2n− 2 = 4pr or 2n− 2 =

2prqs for odd prime numbers p, q ∈ Z and natural numbers r, s the inclusion

Âut
+

(ΛS[n]) ⊂ Aut+(ΛS[n])

is an equality. In these cases Theorem 9.8 determines Im(ρH̃) up to index two.

Theorem 9.2 as well as the existence of the extended Mukai vectors yield several

further strong consequences for the derived category and derived equivalences of

hyper-Kähler manifolds. Instead of reciting all of them here, we invite the reader to

directly go to Sections 4 and 9.

1.6. Related work. While �nishing writing this paper, Eyal Markman informed us

that he has also constructed in [40] a Mukai vector with image in the extended Mukai

lattice for certain objects in the derived category. His approach uses Hochschild

(co)homology and obstruction maps and is independent and di�erent from ours.

While working on this paper we also realised that a broader de�nition of the

extended Mukai vector is possible. This has lead to the de�nition of atomic objects

on hyper-Kähler manifolds studied in [10].

1.7. Structure of the paper. In Section 2 we recall results for hyper-Kähler man-

ifolds and their derived categories.

In the �rst part of this paper we study arbitrary hyper-Kähler manifolds. In

Section 3 we prove Proposition 3.4 using results from Rozansky�Witten theory. In

Section 4 we de�ne the extended Mukai vector. There are two di�erent classes of
objects for which this can be done and we discuss their properties and give examples.

In the second part we specialize to hyper-Kähler manifolds deformation-equivalent

to the Hilbert scheme of a K3 surface. In Sections 5 and 6 we introduce the lattices
that will play a role as well as the derived monodromy group. In Section 7 we study

derived equivalences of the Hilbert scheme on the extended Mukai lattice using the

extended Mukai vector. With these preparations we prove in the subsequent section

the invariance under derived equivalences of the lattice Λ. Consequences of the

previous results will be drawn in Section 9. We conclude by demonstrating how

known derived equivalences of hyper-Kähler manifolds �t into the new set-up.
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1.9. Notation. We will always work over the complex numbers. The derived cat-

egory Db(X) of a smooth projective variety X is the bounded derived category of

coherent sheaves on X. All functors will be implicitly derived.

A lattice is a free Z-module of �nite rank with an integral (mostly even) quadratic

form. We use the notations from [29, Sec. 14] and [22]. We remark that in Section 8

we use the word lattice as well to denote a full rank discrete subset W inside a �nite
dimensional rational vector space V with a speci�ed embedding W ↪→ V . It will be

clear from the context what is meant.

2. Recollections

We recollect facts and results and introduce the notation we will employ through-

out the paper.

2.1. Hyper-Kähler manifolds and their cohomology. LetX be a hyper-Kähler

manifold of complex dimension 2n, i.e. a simply connected compact Kähler mani-

fold such that H0(X,Ω2
X) is generated by an everywhere non-degenerate holomor-

phic two-form. The second cohomology H2(X,Z) possesses an integral primitive

quadratic form b called the Beauville�Bogomolov�Fujiki (BBF) form. It is charac-

terized up to sign by the property that there exists a constant cX , called the Fujiki

constant, that only depends on the deformation type of X such that∫
X
ω2n = cX

(2n)!

2nn!
b(ω, ω)n

for all ω ∈ H2(X,Z). For the known examples of hyper-Kähler manifolds we have

cX =

{
1 K3[n] or OG10-type,

n+ 1 Kumn or OG6-type.

For the following, see [23, Cor. 23.17].

Proposition 2.1. Let X be a hyper-Kähler manifold of dimension 2n and consider

a class µ ∈ H4p(X,R) which is of type (2p, 2p) on all small deformations of X. Then

there exists a constant C(µ) ∈ R such that∫
X
µω2n−2p = C(µ)b(ω, ω)n−p
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for all ω ∈ H2(X,R).

Using Rozansky�Witten theory Nieper-Wiÿkirchen [47] established results on

characteristic classes and Riemann�Roch formulae for hyper-Kähler manifolds.

De�nition 2.2. For ω ∈ H2(X,R) de�ne its characteristic value as

λ(ω) :=
(2n)!12cX

2nn!(2n− 1)C(c2(X))
b(ω, ω).

Using the Fujiki relations, one can check that the above de�nition agrees with

[47, Def. 17]. For the formula of the square root of the Todd class we will need the

following result, cf. [47, p. 738].

Proposition 2.3. For X a hyper-Kähler manifold of dimension 2n and arbitrary

ω ∈ H2(X,R) it holds ∫
X
td1/2 exp(ω) = (1 + λ(ω))n

∫
X
td1/2.

2.2. Verbitsky component. Denote by (H̃(X,Q), b̃) the rational quadratic vector

space de�ned by

Qα⊕H2(X,Q)⊕Qβ.

The quadratic form b̃ on H̃(X,Q) restricts to the BBF form b on H2(X,Q) and the

two classes α and β are orthogonal to H2(X,Q) and satisfy b̃(α, β) = −1 as well

as b̃(α, α) = b̃(β, β) = 0. Although it is not integral, we call H̃(X,Q) the extended

Mukai lattice of X.

Furthermore, we de�ne on H̃(X,Q) a grading by declaring α to be of degree zero,

H2(X,Q) remains in degree two and β is of degree four. Finally, the extended Mukai

lattice is equipped with a weight-two Hodge structure

(H̃(X,Q)⊗Q C)2,0 := H2,0(X)

(H̃(X,Q)⊗Q C)0,2 := H0,2(X)

(H̃(X,Q)⊗Q C)1,1 := H1,1(X)⊕ Cα⊕ Cβ.

Let SH(X,Q) be the Verbitsky component, i.e. the graded subalgebra of H∗(X,Q)

generated by H2(X,Q). Verbitsky [12,56] proved the existence of a graded morphism

ψ : SH(X,Q)→ Symn(H̃(X,Q)) sitting in a short exact sequence

0→ SH(X,Q)
ψ−→ Symn(H̃(X,Q))

∆−→ Symn−2(H̃(X,Q))→ 0.

Here, the map ∆ is the Laplacian operator de�ned on pure tensors via

v1 · · · vn 7→
∑
i<j

b̃(vi, vj)v1 · · · v̂i · · · v̂j · · · vn.

The map ψ is uniquely determined (up to scaling) by the condition that it is a mor-

phism of g(X)-modules, where g(X) denotes the Looijenga�Lunts�Verbitsky (LLV)
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algebra, see [37] or [21]. Recall that g(X) is the Lie algebra generated by all sl2-

triples (eω, h, fω) with eω the Lefschetz operator for ω ∈ H2(X,Q) satisfying the

Hard Lefschetz property, h the grading operator and fω the dual Lefschetz opera-

tor.

The g(X)-structure of H̃(X,Q) is de�ned by the conditions eω(α) = ω, eω(µ) =

b(ω, µ)β and eω(β) = 0 for all classes ω, µ ∈ H2(X,Q). The n-th symmetric power

Symn(H̃(X,Q)) then inherits the structure of a g(X)-module by letting g(X) act

by derivations. The inclusion realizes SH(X,Q) as an irreducible Lefschetz module

[56]. We �x once and for all a choice of ψ by setting ψ(1) = αn/n!.

Taelman [55, Sec. 3] showed that the map ψ is an isometry with respect to the

Mukai pairing

bSH(ω1 · · ·ωm, µ1 · · ·µ2n−m) = (−1)m
∫
X
ω1 · · ·ωmµ1 · · ·µ2n−m

on SH(X,Q) and the pairing

b[n](x1 · · ·xn, y1 · · · yn) = (−1)ncX
∑
σ∈Sn

n∏
i=1

b̃(xi, yσ(i))

on Symn(H̃(X,Q)). Note that our de�nition of b[n] di�ers from Taelman's de�nition

by the Fujiki constant. Ours has the advantage that ψ is always an isometry. The

orthogonal projection onto the subspace SH(X,Q) will be denoted by

T : Symn(H̃(X,Q))→ SH(X,Q).

Remark 2.4. Observe that ψ is surjective in cohomological degrees 0, 2, 4n−2 and

4n. Equivalently, the projection T is injective restricted to these degrees.

Bogomolov and Verbitsky [12,56] showed that the Verbitsky component can also

be described via

(2.1) SH(X,C) ∼= Sym•H2(X,C)/〈µn+1 | b(µ, µ) = 0〉.

2.3. Derived equivalences. The following is [55, Thm. A].

Theorem 2.5 (Taelman). Let X and Y be projective hyper-Kähler manifolds to-

gether with an equivalence Φ: Db(X) ∼= Db(Y ). Then Φ induces a canonical Lie

algebra isomorphism

Φg : g(X) ∼= g(Y )

which is equivariant for the induced isometry ΦH : H∗(X,Q) ∼= H∗(Y,Q).

We reproduce some consequences of this result from [55, Sec. 4] needed below.

The above theorem implies that given an auto-equivalence Φ ∈ Aut(Db(X)), the

induced action on cohomology

ΦH : H∗(X,Q) ∼= H∗(X,Q)
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restricts to a Hodge isometry

ΦSH : SH(X,Q) ∼= SH(X,Q)

which is equivariant with respect to Φg. This yields a representation

ρSH : Aut(Db(X))→ O(SH(X,Q)).

Moreover, the above represention ρSH factors over a representation

ρH̃ : Aut(Db(X))→ O(H̃(X,Q))

under the assumption that n is odd, or having n even and b2(X) odd. Note that all

known examples of hyper-Kähler manifolds satisfy one of the two conditions.

More precisely, for odd n every Hodge isometry ΦSH of SH(X,Q) is induced by

an isometry of Symn(H̃(X,Q)) which comes from a unique Hodge isometry ΦH̃ of

H̃(X,Q) [55, Prop. 4.1], i.e. the following diagram

SH(X,Q) SH(X,Q)

Symn(H̃(X,Q)) Symn(H̃(X,Q))

ΦSH

ψ ψ

SymnΦH̃

commutes. For even n and odd b2(X), there is an extra sign det(ΦH̃) = ε(ΦH̃) ∈
{±1} such that

(2.2)

SH(X,Q) SH(X,Q)

Symn(H̃(X,Q)) Symn(H̃(X,Q))

ε(ΦH̃)ΦSH

ψ ψ

SymnΦH̃

commutes. We refer to [55, Sec. 4] for more details and proofs.

The process of associating to ΦSH the isometry ΦH̃ is non-trivial. Given an equiv-

alence we cannot say directly how it will act on H̃(X,Q), e.g. there is no obvious

cycle associated to the kernel of the equivalence. We circumvent this obstacle by

using the extended Mukai vector.

3. Square root of the Todd class

Denote by td1/2 the projection of the square root of the Todd class to the Verbitsky

component SH(X,Q). The main goal of this section is to express this class in terms

of the extended Mukai lattice. Throughout this section X will be a �xed hyper-

Kähler manifold of dimension 2n of arbitrary deformation type.

Let us de�ne a number

(3.1) rX :=
C(c2(X))2nn!(2n− 1)

(2n)!24cX
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where C(c2(X)) is the constant from Proposition 2.1 associated to the second Chern

class c2(X). The number relates the BBF form and the characteristic value via

(3.2) b(ω, ω) = 2rXλ(ω)

for all ω ∈ H2(X,Q).

Lemma 3.1. The following equality holds∫
X
td1/2 = cX

rnX
n!
.

Proof. Let ω ∈ H2(X,R) be a Kähler class and t a formal variable. Proposition 2.3

gives

(3.3)

∫
X
td1/2 exp(tω) = (1 + λ(tω))n

∫
X
td1/2.

Both sides are even polynomials in t of degree 2n. Comparing the coe�cient in front

of t2n in (3.3) and using

td1/2 = 1 + terms of higher degree

we obtain

cX
(2n)!

2nn!

b(ω, ω)n

(2n)!
= λ(ω)n

∫
X
td1/2.

Solving for
∫
X td1/2 and employing (3.2) yields the assertion. �

For the known examples of hyper-Kähler manifolds of dimension 2n we have

rX =

{
n+3

4 K3[n] or OG10-type,
n+1

4 Kumn or OG6-type.

Lemma 3.1 for K3[n]- and Kumn-type hyper-Kähler manifolds was also obtained by

Sawon [53].

Denote for 0 ≤ i ≤ n by q2i ∈ SH4i(X,Q) the class de�ned by the property∫
X
q2iω

2n−2i = cX
(2n− 2i)!

2n−i(n− i)!
b(ω, ω)n−i

for all ω ∈ H2(X,Q).

Lemma 3.2. Let X be a hyper-Kähler manifold. Then the subspace of SH2i(X,Q)

being of type (i, i) on all small deformations is one-dimensional if i is even and zero

otherwise. These subspaces are generated by q2i.

Proof. This follows from Proposition 2.1. �

Using Lemma 3.2 let us write

td1/2 = q0 + a2q2 + · · ·+ a2n−2q2n−2 +
rnX
n!

q2n ∈ SH(X,Q)

for a2i ∈ Q. We will now determine the remaining coe�cients.
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Lemma 3.3. For 1 ≤ i ≤ n we have

a2i =
riX
i!
.

Proof. We use again (3.3) and this time compare the coe�cients in front of t2n−2i.

This reads

a2icX
b(ω, ω)n−i

2n−i(n− i)!
=

(
n

n− i

)
riXcX
2n−in!

b(ω, ω)n−i. �

Recall the isometric embedding ψ : SH(X,Q) ↪→ Symn(H̃(X,Q)) and the orthog-

onal projection T : Symn(H̃(X,Q)) → SH(X,Q). The class td1/2 has the following

expression.

Proposition 3.4. Let X be a hyper-Kähler manifold of dimension 2n. Then

td1/2 = T

(
(α+ rXβ)n

n!

)
∈ SH(X,Q).

If one ignores the orthogonal projection T for the moment, then the proposition

says that (the projection of) the square root of the Todd class can be expressed

as the n-th power of a linear polynomial. Note that the orthogonal projection T

really is necessary since αn−iβi is not in the kernel of the Laplacian operator ∆ for

1 ≤ i ≤ n− 1.

The key step to prove Proposition 3.4 is to relate αn−iβi with the classes q2i. By

de�nition we have

T (αn) = n!1.

In general the connection is given by the following.

Lemma 3.5. For 1 ≤ i ≤ n we have

T (αn−iβi) = (n− i)!q2i.

Proof. By de�nition of the Mukai pairing on SH(X,Q) and the de�ning property of

q2i the assertion of the lemma is equivalent to

bSH(ω2n−2i, T (αn−iβi)) =

∫
X
ω2n−2iT (αn−iβi) = cX

(2n− 2i)!

2n−i
b(ω, ω)n−i

for all ω ∈ H2(X,Q). The embedding ψ : SH(X,Q) ↪→ Symn(H̃(X,Q)) is an isome-

try and T is its orthogonal split. The above is therefore equivalent to

b[n](ψ(ω2n−2i), αn−iβi) = cX
(2n− 2i)!

2n−i
b(ω, ω)n−i

for all ω ∈ H2(X,Q). Since ψ is a morphism of g(X)-modules, we have

ψ(ω2n−2i) = ψ(e2n−2i
ω (1)) = e2n−2i

ω (ψ(1)) ∈ Symn(H̃(X,Q))
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which is a Q-linear combination of tensors of the form αrωsβt. Only the tensor

αiβn−i pairs non-trivially with αn−iβi. We claim that

e2n−2i
ω (ψ(1)) =

(2n− 2i)!

2n−i(n− i)!i!
b(ω, ω)n−iαiβn−i + . . . .

Indeed, let us choose N � n and consider the terms αrωsβt for r + s + t = N .

We de�ne the order of such a term as r, i.e. the exponent of α. For general j ≥ 0

the element ejω(ψ(1)) decomposes

ejω(ψ(1)) = aj1

(
αN−jωj

(n− j)!

)
+aj2

(
αN−j+1ωj−2β

(n− j + 21)!

)
+· · ·+aj

b j
2
c

(
αN−b

j
2
cωj−2b j

2
cβb

j
2
c

(N − b j2c)!

)
according to the order of the terms that appear. A straight forward proof by induc-

tion shows that

ajk+1 =
(b j2c+ k)!

(b j2c − k)!k!2k

which are the coe�cients of the Besse polynomials. This then yields the claim.

Observing that

b[n](α
iβn−i, αn−iβi) = cX(n− i)!i!

�nishes the proof. �

The above lemma helps to understand the two extra classes α and β in the

extended Mukai lattice H̃(X,Q). Rather than trying to identify the classes α and

β in H̃(X,Q) with a single element in SH(X,Q) as in the case of K3 surfaces one

should think simultaneously of all the powers αn−iβi as (multiples of) the powers of

the BBF-form qi2 ∈ SH4i(X,Q).

Proof of Proposition 3.4. This follows immediately from Lemma 3.1, Lemma 3.3 and

Lemma 3.5. �

Remark 3.6. Proposition 3.4 raises the analogous question for td. The formulas in

the known examples are as follows. If X is of K3[n] or OG10-type of dimension 2n,

then

td = T

(
(α+ 2β) · · · (α+ (n+ 1)β)

n!

)
∈ SH(X,Q)

and if X is of Kumn or OG6-type of dimension 2n, then

td = T

(
(α+ β) · · · (α+ nβ)

n!

)
∈ SH(X,Q).

These expressions are obtained by an analogous approach as above using this time

the known forms of the Riemann�Roch polynomials [20,47,52]. There is a formula for

td similar in fashion as the one given in Proposition 2.3 using Chebyshev polynomials,

see [47, Thm. 5.2].
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4. Extended Mukai vector

The previous section enables us to de�ne a Mukai vector for interesting objects

with image in the extended Mukai lattice. We will distinguish two cases using the

self-intersection of the vector under consideration.

4.1. Square −2rX . Let X be a hyper-Kähler manifold of dimension 2n. A line

bundle L ∈ Pic(X) naturally induces an auto-equivalence

ML := _⊗ L ∈ Aut(Db(X)).

Its action MH
L on singular cohomology is given by multiplication with the Chern

character of L, i.e.

MH
L = _ · exp(λ) ∈ End(H∗(X,Q))

where λ = c1(L) ∈ H2(X,Z). Furthermore, denote by Bλ ∈ O(H̃(X,Q)) the isome-

try de�ned by

Bλ(rα+ µ+ sβ) = rα+ µ+ rλ+

(
s+ b(λ, µ) + r

b(λ, λ)

2

)
β.

As checked in [55, Prop. 3.2] we have MH̃
L = Bλ, i.e. if we restrict M

H
L to SH(X,Q) ⊂

H∗(X,Q), then it is given by the natural action of Bλ on Symn(H̃(X,Q)) via the

diagram

(4.1)

SH(X,Q) SH(X,Q)

Symn(H̃(X,Q)) Symn(H̃(X,Q))

ε(MH̃
L)MSH

L

ψ ψ

SymnBλ

(where we set ε(ΦH̃) = 1 for all equivalences if n is odd). By de�nition

αn = ψ(n!1) = ψ(n!ch(OX)) ∈ Symn(H̃(X,Q))

which yields

ψ(ch(L)) =
Bλ(α)n

n!
=

(
α+ λ+ b(λ,λ)

2 β
)n

n!
∈ Symn(H̃(X,Q)).

We will upgrade this to the Mukai vector. An immediate consequence from Propo-

sition 3.4 is that for the trivial line bundle OX ∈ Pic(X) and its Mukai vector v(OX)

one has

v(OX) = T

(
(α+ rXβ)n

n!

)
∈ SH(X,Q)
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where (_) denotes again the projection from the cohomology H∗(X,Q) to the Ver-

bitsky component SH(X,Q). Note that (2.2) also induces a commutative diagram

(4.2)

SH(X,Q) SH(X,Q)

Symn(H̃(X,Q)) Symn(H̃(X,Q))

ε(ΦH̃)ΦSH

SymnΦH̃

T T

for all equivalences Φ ∈ Aut(Db(X)). Since ML(OX) = L and by the compatibility

of the cohomological Fourier�Mukai transform MH
L(v(OX)) = v(L) we infer that

(4.3) v(L) = T

(
(α+ λ+ (rX + b(λ,λ)

2 )β)n

n!

)
∈ SH(X,Q)

for all line bundles L ∈ Pic(X).

De�nition 4.1. For L ∈ Pic(X) we de�ne the extended Mukai vector of L with

c1(L) = λ as

ṽ(L) = α+ λ+

(
rX +

b(λ, λ)

2

)
β ∈ H̃(X,Q).

With this de�nition, we have

(4.4) v(L) = T

(
ṽ(L)n

n!

)
∈ SH(X,Q).

Formula (4.4) is a helpful tool to deduce properties of ΦH̃ and compute its action

on H̃(X,Q) for an auto-equivalence Φ ∈ Aut(Db(X)). Here is one example.

If n is even, then the functoriality of the representation ρH̃ : Aut(Db(X)) →
O(H̃(X,Q)) depends on the determinant of the isometry of H̃(X,Q). A useful cri-

terion to calculate ε(ΦH̃) for an auto-equivalence Φ ∈ Aut(Db(X)) is the following.

Lemma 4.2. Let X be a projective hyper-Kähler manifold with n even and b2(X)

odd. Assume that a line bundle L is sent under an auto-equivalence Φ to an object

F with positive rank. Then ε(ΦH̃) = det(ΦH̃) = 1.

Proof. The class ṽ(L)n/n! ∈ Symn(H̃(X,Q)) maps under T to v(L). We know that

ΦH sends v(L) to v(F). Therefore v(L) is sent to v(F) under ΦSH. Since n is even,

the coe�cient in front of αn in the expression (ΦH̃(ṽ(L)))n must be positive. The

commutativity of (4.2) forces ε(ΦH̃) = 1. �

Instead of twists with line bundles, we can also use other auto-equivalences to

de�ne an extended Mukai vector for a larger set of objects.
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De�nition 4.3. Let X be a projective hyper-Kähler manifold of dimension 2n

with n odd and E ∈ Db(X) an object such that there exists an auto-equivalence

Φ ∈ Aut(Db(X)) with Φ(OX) ∼= E . We de�ne the extended Mukai vector of E as

ṽ(E) := ΦH̃(ṽ(OX)) ∈ H̃(X,Q).

This de�nition does not depend on the chosen equivalence. For such an object E
we have the equality

(4.5) v(E) = T

(
ṽ(E)n

n!

)
.

We will say that such objects are in the OX-orbit. With this terminology, objects in

the OX -orbit are cohomologically linearisable as in (4.5), which means that they ad-

mit an extended Mukai vector in the extended Mukai lattice, see also De�nition 4.16.

Remark 4.4. Ideally one would like to give an analogous de�nition in the case that

n is even and b2(X) is odd. However, one must be cautious since De�nition 4.3 is not

well-de�ned in this case and (4.5) may not serve as a de�ning property (vn = (−v)n

for all elements v ∈ H̃(X,Q)). The problem is the extra sign discussed in Section 2.3.

In other words, associating to the natural isometry ΦSH an isometry ΦH̃ inducing

ΦSH as done in Section 2.3 is not natural and leads to considering sign conventions

when de�ning an extended Mukai vector. We will give an adhoc de�nition.

Let X be a projective hyper-Kähler manifold of dimension 2n with n even and

b2(X) odd and choose once and for all a very general Kähler class ω ∈ H2(X,R).

Consider an object E ∈ Db(X) such that there is an equivalence Φ ∈ Aut(Db(X))

satisfying

Φ(OX) ∼= E .

If the rank of E is strictly positive, then Lemma 4.2 forces ε(ΦH̃) = 1 and for negative

rank we obtain ε(ΦH̃) = −1. This motivates the following.

De�nition 4.5. We say that E is positive if ε(ΦH̃) = 1 and negative if ε(ΦH̃) = −1.

This de�nition is well-de�ned, i.e. it is independent of the chosen equivalence Φ.

Keeping the above notation, let us denote

v = ΦH̃(ṽ(OX)) = rα+ λ+ sβ.

We de�ne the signum sgn(v) ∈ {±1} of the vector v. For r 6= 0 we set sgn(v) :=

sgn(r) as the signum of the number r. If r = 0, then the self-pairing of ṽ(OX) forces

λ 6= 0 and c = b(ω, λ) 6= 0 as the Kähler class ω was assumed to be very general.

We de�ne in this case sgn(v) := sgn(c).

De�nition 4.6. The extended Mukai vector of E is

ṽ(E) := ε(ΦH̃)sgn(v)v.
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We also say that such objects are in the OX-orbit. The extended Mukai vector

ṽ(E) satis�es a version of (4.5) namely

(4.6) v(E) = ε(ΦH̃)T

(
ṽ(E)n

n!

)
.

That is, objects in the OX -orbit are cohomologically linearisable, but for negative

objects we have to add an extra sign.

Remark 4.7. The de�nition agrees with De�nition 4.1 for line bundles. The mo-

tivation for this de�nition comes from the notion of a positive vector in the theory

of moduli spaces of stable sheaves for K3 surfaces as in [58, Def. 0.1]. Moreover, we

expect that the choice of a Kähler class is not important, i.e. the sign of b(ω, λ) is

independent of the chosen Kähler class. In all examples that we have calculated for

K3[n]-type hyper-Kähler manifolds X the class λ is always a multiple of the class

Poincaré dual to a line in a projective space Pn ⊂ X, therefore bounding the Käh-

ler cone. For all our applications in subsequent chapters the sign choices will not

matter.

De�nition 4.6 for the case of even n is up to sign compatible with derived equiv-

alences, i.e. for E and F two objects in the OX -orbit and a derived equivalence

Φ ∈ Aut(Db(X)) with Φ(E) ∼= F we have

(4.7) ΦH̃(ṽ(E)) = ±ṽ(F) ∈ H̃(X,Q)

respectively

(4.8) (ΦH̃(ṽ(E)))n = (ṽ(F))n ∈ Symn(H̃(X,Q)).

We list some easy properties.

Lemma 4.8. Let E be an object in the OX-orbit.
(i) The object E is a Pn-object.
(ii) Its Mukai vector satis�es 〈v(E), v(E)〉 = n+ 1.

(iii) Its extended Mukai vector satis�es b̃(ṽ(E), ṽ(E)) = −2rX .

(iv) The rank of E is of the form ±an for a ∈ Z.
(v) The rank and determinant of E determine v(E) completely.

Proof. For the notion of Pn-object and their properties see [33]. The pairing in (ii)

is the generalized Mukai product introduced in [19].

The �rst four points follow easily from the de�nitions and the fact that for an

equivalence Φ ∈ Aut(Db(X)) the induced isomorphism ΦH̃ of H̃(X,Q) is an isometry.

Let r = an be the rank of E and λ = c1(E) be its determinant. Equation (4.5)

implies that we only have to determine the extended Mukai vector of E . Using that
the orthogonal projection T is injective in degrees 0 and 2 we deduce that up to sign

ṽ(E) = aα+
λ

an−1
+ cβ ∈ H̃(X,Q)

for c ∈ Q uniquely determined by the property b̃(ṽ(E), ṽ(E)) = −2rX . �
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The lemma implies that the Chern classes of such objects are severely restricted.

Remark 4.9. For K3 surfaces S the de�nition of the extended Mukai vector agrees

with the usual Mukai vector for line bundles if we identify H̃(S,Z) := H2(S,Z)⊕ U
with H∗(S,Z) via α 7→ 1 and β 7→ p. Note that the Mukai vectors of topological line

bundles generate H∗(S,Z). For certain K3 surfaces (e.g. very general projective K3

surfaces of low degree [7, Rem. 6.10]) we know that all spherical objects are in the

orbit of the structure sheaf OS under the action of the group of auto-equivalences.

4.2. Square 0. There is another class of objects for which one can naturally de�ne

an extended Mukai vector. This does not involve Proposition 3.4.

Lemma 3.5 yields that the element β ∈ H̃(X,Q) has the property

βn = ψ(cXp) ∈ SH(X,Q).

Since we have for a point x ∈ X

v(k(x)) = ch(k(x)) = p ∈ H4n(X,Q)

we obtain the relation

ψ(v(k(x))) =
βn

cX
∈ Symn(H̃(X,Q))

respectively

(4.9) v(k(x)) = T

(
βn

cX

)
∈ SH(X,Q).

De�nition 4.10. For a point x ∈ X and the associated skyscraper sheaf k(x) we

de�ne its extended Mukai vector as

ṽ(k(x)) := β.

As in the case of objects in the OX -orbit this de�nition can be extended using

derived equivalences.

De�nition 4.11. Let X be a projective hyper-Kähler manifold of dimension 2n

with n odd, E ∈ Db(X) an object and Φ ∈ Aut(Db(X)) such that Φ(k(x)) ∼= E for

some x ∈ X. We de�ne the extended Mukai vector of E as

ṽ(E) := ΦH̃(β) ∈ H̃(X,Q).

We will say that such objects are in the k(x)-orbit. The analogous relation to

(4.9) for objects in the k(x)-orbit reads

(4.10) v(E) = T

(
ṽ(E)n

cX

)
∈ SH(X,Q).

Again in the case n even and b2(X) odd one has to be more careful. Let E ∈ Db(X)

be such that there exists Φ ∈ Aut(Db(X)) with Φ(k(x)) ∼= E for some x ∈ X. Let

us again write

v = ΦH̃(β) = rα+ λ+ sβ.
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We de�ne again the signum sgn(v) of the vector v. As before for r 6= 0 we set

sgn(v) := sgn(r). In the case r = 0 and λ 6= 0 the Hodge Index Theorem asserts

that c = b(λ, ω) 6= 0 for all Kähler classes ω. We assign sgn(v) := sgn(c). Finally

for r = λ = 0 we de�ne sgn(v) := sgn(s).

De�nition 4.12. The extended Mukai vector of E is de�ned as

ṽ(E) := ε(ΦH̃)sgn(v)v.

We also say that such objects are in the k(x)-orbit. As above we have

(4.11) v(E) = ε(ΦH̃)T

(
ṽ(E)n

cX

)
∈ SH(X,Q)

and the formation of the extended Mukai vector is as in (4.7) and (4.8) functorial

for derived equivalences.

Lemma 4.13. Let E be an object in the k(x)-orbit.

(i) Its Mukai vector v(E) lies in SH(X,Q) and satis�es bSH(v(E), v(E)) = 0.

(ii) Its extended Mukai vector satis�es b̃(ṽ(E), ṽ(E)) = 0.

(iii) The rank of E is of the form ±ann!
cX

for a ∈ Q.

(iv) The rank and determinant of E determine v(E) completely.

(v) If the rank of E is zero, then all Chern classes ci(E) are isotropic, that is

σ|ci(E) = σci(E) = 0 ∈ H2i+2(X,C) with σ ∈ H0(X,Ω2
X) a symplectic form.

Proof. The �rst three points follow easily from the de�nition and the fourth point

is analogous to Lemma 4.8.

Suppose that the rank of E is zero and write

ṽ(E) = λ+ sβ ∈ H̃(X,Q)

with λ ∈ H1,1(X,Q) and s ∈ Q. We will assume that λ 6= 0, the other case being

trivial. Since

b̃(ṽ(E), ṽ(E)) = 0

we infer that b(λ, λ) = 0. Equation (4.10) gives

(4.12) v(E) = T

(
(λ+ sβ)n

cX

)
∈ SH(X,Q)

which is supported in cohomological degrees ranging from 2n to 4n. Up to a constant,

the degree 2n component of v(E) equals the n-th Chern character chn(E) which again

up to a constant equals the Chern class cn(E). From (4.12) we obtain

cn(E) = dT (λn) ∈ SH2n(X,Q)

for some d ∈ Q. Since ψ is a morphism of g(X)-modules we get

ψ(λn) = ψ(enλ(1)) = enλ

(
αn

n!

)
= λn ∈ Symn(H̃(X,Q))
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where the last equality used that b(λ, λ) = 0. Therefore T (λn) = λn ∈ SH(X,Q)

and so in particular

cn(E) = dλn.

The assertion of the lemma is therefore that σcn(E) = dσλn = 0. We have

(4.13) b(λ, λ) = b(σ, σ) = b(λ, σ) = 0

which shows that

(4.14) (λ+ σ)n+1 ∈ SH2n+2(X,C)

must vanish by using (2.1). As each summand in (4.14) lies in a di�erent piece of

the Hodge decomposition, we deduce that λnσ = 0.

For k > n, induction on k shows that σck(E) = 0 if and only if σv(E)2k = 0 where

v(E)2k denotes the cohomological degree 2k part of the Mukai vector. Equation

(4.12) gives that the degree 2k part of v(E) equals

v(E)2k =
sk−n

cX

(
n

k − n

)
T (λ2n−kβk−n) ∈ SH2k(X,Q).

To determine the image of λ2n−kβk−n under the orthogonal projection note that T

is as well a morphism of g(X)-modules. Similarly to above, one shows

λ2n−kβk−n = e2n−k
λ

(
α2n−kβk−n

(2n− k)!

)
∈ Symn(H̃(X,Q))

using again that b(λ, λ) = 0. Lemma 3.5 implies that we have

T (α2n−kβk−n) = (2n− k)!q2k−2n

which yields

v(E)2k =
sk−n

cX

(
n

k − n

)
λ2n−kq2k−2n ∈ SH(X,Q).

Ignoring constants we have to show that λ2n−kq2k−2nσ ∈ SH(X,C) vanishes which

is equivalent to

λ2n−kq2k−2nσµ
2n−k−1 = 0 ∈ SH4n(X,C)

for all µ ∈ H2(X,Q). This follows similar to above using again (4.13) and the

polarized version of the Fujiki relations, see Proposition 2.1. �

Note that the number from Lemma 4.13 (iii)

ann!

cX

must in particular be an integer. For all known examples of hyper-Kähler manifolds

cX ∈ Z and therefore we must already have a ∈ Z using Legendre's or de Polignac's

formula.
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Remark 4.14. We want to comment on the denominators appearing in (4.5) and

(4.10) and their relation.

The Chern character in degree 4n is of the form

ch2n(E) =
1

(2n)!
(c1(E)2n + . . . ).

For a line bundle L ∈ Pic(X) we have by using the Fujiki relation

c1(L)2n

(2n)!
= cX

(2n)!b(λ, λ)n

(2n)!n!2n
=
cX
n!

b(λ, λ)n

2n
∈ SH4n(X,Q).

For the known examples of hyper-Kähler manifolds the BBF form is even and the

Fujiki constant is integral. In these cases we have

(4.15)
c1(L)2n

(2n)!
∈ cX
n!

Z

by identifying the class p with 1 ∈ Z. The factor 1
cX

for objects in the k(x)-orbit

paired with cX
n! from (4.15) gives the factor 1

n! for objects in the OX -orbit. Note

that all our computations take place in the Verbitsky component SH(X,Q) which

is over Q generated by Chern characters of line bundles.

4.3. Structural result. The discussion of the two previous subsections enables us

to prove the following general structural result for derived equivalences between

hyper-Kähler manifolds.

Theorem 4.15. Let X and Y be deformation-equivalent projective hyper-Kähler

manifolds and Φ: Db(X) ∼= Db(Y ) an equivalence with Fourier�Mukai kernel E. The
rank r of E is of the form ann!

cX
for a ∈ Q. If r = 0, then E induces a covering of X

and Y with Lagrangian cycles, or there exists a Hodge isometry H2(X,Z) ∼= H2(Y,Z).

Proof. Let us �rst assume that either n is odd or that n is even and b2(X) odd.

We distinguish three cases depending on the image vector

v = aα+ λ+ sβ ∈ H̃(X,Q)

of β under ΦH̃. For a 6= 0 the assertion on the rank follows from Lemma 4.13.

In the case that a = 0, but λ 6= 0, we consider the the n-th Chern class

cn(E) ∈ An(X × Y ) in the Chow ring with rational coe�cients. The compatibil-

ity of derived equivalences with the induced maps between Chow and cohomology

groups shows that for all x ∈ X and all y ∈ Y the cycles cn(E)|x×Y ∈ An(Y ) re-

spectively cn(E)|X×y ∈ An(X) are non-zero. Indeed the cohomological degree 2n

component of v(Ex) is equal to cn(Ex) considered in cohomology which by assump-

tion equals λn ∈ SH(Y,Q) and similarly for X. This shows that viewing the cycle

cn(E) as a family of cycles on Y parametrized by points x ∈ X these cycles cover Y

in the sense that for each y ∈ Y the family of cycles cn(E) restricts non-trivially to
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the subvariety X×y. Since being isotropic is a cohomological property, the assertion

follows now from Lemma 4.13 (v).

Lastly, we assume that v = sβ for s ∈ Q. This assumption implies that the ele-

ment p ∈ H4n(X,Q) gets sent to ±snp ∈ H4n(Y,Q) under the induced cohomological

Fourier�Mukai transform ΦH. We can view the image of topological K-theory under

the Mukai vector map v(Ktop(X)) as a lattice inside the full cohomology H∗(X,Q)

equipped with the generalized Mukai pairing. We refer to [4] for a recollection of

topological K-theory and its relationship to derived categories and Fourier�Mukai

transforms. The isomorphism ΦH then induces an isometry between the lattices

v(Ktop(X)) and v(Ktop(Y )). Since p ∈ v(Ktop(X)) is a primitive element, the same

must be true for ΦH(p) = ±snp. Therefore s ∈ {±1}.

We may assume without loss of generality that s = 1. Since ΦH̃ is an isometry,

we infer that

ΦH̃(α) = α+ λ+ tβ ∈ H̃(Y,Q).

We claim that already λ ∈ H2(Y,Z). To see this, consider ṽ(OX) = α+ rXβ and its

image

ΦH̃(ṽ(OX)) = α+ λ+ (t+ rX)β ∈ H̃(Y,Q).

As above the element v(OX) belongs to v(Ktop(X)) and therefore ΦH(v(OX)) must

be contained in v(Ktop(Y )). Using that the projection of v(Ktop(Y )) to its degree

two component lands inside H2(Y,Z) and the compatibility (4.2) we infer that also

λ belongs to H2(Y,Z).

Employing that ΦH̃ is a Hodge isometry we furthermore conclude that λ ∈
H1,1(Y,Z). Hence, there exists a line bundle L ∈ Pic(Y ) with �rst Chern class

−λ. Changing Φ by postcomposing it with ML we obtain a derived equivalence

Db(X) ∼= Db(Y ) still denoted by Φ which satis�es ΦH̃(α) = α and ΦH̃(β) = β.

Thus, ΦH̃ restricts to a Hodge isometry

H2(X,Q) ∼= H2(Y,Q).

It remains to show that this isometry sends H2(X,Z) to H2(Y,Z). We employ the

same strategy as above. For λ ∈ H2(X,Z) the vector

ṽ(L) = α+ λ+

(
rX +

b(λ, λ)

2

)
β

can be viewed as the extended Mukai vector of the (topological) line bundle L with

�rst Chern class λ. The Mukai vector v(L) lies inside v(Ktop(X)) and ṽ(L) is

mapped under ΦH̃ to

α+ ΦH̃(λ) +

(
rX +

b(λ, λ)

2

)
β.
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As before, the compatibility with topological K-theory forces ΦH̃(λ) to lie inside

H2(Y,Z). This �nishes the proof in the case n odd or n even and b2(X) odd.

If we now assume that n as well as b2(X) are odd, then we cannot apply the

results from [55] as explained in Section 2.3 directly. That is, given a derived

equivalence Φ: Db(X) ∼= Db(Y ) the induced cohomological Fourier�Mukai trans-

form ΦH : H∗(X,Q) ∼= H∗(Y,Q) still restricts to a Hodge isometry

ΦSH : SH(X,Q) ∼= SH(Y,Q),

but there may not exist a Hodge isometry ϕ ∈ O(H̃(X,Q)) such that (2.2) commutes.

However, inspecting [55, Prop. 4.1] and its proof we see that there exists a Hodge

isometry ϕ ∈ O(H̃(X,Q)) unique up to sign such that via (2.2) either ΦSH or −ΦSH

agrees with ϕn. Reinspecting the above proof we see that this sign discrepancy does

not a�ect the arguments and the proof remains valid also in the case n even and

b2(X) even. �

4.4. Concluding remarks and further examples. For general sheaves and ob-

jects E ∈ Db(X) we make the following de�nition.

De�nition 4.16. An object E ∈ Db(X) admits an extended Mukai vector ṽ(E) ∈
H̃(X,Q) if there exists c ∈ Q such that

v(E) = cT (ṽ(E)n) ∈ SH(X,Q).

With this de�nition, the vector ṽ(E) is not uniquely de�ned. One rather considers

a one-dimensional subspace V ⊂ H̃(X,Q) and demands that v(E) lies in the one-

dimensional subspace T (V n). In the above two series of examples we considered a

certain natural choice of c ∈ Q which then enabled us to de�ne the extended Mukai

vector as a uniquely determined vector in H̃(X,Q).

Here are two observations how one can generate new examples of objects admitting

an extended Mukai vector from known ones:

• If Φ: Db(X) ∼= Db(Y ) is an equivalence, then E ∈ Db(X) admits an extended

Mukai vector if and only if Φ(E) ∈ Db(Y ) admits an extended Mukai vector.

• Let π : X → B be a smooth and projective morphism with hyper-Kähler

manifolds as �bres and E on X a B-�at sheaf or a B-perfect complex. For

two points b, b′ ∈ B we have that E|Xb admits an extended Mukai vector if

and only if E|Xb′ admits an extended Mukai vector.

One can prove similar results as in Lemmas 4.8 and 4.13 for objects E ∈ Db(X)

satisfying De�nition 4.16 for a �xed c ∈ Q. We just mention that if E has zero

rank, then the projections of all Chern classes of E to SH(X,Q) are isotropic. To

see this one writes ṽ(E) = λ + sβ for λ ∈ H2(X,Q) and s ∈ Q and uses that

eσ(ṽ(E)) = eσ̄(ṽ(E)) = 0 for σ and σ̄ the (anti-)holomorphic two-form.

An important class of cohomologically linearisable objects are line bundles and

skyscraper sheaves. We want to give further examples.
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Example 4.17. Let S be a projective K3 surface and P1 ∼= C ⊂ S a smooth rational

curve with class l = [C] ∈ H2(S,Z). This yields a Lagrangian projective space

Pn ∼= C [n] ⊂ S[n] inside the Hilbert scheme of n points. The proof of Proposition 7.2

will imply that the structure sheaf OPn is in the OS[n]-orbit. If we write H2(S[n],Z) =

H2(S,Z)⊕ Zδ where 2δ is the class of the exceptional divisor, one has

ṽ(OPn) = l +
δ

2
+
n+ 1

2
β ∈ H̃(S[n],Q).

In particular, the projection [Pn] of the class [Pn] to SH2n(S[n],Q) equals

[Pn] = T

(
(l + δ

2)n

n!

)
∈ SH2n(S[n],Q).

This yields a partial answer to a question posed by Bakker [6, Q. 29]. For more on

this example, we refer to Proposition 7.2 and Remark 7.3.

Example 4.18. For a very general projective K3 surface S of degree 2g − 2 we

will study in Section 10.2 the case of the moduli space of stable sheaves M =

MS
H(0, 1, d+1−g) which admits naturally a Lagrangian �bration π : M → Pg = |H|.

The general �bre A is a smooth abelian variety and a degree zero line bundle L
supported on A is an example of an object in the k(x)-orbit with

ṽ(L) = f ∈ H̃(M,Q)

where f ∈ H2(M,Z) is the image of the ample generator of Pic(Pg) under pullback
via π. For d = 0 the section Pg ⊂ M again yields an object OPg ∈ Db(M) in the

OM -orbit.

Example 4.19. To the universal ideal sheaf I on S×S[2] one associates the Fourier�

Mukai kernel [1, 41]

E1 := Ext
1
π13(π∗12(I), π∗23(I)) ∈ Coh(S[2] × S[2])

where πij denote the projections from S[2] × S × S[2]. Consider a point p ∈ S[2]

parametrizing two distinct points x, y ∈ S and denote by Zx respectively Zy the

subvarieties of S[2] parametrizing subschemes whose support contains x respectively

y. The derived equivalence FME1 sends k(p) to the sheaf E1
p×S[2] which sits in a short

exact sequence

0→ O(−δ)→ E1
p×S[2] → IZx∪Zy → 0

and is an example of an object in the k(x)-orbit with extended Mukai vector

ṽ(E1
p×S[2]) = α− δ

2
− 1

4
β.

For more on this example, see Section 10.1.
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Remark 4.20. Ideally, one would like to de�ne a vector w̃ for all elements E ∈
Db(X) in a coherent way. By this we mean for example that its formation should

factor through the K-group K(X) and is compatible with derived equivalences, i.e.

the following diagram

Db(X) Db(Y )

H̃(X,Q) H̃(Y,Q)

Φ

w̃ w̃

ΦH̃

should commute. However, this is too much to ask for.

Indeed, consider for example the case X = S[2] of the Hilbert scheme of two points

on a projective K3 surface S. Using the Koszul resolution, one can check that the

structure sheaf of a complete intersection of divisors of codimension larger than two

must have trivial image under w̃. In particular, all sheaves supported on a zero-

dimensional subscheme must have trivial image under w̃. Therefore all previously

de�ned objects in the k(x)-orbit must map to zero under w̃. Hence, the vector w̃

vanishes for E1
p×S[2] ⊗ L for all line bundles L ∈ Pic(X). It therefore also has to

vanish on all divisors.
The same argument as above also shows that any vector

K0
top(S[2])

w̃−→ H̃(S[2],Q)

compatible with derived equivalences as above must vanish on all topological line

bundles.

5. Integral lattices for K3[n]-type hyper-Kähler manifolds

We want to apply the results and de�nitions from the previous sections. From

now on, X will denote a hyper-Kähler manifold of K3[n]-type with n > 1.

5.1. Lattices. In this section, we want to discuss the (potential) integral lattices

inside the extended Mukai lattice that appear and set up notation which will be used

throughout the rest of the paper. We will �x for X once and for all an isometry

(5.1) H2(X,Z) ∼= H2(S[n],Z) ∼= H2(S,Z)⊕ Zδ,

where S is a K3 surface, S[n] is the n-th Hilbert scheme with 2δ the class of the

exceptional divisor of the Hilbert�Chow morphism and the second isometry is given

by (6.1) (for X = S[n] we choose the �rst isometry to be the identity).

Let us �rst quickly review the case of a K3 surface S. There, the full integral

cohomology H∗(S,Z) = H̃(S,Z) with the Mukai pairing is governing the derived

category [46, 49]. That is, an equivalence of K3 surfaces yields a Hodge isometry

between the full integral cohomologies and two K3 surfaces are derived equivalent

if and only if their integral cohomologies are Hodge isometric. Moreover, the lattice

spanned by the Mukai vectors of topological line bundles equals the full integral

cohomology.
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In higher dimensions, the situation changes. There are several relevant lattices.

De�nition 5.1. We de�ne the integral extended Mukai lattice as the lattice

H̃(X,Z) := Zα⊕H2(X,Z)⊕ Zβ ⊂ H̃(X,Q).

Several facts suggest that in higher dimensions this is the wrong lattice to look

at. Firstly, De�nition 4.1 and Examples 4.17 and 4.19 suggest that one should

allow certain denominators. Secondly, we will see in Proposition 7.2 that derived

equivalences do not send integral elements to integral elements.

De�nition 5.2. For δ ∈ H2(X,Z) as above we de�ne the K3[n] lattice as

Λ := B−δ/2(H̃(X,Z)) ⊂ H̃(X,Q).

This is independent of our �xed choice of δ, i.e. for any class γ ∈ H2(X,Z) of

square 2− 2n and divisibility 2n− 2 one has

Λ = B−γ/2(H̃(X,Z)) ⊂ H̃(X,Q).

In dimension 4 this lattice was also considered by Taelman [55, Thm. E].

We introduce the notation

α̃ := B−δ/2(α) = α− δ

2
+

1− n
4

β, δ̃ := B−δ/2(δ) = δ + (n− 1)β.

With it one can de�ne equivalently the K3[n] lattice as the lattice

(5.2) Λ = Zα̃⊕H2(S,Z)⊕ Zδ̃ ⊕ Zβ = ΛS ⊕ Zδ̃

where

ΛS = Zα̃⊕H2(S,Z)⊕ Zβ.
Note that α̃ and β still generate an integral hyperbolic plane and that the decom-

position ΛS ⊕ Zδ̃ is orthogonal. The integral extended Mukai lattice and the K3[n]

lattice are isometric as abstract lattices and neither is included in the other when

seen inside H̃(X,Q).

De�nition 5.3. The geometric lattice Λg is de�ned as

Λg := ΛS ⊕ Z
δ̃

2
⊂ H̃(X,Q).

Be aware that the quadratic form of Λg inherited from H̃(X,Q) may not be

integral.

We want to motivate this de�nition. Recall that rX = n+3
4 and let us look at the

lattice generated by all extended Mukai vectors of topological line bundles, i.e.

ΛLB :=

〈{
ṽ(λ) := α+ λ+

(
n+ 3

4
+
b(λ, λ)

2

)
β

∣∣∣∣ λ ∈ H2(X,Z)

}〉
.

Note that one can write the generators equivalently as

ṽ(λ) = α̃+
δ̃

2
+ λ+

(
1 +

b(λ, λ)

2

)
β.



28

If one ignores the term δ̃
2 for a moment, then the expression resembles the Mukai

vector on a K3 surface (where td1/2 = 1 + p). One can check that as an abstract

lattice ΛLB is isometric to H̃(X,Z).

In Section 4.4 we saw that there are more objects than line bundles and skyscraper

sheaves of points for which we can de�ne an extended Mukai vector. We have

ṽ(OPn) = l +
δ̃

2
+ β, ṽ(E1

p×S[n]
) = α̃.

Lemma 5.4. The geometric lattice Λg equals the lattice spanned by ΛLB as well as

all extended Mukai vectors from Section 4.4.

Proof. This follows from a straightforward calculation. �

Remark 5.5. We expect that for all elements E ∈ Db(X) for which a (meaningful)

extended Mukai vector ṽ(E) can be de�ned, one has ṽ(E) ∈ Λg. We will prove in

Corollary 8.7 that Λg is invariant under all parallel transport isometries as well as

derived equivalences.

5.2. Hodge structures. All the above de�ned lattices carry a weight-two Hodge

structure from their inclusion into H̃(X,Q).

De�nition 5.6. For a lattice Γ ⊂ H̃(X,Q) we de�ne its algebraic part as

Γalg := Γ ∩ H̃1,1(X,C) ⊂ H̃(X,Q)

and its transcendental part as

Γtr := Γ⊥alg ∩ Γ ⊂ H̃(X,Q).

With this de�nition the transcendental part of the integral extended Mukai lattice

equals the transcendental lattice of the hyper-Kähler manifold X, i.e.

H2(X,Z)tr := H2(X,Z) ∩NS(X)⊥ = H̃(X,Z)tr ⊂ H2(X,Z).

Lemma 5.7. The transcendental part Λtr of the K3[n] lattice Λ equals the transcen-

dental lattice of X.

Proof. Both inclusions follow from (5.2). �

Remark 5.8. The isometry B−δ/2 yields an isometry between the integral extended

Mukai lattice H̃(X,Z) and the K3[n] lattice Λ, which in general does not respect the

Hodge structures. However, if we endow H̃(X,Z) with the twisted Hodge structure

associated to the B-�eld δ/2 ∈ H2(X,Q) as de�ned in [32, Def. 2.3], then B−δ/2 in-

duces a Hodge isometry between H̃(X,Z) endowed with the twisted Hodge structure

and Λ equipped with the Hodge structure coming from the embedding Λ ⊂ H̃(X,Q).

To see this consider a symplectic form σ ∈ H2(X,C). The twisted Hodge structure

is determined by the element σ + 1
2b(σ, δ)β and this is sent under B−δ/2 to the



29

symplectic form σ. The untwisted and the twisted Hodge structure on H̃(X,Z) have

the same transcendental lattice, whereas in the case of K3 surfaces the transcendental

lattice of a twisted Hodge structure associated to a non-trivial Brauer class is always

a proper sublattice of the transcendental lattice of the untwisted Hodge structure

[32, Sec. 2].

6. Derived Monodromy group

Let X be a hyper-Kähler manifold of K3[n]-type and let X1 and X2 be defor-

mations of X. By this we mean smooth and proper morphisms πi : Xi → Bi for

i ∈ {1, 2} with Bi connected such that there is one point 0i ∈ Bi with π−1
i (0i) ∼= X

and another point bi ∈ Bi such that π−1
i (bi) ∼= Xi. Let γi : SH(X,Q) ∼= SH(Xi,Q)

be parallel transport isometries obtained from choosing a path between 0 and bi

in Bi. Moreover, consider a Fourier�Mukai equivalence f : Db(X1) ∼= Db(X2) and

denote by F = fSH the induced isometry.

De�nition 6.1 (Taelman). The derived monodromy group DMon(X) is the sub-

group of O(SH(X,Q)) generated by all isometries of the form

SH(X,Q)
γ1−→ SH(X1,Q)

F−→ SH(X2,Q)
γ−1
2−−→ SH(X,Q).

We know from Section 2.3 that the isometry F is induced from an isometry f H̃.

Similarly, the isometries γi are by [55, Prop. 4.1] induced by unique Hodge isometries

γH̃
i ∈ O(H̃(X,Q)). This implies that the derived monodromy group has an inclusion

DMon(X) ⊂ O(H̃(X,Q)). Throughout this paper we will consider the elements of

DMon(X) always as isometries of the extended Mukai lattice.

Let now S[n] be the Hilbert scheme of n points on a projective K3 surface S.

Bridgeland, King, and Reid [17] proved the existence of a derived equivalence

Db(S[n]) ∼= Db
Sn(Sn)

where the latter is the Sn-equivariant derived category of the product variety Sn.

For an introduction and notation regarding equivariant categories we refer to [11].

For our purposes, we will not take the equivalence from [17], but the one considered

by Krug in [35]

Ψ: Db
Sn(Sn) ∼= Db(S[n]),

since it has nice properties for the computations we want to perform. Consider a

line bundle L on S. There is a natural line bundle Ln on S[n] associated to L which

satis�es Ψ((L�n, 1)) = Ln [35, Thm. 1.1]. This yields the well-known isomorphisms

(6.1) Pic(S[n]) ∼= Pic(S)⊕ Zδ, H2(S[n],Z) ∼= H2(S,Z)⊕ Zδ



30

where 2δ = [E] is the class of the exceptional divisor of the Hilbert�Chow morphism.

Since H1(Sn,C∗) = Z/2Z, the simple object L�n ∈ Db(Sn) possesses another lin-

earisation given by tensoring with the sign-representation. It holds

(6.2) Ψ(L�n,−1) = Ln ⊗OS[n](−δ),

where OS[n](−δ) ∈ Pic(S[n]) is the line bundle with �rst Chern class −δ [35, Rem.

3.10].

Ploog [50], later generalized by Ploog�Sosna [51], observed that there is an injec-

tive group homomorphism

φ[n] : Aut(Db(S))× Z/2Z ↪→ Aut(Db
Sn(Sn)).

More precisely, Orlov's Theorem [49] asserts that every auto-equivalence of Db(S) is

given by a Fourier�Mukai functor with kernel E ∈ Db(S×S). The kernel E�n can be

canonically equipped with a Sn-linearisation, where Sn acts diagonally on S
n×Sn.

The factor H1(Sn,C∗) = Z/2Z corresponds to the two possible linearisations of the

kernel. We will often write φ[n](Φ) instead of φ[n]((Φ, 1)). Using the equivalence Ψ

we also denote the resulting homomorphism

Aut(Db(S))× Z/2Z ↪→ Aut(Db(S[n]))

obtained via conjugation by φ[n].

Lemma 6.2. Let Φ ∈ Aut(Db(S)) such that ΦH ∈ O(H̃(S,Z)) is the identity. Then

φ[n](Φ) acts trivially on the extended Mukai lattice H̃(S[n],Q).

Proof. Let Φ = FME and let us consider FME�n ∈ Aut(Db(Sn)). Using [28, Exc.

5.13] and the Künneth formula, one sees that FME�n acts trivial on singular coho-

mology H∗(Sn,Q).

The line bundle Ln ∈ Pic(S[n]) corresponds to the equivariant object (L�n, 1)

in Db
Sn(Sn). By [51, Prop. 2.3] the equivalence φ[n](Φ) sends (L�n,±1) to the

objects (Φ(L)�n,±1). Using the compatibility of Fourier�Mukai transforms with

(equivariant) topological K-theory [55, Sec. 6], one sees that φ[n](Φ) induces an

isomorphism of equivariant topological K-theory K0
top,Sn

(Sn) which �xes the classes

[(L�n,±1)].

Moreover, the equivalence Ψ induces an isomorphism K0
top,Sn

(Sn) ∼= K0
top(S[n]),

see [17, Ch. 10] or [55, Thm. 8.2]. This implies that φ[n](Φ) leaves the classes v(Ln)

and v(Ln ⊗ OX(−δ)) in H∗(X,Q) invariant. Using the compatibility (4.2) we see

that the classes ṽ(Ln) and ṽ(Ln ⊗O(−δ)) are �xed by the action of φ[n](Φ) on the

extended Mukai lattice. To conclude the proof, simply observe that these classes

generate H̃(X,Q) as a Q-vector space, since ΛLB from Section 5.1 is a full rank

lattice. �



31

Let π : S → B be a smooth and proper family of K3 surfaces and consider a

path γ : [0, 1] → B. This yields a parallel transport isometry H∗(Sγ−1(0),Z) ∼=
H∗(Sγ−1(1),Z) of the �bres which we will also denote by γ. The family π induces

naturally a corresponding family π[n] : S [n] → B of relative Hilbert schemes over B.

The path γ in B then gives for this deformation a corresponding parallel transport

isometry γ[n] : H∗(S [n]
γ−1(0)

,Q) ∼= H∗(S [n]
γ−1(1)

,Q).

Consider an element g ∈ DMon(S) of the form g = γ′ ◦F ◦ γ. Here γ respectively

γ′ are as above parallel transport isometries obtained from deforming S to S′ respec-

tively S′′ to S and F = fH for a Fourier�Mukai equivalence f : Db(S′) ∼= Db(S′′).

We associate to g the element g[n] := γ′[n] ◦ φ[n](f)H̃ ◦ γ[n].

Proposition 6.3. The association g 7→ g[n] yields a well-de�ned group homomor-

phism

dn : DMon(S)→ DMon(S[n]).

Proof. This follows as in the proof of Lemma 6.2 together with the assertion of

Lemma 6.2. �

7. Auto-equivalences of Hilbert schemes

Let S be a projective K3 surface and S[n] be the n-th punctual Hilbert scheme. In

this section we will calculate the action of certain auto-equivalences on H̃(S[n],Q).

7.1. Sign equivalence. Denote by F ∈ Aut(Db
Sn(Sn)) the auto-equivalence given

by tensoring with the sign-representation. It is the image of the generator of Z/2Z
under φ[n]. We will also denote by F the auto-equivalence of Db(S[n]) induced via

the equivalence Ψ. For a vector v ∈ H̃1,1(S[n],Q) we denote by

sv ∈ O(H̃(S[n],Q)), x 7→ x− 2
b̃(x, v)

b̃(v, v)
v

the Hodge isometry given by re�ection along v.

Proposition 7.1. The action of F on H̃(S[n],Q) is given by (−1)n+1sδ̃.

Proof. For all topological line bundles L ∈ K0
top(S) the involution F exchanges

the equivariant objects (L�n, 1) and (L�n,−1) viewed as elements in equivariant

topological K-theory K0
top,Sn

(Sn). Thus, by (6.2) the induced isometry F H̃ on the

extended Mukai lattice exchanges ṽ(Ln) and ṽ(Ln ⊗OS[n](−δ)).
If n is odd, then we conclude from the above that for all λ ∈ H2(S,Z) ⊂ H2(S[n],Z)

the action on the extended Mukai lattice F H̃ satis�es

α̃+
δ̃

2
+ λ+

(
1 +

b̃(λ, λ)

2

)
β 7→ α̃− δ̃

2
+ λ+

(
1 +

b̃(λ, λ)

2

)
β.
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This property completely characterizes F H̃.

If n is even, Lemma 4.2 implies that the determinant of F H̃ must be one, because

F preserves the rank of objects. The result then follows as for n odd. �

7.2. Spherical twist. An object E ∈ Db(S) is called spherical if its Ext-algebra

satis�es Ext∗(E , E) ∼= H∗(S2,C). The auto-equivalence STE given by the Fourier�

Mukai functor FMG with Fourier�Mukai kernel de�ned via the distinguished triangle

E∨ � E → O∆ → G

in Db(S×S) is called the spherical twist [54]. Its action on the Mukai lattice H̃(S,Z)

is given by the re�ection sv(E).

An important example is the spherical twist STOS along the structure sheaf OS .
It induces on cohomology the re�ection along the vector 1 + p. The morphism φ[n]

yields an equivalence P ∈ Aut(Db(S[n])).

Proposition 7.2. The equivalence P acts on H̃(S[n],Q) via the isometry (−1)n+1sv,

where v = α̃+ β.

Proof. We want to understand the images of line bundles under P . The spherical

twist STOS sends the structure sheaf OS to OS [−1]. Applying [51, Prop. 2.3] we

see that P (OSn , 1) = (OSn ,−1)[−n] and P (OSn ,−1) = (OSn , 1)[−n]3. Lemma 4.2

shows that ε(P H̃) = 1 if n is even.

We �rst consider the case when n is odd. Assume there exists a smooth rational
curve C ⊂ S and let L = OS(C) be the corresponding line bundle with �rst Chern

class l := c1(L). Then by Riemann�Roch L has a unique section up to scaling and

the higher cohomologies of L vanish. The auto-equivalence STOS sends the line

bundle L to L|C . We infer that the equivariant object (L�n,−1) is being sent to

((L|C)�n,−1) under the auto-equivalence P . We want to transfer this identity to

the Hilbert scheme via Ψ. From (6.2) we know that Ψ((L�n),−1) ∼= Ln⊗OS[n](−δ).
It is left to compute Ψ((L|C)�n,−1)4. We claim Ψ((L|C)�n,−1) ∼= ι∗ωZ for

ι : Z = C [n] ∼= Pn ⊂ S[n]. We will sketch the arguments, see also [48, Sec. 3.2] for a

thorough computation of this identity.

The sheaf OC admits the resolution L∨ → OX . Taking the n-th box product we

obtain [
Wn(L∨)→Wn−1(L∨)→ · · · →W 1(L∨)→W 0(L∨)

] ∼= (O�n
C , 1)

where we used the notation as in [35, Def. 3.4]. Tensoring with the object corre-

sponding to the sign-representation and envoking [48, Lem. 3.3]

(7.1)
[
W 0(L)→W 1(L)→ · · · →Wn−1(L)→Wn(L)

] ∼= ((L|C)�n,−1).

3The fact that the linearisations get exchanged follows from the Koszul sign convention for
graded tensor products.

4Thanks to the anonymous referee and Georg Oberdieck for spotting a mistake in an earlier
version and Georg Oberdieck for discussions on computing images under Ψ.
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Applying Ψ to (7.1) and using [35, Thm. 1.1] we �nd

(7.2)

[
OS[n] → L[n] → · · · →

n−1∧
L[n] → det(L[n])

]
∼= Ψ((L|C)�n,−1).

In particular, the derived dual of Ψ(O�n
X ,−1) is via (7.2) identi�ed with the Koszul

resolution of a regular section of the bundle L[n] shifted by [n]. As the zero locus of

this section is exactly Z = C [n] the claim follows from Grothendieck�Verdier duality.

Taking extended Mukai vectors and using Lemma 4.8 we see that P H̃ sends the

vector ṽ(Ln ⊗ OSn(−δ)) = α̃ − δ̃
2 + l to w = λ + cβ with λ ∈ H2(S[n],Q), because

ι∗ωZ has rank 0. We already know P H̃(ṽ(OS[n](−δ))) = −ṽ(OS[n]) (we assume n

odd) and since P H̃ is an isometry we conclude that

c = b̃(w,−ṽ(OS[n])) = b̃(ṽ(Ln ⊗OS[n](−δ)), ṽ(OS[n](−δ))) =
−1− n

2
.

Similarly we can use that P H̃(ṽ(OS[n])) = −ṽ(OS[n](−δ)) to infer

w = λ′ − δ

2
+
−1− n

2
β = λ′ − δ̃

2
− β

with λ′ ∈ H2(S,Q) ⊂ H2(S[n],Q).

Since Z ∼= Pn, all curve classes on Z are multiples of each other. A line in Z is

known to have homology class l + (n − 1)δ∨ ∈ H2(X,Z) [25, Ex. 4.11], where δ∨

is the dual class to δ satisfying
∫
S[n] δδ∨ = 1. Denoting s = l − δ

2 the cohomology

class s2n−1 ∈ SH4n−2(S[n],Q) is Poincaré dual to a multiple of the homology class

l + (n− 1)δ∨. Therefore, the degree 4n− 2 part in SH(S[n],Q) of v(ι∗ωZ) must be

a multiple of s2n−1. Since for µ ∈ H2(S[n],Q) we have

ψ(µ2n−1) = ψ(e2n−1
µ (1)) = e2n−1

µ (ψ(1)) = b(µ, µ)n−1 (2n)!

2nn!
µβn−1 ∈ Symn(H̃(X,Q))

we conclude that λ′ = l and

α̃+
δ̃

2
+ l 7→ δ̃

2
+ l − β.

In general, for a class l ∈ H2(S,Z) of square −2 there exists a deformation S′ of

S such that either l or −l is the class of a smooth rational curve C ′ ⊂ S′. Using

Proposition 6.3 we can assume that the topological line bundle L on S with �rst

Chern class l is algebraic and that L ∼= OS(C), where C ⊂ S is a smooth rational

curve. By the above, we therefore know the image of ṽ(Ln ⊗OS[n](−δ)) under P H̃.

Since the vectors ṽ(Ln ⊗ OS[n](−δ)) for L a topological line bundle on S whose

�rst Chern class has self-intersection −2 together with ṽ(OS[n]) and ṽ(OS[n](−δ))
generate the vector space H̃(S[n],Q), we have proven the assertion in the case that

n is odd.
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If n is even, then the above shows that P H̃ must be either sv or −sv. Using that
ε(P H̃) = det(P H̃) = 1 yields the assertion. �

Remark 7.3. Here is one observation from the proof which might help to under-

stand the extended Mukai lattice H̃(S[n],Q).

Given a smooth rational curve C ⊂ S inside a K3 surface and the corresponding

line bundle L = OS(C) ∈ Pic(S) we have associated to it a line bundle Ln ∈
Pic(S[n]). Its Mukai vector v(Ln) has self-pairing n+1 under the generalized Mukai

pairing. We also associate to Ln the class ṽ(Ln) ∈ H̃(S[n],Q). This class has self-

pairing −(n+ 3)/2.

The auto-equivalence P induced from the spherical twist STOS via Ploog's map

φ[n] sends the line bundle Ln ⊗ OS[n](−δ) to ι∗ωZ . This is compatible with the

pairings since the self-intersection of the projective space Pn ∼= C [n] ⊂ S[n] is

(−1)n(n+ 1). The image of ṽ(Ln ⊗OS[n](−δ)) under P H̃ is

l − δ

2
+
−1− n

2
β = l − δ̃

2
− β.

Its self-intersection is equal to −(n+3)/2 which is exactly the value of b(`, `), where

` is the class of a line in the projective space C [n] and we view a curve class as an

element in H2(S[n],Q) via Poincaré duality.

In the above prove we have calculated Ψ(O�n
C ,−1). One can also consider the

image of (O�n
C , 1) under Ψ, i.e. with the canonical linearization. One can show that

this is OYC , where YC ⊂ S[n] is the reducible subscheme which is the preimage of

C(n) ⊂ S(n) under the Hilbert�Chow morphism.

7.3. From K3 surfaces to Hilbert schemes. We can now describe the homo-

morphism dn from Proposition 6.3. Consider the natural inclusion H̃(S,Q) ↪→
H̃(S,Q) ⊕ Qδ = H̃(S[n],Q) of quadratic spaces. For g ∈ O(H̃(S,Q)) we de�ne

ι(g) ∈ O(H̃(S[n],Q)) via ι(g)(λ) = g(λ) for λ ∈ H̃(S,Q) ⊂ H̃(S[n],Q) and ι(g)(δ) =

δ. This yields a group homomorphism

ι : O(H̃(S,Q))→ O(H̃(S[n],Q)).

Theorem 7.4. The homomorphism dn : DMon(S)→ DMon(S[n]) is given by

g 7→ det(g)n+1B−δ/2 ◦ ι(g) ◦Bδ/2.

Proof. The group DMon(S) is equal to the group of orientation-preserving isometries

O+(H̃(S,Z)) of the full integral cohomology [27, 30]. This group is generated by

the re�ection along the −2-vector 1 + p and the isometries Bλ for λ ∈ H2(S,Z)

[22, Prop. 3.4]. Note that the assignment of the statement of the theorem does de�ne

a group homomorphism O(H̃(S,Q)) → O(H̃(S[n],Q)). Hence, one can check on
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generators of DMon(S) that this morphism agrees with dn. This is a straightforward

calculation. �

8. Invariant Lattice

Let X be again a K3[n]-type hyper-Kähler manifold with n > 1. Any Γ ∼= Z25

with an inclusion Γ ↪→ H̃(X,Q) inherits a quadratic form which takes values in the

rational numbers. We will denote by O(Γ) ⊂ O(H̃(X,Q)) the group of all isometries

γ satisfying γ(Γ) = Γ.

The main goal of this section is to prove the following result.

Theorem 8.1. Let X be a K3[n]-type hyper-Kähler manifold. There are inclusions

Ô+(Λ) ⊂ DMon(X) ⊂ O(Λ).

In particular, the K3[n] lattice Λ is �xed by all derived equivalences.

The group Ô+(Λ) is the group of all isometries with spinor norm 1 and which

act via ±id on the discriminant group. For n = 2 this result was also obtained by

Taelman [55, Thm. 9.8].

8.1. Realizing orthogonal transformations as derived equivalences. The
�rst inclusion follows easily from the results of the last sections.

Proposition 8.2. There is an inclusion

Ô+(Λ) ⊂ DMon(X).

Proof. The shift [1] acts on the extended Mukai lattice by −id and therefore acts

non-trivially on the discriminant lattice and has determinant −1. Proposition 7.2

endows us with an isometry whose action on the discriminant lattice is trivial if and

only if its determinant is non-trivial and vice versa. Hence, it su�ces to show that

S̃O
+

(Λ), i.e. the group of all isometries with spinor norm and determinant 1 acting

trivially on the discriminant, is contained in DMon(X). For this we will use the

notion of Eichler transvections, for details and notations see [22, Sec. 3].

Let us orthogonally decompose

Λ = U ⊕ Λ′

where the hyperbolic plane U is spanned by α̃ and −β. The group S̃O
+

(Λ) equals the

group EU (Λ′) of unimodular transvections [22, Prop. 3.4]. For λ ∈ Λ′ the Eichler

transvection t(−β, λ) equals Bλ (note that for δ̃ ∈ Λ′ the transvection t(−β, δ̃)
also equals Bδ). Using tensoring with line bundles we see that all these isometries

are contained in DMon(X). Furthermore, we infer from Proposition 7.2 that the

re�ection sv along the vector v = α̃+β lies in DMon(X). This involution exchanges α̃

and −β and acts trivially on Λ′. Using [22, Eq. (6)] we deduce that the transvections

t(α̃, λ) for λ ∈ Λ′ are contained in DMon(X). By [22, Prop. 3.4] these isometries

generate S̃O
+

(Λ) yielding the assertion. �
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8.2. Finding derived invariant lattices. The proof of the other inclusion in The-
orem 8.1 will occupy the remainder of this section.

Lemma 8.3. There exists a lattice Γ ↪→ H̃(X,Q) of rank 25 such that DMon(X) ⊂
O(Γ).

Proof. The group DMon(X) has a natural and faithful action on SH(X,Q) via the

embedding DMon(X) ⊂ O(H̃(X,Q)). Moreover, DMon(X) preserves the integral

lattice v(Ktop(X))) ∩ SH(X,Q) ⊂ SH(X,Q) in this representation. Therefore it is

contained in an arithmetic subgroup of O(H̃(X,Q)). �

We want to classify lattices Γ with the property DMon(X) ⊂ O(Γ). We know

by Proposition 8.2 that for any such lattice Γ there is an inclusion Ô+(Λ) ⊂ O(Γ).

This yields strong restrictions.

Lemma 8.4. Let Γ̃ be a lattice preserved by DMon(X) as in Lemma 8.3. Up to

replacing Γ̃ by aΓ̃ ⊂ H̃(X,Q) for a ∈ Q the lattice Γ̃ is equal (as subsets) to kΛS ⊕
Zδ̃ ⊂ H̃(X,Q) for some k ∈ Z satisfying k|(2n− 2).

Proof. Let us replace Γ̃ with aΓ̃ for a ∈ Q>0 such that Γ̃ ⊂ Λ and a is the smallest

positive rational number with that property.

Consider v ∈ Γ̃ and write v = x + bδ̃ with x ∈ ΛS and b ∈ Z. If x 6= 0, then its

divisibility agrees with the largest integer t ∈ Z>0 such that x ∈ tΛS , since ΛS is

unimodular. Consider now all v ∈ Γ̃ such that in the above decomposition x 6= 0

and let k be the minimum of all integers t as above. Then kΛS ⊂ Γ̃.

Indeed, take an element v ∈ Γ̃ such that v = kx+cδ̃ for some c ∈ Z and x ∈ ΛS is

primitive. One immediately sees that O+(ΛS) can be embedded into Ô+(Λ) as the

group of all isometries �xing δ̃. Using [22, Prop. 3.3] we see that for every primitive

y ∈ ΛS with b̃(y, y) = b̃(x, x) the element ky + cδ̃ is contained in Γ̃. This yields

kΛS ⊂ Γ̃.

Consider (kΛS)⊥ ⊂ Γ̃ and take the positive integer s ∈ Z such that (kΛS)⊥ =

sZδ̃ ⊂ Γ̃. We claim Γ̃ = kΛS ⊕ sZδ̃. For this take an arbitrary v ∈ Γ̃ and write

v = dx+ eδ̃ for d, e ∈ Z. The de�nition of the integer k implies that k divides d and

by the above we therefore have that dx ∈ kΛS ⊂ Γ̃. Hence v−dx = eδ̃ is an element

of Γ̃ orthogonal to kΛS . By de�nition of the integer s we have that s divides e and

so v ∈ kΛS ⊕ sZδ̃.
The minimality assumption of a yields that the integers k and s do not have a

common divisor. On the other hand, we know that kα̃ ∈ Γ̃ and Bδ(kα̃) = kα̃ +

kδ̃+ k(1−n)β. This implies that kδ̃ ∈ Γ̃ and therefore s = 1. Finally, one sees that

Bδ(δ̃) = δ̃ + (2− 2n)β which �nishes the proof. �
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Remark 8.5. Ideally, one would like to conclude in the above situation directly

that k = 1 and therefore (up to scaling) Γ̃ must equal Λ. However, this is in general

not true.

For example, let us consider the case of K3[10]-type hyper-Kähler manifolds. The

lemma below implies that for the lattice Γ̃ = 3ΛS ⊕ Zδ̃ ⊂ H̃(X,Q) there is an

inclusion O(Λ) ⊂ O(Γ̃). Moreover, the isometry Bδ/3 lies in O(Γ̃) but not in O(Λ).

Therefore additional (geometric) input is necessary for the proof of Theorem 8.1.

We make some further reductions.

Lemma 8.6. Let l ∈ Z>0 be the largest integer such that l2|(n−1). For every lattice

Γ̃ as in Lemma 8.4 there is an inclusion

O(Γ̃) ⊂ O(Γ)

with Γ := lΛS ⊕ Zδ̃ ⊂ H̃(X,Q).

Proof. Write Γ̃ = kΛS ⊕ Zδ̃ with k|(2n− 2). Let t be the greatest common divisor

of l and k and denote by Γt the lattice tΛS ⊕ Zδ̃ ⊂ H̃(X,Q). The proof consists of

showing the following two inclusions

O(Γ̃) ⊂ O(Γt) ⊂ O(Γ).

Let us prove the �rst inclusion. Take an isometry γ ∈ O(Γ̃) and write k = k′t.

Since γ(δ̃) ∈ Γ̃ ⊂ Γt as subsets of the extended Mukai lattice it su�ces to show that

for every λ ∈ ΛS we have γ(tλ) ∈ Γt. By de�nition we have γ(kλ) ∈ Γ̃. Therefore

we can write γ(kλ) = akµ+ bδ̃ for some integers a and b and µ ∈ ΛS . Dividing this

equation by k′ we obtain

γ(tλ) = atµ+
b

k′
δ̃.

As the self-pairing of tλ is an even integer, the same must hold true for γ(tλ). In

particular, we �nd that

2b2
1− n
k′2

∈ 2Z.

The de�ning property of l together with the fact that l and k′ are coprime implies

that k′ must divide b. This gives the �rst inclusion.

For the second inclusion consider an isometry γ ∈ O(Γt) and observe that for

every λ ∈ ΛS we have tγ(λ) ∈ Γt = tΛS ⊕ Zδ̃. This yields

lγ(λ) = (l/t)tγ(λ) ∈ lΛS ⊕ Zδ̃ = Γ.

It is left to show that γ(δ̃) ∈ Γ. This follows immediately from the fact that δ̃ as an

element in the lattice Γt has divisibility 2n− 2. �

We therefore have an upper bound for the lattice from Lemma 8.3, i.e. for Γ =

lΛS ⊕Zδ̃ as above we have DMon(X) ⊂ O(Γ). In particular, if n− 1 is square-free,

then we have already obtained DMon(X) ⊂ O(Λ).
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8.3. Conclusion of proof.

Proof of Theorem 8.1. From Lemma 8.6 we know that for the lattice Γ = lΛS ⊕ Zδ̃
with l maximal such that l2|(n− 1) there is an inclusion DMon(X) ⊂ O(Γ).

Suppose there exists an isometry γ ∈ DMon(X) which does not lie in O(Λ).

Consider the composition

ϕ : ΛS
γ−→ H̃(X,Q)

p−→ Qδ̃

where p is the orthogonal projection and denote K = Ker(ϕ). Let v be a generator

of K⊥ ⊂ ΛS and let us write k
l δ̃ for its image under γ. By assumption k

l is not an

integer. Note that there are two hyperbolic planes U1 ⊕ U2 contained in K.

Indeed, since O+(ΛS) acts transitively on primitive elements with the same square

[22, Prop. 3.3], one can send v into a hyperbolic plane U ⊂ U4 ⊕ E8(−1)2 ∼= ΛS .

Since K = v⊥ we know there are two (in fact at least three) hyperbolic planes

contained in K.

Changing v to w by adding an element of U1 we can assume that b̃(w,w) = −2

and the image of w generates the image of ϕ. Moreover, we know that there is a

primitive isotropic element z ∈ U2 which is orthogonal to w and which under γ is

mapped to a primitive element u ∈ ΛS .

Let us write

γ(w) = x+
k

l
δ̃

with x ∈ ΛS and

(8.1) γ(δ̃) =
2n− 2

l
y + sδ̃

for y ∈ ΛS and some s ∈ Z, because δ̃ ∈ Γ has divisibility 2n − 2. Recall u = γ(z)

and note that there exists a ∈ Z such that

x′ = x+
n− 1

l
y + au ∈ ΛS

is primitive since u ∈ ΛS is itself primitive. We de�ne the element w′ = w+az ∈ ΛS
which is still primitive, has self-pairing −2 and its image generates the image of ϕ.

The group O+(ΛS) can be included into Ô+(Λ) ⊂ DMon(X) by letting isometries

act trivially on δ̃. Hence, there exists an element γ′ ∈ Ô+(Λ) which maps α̃+ β to

w′ ∈ ΛS and �xes δ̃, since O+(ΛS) acts transitively on the set of primitive vectors

with prescribed self-pairing. Furthermore, there exists an isometry γ′′ ∈ Ô+(Λ) such

that the primitive element x′ is mapped to α̃ + bβ for some b ∈ Z and δ̃ to itself.

Precomposing γ with γ′ and postcomposing with γ′′ we therefore obtain an isometry

in DMon(X) which satis�es

ṽ(OX) = α̃+
δ̃

2
+ β 7→ h := α̃+

(
s

2
+
k

l

)
δ̃ + bβ = α+

(
s− 1

2
+
k

l

)
δ + cβ
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for some c ∈ Q.
The extended Mukai vector of OX satis�es

T

(
ṽ(OX)n

n!

)
= v(OX) ∈ SH(X,Q) ⊂ H∗(X,Q)

which is in particular an element in the image of the Mukai vector morphism

v = ch(_)td1/2 : K0
top(X)→ SH(X,Q) ⊂ H∗(X,Q)

projected to SH(X,Q). Since parallel transport operators as well as derived equiva-

lences preserve the image of topological K-theory under the Mukai vector morphism

in cohomology, the same must hold true for γ′′ ◦ γ ◦ γ′, so in particular

T

(
hn

n!

)
∈ v(K0

top(X)).

Let us write

T

(
hn

n!

)
= 1 +

(
s− 1

2
+
k

l

)
δ + µ

with µ ∈ SH>2(X,Q). Applying the quadratic form to the equality (8.1) we see

that s must be odd and therefore (s − 1)/2 is an integer. Note that the degree 2

component of the image of elements of topological K-theory under the Mukai vector

morphism always lies inside H2(X,Z). This yields a contradiction and �nishes the

proof. �

Corollary 8.7. There is an inclusion

DMon(X) ⊂ O(Λg).

Proof. Take γ ∈ DMon(X) and recall that

Λ ⊂ Λg = ΛS ⊕ Z
δ̃

2
.

The inclusion DMon(X) ⊂ O(Λ) yields that every element of ΛS is mapped under

γ again to Λ ⊂ Λg. Moreover,

γ(δ̃) = (2n− 2)x+ sδ̃

for some s ∈ Z and x ∈ ΛS , because δ̃ ∈ Λ has divisibility 2n − 2. This implies

γ(δ̃/2) ∈ Λg. �

9. Derived equivalences of K3[n]-type hyper-Kähler manifolds

We will draw some consequences from the results of the previous sections.
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9.1. General results. Let X be a projective hyper-Kähler manifold of K3[n]-type.

We denote by ΛX the Hodge structure obtained from the inclusion Λ ⊂ H̃(X,Q)

and by Aut(ΛX) the group of all Hodge isometries of ΛX . Recall the representation

ρH̃ : Aut(Db(X))→ O(H̃(X,Q))

from Section 2.3.

Corollary 9.1. The representation ρH̃ of the group of auto-equivalences Aut(Db(X))

factors via a representation

ρH̃ : Aut(Db(X))→ Aut(ΛX) ⊂ O(H̃(X,Q)).

One can also formulate the following more general version of the above statement.

Theorem 9.2. Let X and Y be projective K3[n]-type hyper-Kähler manifolds and

Φ: Db(X) ∼= Db(Y ) a derived equivalence. Then ΦH̃ restricts to a Hodge isometry

ΦH̃ : ΛX ∼= ΛY .

Proof. Since X and Y are deformation-equivalent, there exists a parallel transport

isometry γ : H̃(Y,Q) ∼= H̃(X,Q). The composition ΦH̃ ◦ γ lies in DMon(Y ) and,

therefore, satis�es ΦH̃ ◦ γ(Λ) = Λ by Theorem 8.1. Now γ(Λ) ⊂ H̃(X,Q) is a lattice

invariant under DMon(X).

Indeed, let γ2 ◦ F ◦ γ1 be one of the generators of DMon(X) as in De�nition 6.1.

Then γ−1 ◦ γ2 ◦ F ◦ γ1 ◦ γ ∈ DMon(Y ), so Theorem 8.1 gives

γ−1 ◦ γ2 ◦ F ◦ γ1 ◦ γ(Λ) = Λ

which yields

γ2 ◦ F ◦ γ1(γ(Λ)) = γ(Λ).

Using Lemma 8.4 and that γ is an isometry we see that the subset γ(Λ) ⊂ H̃(X,Q)

is equal to Λ ⊂ H̃(X,Q). Combining everything yields the assertion. �

We can use Lemma 5.7 to obtain the following form of Theorem 9.2.

Corollary 9.3. Let X,Y and Φ be as above. Then ΦH̃ restricts to a Hodge isometry

ΦH̃ : H2(X,Z)tr ∼= H2(Y,Z)tr

between the transcendental lattices of X and Y . �

An immediate consequence is the following.

Theorem 9.4. For a �xed projective K3[n]-type hyper-Kähler manifold X the num-

ber of projective K3[n]-type manifolds Y up to isomorphism with Db(X) ∼= Db(Y ) is

�nite.
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Proof. The proof is similar in �avour to [18, Prop. 5.3].

Corollary 9.3 implies that for any Y as in the assertion its transcendental lattice

H2(Y,Z)tr is Hodge isometric to H2(X,Z)tr. As abstract lattices the number of

embeddings

H2(Y,Z)tr ↪→ H2(Y,Z)

is �nite up to isometries of H2(Y,Z), see [34, Satz 30.2]. Therefore, the set of lattices

appearing as NS(Y ) for any such Y is as well �nite.

As in [18, Prop. 5.3] we conclude that there are only �nitely many Hodge struc-

tures on the lattice H2(Y,Z) being realized by K3[n]-type hyper-Kähler manifolds

Y derived equivalent to our �xed X. Since the monodromy group Mon2(Y ) is a

�nite index subgroup of O(H2(Y,Z)) [38, Cor. 1.8] the Global Torelli Theorem [57]

shows that up to birational equivalence there are only �nitely many hyper-Kähler

manifolds realizing a given Hodge structure on H2(Y,Z). The assertion now follows

from [42, Cor. 1.5].

�

We also have the following structural result.

Corollary 9.5. Let X,Y and Φ be as in Theorem 9.2 and let E be the Fourier�Mukai

kernel of Φ. Then the rank of E is of the form n!an for a ∈ Z and the smallest non-

zero cohomological degree of the Mukai vector of the image of k(x) under Φ for all

x ∈ X is 0, 2n or 4n. In the second case Y admits a rational Lagrangian �bration.

Proof. The �rst statements follow from Lemma 4.13 and Theorem 9.2.

For the last assertion, we know that β ∈ ΛX is mapped to λ+ cβ ∈ ΛY for c ∈ Z
and λ ∈ H1,1(Y,Z) satisfying b(λ, λ) = 0. Let CY ⊂ H2(Y,R) the the positive cone

of Y . Then λ⊥∩CY 6= 0. By [39] there exist an isometry mapping λ into the closure

of the birational Kähler cone. The result now follows from [44, Cor. 1.1]. �

This yields strong restrictions on Fourier�Mukai kernels of derived equivalences

between hyper-Kähler manifolds of K3[n]-type. Note that all three cases 0, 2n and

4n occur, see Proposition 7.2 and Section 10.2. Furthermore, Lemma 4.13 implies

that if E if of rank zero, then for all x ∈ X all Chern classes of Ex are isotropic as in
Lemma 4.13.

9.2. Moduli spaces. We demonstrate consequences for smooth moduli spaces of

stable objects, see [29, Ch. 10] and [8] for the necessary background and notation.

Corollary 9.6. Let MS
σ (v) be a smooth moduli space of stable objects on a projec-

tive K3 surface S and X a projective K3[n]-type hyper-Kähler manifold such that

Db(X) ∼= Db(MS
σ (v)). Then X is itself a moduli space of stable objects on S.

Proof. For a K3 surface S and a primitive Mukai vector v with generic stability

condition σ ∈ Stab†(S) one has a Hodge isometry

H2(MS
σ (v),Z) ∼= v⊥ ⊂ H̃(S,Z),
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see [58], [9, Thm. 6.10] and [14, Thm. 1.1 (2)]. Since v is in the algebraic part of the

Mukai lattice of the K3 surface the restriction of the above Hodge isometry yields

H2(MS
σ (v),Z)tr ∼= H2(S,Z)tr.

Corollary 9.3 together with [2, Prop. 4] and [8, Thm. 1.2(c)] imply that X is a

moduli space MS′
σ′ (v

′) of stable objects on a K3 surface S′ such that

H2(S,Z)tr ∼= H2(S′,Z)tr.

From [49, Thm. 3.3] we infer that S and S′ are derived equivalent. Choosing one

such equivalence Φ: Db(S′) ∼= Db(S) yields an isomorphism

Φ: MS′
σ′ (v

′) ∼= MS
Φ.σ′(Φ

H(v′))

where the latter variety is a moduli space of stable objects on S. �

The proof of the corollary also shows the following.

Corollary 9.7. For two smooth moduli spaces MS
σ (v) and MS′

σ′ (v
′) of stable objects

on projective K3 surfaces S and S′ with Db(MS
σ (v)) ∼= Db(MS′

σ′ (v
′)) we have Db(S) ∼=

Db(S′). Furthermore, S and S′ are derived equivalent if and only if their Hilbert

schemes S[n] and S′[n] are derived equivalent.

Proof. The �rst part follows from the above and that derived equivalent K3 surfaces

have derived equivalent Hilbert schemes was proven in [50, Prop. 8]. �

9.3. Hilbert schemes. We specialize to elliptic K3 surfaces S with a section and

their Hilbert schemes. Recall that an elliptic K3 surface S has a section if and only

if U ⊂ NS(S) [29, Rem. 11.1.4]. Theorem 7.4 allows us to determine in this situation

the image of the representation ρH̃ up to �nite index.

Theorem 9.8. For the Hilbert scheme S[n] of a K3 surface with U ⊂ NS(S) the

image Im(ρH̃) of the representation ρH̃ satis�es

Âut
+

(ΛS[n]) ⊂ Im(ρH̃) ⊂ Aut(ΛS[n]).

The group Âut
+

(ΛS[n]) is the group of all Hodge isometries with real spinor norm

one which act via ±id on the discriminant group.

Proof. Let γ ∈ Aut+(ΛS[n]) be a Hodge isometry with real spinor norm one which

acts trivially on the discriminant group. We want to show γ ∈ (Im)(ρH̃).

For line bundles L ∈ Pic(S[n]) the auto-equivalence ML given by tensoring with

L as well as the equivalence φ[n](STOS ) from Proposition 7.2 are contained in

Aut(Db(S[n])). The assumption U ⊂ NS(S) implies that ΛS[n],alg contains two copies

of the hyperbolic plane U . The elements δ̃ and γ(δ̃) are both contained in ΛS[n],alg

and have the same self-pairing as well as divisibility. As explained in the proof of
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Proposition 8.2 using [22, Sec. 3] we conclude that there exists a derived equivalence

Φ ∈ Aut(Db(S[n])) whose induced action ΦH̃ is trivial on the discriminant group,

has real spinor norm one and sends γ(δ̃) to δ̃, i.e.

ΦH̃ ◦ γ(δ̃) = δ̃.

In particular, the isometry ΦH̃ ◦ γ restricts to a Hodge isometry of

δ̃⊥ = B−δ/2(H2(S,Z)) ⊂ ΛS[n]

with real spinor norm one. Using [30, Cor. 3] there is an auto-equivalence η ∈
Aut(Db(S)) such that

B−δ/2 ◦ ΦH̃ ◦ γ ◦Bδ/2

restricted to a Hodge isometry of H̃(S,Z) agrees with ηH̃. Theorem 7.4 implies that

ΦH̃ ◦ γ or −(ΦH̃ ◦ γ) lies in Im(ρH̃). As the shift functor [1] acts as −id, we conclude

that ΦH̃ ◦ γ ∈ Im(ρH̃) and, therefore, γ ∈ Im(ρH̃).

Hence, we have proven that all Hodge isometries with real spinor norm one which

act trivially on the discriminant lattice are contained in Im(ρH̃). The assertion

now follows from Proposition 7.1 which yields an isometry acting as −id on the

discriminant group. �

Proposition 9.9. Let X be a projective K3[n]-type hyper-Kähler manifold such that

Db(X) ∼= Db(S[n]) for a K3 surface S with U ⊂ NS(S). Then X and S[n] are

birational.

Proof. The derived equivalence yields a Hodge isometry

ϕ : ΛX ∼= ΛS[n]

which by [22, Prop. 3.3] and U ⊂ NS(S) we can postcompose by a Hodge isometry

to assume ϕ(β) = β. Therefore the preimage of δ̃ ∈ ΛS[n],alg under the isometry ϕ

must be of the form
γ + c(2n− 2)β ∈ ΛX,alg

for some c ∈ Z and γ ∈ H1,1(X,Z) of divisibility 2n − 2 with b(γ, γ) = 2 − 2n. We

can choose the isometry (5.1) for X in such a way that γ maps to δ. With this

choice the image of α̃ under ϕ is of the form Bµ(α̃) for µ ∈ H2(S[n],Z)alg.

Indeed, since b̃(α̃, β) = −1 we must have

b̃(ϕ(α̃), ϕ(β)) = b̃(ϕ(α̃), β) = −1

and similarly b̃(ϕ(α̃), δ̃) = 0. Using the orthogonal decomposition

ΛS[n]
∼= (Zα̃⊕ Zβ)⊕⊥ Zδ̃ ⊕⊥ H2(S,Z)

we see that ϕ(α̃) is of the form

ϕ(α̃) = α̃+ µ+ dβ
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for some µ ∈ H2(S,Z) and d ∈ Z. As ϕ is a Hodge isometry, we furthermore have

µ ∈ H2(S,Z)alg and b(µ, µ) = 2d which implies ϕ(α̃) = Bµ(α̃). Postcomposing ϕ

with B−µ and using (5.2) we obtain a Hodge isometry

(9.1) H2(X,Z) ∼= H2(S[n],Z).

Corollary 9.6 implies that X is a moduli space MS
σ (v) of stable objects on S.

Moreover, from (9.1) and the lemma further below we infer that MS
σ (v) is a �ne

moduli space, i.e. there exists w ∈ H̃(S,Z)alg such that b(v, w) = 1. Invoking again

[22, Prop. 3.3] we see that there exists a Hodge isometry γ ∈ O+(H̃(S,Z)) such that

γ(v) = (1, 0, 1− n). The assertion follows now from [39, Cor. 9.9]. �

In [3, Thm. B] the authors found an example of derived equivalent hyper-Kähler

manifolds such that their second integral cohomology is not Hodge isometric. In

particular, the above proposition does not always hold. As granted by Theorem 9.2

their K3[n] lattices are Hodge isometric, see also Remark 10.5.

Summarising and using [24] we have for a projective K3[n]-type hyper-Kähler

manifoldX and an elliptic K3 surface S with section: X and S[n] are birational if and

only if H2(X,Z) is Hodge isometric to H2(S[n],Z) if and only if Db(X) ∼= Db(S[n]).

We �nish the section with the following result used in the above proof. We will

need some lattice theory and refer once more to [29, Sec. 14] for notations and

results. Recall that a moduli space MS
σ (v) of stable sheaves or objects on a K3

surface S is �ne if there exists a universal family E onMS
σ (v)×S. This is equivalent

to the existence of some w ∈ H̃(S,Z)alg such that b̃(v, w) = 1, see [29, Sec. 10.2.2].

Lemma 9.10. Let M and M ′ be smooth moduli spaces of stable objects on a pro-

jective K3 surface S such that NS(M) and NS(M ′) are isometric with respect to the

BBF pairing. Then M is a �ne moduli space if and only if M ′ is.

Proof. Let N ⊂ L be a saturated sublattice of an even lattice (L, (_,_)), i.e. L/N

is torsion-free. Consider the diagram

(9.2)

0 N⊥ N⊥ 0

0 N ⊕N⊥ L K 0

0 N N∨ A(N) 0

0 P P 0.

Here, N∨ := HomZ(N,Z) is the dual lattice, N → N∨ and L → N∨ denote the

natural maps v 7→ (x 7→ (x, v)), A(N) is the discriminant group of N , and K and

P denote the cokernel of the corresponding morphisms.
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As recalled above, for a moduli space M = MS
σ (v) we have

H2(M,Z) ∼= v⊥ ⊂ H̃(S,Z).

In particular,

NS(M)⊕ Zv ⊂ H̃(S,Z)alg

is an orthogonal decomposition of a �nite index sublattice of H̃(S,Z)alg.

Let us assume thatM = MS
σ (v) is �ne and apply diagram (9.2) for L = H̃(S,Z)alg

and N = Zv. The moduli space M being �ne is equivalent to surjectivity of the
map

H̃(S,Z)alg → (Zv)∨, x 7→ (kv 7→ b̃(x, kv)).

Hence, in our situation we have P ∼= 0 and, therefore, K ∼= A(N) ∼= Z/(2n−2)Z for

2n the dimension of M . Using [29, Eq. (0.2) in Ch. 14] we �nd

(9.3) disc(NS(M)) = |K|2 · disc(H̃(S,Z)alg)/disc(Zv) = (2n− 2) · disc(H̃(S,Z)alg)

Let us now consider M ′ = MS
σ′(v

′) and inspect diagram (9.2) for L = H̃(S,Z)alg

and N = Zv′ such that K = L/(N ⊕N⊥). We employ again [29, Eq. (0.2)] and �nd

(9.4) disc(NS(M ′)) = |K|2 · disc(H̃(S,Z)alg)/(2n− 2).

By assumption, NS(M) and NS(M ′) are isometric, thus we obtain the equality

disc(NS(M)) = disc(NS(M ′)). Combining (9.3) and (9.4) we �nd |K| = 2n− 2. In

particular, in the situation L = H̃(S,Z)alg and N = Zv′ we �nd that K ∼= A(N)

and, therefore, P ∼= 0 in (9.2). This implies that

H̃(S,Z)alg → (Zv′)∨, x 7→ (kv′ 7→ b̃(x, kv′))

is surjective which shows that M ′ is a �ne moduli space as well. �

We remark that the proof also applies for non-�ne moduli spaces M and M ′.

That is, in general, there always exists Brauer classes α, α′ ∈ Br(S) such that α

respectively α′ twisted universal families exist over M ×S respectively M ′×S. The
proof then shows that ord(α) = ord(α′) if NS(M) ∼= NS(M ′).

10. Further examples of derived equivalences

We complement the previous sections by integrating some derived equivalences of

hyper-Kähler manifolds into the framework of the extended Mukai lattice.

10.1. Dimension four. We come back to Example 4.19. Addington [1] as well as

Markman�Mehrotra [41] considered the sheaf

E1 := Ext
1
π13(π∗12(I), π∗23(I)) ∈ Coh(S[2] × S[2])

which is re�exive, of rank 2 and locally free away from the diagonal. Here, I is the

universal ideal sheaf on S × S[2] and πij are the projections from S[2] × S × S[2].
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The Fourier�Mukai transform FME1 with kernel E1 was shown to yield an auto-

equivalence FME1 ∈ Aut(Db(S[2])). More conceptually, the functor FMI is shown to

be a spherical functor with E1[1] the corresponding twist auto-equivalence.

Proposition 10.1. The equivalence FME1 acts on the extended Mukai lattice via

−sv, where v is the vector α̃+ β.

Proof. One way to prove the assertion is to use general results on the action of

the twist equivalence associated to a spherical functor [1, Sec. 1.4]. Instead, we

will calculate directly the images of line bundles using the de�nition of the twist

auto-equivalence associated to a spherical functor.

The relative Ext complex

E := Ext
•
π13(π∗12(I), π∗23(I)) = π13∗(π

∗
12(I∨)⊗ π∗23(I)) ∈ Db(S[2] × S[2])

describes (up to the shift [2]) the composition of the right adjoint of

FMI : Db(S[2])→ Db(S)

with FMI and sits in a distinguished triangle

E1[−1]→ E → O∆[−2]

in Db(S[2] × S[2]). This yields the identity

[FME1(L2)] = [L2]− [FME(L2)] = [L2]− [FMI(FMI∨(L2))]

in topological K-theory for all topological line bundles L on S.

There is a natural short exact sequence

0→ I → OS×S[2] → OZ → 0

on S×S[2], where Z ⊂ S×S[2] is the universal subscheme, which we can dualize to

obtain the distinguished triangle

ωZ [−2]→ OS×S[2] → I∨

in Db(S × S[2]). From these sequences we obtain the identities

[FMI∨(L2)] = χ(L2)[OS ]− χ(L)[L],

[FMI(OS)] = 2[OS[2] ]− [OS[2] ]− [OS[2](−δ)],

[FMI(L)] = χ(L)[OS[2] ]− [L[2]]

in topological K-theory, where L[2] = FMOZ (L) is the tautological rank 2 bundle

associated to L and the second identity is a special case of the third one using

O[2]
S
∼= OS[2] ⊕OS[2](−δ). The class of a point p is sent to a sheaf of rank 2. By an

analogous argument to Lemma 4.2 using the object k(x) one concludes ε(FMH̃
E1) = 1.

To �nish the proof we need to use the above to calculate how FME1 acts on

the extended Mukai lattice H̃(S[2],Q). We have [FME1(OS[2])] = [OS[2](−δ)] as
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well as [FME1(OS[2](−δ))] = [OS[2] ], since spherical functors always induce involu-

tions on cohomology. Applying extended Mukai vectors to this equality we �nd

FMH̃
E1(ṽ(OS[2])) = ṽ(OS[2](−δ)) and vice versa.

For a general topological line bundle L we �nd

[FME1(L2)] = [L2]− χ(L2)([OS[2] ]− [OS[2](−δ)])− χ(L)2[OS[2] ] + χ(L)[L[2]].

If b(c1(L), c1(L)) = `, then χ(L) = `/2 + 2 and χ(L2) = `2/8 + 5`/2 + 3, see

[20, Lem. 5.1]. Moreover, L[2] is a bundle of rank two and c1(L[2]) = c1(L) − δ.

Taking extended Mukai vectors an explicit calculation shows that FMH̃
E1 agrees with

−sv for v = α̃+ β. �

Thus, the functors FME1 and φ[2](STOS ) induce the same isometry on the extended

Mukai lattice and therefore also on the whole cohomology.

For S[2] there are other auto-equivalences given as the twist of a spherical functor.

One example is Horja's EZ-spherical twist [26]. The exceptional divisor i : P(Ω1
S) ∼=

E ↪→ S[2] �bres over the K3 surface π : E → S. One obtains the spherical func-

tor i∗(π
∗(_)) : Db(S) → Db(S[2]) and an auto-equivalence Ti∗π∗ ∈ Aut(Db(S[2]))

characterized for F ∈ Db(S[2]) by the distinguished triangle

i∗π
∗π∗i

!(F)→ F → Ti∗π∗(F).

Proposition 10.2. The auto-equivalence Ti∗π∗ acts on the extended Mukai lattice

via the isometry −sv for the vector v = δ̃ + β.

Proof. We employ [1, Sec. 2.4]. Lemma 4.2 gives once more ε(T H̃
i∗π∗) = 1. For L a

line bundle on S one easily obtains

i∗π
∗(L⊗2) ∼= L2|E .

This means that the classes [L2]−[L2⊗OS[2](−E)] in K0
top(S[2]) are being multiplied

by −1 under the action of Ti∗π∗ and their orthogonal complement is left invariant.

We have an equality

2(v(L2)− v(L2 ⊗OS[2](−E)) = T (ṽ(L2)2 − ṽ(L2 ⊗OS[2](−E))2)

in SH(S[2],Q). A computation �nishes the proof. �

Alternatively, one could have proven the proposition using [36, Thm. 4.26] and

Proposition 7.1.

Remark 10.3. All cohomological involutions we encountered (Proposition 7.1, Pro-

position 7.2, Proposition 10.1 and Proposition 10.2) had an extra −id in the case n

even which is due to the sign convention from Section 2.3.
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10.2. Relative Poincaré. In [3] the authors study derived equivalences between

certain moduli spaces of stable sheaves on K3 surfaces. Let S be a very general

projective K3 surface with polarization H of degree 2g− 2 and consider the moduli

spaces of stable sheaves

MS
H(0, 1, d+ 1− g).

One can equivalently consider these varieties as the relative compacti�ed Jacobians

Pic
d

:= Pic
d
(C/Pg) of degree d of the universal curve

C → Pg = |H|.

In [3, Prop. 3.1] following Arinkin [5] the authors construct a relative (twisted)

Poincaré sheaf Pdd′ on

Pic
d ×Pg Pic

d′

inducing a (twisted) derived equivalence. For simplicity we will consider the un-

twisted case d = d′ = 0 and denote P := P00, M := MS
H(0, 1, 1 − g) together with

the Lagrangian �bration

π : M → Pg.
We have the well-known Hodge isometry

H2(M,Z) ∼= (0, 1, 1− g)⊥ ⊂ H̃(S,Z)

and the algebraic part of H2(M,Z) has a basis λ, f with intersection form(
2g − 2 2

2 0

)
where f is the �rst Chern class of OPg(1) pulled back to M .

Let us determine the action of P on the extended Mukai lattice. We will consider
the case g even, the case g even is similar. The skyscraper sheaf k(x) of a point

x ∈ A ⊂M contained in a smooth �bre A of the Lagrangian �bration is by de�nition

sent under FMP to a degree 0 line bundle L on the abelian variety A whose Mukai

vector is of the form v(L) = fg ∈ SH(X,Q). The duality property of the Poincaré

sheaf [5, Sec. 6.2] implies that L is sent under FMP to the object k(x∨)[−g], where

x∨ ∈ A parametrizes L∨. This gives

β 7→ f, f 7→ β.

Moreover, the Lagrangian �bration M → Pg admits a section Pg ↪→ M given by

the trivial line bundle on each �bre. Using Remark 7.3 and
∫
X [A][Pg] = 1 we see

that the Mukai vector of OPg ∈ Db(M) satis�es

v(OPg) = T

(
(1

2λ−
g+1

2 f + g+1
2 β)g

g!

)
∈ SH(M,Q).

The de�nition of P [3, Eq. (3.1)] yields that FMP sends OPg to a line bundleM ∈
Pic(M). The duality property of P for families of curves [5, Eq. (7.8)] implies thatM
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is mapped under FMP to OPg [−g]⊗K. Here, K is the line bundle π∗ det(R1π∗OM )

which, using [43, Thm. 1.3], has �rst Chern class −(g + 1)f . Let us denote

h = −λ
2

+
g − 1

4
f +

g + 1

2
β ∈ H̃(M,Q)

and note that f and −h span a rational hyperbolic plane. Summarizing the above

discussion and using the extended Mukai vector we have the following.

Proposition 10.4. The equivalence FMP acts on the extended Mukai lattice via

α 7→ h, h 7→ α, β 7→ f, f 7→ β.

Expressed di�erently, the derived equivalence FMP exchanges the two rational

hyperbolic planes given by α, β and f, h.

Remark 10.5. In [3] it was observed that the case d = 0 and d′ = g − 1 yields an

example of derived equivalent hyper-Kähler manifolds M and M ′ such that their

second integral cohomology groups are not isometric [3, Thm. B]. The intersection

form on NS(M) has discriminant −4 whereas the lattice NS(M ′) is isometric to the

hyperbolic plane. Let us denote the generators of NS(M ′) inside H2(M ′,Z) by e′, f ′

such that b(e′, f ′) = 1 and f ′ denotes again the �bre class. As above one can show

that the derived equivalence induces an isometry H̃(M,Q) ∼= H̃(M ′,Q) given by

β 7→ f ′, f 7→ β, α 7→ −e′ + g + 1

2
β, h 7→ α.

This is compatible with the K3[n] lattices, i.e. the above induces a Hodge isometry

ΛM ∼= ΛM ′

in accordance with Theorem 9.2. Geometrically the variety M admits a section

whereas the variety M ′ admits a line bundle with �rst Chern class e′ which restricts

to a principal polarization on each �bre. The derived equivalence P0g−1 relates these

di�erent geometric properties.
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