NONLINEAR DISPERSIVE EQUATIONS

HERBERT KOCH

1. INTRODUCTION

Non-linearly interacting waves are often described by asymptotic equations. The
derivation typically involves an ansatz for an approximate solution where higher
order terms - the precise meaning of higher order term depends on the context and
the relevant scales - are neglected. Often a Taylor expansion of a Fourier multiplier
is part of that process.

There is an immediate consequence: This type of derivation leads to a huge
set of asymptotic equations, and one should search for a general understanding of
interacting nonlinear waves by asking for precise results for specific equations.

The most basic asymptotic equation is probably the nonlinear Schrédinger equa-
tion, which describes wave trains or frequency envelopes close to a given frequency,
and their self interactions. The Korteweg-de-Vries equation typically occurs as first
nonlinear asymptotic equation when the prior linear asymptotic equation is the
wave equation. It is one of the amazing facts that many generic asymptotic equa-
tions are integrable in the sense that there are many formulae for specific solutions,
conserved quantities, Lax-Pairs and BiHamiltonian structures.

This text will focus on adapted function spaces and their recent application
to a number of dispersive equations. They are build on functions of bounded p
variation, and their companion, the atomic space UP. Combined with stationary
phase resp. Strichartz estimates and bilinear refinements thereof they provide an
alternative to the Fourier restriction spaces X*® which is better suited for scaling
critical problems.

We discuss teh method of stationary phase and dispersive estimates in Section
2, the application to the nonlinear Schrédinger equation in Section 3, the spaces
UP and VP in section 4, bilinear estimates in Section 5 and application to nonlinear
dispersive equations in Section 6

In order to make these note reasonable self contained there are three appendix
on Young’s inequality, real and complex interpolation, on Bessel functions and on
the Fourier transform.

2. STATIONARY PHASE AND DISPERSIVE ESTIMATES

We begin with the evaluations of several integrals. Let m¢ be the d dimensional
Lebesgue measure and define

Id:/ e_‘“’lzdmd(m).
R4
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Then, with Fubini,

—lz1|?—|za]? di1+d
Id1+d2 :/ € loa]" = a2 dm® 2(3?)
Ré1 xR42

= e—\wl\Qe—Iwz\Qdmdﬁ-dz(x)
Rd1+d2

_ 2 _ 2
:/ e~ lml / e~ 121" gmdz gmh
Ré1 Ré2

2
:Idz/ e 1=l gmd
Ré1

=14, 14,

hence
I;=1I¢.

Applying Fubini twice we get
I =m™ ({(z,t) 1 0 < t < el

:/1 me({z : el > th)dt
0

1
:/0 md(B(_ln(t))l/g(O))dt
—m? (B, (0) /0 (= In(t)) %2t
=m?(B1(0)) /000 sY%e%ds
—m(By ()P (5 +1)

and hence I, = 7, I = /7, I; = n%/2,

d/2
4(B,(0 T
m(BO) = £

and

P(5)=20() = V7

) T H ) TVE

We proceed with

© T2

I(7) :/ e 2% dx

for ReT > 0. Then

d 1 1 e b tis
—Vit+isI(t+is) =——Vt+isl(t +is) — f\/t—&—is/ e T 12y
dt 2(t + is) 2 oo

_ Vit <I(t+is)+/ d(i%dm)

2(t + is) oo dx
:L?S I(t+1is) 7/ e gy
2(t +is) e
=0
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and similarly
di\/t +isl(t+1is) =0
s
Thus
VTI(T) = V2I(2) = V2r

and hence

.2 2
(2.1) /e_fx de = /=

Now we fix 7 and study
/67%x2xkdx.

This vanishes when k is odd, since then the integrand is an odd function. Let

J(k) :/e*%%%dz L T
T
:14<3>s<~-->i<(2k—1)7'_/1C 2
\
_ 1 1 d? & ok 2T
ST R PR Ve

Let p be a polynomial. It is a sum of monomials and hence

g 27 71d
/62 wde =\ = szk' i) P@)

The higher dimensional case is contained in the following lemma. Let A =
Ap + 1Ay be a real symmetric d X d matrix with Ay positive definite. This is
equivalent to all eigenvalues \; being in {\ : ReA > 0}. Let (a;;) be the inverse.
By an abuse of notation we set

det(A)~12 =T, "?

where the A; are the eigenvalues of A.

=0

Lemma 2.1. Let p be a polynomial. Then

(2.2) /e‘%xT’“p(ar) dx = (QW)d/Q(detA)_l/QZ 2l Z aij0;

k! 3,j=1
The sum contains only finitely many non-vanishing terms.

Proof. We begin with a fact from linear algebra and claim that there exists a real
d x d matrix B and a diagonal matrix D such that

A= BDBT.

By the Schur decomposition there is an orthogonal matrix O and a diagonal matrix
Dy with non-negative entries such that

= 0D,O".
We set By = O+/Dgy. Then
Ao +iAy = Bo(1 +iBy ' Ay ByT)BE
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Again by the Schur decomposition there is an orthogonal matrix U with and a
diagonal matrix D; with
BytA By =UD,UT
hence
Ag+iA; = B(1+iDy)BT
with B = BoU. We set D = 1ga + ¢D1.
We change coordinates to y = BTz. Then

/ e~ = p(2)dm(z) = (det B) ! / SR (BT i ()

and by Fubini and the previous calculations

T (14iDq)
/eiy e yyadmd(y) =0

if one of the indices is odd, and otherwise, with d; the diagonal entries of Dy,

H((1 +idy) 02, ) j?aj

T Dy
/ e~ Y2 dm (y) =(2m)Y2 det(D) /2

2lalgl y=0

d

- 1 ol

—(2m)%/2 det(D) 1/22‘a||a|,[§ (1 + id;) laﬂ y
&

y=0'
Thus, for any polynomial g,

T py e d k
/e_qu(y)dmd( ) = (2m)¥? det(D Z {Z (1 +1d;) 18;} q(y)
k=0

Jj=1

y=0
We complete the calculation by

(det A)'/2 = (det D)'/?| det B|
and, by the chain rule,

d
> aid? . ple) = | Y1+ idy) 10 p(B ).
j=1

d

Observe that the formulas on the right hand side have a limit as A tends to
a purely imaginary invertible matrix. We call the integral on the left hand side
oscillatory integral in that limit.

Oscillatory integrals play a crucial role when studying dispersive equations. We

consider
I= / a(€)eim O qg.

where a and ¢ are smooth functions. The simplest result is

Lemma 2.2. Suppose that a € C°(RY), ¢ € C°(R?) with Im ¢ > 0 and
IVo| +Ime >0

on supp a. Given N > 0 there exists cy with
|I(7)| < enyt .

The constant ¢ depends only on N, the lower bound above, and derivatives up to

order N.
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Proof. By compactness there is £ > 0 such that
Vol +Ime > &
on supp a(§). Using a partition of unity we may restrict to the two cases:
(1) Im¢ > x/2 on supp a, in which case we get a bound Ce™*7/2
(2) |V¢| > k/2 on supp a, which we consider now.

We write
[a©e 9 ~r) 1 [a©[vol2vavers s

—— (i[9 (e

which is again an integral of the same type. Induction implies the full statement. [J

In many cases these bounds hold even for non compactly supported a.

Lemma 2.3. Suppose that A = Ag+iA; be invertible with Ag positive semi-definite.
Let n € C§°(RY) be identically 1 in a ball of radius 1, and supported in B3(0), and
let a be a smooth function with uniformly bounded derivatives of order M > ¥

1-s
for some M, N >0 and 0 < s < % Then

‘/engAmesta(m)(l —n(zr*))dm(z)| < eyt N

with cn depending only on N, the norm of A and its inverse, and derivatives up to
some order M of a, but not on € > 0. The limit ¢ — 0 exists.

We will use the formula with € = 0.

Proof. We argue similarly to above. Each integration by parts gains as a factor 7,
unless the derivative falls upon 7. In that case the gain is only 7!~* and we also
loose a power of |z| 1. Otherwise we get a factor |z|~! + |z|72.
On the support of Vn
T71|1‘|72+7'871|JC‘71 < C7_2571.
and integrations by parts gain us 72*~!. If no derivatives fall on 7 there remains
an integration over whole space, but we gain a factor bounded by constant times

|z|~! the derivatives falls on a, and || =2 if the derivative falls on %. We
integrate by parts (and split the summands) until either

(1) M derivatives fall on a or

(2) 1 ivzs + d derivatives fall on the other terms.
The integrand (after the integrations by parts) converges pointwise with a majorant
as above. This implies the statement on the limit as ¢ — 0. [l

Similar statements hold for more general phase functions if
V| > c|z|® for |z| > R
and
0% < |2|°IVe|  for |a| > R
some R and ¢, and |a| > 2.
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Lemma 2.4. Let A be invertible, symmetric, with real part positive semi-definite,
and i € C*> with bounded derivatives of order > M. Given N > 0 there exist
L >0 and Cyn > 0 such that for 7 > 0,

=0

L
(23) /e_%ITAzw(m)dx - (277)51/27'_51/2 (det A)_1/2 kz:;) T_k(%: aij82)kw

<ent V.
Proof. We subtract the Taylor expansion p of 1) at 0 up to some order L. We choose
0<s< % and decompose the integral into

[ H [p(o) + ntar ) ()  p(@) + 1 = nlar )] ((a) ~ p(o)] do

The integral over the first summand has been evaluated in 2.1 The integral over
the third summand is small by Lemma 2.3, and the one over the second summand

is bounded by
Ts(de)

by a direct estimate. O

Now we consider
I(r) = /ei7¢(m)¢(x)dx

where 1 is compactly supported, 0 is the only point in the support where the
imaginary part of ¢ and V¢ vanish, the imaginary part of ¢ is non-negative and
the Hessian of ¢ at 0 is invertible.

Lemma 2.5. Let % <s< % Then, with n as above, ¥ € C§° and N >0

\ [ e = - ieyis

< cNTfN.

Proof. The proof is the same as for the quadratic phase. Again this formula the
compact support assumption on % can be weakened. (Il
We write ,
6(x) = ao + 527 Az + ¥(x)
where A is invertible and ¢ is smooth with ¥(z) = O(|z|?).

Theorem 2.6 (Stationary phase). Under the assumptions above, given N > 0
there exists cn such that for T > 1

N
/eiwa(x)da: — (2m) Y2772 (det A)~1/2e9(0) Z

k=0

1

Skl k (aij 32)k [eiW(I)a(I)}FO

< chfd/ 27%.
Proof. We assume that the real part of A is positive definite. The general statement
follows then by an obvious limit.

We choose M large and write e!™%1 = pys(x) + a7 (x) where pys is the Taylor
polynomial of degree M, and 7, is the remainder term. Clearly pj; depends on 7
with typical terms of the type being polynomials in 72% where « is a multi-index
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of length at least 3, and x;. We write the term in the bracket as a sum of three
terms,

/ P (@) (1 — n(zr®))dm(z)

[ @)1 - e dmz)
and
[ty [emut@) - e B o) dm o),

Lemma 2.3 and Lemma 2.5 control the first and the second term.
The integrand of the third term is bounded by

Mo
T3 Ms

and hence the third term is bounded by a constant times
deerM(%fs) )

We choose s between % and % and M large. Finally we check the bound for the

sum from N 4 1 to M term by term using Lemma 2.1. (I

In the one dimensional setting the situation the Lemma of van der Corput pro-
vides an extremely useful and simple estimate.

Lemma 2.7. Suppose that d =1, v is of bounded variation with support in [c,d),
¢ € C*(R) with k > 1, ¢ real, and ¢ (&) > 1 for € € [¢,d]. If k = 1 we assume in
addition that ¢’ is monotone. Then

I= ‘/1/1(x)ei¢(””)dx < 3kT’1/k/|@/}’|dx.

Proof. We begin with k = 1, assuming that ¢’ is monotone. It suffices to consider
the case when the support of a is a compact interval [c, d].

‘ / ve'dx / 1/1/¢5’%ei¢dx

-|[ e wse)

‘ +r / ']

1 1
SSU-php' ’Qy(d) - (j)’(d)
<5t e

We use induction on k on the inequality

/ Y(x)e' @ dg

Suppose that the estimate holds for k—1 > 1 and we want to prove it for k. Suppose
that there is point & with ¢(*~1 (&) = 0. We decompose the interval [c,d] into
[e,&0 — 8], [0 — 0,&0 + 9] and [ + d, d]. Then, by induction

] < 26]¢llsup + 20k = 1)(E7) D ([@l]sup + 14 21).

< QkT_l/k (H'(/)Hsup + leHLl) :
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We choose § = 7~ #%. Then
1 _1
1] < 2k~ 577 % (9]l sup + 1971 21)

which implies the desired inequality. The argument is easier if there is no such
point &g. ([l

2.1. Examples and dispersive estimates.

2.1.1. The Schridinger equation. We consider the linear Schrodinger equation
0w+ Au=0
A Fourier transform (see next section, which we denote by F,) gives
10y Fpu — [€]2 Fpu =0

and hence the unique solution in the space of tempered distributions is given by its
Fourier transform ,
Foul(t,€) = e Fou(0,€)

Then
1

1 /—‘t\£\2
[ it ge = .
(27T)d/2 T’Ltd

Moreover a change of coordinates shows that

1 . 2 -;1;2 .2 1 -a;2
(2.4) /6*1(t|§| —26) g¢ = ¢lhr /eztg d¢ = RE
(2m)d/2 md

Again we suppress the approximation by a positive definite real part, and the
corresponding limit.

2.1.2. The Airy function and the Airy equation. We consider the Airy equation

Up + Ugge = 0.
The Fourier transform transforms the equation to
Four = (ik)> Fpu
and hence, as above
Fou(t, §) = €€ Fru(0)(§)
The Airy function is defined by
: 1 i3 4ix
Ai(z) = %/e 58 Hied ge
where the right hand side has to be understood (as usual) as
lim i/ei%f3*€\£\2+imfd§_
e—0 27

As above for the quadratic phase function we see that the limit exists at every
point.
The phase function is

1
8(6) = 5€ +at
has as critical points the £ which satisfy
£ = —x.

If x is negative there are two real critical points.
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We choose p € C*(R), supported in [—1,00) and identically 1 in [1, 0], with
p(&) + p(=£) = 1. Then Ai(z) is the real part of

1

21

There is no harm from the non-compact interval of integration and we to apply

the stationary phase, Theorem 2.6 for £ — —oco. The Hessian at the stationary
points is 27 := 2(—2)'/? and we write

$(&) = T¢o(¢ — (—2)'/?)

plE)e! s ) dg

where

I S S
Po(n) = 51" + 5n
which satisfies
$6(0) = 0,¢4(0) = 1,6¢'(0) = 2[—a] /.
We write the integral as

1 2.8 _
%G*Z%II\2 /p(n+(—x)1/2)e”¢°(”)dn

The application of the stationary phase theorem, 2.6, gives

2 :
Ai(z) = —=le| " cos(GlalF = T)| < cle|F

1
Vo
and there is even an asymptotic series. To see the error term we compute the next
term, the sixth derivative of €' (" evaluated at 0. It gives an additional factor
78 = |z| 5.

For large positive  we need a different idea. For positive x there is fast decay
and we want to determine the leading term. In this case the two critical points are
purely imaginary real, and we shift the contour of integration to

&4 iz,
To be more precise we define
A, (z) = i/ez‘[%(£+w)3+a:(£+w)]d§.
2
We expand

5 (€ +i0)? + (6 +i0) = i€+ 26— E0%) ~ 0(€ +a— 207,

We calculate, using the Cauchy Riemann equations
d 1 a 201 ¢3 2 2 1.2
DAL (2) = — = [ i 38+t —o(@+a—30") ge —
75 M (z) 5 /Zage ¢
and hence, with o = /x,

Ai(z) = i/eiéﬁ‘tﬁ it ge
27

with the critical point £ = 0, at which point the Hessian is 21/z. We argue as above

and obtain

. o 1 -1/4 — 2z
(2.5) Ai(x) 2\/7,T|33| e

: < C‘I|7%67%x%
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The lemma of van der Corput ensures that the function Ai is bounded. More
is true: About half a derivative of the Airy function is bounded in the following
sense:

Lemma 2.8.

‘/ €1 /2138 + 0 ge| < ©

This is left as an exercise.
The Airy function is the inverse Fourier transform of

Ai(g) = (2m)~/2es¢
Clearly
(€% +i0e)e'3E =0
and hence
A" +2Ai=0

This however implies

(0 + 03

rrx

)(¢/3)7 /3 Ai(z(t/3)"1/3)) = 0

and (as oscillatory integral)

/Ai(x)dx = (2m)"1/?
The convolution be the Airy function gives a solution to the initial value problem

Ug + Ugge = 0, U(Oa ZZ?) = UO('I)7

u(t.o) = [ (2/3)7° Al — /3oy,
Again the equation defines unitary operators S(t) which satisfy
1S (@)uollsup < et/ ug]| s
and, in the sense of (2.8)
(2.6) I1DI% S (E)uolsuy < et uol| 1

2.1.3. Laplacian and related operators. Let d > 2. Then

o 1

2|2~ = WF(L{%Q)|£‘_2
and a2
4 _
A [l = 1)

The Fourier transform transforms higher partial derivatives into multiplication
by monomial functions. For example

Flu—Au) = (1+[¢*)a
and hence R
a=(1+E*)7f
is the Fourier transform of a Schwartz function w (if f is a Schwartz function) which

satisfies
—Au+u=f
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Here (1+]¢/?)7! is a smooth function with bounded derivatives, but not a Schwartz
function. Its inverse Fourier transform k allows to define a solution for a given
function f by
uw=(2m) %k« f
We compute k in one space dimension
o0

(2.7) / (1 + ¢2)71dE = me 17!

— 00
using the residue theorem: The singular points are the zeroes of the polynomial
1+ €2, which are +i. Consider the case x > 0 first. By the residue theorem

/ e (1 + 52)—1d5: me 1l
Cr

where Cp is the union of the path from —R to R and the upper semi circle. The
limit R — oo implies the statement.

2.1.4. Gaussians, heat and Schrodinger equation.

Lemma 2.9. Let A = Ay + iA; be an invertible symmetric matriz (Ay and A;
real) with Ao positive semi-definite. Then

Fe~ 577 A2(g) = det(A) H/2e 5T ATE,

Proof. The formula is correct at £ = 0 by Lemma 2.1 . We assume first that A is
positive definite. The general statement follows then by continuity of both sides.
By definition
Ve 37 A7 4 em30 AT gy — )
The Fourier transform g is a Schwarz function which then satisfies
g€+ AVg =0.

This is an ordinary differential equation on lines through the origin. There is a
unique solution with the given value at ¢ = 0, which has to coincide with the
function on the right hand side. ([l

With A = 2t1ga we obtain the formula for the fundamental solution to the heat
equation. The inverse Fourier transform of e~ el s - as computed twice -
(2it)4/2e= 5
A solution to the Schrédinger equation
iug + Au =0
with initial data wug is given by

_le—y|?

(2.8) u(t,z) = /R d(4m)*d/2e T g (y)dy

We denote the map u(0,.) — u(t,.) by S(¢). It is defined by the Fourier transform
by

o —

S(t)uo = e—it|§|2a0(§).

It is a unitary operator:

— X 2 R
[1S(t)uollzz = IS(t)uollrz = e a2 = |[tioll 2 = ||uol|z2
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and it satisfies the socalled dispersive estimate

1S @uollsup < |47t~ |Jug | 1.

2.1.5. The half-wave equation. The solution to the wave equation
Uy — Au =10
with initial data
(0, 2) = up(x), ut (0, 2) = up (x)
is given by Kirchhoft’s formula for d = 3:

1 1 1
u(t,z) = 72/ updH? + — dyugdH? + — ur dH?.
47t OB, () 4t OB, (x) 47t 8By (x)

There are similar formulas in odd dimensions, and slightly more complicated ones
in even dimensions.
The Fourier transform transforms the PDE to the ODE

gy + [€]*0 =0
which factorizes into
(0 — il€)(0r +i[€]) = 0.
This motivated the study of the half wave equation
(10, + [€])ult,€) = 0
which can easily be solved in the form
at,€) = e 0, ).

As above we restrict to t = 1. Since e™lél is radial
/eiﬂﬁlﬂf)dg = dmd(Bl(O))mrdzi/ rd/Qe"J¥(|x|r)dr
0

provided the integrals exist as oscillatory integrals. They do as we will see. By
Lemma 8.1 we can write
27 J(2) = Re(e ()
for z > 1, with ¢ satisfying
60(2)] < ez,

We begin to consider |z| > 2 We decompose the integral above into two parts with
a smooth cutoff function, one over r > |z|7!, and one over 2|z|~!. In the first
integral we integrate by parts as often as we like:

| =ty = praae = [ G = ntrlaypira))da

which gains a factor r in the integration, as well as a power |z|~!. We repeat this
as often as necessary. The second integral is bounded by |z|<.

The same arguments apply as for || # 1, given bounds which depend only on
|z] — 1. A careful calculation gives the first part of the following estimate
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Lemma 2.10. Suppose that |x| # 1 then
P ES
’/ei|§|+im§d£’ <{ call = |2~ 5 iffal <2

calz|™® if |z| > 2 and d even

and
’/KF%EMW“%—cml—xHScd
if x| <2 and
[l etestag] < a7
for |z| > 2.

Proof. Only the second part remains to be shown. There is no difference in the
argument for |z| < 2, unless |z| is close to 1. In that case we decompose the integral
intor <2,1<r <|z|-1and r > |z|—1. The last part is bounded by the previous
arguments. The first part is bounded because of the size r < 1. The second part is

[z —1]
/ r~ldr =Inr
1

plus something bounded. ([l

There is an important difference compared to the previous two examples: the
group velocity depends only on the direction of £, not on the amplitude.

2.1.6. The Klein-Gordon half wave. Let
)= [T

As above we obtain
Lemma 2.11. The following estimates hold fort > 1,

21— |2l ) i e <t
lg(t,2)] < et |al/t — 1)~ F  ift <|z| <2t
‘l‘ldid—l if |v| > 2t

¥

and if 0 <t <1

=4 iflz| <t
lg(t,z)] < e t4(al/t— 1) F it <o <2t

W if |x| > 2t

Moreover
b = /\gr%eit\/lﬂslﬂmsdg
satisfies for t > 1 and |z| > 2t
1
h(t,2)| < O
|x‘ 2 {2 3
‘h(t,x) — et} |||l - |x|/t||‘ <t}

for 1 <t, |z| <2t. Finally, if 0 <t <1, then

d+1

‘/|§2e”f”‘”5d§ctdzlln|1 |2||| < cat™ T
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if |a| < 2t and
/|€|_%ei|f|+ixfd£ <Cd—a=7 7=
o] 748
for |z| > 2.

2.1.7. The Kadomtsev-Petviashvili equation. The linear parts of the Kadomtsev-
Petviashvili equations are

Ut + Uppe £ 8;1uyy =0
where + is the linear KP-II equation and — the linear KP-I equation. The equation
should be understood as

6;6”75 + Upzaa + Uyy = 07
We denote the Fourier variables by & ( of z) and 7 ( of y). As above (for +, the
argument for — is very similar),

‘Fx,yu(ta &, 77) = eit(§37§71n2)ﬁx,yu(ov g, 77)

and
/ illE =€ ) F eyl ge gy (47) =112 / (—ig)d el +entent /4l ge.
The stationary points of the phase function satisfy
3¢+ +y*/4=0
with zeroes
{=+V—(z+y?/4)/3

provided

L
< ==y~
T 4y

The contribution from the Hessian compensates the factor (—i )%. A rigorous proof
uses a smooth partition of unity, which decomposes the integral into one around
& =0, one over £ > 1 and one with £ < —1. The first integral is handled by the
lemma of van der Corput, and the other two by stationary phase.

Otherwise, by the non-degeneracy of the phase

’/ 6”(53_51"2)+””“y"]d5dn’ < exla+y? /4|7

The t dependence below is obtained by scaling
Lemma 2.12.

‘ / e““S”F"Q/f)*”fdédn‘ < erlt] ML+ (

2
TE o))
There is an interesting interpretation:
e Waves move to left for Kadomtsev-Petviashvili II,
e and to both sides for Kadomtsev-Petviashvili I (with respect to x)
This makes the study of Kadomtsev-Petviashvili I considerably harder than the
study of Kadomtsev-Petviashvili II.
We define

pla,y) = 2mF (1€ 717/9)),
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Since u(A3t, Az, \?y) satisfies the linear KP equation for A > 0 if and only if v does
we obtain the representation

u(t,,y) = g * u(0,.,.)(z,y)
where
gi(a,y) =t pla/t3,y /1),
Hence, with S(t) denoting the evolution operator,
[1S()uollrz = l[uol|r2
and
1S #)uollsup < clt] ™ Juoll 1 @2).-

3. STRICHARTZ ESTIMATES AND SMALL DATA FOR THE NONLINEAR
SCHRODINGER EQUATION

3.1. Strichartz estimates for the Schrédinger equation. We return to the
linear Schrodinger equation
10+ Au=0
and the unitary operators S(t) : u(0) — u(t). They form a group: For s,t € R
S(t+s)=S5(t)S(s).
We claim that for 2 < p < oo and p’ with % + ﬁ =1
_d(p_z2
(3.1) ISOlze < (@rlt)) == 2 fuol| L,
which follows by complex interpolation from
[1S(#)uoll Lz = [uol| 2
and the dispersive estimate
_d
1S ()uol|Lee < (4mt])™> [[uoll -

Let us be more precise. We put pg = q =2 and py =1, ¢ = 00, 2 < p < o0 and
determine A so that

1-x 1
2 p
resp.
2
A=1--
p
define L
A==
2 + q
We check easily
1 1
,_|_,:17
p q

and obtain by the complex interpolation theorem (7.6) of Riesz-Thorin (3.1).
The variation of constants formula resp. Duhamel’s formula

u(t) = —i/_ S(t—s)f(s)ds

defines a solution to
10u+ Au = f
at least for Schwartz functions f in d + 1 variables.
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From the L¥' to LP estimate (3.1) one obtains
t

_d_2 d_d
lu(t)]| e < (4m)~$0=3) / 1t — s[4 5|1 (5)l] e ds.

The right hand side is a convolution h * g where
0 ift>0
h(t) = -
®) { ldrt| "G ift <0
and
9(t) = 1F Ol o ay-

An immediate calculation gives |t|~/" € LT (R) and by the weak Young inequality
of Proposition 7.2

(3.2) llg * Rl Loy < cllglla IRl L,
where . L1
—=d(=—-),r>1.
L =d(z =
and p and ¢ are strict Strichartz pairs, i.e. numbers which satisfy
2 d d
3.3 242 =Z
(3.3) T p 2

and 2 < ¢ < 00,2 < p < co. The left hand side of (3.2) controls

1/q
lullzguz = ([ IO )

with the obvious modification if ¢ = co and we obtain
HuHLgLﬁ < C”fHL?’Lg’

for all strict Strichartz pairs. Here L{LP consists of all equivalence classes of mea-
surable functions such that the integral expression for the norm is finite.
It is not hard to see that u measurable implies

t— |lult,.)||Lre

is measurable, the expression for the norm actually defines a norm, and the space
is closed and hence a Banach space. The duality of the Lebesgue spaces extends to
duality of this mixed norm spaces: The map

LV s f (g — / fgdmidt) € (LP)*

is an isometry if 1 < p,q < oo and surjective if p,q < oco. Complex interpolation
extends to the mixed norm spaces - this is quite evident from the definition.
We claim

Theorem 3.1. The variation of constants formula defines a function u which sat-
isfies
i0u + Au = f, u(0) = ug

and let (q,p) be a strict Strichartz pair. Then

ulley,ie) + lullzozs < e(lu(Ollzs + 17 ).
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We will later improve this statement in several directions. Denote by T,
L* 3 v — Tv € C(]0,00), L?)
the operator which maps the initial data to the solution. Let (p,q) be Strichartz
pairs. Then
I3 (2 o oy = WT*WE (paw L2y = ITT | ppan Lo oy

and
e’} 0

TT*f(t) = S(t+s)f(s)ds = / S(t—s)f(—s)ds

0 —o0

and the bound follows as above.

3.2. Strichartz estimates for the Airy equation. This section follows Kenig,
Ponce and Vega [14]. Scaling shows that the solution to the Airy equation satisfies

o) = e [ i = 0)/0/3)Hu(0.g)ay

and we obtain the estimates
lw®)llrz = [luollr
[u(t)l|zoe < et /3 ||ug| s
and
1 1
[IDIZu(t)|[ Lo < ct™ % [lugl L1

The Strichartz estimate is more complicated. Here we use complex interpolation
to see for 2 < p < o0

1_1 1_1
(3.4) D277 S(t)ol[Le < cft]r ™2 o]l Lo

where D? is defined through the Fourier multiplier. The multiplication on the
Fourier side commutes with the evolution, and hence this estimates is equivalent to

1 _2 _1
D7 St vl Loy < clt|” 7 [[D" 50|
The Strichartz estimates take the form

Theorem 3.2. The variation of constants formula defines a function u which sat-
isfies
Ot + Ugzr = f, u(0) = ug
and .
lulleye,ze) + 11D Fulgazs < e ()l + I1DI oo
for all Strichartz pairs (q,p).

Proof. Tt remains to prove (3.4).
We claim that it follows from

(3.5)

/|£;+wei§3+i£wd5‘ <C(1+ o)

uniformly in x - which has to be understood as oscillatory integral. We apply then
complex interpolation with the family of operators

Tauo = ' [D|3 5(t)uo
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for which we easily see that
| Tiouollze = e [luo| 2
and
ITir ool e < ™21+ |o)e™ [luol| -

Now (3.4) follows by complex interpolation. We turn to (3.5).

There are three cases: |z| < 10, x > 10 and z < —10. The last one is the hardest
since there are large critical points +£. = y/—x/3 in the phase, and we restrict to
it. We split the integration into the intervals

(—OO, _fc - |5L“_1/4)7 (_50 - |$|_1/47§c + |'T|_1/4)7 (_fc + |;C|_1/4, _1)7 (_17 1)7

(1,& — |74, (& — o 7%, &+ |27, (& + |2 74, 00)

The argument is immediate for the second, the fourth and the sixth integral, which

1/2|I|71/4

we estimate by 3¢, . Now

e —1/4 e | —1/4 1.,
/ telal |§|%+iaei§3+ix£d€ :i/ sl ei§3+z’xfi |’5‘2+wd
N . €382 1z

— liio
(€c + |z|~1/4)2t —ilEt ol it e
B(&+ x4 +

+

and the direct estimate as for stationary phase gives the result. The largest term (in
terms of o) occurs when the derivative falls on |§|%+i” - all the others are estimates
as when o = 0. We recall that

(& + a7V + x ~ J2] .

O

3.3. The Kadomtsev-Petviashvili equation. The symbol is & — 7n2/¢, with
gradient

()

and Hessian matrix

(S )

and Hessian determinant —12.
Lemma 3.3. The following Strichartz estimate holds
lullagers + lullagre < e (ol + 151y )

The proof is the same (since the same dispersive estimate holds) as for the
Schrodinger equation.
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3.4. The (half) wave equation and the Klein-Gordon equation. Here we
only state the result. The proof requires a sharpening of complex interpolation,
replacing L> by BMO. The estimates for the wave equation imply that

—1

_dt1 _d-1
D172 S(t)vllsao < ct™ 7 [[v]lr e
which implies
_dil(g_2 _d-1(q_2
1D~ 28w e < et 77 Dol e
where the half wave evolution operator S(t) is defined by
Sty = F~L(ellp).
As a consequence we obtain
Theorem 3.4. Let d > 2. The variation of constants formula defines a function
u which satisfies
i0yu + |Dlu = f, u(0) = ug
and
_dtl_ 2
lulley e c2y + 1101 4 Lars < cfju(0)] 22 + [[|D]
where q satisfies 2 < q < 00, 2 <p < oo and
1 d-1 d-1
q p 2
3.5. The endpoint Strichartz estimate. We prove the endpoint Strichartz es-
timate for the Schrodinger equation

g + Au = f u(0) = ug

d+lq_2
s ”)f”LQ’LP"

for d > 3. The argument is due to Keel and Tao [13] and it applies to much more
general situations.

Theorem 3.5. The solution defined by the variation of constants formula satisfies

39 ol + o, < ¢ (luollzs 171, )-

Before we prove the statement we need a robust estimate for integral operators.

Lemma 3.6 (Schur’s lemma). Let p and v be measures,
7f(a) = [ K. w)dnty)
where K satisfies
swp [ 1K 0)ldn(u) < Cor sup [ [K(z,)iv(y) <€,
T Y
Then
1—1 1
ITfllLewy < Co "CF || fllLe(u)-
Proof. By duality the claim is equivalent to

/ F(@)9(0) K (@, y)du(y)dv(z)

This is obvious for p = oo and p = 1. Hence the operator satisfies the desired
bounds on L' and L. The claim follows by complex interpolation. (I

1—L 1
< Co "CJIf e ullgllzee-
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Proof. We denote by S(t) the Schrodinger group. We first prove

(3.7)

/<t<5(—t)f(t),S(—8)9(8)>‘ <clfll,, 24 lgl

2d
r2ra-z2"7'p2rda—z

which implies by duality

| se-or

TS < CHfHL%LdZTﬁg

and, by the TT* argument the full statement.

We define
7 - / | (S(—5)£(s), S(~t)g(1))dsdt
=201 <5<t —27
and claim
(3.8) IT;| < C2_j'8(p’ﬁ)||fHL2Lp/ 9l L2p5
for j € Z, p and p in a neighborhood of % and
d d d
D = - — 1 - .
Blp.p) =5 -1+ o 9

It vanishes for p = p = d2—_‘12 as it should.
We set t =277, 5 =277, & = 279/2z and § = 2=9/2y. This transformation of
coordinates (which reflects the symmetry) reduces the estimate to the case j = 0.

The estimate for j =0

(3.9) To| < Cllfll 2w 19l 2 L

holds for

(1) p=p =1 by the dispersive estimate
(2) p=2and 2L <p' <2
(3) p=2and 24 <j' <2
Then the estimate (3.8) follows by complex interpolation and duality. It is conve-

nient to draw a diagram
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1/p (1é>1>
d+2
ST T o
1/2 4
% | 1/p
1/2 &7

Convex interpolation - this time for v spaces gives the convex envelope which

contains the point (42, ££2) in its interior.
For the first case (which corresponds to (1,1)) observe that by the dispersive

estimate, if t —2 < s < —1

[(S(t = 5)g(s), F(O)] < CIF @) L2 lg(s)] s
Let hy(t) = [If(#)l[Lr and hy(t) = [lg(¢)[[L1. Then

ITo(f, g |<C//Kts s)dsh s (t)dt

where K(t —s)=1ift —2 < s <t—1 and 0 otherwise. The first estimate follows
by Schur’s lemma.

For the second estimate (which corresponds to the horizontal line) we use nonend-
point Strichartz estimate and finally Hoélder’s inequality to bound

542

(f(8),S(t = 8)9(8)>dt’ S llars (o152 xmall S (¢ = 8)g(s)l[ Lav

SCHf”LQfP/([s+1,s+2]><RdHg(8)||L2'

s+1

where (g, p) is a strict Strichartz pair.
Thus

k+1  pt—1
~/k /t_2 (S(=1)f(t), S(—s)g(s))dsdt

The statement follows by summation with respect to k, and the Cauchy-Schwartz
inequality with respect to k.
The third estimates follows by the same argument. This completes the estimate
2d  _2d
(3.8) for (p,p) close to (7%, 75)-
To make use of the flexility we decompose f =Y fr, ¢ = >_ g such that

Te(t,z) = cu(t)xek(2), gk (t, @) di () Xtk ().

< CllfHLlP’([k,k-&-l]de)”g”sz?([ku,k]de)-
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We define the decomposition as follows. Given f : R¢ — R we define its distribution
function

As) = mHx: |f(x)] > s).

It is monotonically decreasing and finite for f € LP. Let si be the infimum of all s
so that \(s) < 2% - we allow s = 0. We set ¢; = 2#/Ps;, and

if 55, < |f| < Sk+1
otherwise

wormep
Then

f= ZCka

CHIfllee < ll(ew)llr < Cllfllzr

which can be seen by comparing to

and, for some C' > 0

I£15, ZP/md({\ﬂ > s})sPLds.

By definition
m?(supp xx) <28 |l < 27
We apply this decomposition at every time ¢ with p = 2% . Then

it3
F=>f

where at most one summand differs from 0.
We apply the first estimate (3.8):

1T (Fer g) <27 PP i ot | gu || o

_(ﬂ_t'_i_»'_l.)j_i_k(i_;’_l_ﬁ)
<e2 2O R /(e 7% v

where the second inequality follows from
Xt kllze < 2 )

We optimize p and p. Thus
5 (fis gie)| S 27 URTIA2HE =920 1 |

T 1750 IS

for some £ > 0 and e sum with respect to j:

DITI<CY D A+ k=KD R L s gkl 2,
7 kK

1/2 1/2
<C (2}; ka”i%ff2> (Zk: ”gk||2L2Lde2>

by Schur’s lemma. By Minkowski’s inequality
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+2 d+2

d+2
S [ ([ tod#amt) * ai
Rd

: /
d+2
2
2
<[ [ Slal#ant)
R4 &
=l 2,

and hence we obtain (3.7).

3.6. Small data solutions to the nonlinear Schrédinger equation. Most of
this section can be found in [4].
We study the initial value problem for initial data ug € L? for

(3.10) tur + Au = *|u|u

where 0 < v < ﬁ. The case of the plus sign is called defocusing and case of the
minus sign is called focusing. At least formally

M = lu|?dx
Rd

/ uo;udx
Rd

1 1
o / Lou? + 2 juo+2da
R 2 o) + 2

called mass, and

called momentum

called energy are conserved. For most of this section there is no distinction between
the focusing and the defocusing case.

The argument will rely on the Strichartz estimates with p = ¢ = Q(dijm and

2(d+2
p=q = (d+4)

The sign of the coefficients is of almost no importance in this section, and we
choose + to cover both signs, indicating differences whenever necessary. This sec-
tion establishes basic schemes which will be used over and over again. Simulta-
neously it is a warm up the set up and the consequences of the key multilinear
estimate. Lateron we will restrict ourselves often to giving the estimates of the
nonlinearity, and stating the properties.

It provides also a play ground for stability estimates, qualitative properties,
criticality and subcriticality.

3.7. Initial data in L2. Our approach will be based on the Strichartz estimates

: _ , — (2(d+2)
of Theorem 3.1 with p = ¢ = =7
(3.11) ||UHL2<{1+2) (Rde)HWHC(R;H(Rd)) N ||U(0)|\L2(Rd)+||i3tU+AU|\L%(Rde)

In order to prepare for variants and improvements we assume that there is a
space X with

(3.12) X C O(R; L2(RY) N L*T2 (R x RY)
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and

sup [o(@) [z + [[v]] 2asn < cllvllx
t L d

and
ol < e (@l + 0w+ Aol sggn Y.
L~ aFT (RxRd)

Clearly such a space exists: We could define X as the intersection in (3.12), and
then the Strichartz estimates ensure that it has the desired properties. The choice
of the function space is an important and nontrivial part of studying solutions to
many different dispersive equations. Even though we do not need this flexibility
here, and even though it complicates the notation a bit we prefer to do it here to
indicate possible modifications later on.

In the sequel we denote by v the solution to the homogeneous equation

10w + Av =0, v(0) = ug
which we can write by the unitary Schrodinger group S(t) as
v(t) = S(t)uo.

To approach the question of existence and uniqueness we make the ansatz u =
v + w where v satisfies the linear Schrodinger equation with initial data ug , and w
satisfies w(0) = 0 and

iwg + Aw =x 0,7 (t)|v + w|” (v + w) in R x R?

3.13
(3.13) w(0,z) =0 in R?

where T € (0, oo] will be chosen later. We will construct a unique w in X by a fixed
point argument. It is obvious that u = v + w is the unique solution up to time 7.
Then u = v + w is the searched for solution on the time interval (0,T).

We rewrite the problem as a fixed point problem: Given w we write w = J ()
where J maps @ to the function w which satisfies

(3.14) iwy + Aw = x (0,7 (t)|v + |7 (v +w), w(0)=0.

Suppose first that %(1 +o0)>2and o < %. By Hélder’s inquality

£t

(1+ o)

< 2 251

2(d++42) (®) ”fHL?(]Rd) Hf” 2(d+2) (Rd)

Observe that the exponent of | f||z2 is non-negative if ¢ < 4 and it vanishes if
4

g=qa

If0< 2(d+2) (14 0) <2 we estimate again by Holder’s inequality

g Ty e A o

Rd)'
In the first case we obtain the space-time estimate
—do 1
(3.15) X0,y lul 7 I 2aen < T |l 2 e ] mau)
and in the second case
(3.16) o [+l 2 gray < T e u“;?ﬁ; :
’ ' @ ([(0,T]xRY)
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If o < % T carries a positive power and we call this situation L? subcritical.
This power becomes zero if o = %, which we call L? or mass critical.
In the both cases

~ —dg ~ o
[J(@)][x < T (Jllx + ofx)**

which we complement by the similar estimate

do

17 (w) = J(®)||x < eI (||llx + [lwllx + vl x)7[lw — @]|x-

We set up the problem for an application of the contraction mapping principle
Let R = |[v||x. If ||@||x < R then, for some ¢ > 0,

|wlx < T~ (2R)™7 <R
where the last inequality holds provided
T < (2¢(2R)°)" 5@ =T,
which we assume in the sequel. Moreover, if w and @ have norm at most R then
I (w) = J(@)]|x < T % R |w — @1

We obtain a contraction after decreasing T' if necessary.

The critical case requires slightly different arguments, and it yields different
conclusions. This time we cannot gain a small power of T" and the smallness must
have a different source.

In the mass critical case we assume that |[x,1)v[ 2wtz 2042 < € for some
’ L d L 4

small e.
This is true for all 7' by Lemma (3.11) if ||ug]| .2 is sufficiently small. Moreover,
for all initial data ug € L? we have by dominated convergence

(3.17) HX(O,T)UHLPL‘Z —0 asT — 0

for all Strichartz pairs with ¢ < co.
It is obvious from the argument above (where we replace

Ixo,mvllx by HX(o,T)UHLw

for the mass critical case) that the iteration argument applies if ¢ is sufficiently
small. We obtain local existence under the smallness assumption, and hence global
existence provided the initial data are sufficiently small.

We collect the results in a theorem.

Theorem 3.7. There exists € > 0 such that the following is true. Suppose that

O<a§%,uoeL2 and

_do
T xroll% <

— 4
resp. 0 = 3 and

IXTV|7 20a12) <e
L™ 2d  (RxR?)

Then there is a unique solution in X up to time T which satisfies

(3.18) lu—ol|x ST

F o) 4

resp, if o = %,

_do .
(3.19) lu—vlx ST ||v||1L+

2(d+2)
—a
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There is a unique global solution

2(d+2)

we L™ @ ((=T,T) x RY) N C((~=T,T); L*(RY))

for all T if either 0 < o < 4, or, if ||ug||r2 < € and o = 4. In the last case we have

(3.19) with T =o00. If0 <k <1+ o then

(ug — u) € CH(L2(RY); X)
There is a stability estimate. Suppose that 4 € X satisfies

T ¥l x <e
@ — uollL2 + [|idyu + At — |a|”a||L% <e.
Then there exists a unique solution up to time T with
(3200 llu—lx < e ()@ uollee + 0@+ Ad— a7 2y ).
If o = % it suffices to require
||X(0,T)ﬂ||L% <e

Proof. Local existence in the subcritical case has been shown above. The fixed
point formulation leads to existence via the contraction mapping theorem on a
time interval whose length depends only on ||ug| 2. We claim that the L? norm
(mass) is conserved. Indeed, for sufficiently regular and decaying &« = v + w and
u = v + w we have

L@ zs = Ljuolzs + reali/ |7 aadadt
2 2 (0,t) xRd
which remains true for general @ and initial data by an approximation argument.
By then it also holds for the fixed point, for which the second term on the right
hand side is the real part of something purely imaginary.
Thus we can extend the solution to a global solution in the subcritical case.
It follows from the construction by the contraction mapping principle that the
solution depends Lipschitz continuously on the initial data.
The map
L (R x RY) 3 w = yom|w]"w € L*F (R x RY)
is k times continuously differentiable for £ < 1+ o, and o < %.
Thus J is k times continuously Frechet differentiable. Moreover, by the very same
estimates as for the contraction the derivative of J with respect to w is invertible,
and by the implicit function theorem from the initial data to the solution is k times

continuously differentiable. Checking the norms implies the stability estimate.
O

We also have
li =0
B o ||X(T,oo)v||L2<dd+2> (RXRY)

Suppose that u € X is a solution for T'= oo and o = %. One can deduce that the
limit

lim S(—t)u(t)

t—o0
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exists in L2. Let wg be this limit, and w the solution to the homogeneous equation
with initial data wg. Then the convergence statement can be formulated as

i u(®) — w(t) |2 = 0.
This is called scattering.
3.8. Initial data in H! for d > 3. Consider
(3.21) iug + Au = +|ulu

with initial data ug € H', by which we mean the space with the norm || [Vuo| || z2.
We want to use Strichartz spaces for the derivative and we define the function
spaces X by

Jullx i=sup [ Va2 + [Vl o

Then the Strichartz estimate 3.11 combined with Sobolev’s estimate gives
lullx < e (IVuollzz + IVF1 2z )
[ a4

for a solution u to the inhomogeneous linear problem.
Then, if ¢ < ﬁ, by Hoélder’s and Sobolev’s inequality

4—(d—

—1+4540

\Y%
I s

(d
2
2d
rd-2

IVIFP AN 2wz S A
L )

a1 (Rd

L (R%)

provided ¢ is not too small. For small o we argue as for the case of L2. We obtain
in both cases

_d=2)e 140
(3.22) IT@)lx ST (lollx + llwllx)™,
and, checking the same argument for differences,
17 (w?) = J(wh)|| 2aayz) + [T (w?) = J(w")]| oo 2

I,
_(d=2)o o
(3.23) ST (ollx + [lwtlx + [lw?]x)

x (lw? - WIHLZ(%Z) + [Jw? = w' || oo p2)

Theorem 3.8 (Local existence and uniqueness in energy space). Suppose that

0<o < ﬁ. There exists € > 0 such that the following is true. Let v be the

solution to the homogeneous linear Schroedinger equation. Suppose that

T )% <

Then there exists a unique solution u = v + w with

_ (d—2)o
IIVwHLooLz+||Vﬂ’||L2<"’+2>ST1 T [lollX

d

Again we may replace ||v]|x by ||X07TV'UHL2(d+2) . In the defocusing case the solution
d

is global if 0 < d%' In the energy critical case o = ﬁ there is global existence

for small data, and local existence for all data in H*.

Proof. Again we characterize the solution as the fixed point of the same map as

above, but now with respect to the norm X. By (3.22) we obtain a map of a closed
ball in X to itself, but a contraction only in the metric of L*F in a ball in X-

at least for large space dimensions and small . We change the space X slightly
by replacing C(R; L?) by L*°(R; L?). We claim that sequences which are bounded
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. . 2(d+2) o . .
in X and converge in L™ ¢  have a limit in X. There is a weak® converging
subsequence in X, and the limits have to coincide.

It is not hard to complete the argument for initial data additionally in L?(R%):

then v € L2 2), and this remains true for the fixed point map. In general we

define iteratively v;11 = J(v;). We claim that there exists j so that

2(d+2)
Vj+1 — V5 € L4 (R X Rd).

The contraction argument then completes the proof. This argument gives unique-
ness in the set sz
v;+XNL 2 (RxRY.
The proof of the claim is technical and omitted.
The remaining arguments are adaptations of similar arguments in Theorem 3.7.
O

3.9. Initial data in H'(R?). In this case we combine the arguments. We obtain
global well-posedness in the defocussing subcritical case o < %, local existence in
the subcritical and the critical case (o < %) and global existence in the critical case

o= % and small initial data.

4. FUNCTIONS OF BOUNDED p VARIATION

The study of p variation of functions of one variable has a long history. Function
of bounded p variation have been studied by Wiener in [31]. The generalization
of the Riemann-Stieltjes integral to functions of bounded p variation against the
deriative of a function of bounded ¢ variation 1/p + 1/¢ > 1 is due to Young [32].
Much later Lyons developed his theory of rough path [21] and [22], building on
Young’s ideas, but going much further.

In parallel D. Tataru realized that the spaces of bounded p variation, and their
close relatives, the UP spaces, allow a powerful sharping of Bourgain’s technique
of function spaces adapted to the dispersive equation at hand. These ideas were
applied for the first time in the work of the author and D. Tataru in [16]. Since
then there has been a number of questions in dispersive equations where these
function spaces have been used. For example they play a crucial role in [17], but
there they could probably be replaced by Bourgain’s Fourier restriction spaces
X% On the other hand, for well-posedness for the Kadomtsev-Petviashvili II in
a critical function space (see [10]) the X*® spaces seem to be insufficient. The
theory of the spaces UP and VP and some of their basic properties like duality
and logarithmic interpolation have been worked out for the first time in [10]. The
development in stochastic differential equations and dispersive equations has been
largely independent.

We will introduce and study functions from an interval (a, b) to R, R™, a Hilbert
space or a Banach space X, and spaces of such functions which are invariant under
continuous monotone reparametrizations of the interval. For the most part of this
section there are no more than the obvious modifications when considering Banach
space valued functions. We allow a = —oo and b = co.

We call a function f ruled function if at every point (including the endpoints,
which may be +00) left and right limits exist. The set of ruled functions is closed
with respect to uniform convergence. We denote the Banach space of ruled functions
equipped with the supremum norm by R.
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A step function is a function f for which there exists a partition so that f is
constant on every interval (a,t1), (t;,ti+1) and (¢,,b). We do not require that the
value at a point coincides with the limit from either side. Step functions are dense
in R (Aumann [1], Dieudonne [6]). We denote the set of step functions by S.

Let R.. C R be the closed subspace of right continuous functions f with
lim;, f(¢) = 0. Similarly, if A C R we denote by A,. the intersection with
Rre.

Let X be a Banach space and X* its dual. We consider functions with values in
X resp X* and we denote the corresponding spaces by R(X) reps. S(X).

There is a bilinear map B from S(X),. x R(X*) to R resp. C defined by

n
(4.1) Blu,v) = 3 vt (u(t:) - u(ti—1))

i=1
where a =ty < t1 < --- < t, < b is the partition. In the sequel we will omit the
space X and X* from the notation unless there is some ambiguity. Similarly the
formula above defines a bilinear on R(X*) x S(X).

It will be convenient to extend every function on [a,b) by zero to [a,b], i.e. we
will always set f(b) = 0, even if a = —oo or b = co. Similarly we extend every
function by 0 to R whenever this is convenient.

Definition 4.1. For u € R and a partition
T:<t1,t2...tn>, a<ti<ty<ts---<t,<b
we define (denoting the limit from the right by f(t+))
u(t) ift=t; foraj
u(a+) fa<t<ty
u(ti+)  ift; <t <tip
u(t,+)  ift, <t

We observe that f, is a step function, and it is right continuous if f is right
continuous.

Lemma 4.2. Let u € R,. andv € R. Then
B(ur,v) = B(ur,v;) = B(u,v;)

If u,v € S, then, with t; a partition containing all points of discontinuity of u and
v7

ur(t) =

B(u,v) + B(v,u) = Y (v(ts) = v(ti—1)(u(t:) = ulti-1)) + v(b)(u(b))

t
Proof. This follows immediately from the definitions. O

In particular, if there is no point where both v and w are discontinuous then the
only term on the right hand side is v(b)u(b).

4.1. Functions of bounded p variation and the spaces UP? and VP. In the
sequel p € [1,00]. Unless explicitly stated otherwise we consider p € (1, 0).
In later chapters we use UP and VP to study well-posedness questions for several
dispersive PDEs, where we select a number of relevant and representative problems.
A partition 7 of (a,b) is a strictly increasing finite sequence

a<t1<t2<-~-<tn+1<b

where we allow b = co and ¢ = —o0.
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Definition 4.3. Let I be an interval, X a Banach space, 1 <p < ocandf:I— X.
We define

n—1

1/p
wp(v, I) 1= sup (Z [v(tit1) — U(ti)H?() € [0, o0].

i=1

There are obvious properties. The function ¢ — w,(v, [a,t)) is monotonically
increasing. The same is true if we consider closed or open intervals.

Lemma 4.4. Suppose that a < b < c. Then
wp(v,[a,)) < wp (v, [a,0)) < 2177 (wy (v, [a, 1) + (v, [0, 0)) ).

Proof. Consider a partition 7. If b is a point of 7 then the p-th power of the 7
variation in the large interval is the sum of the p powers of the parts. If not we add
the point b. This increases the right hand side of the second inequality, and it may
decrease or increase the left hand side. The factor 2!~/ follows from

Ja+ b7 < 2P (|af” + [b]7).

The p variation can sometimes be explicitly estimated.
Lemma 4.5. For bounded monotone functions we have
wp (v, [a,b)) =supv — inf v.

We denote by C*(I) the homogeneous Hélder norm:

ju(t) = u(r)|

s( 7y = SU
”f”(;' (1) t;éIT) |t—7’|s
Lemma 4.6. We have
wp(v,(a,0)) < [Vl ¢y (b — a) /7.

Suppose that
wp(v, (a,b)) < oo.

Then v has left and right limits at every point. The expression is invariant with
respect to continuous monotone coordinate changes. Moreover

wp()‘va (av b)) = |)‘|wp(vv (aa b))v
wp(v + w, (a’a b)) S wp(vv (a7 b)) + wp(w7 (a’a b))
Proof. Let tg <ty <...ty. Then

lo(tivs) —v()ll% < ) (tir = t)l[ollen-
>
7 %

The other statement follow from a straightforward calculation. d

The p variation is continuous at points where v is continuous, provided the p
variation is finite.

Lemma 4.7. Suppose that wy,(v, [a,b)) < oo and v is continuous at ¢ € [a,b). Then

%LI%WP(U, la,1)) = Wp(v’ la, c]).
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Proof. Suppose that
lim  w(v,(a,t)) —w(v,(a,b)) = 2§ > 0.

t—b,t>a
Then there is a sequence of points ¢ < t; < ty...t, < b with

S ki) — ot > ‘5|

pllolisup

Similarly there is such a sequence in (¢, t1) and recursively we get an arbitrary large
number of such sequences. Putting N of them together we see that

wp(v, (¢,b)) > Ncé

which would bound N. This is a contradiction. Similarly we argue for the limit
from below. O

Definition 4.8. Let X be a Banach space , 1 < p < oo and v : (a,b) = X. We
define

”UHVP((a,b),X) = maX{HU”suznwp(Ua (a, b))}
Let VP = VP((a,b)) = VP(X) = VP((a,b); X) be the set of all functions for which
this expression is finite. We omit the interval and/or the Banach space in the
notation when this seems appropriate.

The interval will usually be of minor importance. The following properties are
immediate:

(1) VP(I) is closed with respect to this norm and hence VP(I) is a Banach
subspace of R. Moreover V2 (I) is a closed subspace.

(2) We set V° =R with ||.[[vee = |||l sup-

(3) If 1 < p < g < oo then

[vllve < [lo]lve.
(4) Let X; be Banach spaces, T : X7 X X — X3 a bounded bilinear operator,
v € VP(Xy) and w € VP(X3). Then T(v,w) € VP(X3) and
1T (v, w)llvexg) < 20T M[vllve ) lwllvex,)-

(5) We embed V?((a,b)) into VP(R) by extending v by 0.

(6) The space V! has some additional structure: Every bounded monotone
function is in V!, and functions in V! can be written as the difference of
two bounded monotone functions.

The space of bounded p variation is build on the sequence space [P. We may also
replace it by the weak space [P, with

. 1
[(aj)lliz, = sup A(#{j : |a;| > A})7.
A>0
This does not satisfy the triangle inequality, but if p > 1 there is an equivalent
norm, which makes 2 a Banach space. We set [y = [*°.

Definition 4.9. Let 1 < p < oo. The weak VP space consists of all functions such
that

[v

vp = max{ sup |[(v(tit1) = v(ti)r<i<n-1lliz, [0]lsup}

i
t < <tp

s finite.
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By Tschebycheft’s inequality
[ollve < llvllve.

The spaces of bounded p variation are of considerable importance in probability
and harmonic analysis. We shall see that VP is the dual space of a space UY,
1/p+1/g=1,1 < p < oo, with a duality pairing closely related to the Stieltjes
integral, and its variant, the Young integral [32].

Definition 4.10. A p-atom a is a step function in Sy,
n
a(t) = Z¢1X[ti7ti+1)(t)
i=1

where 7 = (t1...t,) is a partition, t,4+1 = b, with > |¢;|? < 1. A p-atom a is called
a strict p atom if
max ||| x (#7) '/ < 1.

It is important that atoms are right continuous, zero in a neighborhood of a, but the
limit as t — b may be different from 0.
Let a; be a sequence of atoms and let \; be a summable sequence. Then

u = Z/\jaj

is a UP function. This is well defined since the right hand side converges in R. We
define UP as the set of function having such a representation and give it the norm

[ullge := inf { SNl u= ijaj}.

The strict space UY, .., is defined in the same fashion using strict p atoms.

stric
We collect a number of elementary properties.
(1) If a is a p-atom then ||al/y» < 1. The norm of an atom may be less than 1.
Determining the norm of an atom is a difficult task.
(2) Functions in UP are continuous from the right. The limit as t — a vanishes.
(3) The expression ||.||y» defines a norm on UP, and U? is closed with respect
to this norm. Moreover UP C R, is a subspace with ||.||sup < [|-||u»-
(4) If p < ¢ then UP C U? and
[ullve < fJullo»
(5) If 1 < p < oo then for all v € UP
lullve < 2V [ull
(6) Let Y be a Banach space, and let the linear operator T : S,.. — Y satisfy
(4.2) [Tally <C

for every p atom. Then T has a unique extension to a bounded linear
operator from UP to Y which satisfies

(4.3) ITflly < Cllfllue-

(7) Let X; be Banach spaces, T : X7 X X5 — X3 a bounded bilinear operator,
v € UP(X;) and w € UP(X3). Then T(v,w) € UP(X3) and

1T (v, w)loe x5y < 2T [[[v][e ) lwlloe (x,)-
(8) We consider UP([a,b)) in the same way as subspace of UP(R) as for VP.
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The following decomposition is crucial for most of the following. It is related to
Young’s generalization of the Stieltjes integral, and it deals with a crucial point in
the theory. We denote the number of points in a partition 7 by #r.

Lemma 4.11. There exists § > 0 such that for v right continuous with ||v|yr =
there are strict p atoms a; with

L )
llag(®)llsup <2777 and  #r; <P
such that in the sense of uniform convergence
v = Z aj.
Proof. We set vg = v, and we search for a recursive decomposition with

Uj = a5 + U

such that
lvjllsup <277, llajllsup < 277
and, with 7; the partition related to a;
#Tj S 2pj.

Suppose we have constructed v; for ¢ < j and a; for i < 7 — 1. We construct the
aj, which also defines v;1. We choose the unique partition 7 so that

sup ()| x <2717 infa,ty),  fl(ty)llx =27,
t

[oj () —v;(t)llx <2777 it € [ti,tiga)
and
[ (tir1) = vt x = 27177
We define a; as the step function adapted to the partition 7; (recall Definition 4.1)
aj = (vj)r
Then, by construction,
lajllsup < Nojllsup <277,
[vj41llsup < 271
and since either (¢;,t;41] contains no points of an earlier partition, in which case

we estimate the sum of these differences using the V2 norm of v, or it does, and
then we simply add the number of those terms, and iterate

j—1
#ry <20l 27 + ) #m

i=0
(4.4) J ,
<P|ollb, > (G +1-14)27
i=0
SCPHU”I\)/gyp
We choose § = c;””. O

There are a number of simple interesting and useful consequences.
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Lemma 4.12. Let 1 < p < q < co. There exists k > 0, depending only on p and q,

such that for allv € VP . and M > 1 there exist u € UL, ., and w € U}, ., with
v=u-+w
and p
2, .., M lwllus, < lollve

Observe that we may replace U?,

D it by UP (since UL, ., C UP) and V} by VP
(since VP C V).

Proof. Multiplying v by &/||v||y»

w,rc

4.11 and setting @ = >_"" ; a; for some m to be chosen later we have

we may assume that |[v]|yz = ¢ as in Lemma

j=1
HU| Ulirict < m.
; Ji(1=p/a) g . i i ithop = 5% .
By construction 2 a; is a strict ¢ atom and hence, with w = Ej:mﬂ aj,
oo
~ ) (E—1)m
([ vl S § lla;] Ut < Cpg2e :
j=m+1
. lvllve - lollyre -
hence, with u = —"24 and w = —5"2 0
uU+w=v

and, with § = —In 2(% — 1) there exists ¢ depending only on p and w with

1
—ullor + ™™ [vllue < cllvllve,

We choose m = (M + 1n2¢)/d and, for M > In2¢, k = §/2 to obtain the claimed
estimate. O

We obtain the following embedding
Lemma 4.13. Let1 <p < g < oo. Then
Vrpc - V£,7‘c - Ugtrict C Ua.

Proof. Apply Lemma 4.12 with M = 1. a

4.2. Duality and the Riemann-Stieltjes integral. The Riemann-Stieltjes in-

tegral defines
[ ria= [ s

for f€ R and g € V. If f or g € S,. then, with the obvious partition,

(4.5) [ ot =3 st stt) - gt

This formula was the definition of the bilinear map B. We shall see that it uniquely
defines an ’integral’ for f € VP and g € UY, for 1/p+ 1/¢ = 1, ¢ > 1. Results
become much cleaner when we use an equivalent norm in VP,

1/p

n—1
(4.6) lollve = sup | D" [oltjer) = v(t)IP + [o(ta)]?
a<ti.tn<b \ S5

which we do in the sequel. We also set v(b) = 0 and, for any partition, ¢, 41 = b.
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Theorem 4.14. The bilinear map B defines a unique continuous bilinear map
B:UYX)x VP(X*) > R
which satisfies (with to = a and u(ty) =0)

n

B(u,v) =Y wlts)(ults) = ulti-1))

i=1
forv e VP and u € S, with associated partition (t1,...t,) and v(t;)(.) the evalua-
tion of v(t;) € X* on the argument in X. It satisfies
(4.7) |B(u, v)| < llullgex)l[vllve -
The map
VP(X*) 2 v — (u— B(u,v)) € (UNX))*
is a surjective isometry if 1 < g < co. Moreover

48)  ollvrxe) = sup Bluv)= sw  Bla).

ueU(X),||lullyax)=1 a is a qg—atom

The same statements up to constants are true if we replace UP by U,
by V1.

. and V1

stric

Proof. Let v € VP. The expression

n n

Fy(u) = ot (ults) —uti-1)) = = (0(tir1) = v(ts))u(t;)
i=1 i=1
is clearly defined for v € V2 and u € S, with partition 7 = (¢;). The product is an
abuse of notation for the duality pairing between X and X* which we suppress in
the notation. The map is linear in v and u and satisfies for every atom (by Holder’s
inequality, and using the right hand side of the equation for F,(u))

a)l < loltiyn) — vt x-lla(t)] x

i=1

n 1/p 1/q
< <Z [o(tiva) — v(ti)é}*) (Z la(t; ||X>

i=1
The first factor is bounded by ||v||y», and the second, by the definition of a ¢ atom,
by 1
Existence of a unique extension to UY follows from this estimate and (4.3).
Linearity in v and estimate (4.7) are immediate consequences. Clearly B defines a
map from VP to the dual of U? with norm at most 1. Let us prove that it defines
an isometry and choose v € VP ¢ > 0, and a partition ty < t; < --- < t,, with

1/p

[ollve < ZII tiv) — vtk | +e

Here we set again t,11 = b and v(b) = 0. We choose x; € X of norm 1 with

(v(tit1) —v(t:) (@) = (1 = e)llllv(tit1) — vt x-
and
b5 = pllv(tjzr) — v(t;) 5
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where 1 = |Jv||y,". Then
n n
SIS < S oltsin) — ot < 1.
j=1 j=1

Thus the partition and the ¢; define an atom a, and
lvllve > B(a,v) — Ce.

The map is an isometry since ¢ is arbitrary. We turn to surjectivity. Let F' € (U?)*
and define the element v(t) € X* by

v(t)(7) := F(ZX[t,00)) for v € X.
Let a be an atom. Then

F(a) :ZF(QSiX[t,-,,b)) = F(¢iXtir ) = — > ¢i(v(tit1) — v(t;))
:ZU(ti)(a(ti) —a(ti-1)) = B(a,v)

By the previous estimate
[ollve < [[Fllwa)«-

Hence both sides coincide on U?. The remaining claims are simple consequences.
O

The previous results show that UP C V2, and both spaces are very close. They

are, however, not equal. The following example goes back to Young [32] with the
same intention, but in a slightly different context.

Lemma 4.15. Let ¢ be a smooth function with compact support, 1 < q < co. Then
ugt) = 8(x) 3279/ cos(2it) € VL
j=1

but not in U1.

Proof. Let p be the Holder dual exponent of ¢ and

N
vl () = ¢ 277/Psin(27t).

j=1
where we allow N = oo. Then, with M = [Ina(|t — s|)], [ ] the Gauss bracket,

M N
o (£) — v ()] < 279/P|6(t) sin(27t) — (s) sin(2s)| + 1y 279/P

j=1 j=M+1
M

<cp | Y 27/t — s 4 27/M
j=1

<es (Q—M/p+M|t — s+ 2—J'/M)

<eqlt — 5|%

and hence, by Lemma 4.6
sup HvéVHVp < 00,
N
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and similarly u, € V,2. Now, assuming that u, € U9, with 1/p+1/q = 1, we claim
/(ugO)’vj,de = N/2/q$2da: +0(1)
o]

which is unbounded, hence a contradiction and V,4 > ug® ¢ U9. It remains to verify
(4.9). The first inequality is a consequence of the duality theorem. We expand both
factors in the integral and claim for j # [ by stationary phase

’/(b(t)Q_j/p_l/q cos(27t)(o(t) sin(2't))'dt

for every M € N. Thus

S | [ ot vneostinotsmztnyal <32 3 o

JELISN j=1 1=1,1]
which is bounded independent of N. Next

//qb(t)2_j/p_j/q sin(27t) cos(2jt)¢’(t))dt’ <270

(4.9) lugllvrellupllve >

<cp279)20 = 2™

a

nd
’ [ [ e cosQ(th)dt‘ - ’ | [ #0350 +cos(2j+1t))dt‘
1 o
:§/¢2(t)dt+027.

We expand (4.9). Only the diagonal terms contribute. This completes the proof.
|

4.3. Step functions are dense.

Lemma 4.16. For all v € VP and all partitions 7 we have (recall Definition 4.1)
(4.10) [orllve < [[ollve.

and for all u € UP

(4.11) lurllor @y < llullue -

Forv e VP and € > 0 there is a partition T so that

(4.12) lv—vr|lve <e.

Given u € UP and € > 0 there exists T with

(4.13) lu—ur]ue <e.

In particular the step functions S are dense in VP and S, is dense in UP.

Proof. When we take the supremum over partitions for v, we may restrict to subsets
of 7 and the first statement becomes obvious. For UP it suffices to check p atoms
a’

lar|loe < 1.
Density of step functions in UP follows from the atomic definition of the space: Let
u € UP and € > 0. By definition there exists a finite sum of atoms (which is a right
continuous step function wussep,) such that

||U — ustep”Up < 5/2
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Let 7 be the partition associated to wustep. Then
lu—urllue <|ustep — urllue + [Ju— ustep e

<[ (tstep — u)rllur +€/2

<e.
which is the claim for U?. Let V? be the closure of the step functions in V.
Suppose there exists v € V? with distance > 1 to V?, and ||v|lyv» < 1+ . Such
a function exists when V? is not VP. Let D C U? be the subset such B(u,v) =0
whenever u € D and v € VP. Since the dual space of D is naturally given by

D* = V?/VP, and since v defines an element in D* of norm > 1 there exists u € D
with B(u,v) = 1, and a partition 7 so that ||u — u,||y» < &. However

0 = B(u,v;) = B(ur,v) = B(u,v) + Bluy —u,v) >1—¢(1+¢)

which is a contradiction if ¢ < % Hence the step functions are dense in V? and,
given v € V? and € > 0 there is a step function vgep With |[v — veep|lve < € and
partition 7. Then

v —vrllve SHvstezv —vrlve + flv— UstepHV”

<(vstep — v)rllve +€/2
<e.

which is the density assertion. O

4.4. Convolution and regularization. Convolution by an L' function defines a
bounded operator on UP and VP?. Ruled functions are in L>° and hence the product
of a function in UP or VP with an L' function can be integrated. In particular the
convolution of a ruled function and an L' function is well defined.

Lemma 4.17. Let a = —oco0 and b= oo, v € VP and ¢ € L*. Then
v dllvecxy < M@l lvllvex)

and
u* dlloe(x) < @l llulloex)-

Proof. Let T be a partition. It suffices to consider ¢ non negative and with integral
1. Then, by convexity and Jensen’s inequality

S0 oltirn) = 6ot < [ 6] Y lolties + 1) — ot + 1P < o

The statement for U? follows by duality: We have
B(¢ % a,v) = B(a, $ *v)
with @(t) = ¢(—t). O

The first part of the next result it due to Hardy and Littlewood [11]. The Besov
spaces of the lemma will be explained in the proof. We include third statement for
completeness, but it will not be used later on.

Lemma 4.18. Let I =R, h >0 and v € VP. Then
(4.14) lo(. 4+ h) —v()||lr < (2R)VP||v]|ys.
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In particular, if 1 < p < oo,
o]l grywe < cllvflve
and
lullg < ellull g
Proof. Let I; = [jh, (j + 1)h] where

v(t+h)—v(t) <max{ sup v-— inf v, sup v— inf o}
o ) ) {[jh,(j-i-l)h] [G+DA,GH2R] (41, (j+2)A] [7h,(j+1)h] J

For € > 0 there exist two points t;¢ € I; and t;; € I;41 with

sup [o(t + ) — v(t)] < (1 - &)folty41) — v(t,)].
tel;

For simplicity we assume that v is continuous, in which case we may choose ¢ = 0,
which is the only use we will make of the continuity assumption. Hence

[ 106+ 1) = oPde <h( Y Ioltaenn)  oltaena)P+ 3 oltaia) = oltaio)P)
i i
<2hfo]y-
All partial sums on the right hand side are bounded by 2h[|v||},, and hence the
same is true for the sum. There are many equivalent norms on the homogeneous

Besov space, one of them being

vl g1/» = sup h_l/p”v(. +h)—v|Le
p.ee h>0

and the bound follows from the estimate for the difference. The last statement
follows by duality: The bilinear map

.1 .11
Blow x Bt 5 (f.9) > [ fdg

.1 Rt
defines an isomorphism Bp o — (Bl’l)*. Herefor0<s<land 1 <¢g< o0
p—1°
o dh\ "
lolag, = ([0t = ol )
: 0
See Triebel [30] for the theory of these spaces. O

Let ¢ € C§° with [ ¢ = 0. Then it is an immediate consequence that

o< 0llr =1 [ ot + )~ w(e)o(bdh

(4.15) < sup h=YP|[u(t + h) — v(t)] 10 / 12| 3(h)|dh
h

< dfvflvr
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and, by duality, for ¢ € C§°,
luxdllur < sup B(¢*u,v)
[lv|lve<1

= sup /qﬁ’*uvdt

lvllve<i

= sup /ug{)'udt

[lvllve<1

(4.16)

< sup |lullzell¢" * vl Lo
UHVQS1

<Clluf r»

Clearly C3° C VL. Let V? C VP be the closed subspace of functions with
f(t) = $(limp—o(f(t + h) + f(t — h))). We consider functions on R. If v € VP is
continuous then

B(¢p * a,v) — B(a,v) as h — 0
for all atoms a. Here ¢ € L' with [ ¢dz =1 and ¢p(z) = h='¢(z/h). If moreover
¢ is symmetric then
Op*v =V

pointwise for all v € V? and B(¢y, * u,v) = B(u, ¢y, * v) for all u € U? and v € VP,
Lemma 4.19. We have
B(¢p * u,v) = B(u,v)
foru e UP(R) and v € VINC and
Gp *xV = v
in the weak * topology for v e VP(R) for 1 < p < co.

Proof. Only the last statement needs a proof. By definition and the pointwise
convergence B(u, ¢p *v) — B(u,v) for all u € R,.. This implies weak star conver-
gence. O

4.5. More duality. The space U? N C(X) is a closed subspace of U4.

Lemma 4.20. The bilinear map B defines a surjective isometry
~ 1 1
Vp(X*)'r‘c — (Uq ﬂC(X))*7 -+ -= 171 <p,q <.
p g

Proof. The kernel of the duality map composed with the inclusion (U? N C) C UP
consists exactly of those elements of V7 which are nonzero at most at countably
many points. We claim that the duality map is an isometry. Let v € V?, and let a
be an atom so that
[ollve < (1+€)B(a,v)

If ¢, is a symmetric mollifier then, if A is sufficiently small

B(a, ¢p *v) = B(¢pp * a,v)
which shows that the duality map is an isometry.

It remains to prove surjectivity. Let L : UPNC(X) — R be linear and continuous.
By the theorem of Hahn-Banach there is a extension with the same norm to UP,
and by duality there is v € V9 with |[v|v« = || L|| and L(u) = B(u,v) for all u € UP.
Changing v at a countable set does not change the image in (U? N C(X))*, hence
we may choose v € VE..
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In the sequel we identify u(a) resp. w(b) with the limit from the right resp. the
left.

Lemma 4.21. Letu € U? andv € UP, 1/p+1/q =1 and let (t;)j—1 be the points
where both v and w have jumps, and denote the size of the jumps by Au(t;). Then

(4.17) B(u,v) + B(v,u) ZAU i)+ u(b)v(b)

Proof. The right hand side of (4.17) is continuous with respect to v € V9 and
v € VP with the jump understood as the difference between the limit from the
right and the left - the sum over the jumps to the power p is bounded by the V?
norm. The left hand side is continuous with respect to u € U? and v € VP, and
it suffices to verify the formula for u,v € S,. with joint partition (where we add
to=a) a=ty <tp...ty <b. Then the statement follows from Lemma 4.2. O

Lemma 4.22. Test functions C§° are weak* dense in VP.

Proof. Step functions are dense in VP, and it suffices to verify that step functions
can be approximated by C§° functions in the weak+ sense. Moreover it suffices
to consider test functions with a partition consisting of a single point, which we
choose to be 0. Hence we reduce the problem to a proof for three functions. We
fix ¢ € C§°(R), identically 1 in [—1,1], and n € C°°(R) supported in (0, c0) and
identically 1 for t > 1. Then for u € S,.. checking the definition shows

B(u, ¢(t/5)) = B(u,1)
and with v(t) = 0 for t # 0 and v(0) =1

B(u, ¢(jt) — B(u,v)
and, with v(¢t) =0 for ¢t <0 and 1 for ¢t > 0

B(u, ¢(t/§)n(jt)) — B(u,v)
with j — oo. ([
We define

(4.18) Vi ={veVinC,v(b) =0}.
Lemma 4.23. The map

UP(X™) = (VE(X))T,

u— (v — B(u,v))

s a surjective isometry.

Proof. By the duality estimates the duality map is defined, and it is an isometry
since the space V& is weak star dense in V9. Let L : V& — R by linear and
continuous. By Hahn Banach L can be extended to continuous linear form on
L € (V9)*. Since U9 C V% by an abuse of notation L € (U9)* and there exists
u € VP such that

B(w,—1) = L(w)
for all w € U%. We define (with ¢+ the limit from the left resp. the right)

u(t) = a(t+) — a(a).
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Then u € ﬁﬁ>pUﬁ and by Lemma 4.21 below, for all v € V{,
L(v) =L(v —v(a)) + v(a)L(1)
v~ 0(a).) + v(a) lim L(x 1))
v —v(a),u) — (v(b—) — v(a))i(a) + v(a)u(a)
u,v —v(a)) + (a(b) — u(a))v(a)

where we used that v(b) = 0 and that v is continuous.
For every partition we have u, € UP, with

[wrlle < sup B(v,u;) = sup L(v;)
veVE [lvllvr <1 [lvrllve=1

Since u € V2, there is a sequence of partitions 7; so that u,, = « € V? and hence
the sequence converges uniformly. Thus for every step function v

B(ur,,v) = B(u,v).
Since step functions are dense in V¢ even
B(ur,,v) = B(u,v;;) = B(u,v)
For all v € V4. Let UP*™ be the bidual space of U? , which we consider as isometric
closed subspace of X**. By an abuse of notation we consider u as element of UP**,
Then
B(uq,,v) = u(v)
for all v € V2 and the distance between v and UP in UP** is zero, and hence
u e UP. O
Corollary 4.24. We have
lullye(x) = sup{B(u,v) : v € C5°(X), |v|[va(x-) = 1}
and
[ollve.x) = sup{B(u,v) : u € G5, [lullpax+} = 1}.
Proof. Clearly C§° is weak dense in VP(X*). This implies the first statement.
Given ¢ > 0 there exists a ¢ atom in U?(X™*) with
B(a,v) = [vllvr —¢
Since
B(xxpe,p),v) = 0
as t — a we may assume that a(b) = 0. A standard regularization implies the full

statement. O

4.6. Consequences of Minkowski’s inequality. For a Banach space Y we de-
note by LP(Y) the weakly measurable maps with values in Y’; for which the norm
is p integrable.

Lemma 4.25. We have for 1 <p <q < oo
(4.19) lullLa ey < llullue(rs)
and

(4.20) lvllveray < [lvllpavey-



NONLINEAR DISPERSIVE EQUATIONS 43

Proof. 1t suffices to verify the first inequality for a p atom

a(t’ I) = Z Xt tig1) (t)q)l (:C)

with values in L?. This is a function of « and ¢. Then t — a,(t) is a step function.

Let y
fla) = (Z |<1>i<x>|p>

1/q
lall 2 om = ( / f(:c)qu)

- [ (Zms@r

1/p

Then

a/p\ /1

< | DIl
i
<1

where we use Minkowski’s inequality for the first inequality. The argument for the
VP space is similar. O

The argument works the same way if we consider Banach space valued functions
in UPLY etc.

4.7. The bilinear form as integral. Here we consider scalar valued functions.

Definition 4.26. Let v € VP(a,c) and u € U%(a,c). We define fora < s <t <b

(4.21) / vdu := B gy (u —u(s),v) + (u(t) —u(t—))v(t)

and
(4.22)

[ wdei= [ Codu Ytatey) - ulty-)(w(ts) - o)

+u(t—)v(t—) —u(s)v(s+) + u(t)(v(t+) — v(t=)) + v(t)(u(t) — u(t—))
with the sum over all joined jumps in (s,t).

The second definition is partly motivated by

(1) The integration by parts formula (4.17). It should reduce to integration by
parts if v € U?, and if there are no jumps at ¢

(2) The desire to have a certain symmetry with time reversion if v is continuous
the left and w is continuous from the right.

(3) We want the integral to be additive in the interval.

Lemma 4.27. Foru e U9 andv € VP, 1/p+1/q =1 we have

c b c
/ vdu :/ vdu—i—/ vdu
a a b
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c b c
/ udv :/ udv —|—/ udv.
a a b

With the obvious notation,

t
4.2 H/ d
(4.23) auvv

and

and

L S llullwallollve

t
(424) Y ey e e
a Ua

Proof. It suffices to check the first formula for atoms u. Suppose that t; < b <t;11.
On both sides we have a sum over

v(tjr1)(ultj+1) — ulty)).
For the second formula we see from the definition

c b c
/ udv = / udv + / udv
a a b

where we have to check the contribution at ¢ = b.
Formally, for smooth functions

B(/at vdu, w) = /abw(t)v(t)u’(t)dt

(4.25) =B(u, vw)
<[lvw|[vallullur

<L2lvflvallwlvallufvr

which formally implies (4.24).

For a rigorous proof we verify the formula in the case when u is a atom, and v
and w are step function with a common partition all functions. Then f(f vdu is a
right continuous step function and

D () (ulty) = ult—)w(ty) = [t w(tj) — v(t;)w(t;)]u(t;)
J J
where we neglect the boundary terms. We apply Holder’s inequality to bound the
expression by

(Z [o(tj41)w(tj1) — ”(tj)w(tj)|q) v (Z |u(tj)|p) "

Again formally for smooth functions

B(w,/at udv) = — /ab vwu'dt + (w(b) — w(a)) /ab uv'dt

b b
(4.26) :/ v(uw)'dt — (w(b) — w(a))/ vu'dt
—u(b)v(b)w(b (a)v(a)w(a)

_|_
B
=
|
S —~
§ ~
+
<
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if u(a) = w(a) = 0. This implies formally (4.24). For a rigorous proof we apply
integration by parts several times. First

t+
/t_ udv =(u(t) — u(t—))(v(t) —v(t—)) + u)v(t+) — u(t—)v(t—)

—v(t)(u(t) - u(t-))
=u(t)(v(t+) — v(t=))

and
t+
/t udv = u(t)(v(t+) — v(t))

and hence [P sum over the jumps is bounded. Thus the bound reduces to the bound
for

B(w, /at vdu)

and by the same token to

t
B( / vdu, w)
which we have proven above. (I

Sometimes it is convenient to have a notation for spaces of derivatives of functions
in UP resp. VP.

Definition 4.28. We define dUP as the space of all distributions f for which there
exists an antiderivative in UP, equipped with the norm in UP. Similarly, let dVP be
the space of all distributions which have an antiderivative in f/fc, equipped with the
obvious norm.

4.8. Differential equations with rough paths. This type of study was initiated
by Lyons [21]. We will only scratch on the surface. We observe that the duality
mapping extends the Young integral.

We consider the differential equation

y=F(yx)z,  y0)=yo
where x € U? and F is a bounded Lipschitz function continuously Frechet differ-
entiable with respect to y, and d,F' is uniformly Lipschitz continuous. We denote
by an abuse of notation the bound for F' by | F|syup, the Lipschitz bound with
respect to y by ||Dy F||sup, and the homogeneous Hoélder bound with respect to y
by [|Fl[c=v)-
Suppose that y is a solution, i.e

Then, by (4.24)
ly(@) —y(@)llv> <I[F(y, x)llv2|]lo
SUFllsup + 1Dy Fllsupllyllv2) + (|1 DaF | supllzllv2) ]| o2

It is trivial that there is a unique solution if x is a step function in S, - for that we
consider a finite number of differences. We shall construct a solution to the initial
value problem for ||z||y» small. This implies existence of a unique solution since we

(4.27)
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may first approximate x by a step function, and then solve the differential equation
on each of the intervals of the step function.
We want to construct a solution as fixed point of

y(t) :y0+/0 Fly(s), o(s))ids.

We claim that there is a unique solution y with y — y(a) € U? provided
lzlle <e

with e sufficiently small. Let

y(t) = yo +/0 F(3(s), z(s))ids.
Now, by (4.27),

1y = y(@)lloz < 1Fllsup + 1Dy Fllsupllgllvz + |1 DeFllsupllzllv2) [0

and we obtain a uniform bound R on the iteration provided || Dy F || sup||z /|2 < 3.
If 41,92 € U? and y; is defined by the Young integral above we get- we consider
scalar valued functions to simplify the notation -

lye — yillvz <2[|F (g2, x) — F (g1, ) |lvzzllve
S(IIDyFllsupllﬂz —Gillve + 1Dy, Fllsuplldo = 911l supllG2 — G1llv2
1D, Fllsup 131 = Gt llsup 202 )

We easily construct a unique solution by a standard contraction argument provided

1
(HDyF”sup + HD?;yF”sup”R"" HDaQCny”U?) |zl < 3

where R is the uniform bound from above.

The modifications for UP, p < 2 are as follows. The differentiability requirements
on F' are weaker: Let 1 < p < 2 and % + % = 1. The apriori estimate requires few
changes and we concentrate on the contraction, for which we consider

1F (2, ) = F(ij1, @) |va <Dy Fllsupllfe = G1llve + 1Dy Pllcnra(ly2 — g1 |7
+ 2l G2 = 5 lsup-
We recall that p — 1 = p/q. We obtain the contraction as above.

Theorem 4.29. Let 1 < p < 2, F: X XY — Y be bounded, uniformly Lips-
chitz continuous, Frechet differentiable with respect to X and Y, and dF is Hélder
continuous with respect to y with Holder exponent p — 1. We study

dy = F(z,y)dz,y(a) = yo

Then there exists a unique solution y € UP(Y) if e € UP if 1 <p <2 andy e VP
if x € VP and dF is Hélder continuous with exponent s > p — 1.
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4.9. The Brownian motion. The Brownian motion is almost surely in V7 for
p > 2. We denote by B;(w) the path of the Brownian motion as a function of ¢
and the element of the probability space w. If the Brownian motion would be in
U? with positive probability we could solve stochastic differential equations in a
pointwise sense. The 2-variation however is almost certainly infinite.

The regularity of the Brownian motion is characterized by the following fairly
sharp result of Taylor [29] , see also [7].

Theorem 4.30. Let
h? for h >e™¢
Ya,1(h) = h? - e
mmm YR <e
There exists n > 0 so that
n
]E(GXP(THBprQ,I;[o,T]) < o0
where
HB||¢2,1§[O,T] = lnf{M >0: SUPZ¢2,1(|BM+1 - th'/M) < 1}
Moreover, if
h2
Y(h)Inln(1/h)

—0ash—0

then
SupzwﬂBtwﬂ - Btz') = 00.
TT

See Theorem 13.15 and Theorem 13.69 in [7]. This result deviates from the V?
spaces by an iterated logarithm.

Let (£2, 1) be a probability space with a filtration yu;, t € R, f € LP and f; =
E(f, ut). Then

(4.28) I feller,vzy < cpllfllLe

is a consequence of Doob’s oscillation lemma for martingals [23], see also Bour-
gain’s proof of p-variation estimate [2]. A weaker version is due to Lepingle [19].
For the Brownian motion B; we obtain

Theorem 4.31.
I Bell e (,v2(10,1)) < ¢p-

This has been a motivation to introduce V2.

4.10. Adapted function spaces. Given distribution 7" want to construct an ele-
ment in UP or VP which has T as derivative. This is the done in the next lemma.
co1 1
Again st = 1.
Lemma 4.32. Suppose that T is a distribution supported in [0,00) so that
sup{T() : 6 € C§%, lollos < 1} = €1 < o0
then there exists a unique v € VP, with
T(¢) = B(v,9),
Cl S ||1)||Vp S 2C1
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and vy =T in the sense of distributions. Suppose that T is a distribution supported
in [0,00) so that

sup{T'(¢) : ¢ € Cg%, [[v]lva <1} = C1 < o0
then there exists a unique u € UP with
T(¢) = B(u,¢),
lullor = C1
and uy =T in the sense of distributions.

Proof. There exists a unique distribution V' supported in [0,00) with 6;V = T
which is defined as follows. We fix a function n € C* supported in [—2,00) and
identically 1 in [—1,00). Then

Vi) =T0n [ 0
which does not depend on the choice of 7. Then
V(0i¢) = T(no) = T(9)

by definition. The difference of two such distributions has zero derivative, hence it
is constant, and by the assumption on the support it is unique.

Next we choose a function ¢ € C§°(R) supported in (—1,1) with [¢dz =1 and
define for h > 0 and s € R

o) = non [l = s) e

Then by the support property,
V(R 9((t = 5)/h) = =V (%¢) = T(¢)

and, since, for suitably choosen v

4l <1
and hence
[V (h™((t = s)/h)| < C,
which implies
sup |V + h™My(./h)] < C

and thus there exists a bounded and measurable function v with
V(o) = [ o

and moreover v is supported in [tp,00). At Lebesgue points

V(A= ((t = 5)/h))| = n~" /v(t)w((t —s)/h)dt = v(s)

as h — 0. Similarly, if 7 is partition for which all points are Lebesgue points, and
arguing as for duality we see that

(S lote) ety )P)” <

In particular left and right limits at ¢ € R exist if we restrict the approach to
Lebesgue points. Hence we may assume that v is a right continuous ruled function,
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supported in [tg,00). But then the very same argument shows (since we have to
include the supremum in the norm) that

||U||Vrpc S 20

By construction the weak derivative of v is T. We conclude that T defines an
element of (U?)* which is represented by same function which has to coincide with
v. This completes the argument in this case.

In the second part we construct the function u as above. Then

7(6) =~ [ udio = ~B(o,u) = B(u. o).
In particular, for every partition, since C§° is weak star dense,
[urllor < C
We conclude as for the duality that
[ullvs < C.
|
we observe that there are not more than obvious changes if we consider Hilbert
spaces valued functions, and if we replace the product by the inner product.

We briefly survey constructions going back to Bourgain, which have become
standard. The following situation will be of particular interest. Let ¢ — S(t) be a
continuous unitary group on a Hilbert space H. We define UL and V¥ by

[vllvey = 1S(=t)o@)llve .
or, to put it differently, we say that v € V¥ if and only if S(—¢t)v € V?. Similarly we
define UE. Alternatively we could define U by UL atoms. Such an atom is given
by a partition t; < taf,, and n elements ¢; € H, with >_ [|¢;]|” < 1, and a(t) = 0
if t <ty, and a(t) = S(t —t;)¢; if t; <t < t;41, with the obvious modification if
t>t,.

By Stone’s theorem unitary groups are in one-one correspondence with self-
adjoint operators, in the sense that

with a self adjoint operator defines unitary group S(t) and vice versa. At least
formally
10:(S(—t)u(t)) = S(—t)(i0yu — Au)

and hence the duality assertion is

lullug = sup  B(S(=t)u(t), S(=t)v(t)).

Ivollyz <1
Now suppose that - again formally -
1O+ Au = f

then, if we choose by Duhamel’s formula the solution

t
u(t) = / S(t — $)f(s)ds.
A related construction goes back to Bourgain. He defines

(4.29) [ull xor = [1S(=t)u(®)| o2
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where the Sobolev space H? is defined by the Fourier transform,

1l = L+ 722 fl| 2
Clearly
X%t c x%
whenever b > V/. We may use a Besov refinement of the right hand side of (4.29),

i.e.
1/q
Hu”)'(sﬂbwq = <Z NS(I””N”?.]b([;))

Ne2?
where we choose a disjoint partition Ay = {(,€) : 2V < |7 + ¢(£)| < 217V} and
define uy by the Fourier multiplication by the characteristic function of Ay .
Then

X3

1
151

CUZC V3, C X0
follows from Lemma 4.18.

There is an obvious generalization to the case of time dependent operators A(t).
Definitions are simple, but this often leads to technical questions.

Now

ft,z(s(_t)u)(Tv g) = fte_it¢(£)a(tv g) = ft,m’u(T - t¢(§)v g)
and hence by the formula of Plancherel and a translation in 7 variable

lull xo0 = [[(1+72)"2F o (u) (7 = t(€), )l 22 = |1+ (7 + (€)*)"* Fro (w)] 2

4.10.1. Strichartz estimates. We want to use this construction for dispersive equa-
tions. There A is often defined by a Fourier multiplier, most often even by a partial
differential operator with constant coefficients.

We consider the Schrédinger equation

10+ Au =10 in [0, 00)
u(0) = ug on R?
Let u(t) = 0 for t < 0 and the solution otherwise. Then
||U||U; = ||u0||L2(]Rd)-
One of the Strichartz estimates states
(4.30) lullzrrs < lluollze
whenever

7+7:§7 QSpaQ7 (p7qad)7é(250052)

We claim that this implies

lullrrre < cllullo.
It suffices to verify this if S(—t)u is an atom with partition (¢1,¢2...¢,). Then,
with t,11 = 00, by the Strichartz estimate

Il e (e ,500)502) < cllults)lze-

We raise this to the pth power, and add over j. Then

1/p
lllzene < e (D lutt)l) " <e

since S(—t)u is a p atom.
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Consider v(t) = fioo S(t —s)f(s)ds and let 7 = (¢;) be a partition. Then

v(ty) = S(t; —tj—1)v(tj—1) = /‘j S(t; —t)f(t)dt

tj—1

and by the Strichartz estimate
15(=t5)v(t;) = S(=tj-1)o(tj-1)llez < ellfll o
and
t— S(—t)v(t)
is continuous.
We take the power p’ and sum over j to reach the conclusion

ol < ellfll o o

This implies the dual estimate to (4.30). If p > 2 we may combine the estimates
with an embedding to obtain the full Strichartz estimate. In particular we arrive
at the non symmetric improvement for the Strichartz estimate

el oz + oo < e (luollze + 171 o)

if both (¢1,p1) and (go, po) are Strichartz pairs, but not necessarily the same ones.
We prove this estimate over the interval (0, 00) and extend u by 0 to negative ¢.
Then

[ullLoe (z2) + lull Lroao < cllullure < cllullym, < clluolle + IIf1] o501 -
Lemma 4.33. The following estimates hold for Strichartz pairs
[ullLe.e < cflullur

and

HS(t)uo + /Ot S(t — )f(s)ds

< c(lJuollzz + [ fllporar)-
\%

4.10.2. FEstimates by duality. We return to duality questions and calculate formally

lullvg = sup  [B(S(=t)u(t), S(—t)v(t))|

lvllyp <1
= sup /<8t5(7t)u(t),S(ft)v(t»dt
(4.31) lvlyp<11/R
= | ﬁup<1 |[—i(S(—t)(i0yu — Au), S(—t)v)dt|

= sup [ (o
ol <1 JR

with a similar statement for Vg . This observation will be crucial for nonlinear
dispersive equations.

Lemma 4.34. Let ¢ € C*®(R?) be a real polynomial and let S be the unitary group
defined by the Fourier multiplier €€ . Let 1 < p,q < co and %—F% =1. Let T be

a tempered distribution in (a,b) x R which satisfies

sup{|T(@)] : u € C§°((a,b) x RY), Jullpz <1} = C1 < o0
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Then there is a unique v € V¢, (a,b) with
T(u) = /viut + ¢(D)udzxdt

and ||v||ye = C1. Let T be a distribution in space time which satisfies
sup{|T ()| : v € C§°(R x RY), [vllve} =C2 < o0

Then there is a unique u € U with
T(v) = /uivt + ¢(D)vdzdt

and ||ullye = Cs.

Proof. Fourier multiplication commutes with the evolution. We convolve T with
the inverse Fourier transform of a non-negative function with compact support. To
this we apply Lemma 4.22. But this gives the full statement. (I

The theorem implies existence of a weak solution to
ibu+¢(D)u=f, wula)=0,
together with an estimate for u.

4.10.3. High modulation estimates. We denote by f(D) the Fourier multiplier de-
fined by a function f. Let

f=1=x(7/A)
where 7 is the Fourier variable corresponding to ¢ and x is an approximate char-

acteristic function, i.e. x is supported on a ball of radius 2, and identically 1 on a
ball of radius 1.

Lemma 4.35. The following estimate holds.
1F(D)ollLz < A2 |o]lv2
Suppose the group S(t) is defined by the Fourier multiplier ¢®*€) then, with
f(D)=1=x(7+ ¢(£))
IF(D)ullzz < eA™2|Jv]lvz
Proof. We have
File "0 a(t,€)) = Fopu(r = $(6),€)

and the second claim follows from the first one. Let

g=F "x(&/N).
Then
g(t) = A" F X)) (AE)

and

/ (w(t + h) — v(t))g(h)dh

L2

Ssgplhl’mllv(ﬂ h) —v(®)]| > / B[V 2ATYRIF T (B | dh

chuHVzA‘l/z/\h|1/2|}"1x|dh.
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5. CONVOLUTION OF MEASURES ON HYPER SURFACES, BILINEAR ESTIMATES
AND LOCAL SMOOTHING

The contents of this section developed in discussions with S. Herr, T. Schottdorf
and J. Li. The bilinear estimates for the Kadomtsev-Petviashvili equation have
been influenced by the careful work of M. Hadac. Bilinear estimates are standard
tools in dispersive equations. Here we attempt to streamline arguments and sharpen
the results. In particular the bilinear estimates for the KP-II seem to be new.

The transformation formula for a diffeomorphism ¢ : U — V U,V C R?, states

/ fdm® = / f o ¢| det D¢|dm?.
1% U
Its relative, the area formula for n > d,

¢:U— S CR™,

¢ continuously differentiable and injective reads as
/ fdH? = / f o ¢(det DT Dp)/2dm?,
s U

where H? denotes the Hausdorff measure. The coarea formula deals with the op-
posite situation d > n and
¢o:U—-V CR"”

surjective. It states for f: U — R measurable
/ / fAHIT dm" (y) = / f det(DoD@T ) 2dm4.
VvV Jo=t(y) U
Often it is useful to write it in the form
60 [, AP @) @) = [ gam
“i(y

The Fourier transform transforms a product into a convolution, and vice verse.
Let ¥; and ¥y be two d — 1 dimensional hyper surfaces in R? such that for all
x; € X; the tangent spaces of ; at x; are transversal, for i = 1, 2.

Let 3; and X5 be non degenerate level sets of functions ¢, and ¢o. Let h be a
continuous function. Then, by the coarea formula

2)h o ¢y (x)dm(z) = [ h(s )|V |~ H(z)dHT (z)ds.
[s@mon@ant) = [ w6 [ | s@Iva we @

This motivates the notation

5y = |qu|‘1de‘1‘¢:0.

We study the convolution of two measures supported on the hyper surfaces ¥,
and Xo.

Theorem 5.1. Let ¥; C R? hyper surfaces and ¢; as above, and f; square integrable
Junctions on X; with respect to 64,. Then

1186, * f20p,llr2ray < LI f1IVO1| 72 1205 1 f2l V2| ™2 L2520y
where with ¥(z,y) = {y +T1} N{z + T2}

L= sup L(xzy),
TEX,YyEX2
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and where L(x,y) is the square oot of

/ [IV61 (2 — 9)PIVos(z — )2 = (Vér (2 — 2), Voo (z —y))?] 7 an=2.
S(x,y)

Proof. Let f; be measurable functions in a neighborhood of ¥;, let h be continuous
and non negative, and g; = h o ¢;. Then, by Cauchy Schwartz and Fubini,

||f191 * f292||%2
-/ ( fﬂx)g%(x)gé(zx)h(zz)gé(x)gé(zx)dmdm) dm(2)
< / / 111(@) o1 (2)ga(z — 2)dm () / o) Poa()a (= — y)dm(y)dm(2)
Rd

- / (@) g1 ()] 2 (0) g (v) / 02z — 2)ga (=2 — y)dm(2)dm>(z. y).
de

By the coarea formula

/92(2 —x)g1(z — y)dm? = /]R? h(s)h(t)I(s,t)dsdt

where, with
Es,t - {Z : ¢1(y+2) - S,(ﬁg(l’ + Z) = t}

and

ps,t,2) = [[V61(2 = 9)|*|Voa(z — 2)* = (Vor(z — ) - Vo (s — 2))*|"/?

I(s,t) :/ p(s,t, 2)dHY2(2).
Esot
Here we suppress the dependence on x and y, but we set

’y(m,y) = 1(070)'

Again by the coarea formula
[ h@Pa@in'@ = [ 16) [ | 1A@P Ve ant w)s.
Rd R o (s)

There is a similar formula for the second integral. We assume that f; is continu-
ous and choose a Dirac sequence for h to obtain the estimate. The statement for
measurable functions on the surfaces follows by a standard approximation argu-
ment. (|

Using the coarea formula we obtain a more explicit formula for the convolution:
fiho¢1x fah o ga(z) = /(flh 0 ¢1)(z — y)(fah © ¢2) (y)dm?(y)
[ Jron [ aie st e g
s,t
R R
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hence
(5.2)
f15¢1 * f25¢2 (l‘) =

/ 1961 () 2V ol — )] — (Vén(y) - Voalz — )|
T'iN(z—T2)

—1/2

dHI2(y).

There is a trivial and useful improvement of the convolution estimate of Theorem
5.1

H / Y2 (2, 4)p(0,0,2) f1(2) fo (y)dﬂdﬂ’
1N (2—T)

<N fillzesiso) 12l 22(20,84,) -

(5.3) 12

It follows from the same brief as Theorem 5.1. Here L?(X;,d,,) denotes the space
of square integrable functions on the hyper surface with respect to the measure 4, .
We use the convolution estimate to bound products of solutions to dispersive
equations. Consider
tug —Y(D)u=0
where the operator ¥(D) is defined as the multiplication of the Fourier transform
by the real function . The characteristic surface ¥ is defined as the surface in
R+ defined by the zero level set of the function

o(7,8) =7 —p(§).
Let u be the solution with initial data ug. Then
Fru(t,§) = eitw(g)}—ZUO(E)

and, for any Schwartz function f € S(R?!) with Fourier transform g, by Plancherel
/ ufdm(t,z) = / Fou(t, &) Fpf(t, €)dm?(€)dt
RxR4
= [ [ e (T am €
= [ (o) [ TIOFfE G dtam¢)
Rd
S IRGTTGRILS
V[ Veehln O (€t O )
V2R [ 9(r,€)in(e)s

This calculation implies the following lemma.

Lemma 5.2. Let Fou(t,z) = €'V Foug. Then the space time Fourier transform of
u is the the measure v/ 2mwiigdy.

Let 11 and 5 be real smooth functions and, as above,

1(7,8) =T —1(§)  resp. ¢a(7, &) =7 — P1(§).

The product uv of two solution of the linear equations

iug — 1 (D)u =0, vy — Pa(D)v =0
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is the convolutions of the Fourier transforms in Lemma 5.2, which in turn can be
estimated by Theorem 5.1. We identify the terms occurring in Theorem 5.1.
The set of integration for given &; is

M = {(7,8) : 7 = Pa(&2) + V1(§ — &) = ¥1(&1) +b2(§ — &)}

The most important case will be ¥; = 1). We express the integrand in terms of V),
using

V01| Vredol® = (Vreor - Vreha)®
=|Vip1 — Vb |2 + |V 2| Vo |* — (Vehy - Vabo)2.

The first term is the square of the distance of the gradients, and the second is the
square of product of length multiplied by sin? of the angle between them. Here we
did suppress the arguments. With them the integrand reads as

[V1(§ — &) — Vipa (€ — )17 + [ VU1 (£ — &) [ Vipa (€ — &)

(5.4)

(5.5)

[N

— (V1 (€ = &) - Viba (€ — 51»2}‘ .

The proof of bilinear estimates reduces to bounding the integral over this expression
over M.

We first consider one space dimension where the second term of (5.4) vanishes.
The set =4 31 Ny + Yo consists generically of a discrete set of points and we obtain
a sum of [} (z — z) — ¥h(z — y)|~! over the points of the intersection. Often the
intersection consists of one point as for the Schrodinger equation or up to two points
as for the Airy equation. We consider the more general case of ¥(¢£) = &V for an
even integer V. Then the equation

G-V =g +¢-a
has the obvious and unique solution & = & + &; unless & = &. If N is odd there

are the exactly two solutions £ = &; + & and € = 0, unless & = &;.
At these points

W/(f —&) — 1//(5 — &)= W/(ﬁl) - ¢/(52)|
and we obtain from inequality (5.3):

Theorem 5.3. With the notation introduced above

H / IN[(¢ — 77)1\/—1 _ nN—l]|1/2€it(£—n)N+itﬂNa0(§ _ n)ﬁl(n)dn‘

L2(Ry xR¢)

<27 |uoll 2wy llur l| L2 (w)
if N is even and if N is odd

N—-1 N—-1
2

. | [ixte=m* -

it(6—mN +1itnN o o~
J[/2¢it(E=m ity uo(f—n)m(”)dn‘

L2(Ry xRe)

<V22m|uo| 2wyl || 22 vy -
We will use this estimate often via the following corollary. Given A € (0, 00) we
define
usx = F 1 (Xjg)>28)
and similarly u< .
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Corollary 5.4. Let 0 < pp < A and u(t,xz) = S(t)up(z), v(t,x) = S(t)ve(z) where
S is the unitary group defined by ¢ = V. Then
4

[N‘)\N—l _ MN—1|]%

u<pvsallLege) < |uollz2(m) lvoll L2 (w)

and

47
[[(usavsr)spullee < T lluollL2®) [lvoll L2 m) -
N-—1 N—-1|]2
[NAN=1 — (A = p)N=1]]

There is an interesting special case of the bilinear estimate: Local smoothing
corresponds to X1 = {(¢V,€)} and X is given by 7 = 0.

Theorem 5.5. Let 1(¢) = ¢V be as above. Then
IINDN =28 (| oo 2 < 472 |uo| L2 r) -
if N is odd and if N is even
IINDN =28 (| oo 2 < V2472 |[ul| 12 R) -

Proof. We apply the convolution estimate with (&) = ¢V and 1y = 0. The set
M is given by

=~ =¢"
which has the unique solution £ = &; — &y if NV is odd, and £ = &y +&; if N is even
and the integrand is

W€ =&~ = NG|,
Thus, if N is odd

N-1
W/I(IDI = S(tyuo)v(x)|*dwdt < 2mljuol|F2 ) [0]|72r)

and we choose v so that |v|? is a Dirac sequence. There are not more than obvious
adaptations if N is even. O

In particular, if u satisfies the Airy equation then
(5.8) [0xull Loe p2(ry < 27(|uol| L2

and u has locally square integrable derivatives for almost all ¢.

We continue with a case by case study of several linear dispersive equations in
several space dimensions. The first is the Schréodinger equation in higher space
dimension. Here the characteristic set X is a standard parabola. The set

{(r1,61) + E} N (72,62) + X}

is the intersection of two paraboloids, and hence a paraboloid of dimension d — 1.
It is given by the equations

T=1GaP+ € -Gl = & + 16 - &
The first equality determines 7, which is of minor importance, and the second is
equivalent to

(&6 — &) =& -1l

resp.

(5.9) (= (§2+8&1),&—&)=0
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which is a hyper plane with normal & — &, if & # &. We restrict to this non
degenerate situation. This suffices for the estimate.

Let w be the closest point of the hyper plane defined by (5.9) to & resp. &.
With this notation the intersection is given by

(5.10) {(r,w+v): 7 =& +lw—& P+ v]* =& +|w—&|* +vf*, (v,& — &) = 0}

If we integrate with respect to v we obtain by the coarea formula an integral

/...\/1+4|v\2dv

AtE=w+w

V€ - &l =20+ 2(w - &)
and similarly

VIE — &l = 20 +2(w — &)
Thus the square of the difference is given by

a6 — &7
and
([0 + Jw = &) (Jo]* + [w — &%) = (Jo]* + (w = &) (w = &))* = [v]*|&2 — &
and the integrand is
(162 — &alv4 +4uP) ™"
We will choose 31 to be the part of the parabola above |£] > X and X5 the part
of the parabola above the ball of radius u.

Lemma 5.6 (Schrédinger, d dimensions). Let d > 2, u(t,x) = S(t)ug, v(t) =
S(t)vo where S denotes the Schrédinger group. Let p < %)\. Then

d—1
usavepllze < cap™ X2 ]un(0) p2l|v, (0)]| 2
and
a2
[(uv)<plle®ey < cap = [lua(0)] L2 ey llva(0)]| L2 (ray-

Proof. In the first case |§&a — &1| > A/2, and we integrate over a ball of radius pu.
The factor from the area formula cancels the one from the integrant, hence the first
estimate. It is not difficult to determine the constant cg.

The second estimate could probably be proven with the arguments here. We
derive it from the Strichartz estimate

ull 20 < clluollL2mey-

41 d—1
i La

We combine it with Bernstein’s inequality for p < ¢
d4_d
lv<pllee < eur™aflucul e
With a smooth truncation (instead of the Fourier multiplication by a characteristic

function) we obtain for fixed ¢

d—2 d—2
)< Ol ey < T vl oy < S ol o W01, g

and we complete the argument by taking the L? norm with respect to t. [
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The case of the Kadomtsev-Petviashvili-II equation is considerably more intri-
cate. We study

Ut + Ugza + 8;1Uyy =0.

The symbol resp. Fourier multiplier is

V(&) =& —n?/e

Here the formal notation ;! has to be understood as Fourier multiplier. Here is it
useful to first apply Fubinis theorem for the integration over M, or more precisely
in its derivation, and to integrate first with respect to &.

For fixed £ the intersection consists of at most to points 1 and the considerations
in one space dimensions show that the integrand for the integration with respect
to ¢ is the following to the power —1/2:

016 = €1)° = (n—m)?/(€— &) — (= &) — (n—m)*/(€ - &)
(5.11) o =m =
E-& £-6&|

The curve of integration is described by the equations

T:§1——+7-_£1+(§_§1) (77 771) ng—*—F(f 52) (77 7]2)

& £-& 3 £—&
We reorganize the second identity to
3_j { . (772—771)2}_3 ﬁ_
51 f + (52 51) 52 _fl 5 T 52 =
_ 2 _ 2
le-e - U] g g - Lm0l (g o)
and use the algebraic resonance relation
(5.12)
2
2 o N2
(6 - e~ (- ) = a6+ [+ o

to arrive at
2

no_ M2
&1 &2
w:=68(6 &) | 3+ (6 —&)?
(5.13) 2
£2 - £
= —&)(E—-&)(& —&) [ 3+ TG —aP

Here we used the elementary identities which express a high degree of symmetry

2

2
mo_ N2 m4+n2 _ n2

66| _ lam—&m® _[G+&)e-&m+m)? _ |ate " &
161+ &2 (L& + &) (&162(& + £2))? €112

The left hand side of (5.13) is the called modulation of the input. Assuming
neither & = 0 nor & = 0 nor & = & there is only a solution if £1&5 as the same
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sign as (£ — &)(€ — &1). Below we neglect the question whether there is a solution
and we rewrite the identity as

77—771_77—7722_ &—& Cafe B B B

which is useful to determine 7 as a function of £&. The left hand side coincides with
(5.11) and allows us to determine the integrand as a function of &.

Algebraic manipulation allow a fairly explicite determination of the solutions to
the polynomial equation (5.13) is a polynomial equation. To shorten the notation

we write & = & — &7 in the sequel. Then
(5.15)

0= 38— )%= &)+ ((n—m)(E— &) — (—m)(E =€) +wi(E —&)(E— &)
which we rewrite using in terms of
£=¢— %(51 +&2)
and
i=n-m)€—&)—n—m)E—5&)
=n(& — &) + &2 —m) + mé — &
We observe that

(5.16) 0 -

since

(E—&)(E—&) =8~ (51 ;52>2

we obtain

(5.17) 3¢2 (52 -

We arrive at

(5.18) {xf €& -8+

i£2>2 +wé‘(52 _

1 L2
4€ )+77 =0.

AQ w?

2
2v3 } 12
It remains to partly undo and interpret the formulas and transformations. For
simplicity we assume &1 < &. All solutions of the polynomial equation satisfy

’f& —752) ‘”f <

el

NG

resp.
(519) Fw— [wl) < (6~ E0)(E~ E)(E~ &) < 5w+l
which we could have read from (5.13). Clearly

1§ — &6 =€ - &) < 4|§1 &l

with equality if p = 0 resp. £ = 51552. This set always contains the points £ = &1,
n =m and & = &, n = 2. We list the geometric cases. For simplicity we assume
that & < &o.
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(1) If &€& > 0 then (5.13) and (5.19) describes two intervals. The set is a union
of two topological circles contained in {€ < &} U{€ > &}. The size of the
circles is given by w.

(2) If £&1&2 < 0 and

4 3
|w| < §|51 — &

then there are again two topological circles, but this time contained in
{6 <¢< 52;51} and {52;51 <E< &)
(3) If 5152 > 0 and

ol = 516 - &P

then the intersection is a topological 8 contained in &; < & < &. The center

of the figure eight is at £ = % and n = mzﬂ
(4) If jw| > 3|& — &[? then the intersection is a topological sphere in &; < £ <

&>, In this case

S—&
—_— W
(€ —&)(E - &)
The set expressed with respect to n and ¢ is always symmetric with respect to
the reflection at % and 77 = 0. We choose various subsets of the characteristic
surface. Let < A\, X1 =X N{p/2 <|¢] < p}and 3 =3 N{A < €|}

If 1 < A/10 then we obtain only the parts of the curves with |£; — £| ~ p and

2 22| > 5\ then |f] 2 2,

f(&) ~

1 ~ n2. In particular we stay away from £ = %

the £ integral is over an interval of length p and

3

(5.20) JCIfV‘%dfﬂdf%%.

If p ~ L* Strichartz estimate. In the opposite

case we argue as above.
Let

3

§7<ku+§}

Ak = {(5,77) s <€) < 2p kp — ¢ .

We use the Strichartz estimate for p ~ A.

A
I

Theorem 5.7. The following estimate holds with suggestive notation and, if p < X,
(5.21)

/w3+|2_§LNU4 w(t. &)t 8)| < e(§) a2 lun(0)] 22

L2

[N

where the inner integral is a two dimensional integral with respect to & and 11, and

§o =& — & resp my =n —m. Similarly
(5.22)

L& AR ) VA
/‘ = §2|2)’ Ua, p, (T €1)05A(E &) SCTH%(O)HLQ||U>/\(0)HL2.

L2

Proof. The first estimate follows from the previous estimates.
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Only the second estimate remains to be shown. We prove the estimate first for
k = 0. The curve described by (5.18) lies on one side of & resp. &, and hence it is
vertical there. Assuming n; = 0 (related to k = 0) we expand equation (5.18) to

3l —&)°(E— &)’ — &) +w - &) - &) - &)
+ 77 (& —&)% =26 — &) (E — &) +n3(E - &)?
We consider the situation where A < /ﬁw% - in the complementary case estimate

(5.21) is stronger.
The dominant terms are the second and the third term and hence in that range

2
(5.23) f-al<cl.

This bounds the interval of integration in (5.20) and implies the estimates.
The bound (5.23) follows from our discussion above - which controls the global
geometry - and a continuity argument from £ = £; and n = n;:

36— £)2(6— 6)2(—E)? = (“2 _51)(5_51)(5_52)> (G —E)(E—E)(E—&)

w

where the bracket is small compared to the next term provided |£ — &| << p|w].
Similarly

2
2 2 n5 (£ — &)
(€ —&)" = <
2( ) w(&2 — &) —&2)
is small by a continuity argument. The restriction ¥ = 0 resp. n; = 0 is possible
due to the Galilean symmetry,

)w(5251><551><552>

(t,z,y) = (t,x — At —cy,y + 2ct)

which is a symmetry of the linear and nonlinear K P — I'] equation, and it respects
the bilinear estimate. On the Fourier side this corresponds to

(m,1,6) = (T = 2en — €€, + £, €).

If we neglect 7 then the lines through the origin in the (£,7n) are mapped to such
lines, and the lines £ = d are preserved.
The center of the figure 8 never plays a role unless u ~ A and |% - 2’—;| < A but

then its contribution is not hard to control.
O

We conclude this section by explaining the relation to U? spaces. Let as above
u4 resp. up be the projection on the Fourier side to sets A resp. B.

Theorem 5.8. Suppose that
[S(t)uo,aS(t)vo,Bllr2 < ca,plluo,allrzlluo,5ll 2
Then we have we the same constant
luavpllre < capllualluzllusllu:-

Proof. As for the Strichartz estimates the assertion reduces to the assuption and a
summation for 2 atoms. We first write the second term as a sum of atoms to obtain
the statement of the first factor is a an atom, and the second factor is in U?, and
then we expand the first factor to obtain the full statement. O
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6. WELL-POSEDNESS FOR NONLINEAR DISPERSIVE EQUATIONS

In this section we will study local and global well-posedness for a number of
different equations where the techniques developed so far are relevant. The first
example describes the interaction of three waves of different velocities. It is elemen-
tary and displays the role of adapted function spaces on an elementary level. The
limitations of our current understanding become obvious as well: The result should
remain true under small perturbations of the system, but I have no idea how to
approach perturbed equations.

Next we turn to generalized KdV equations and establish global well-posedness
and scattering in a large scale invariant Besov space for the quartic and the quintic

1
equation, and local existence for modified KdV and KdV in the spaces By, and

_3
B, %, using the U?-V* spaces, bilinear estimates, Strichartz estimates and, for KdV,
modulation arguments. This is basically well known, but for KdV and mKdV

slightly stronger than available results in the literature. Going from H~ i to B,
for the initial data for Korteweg de-Vries requires a new technique, which also allows
to treat low frequencies similarly to high frequencies.

Next we turn to higher dimensional non resonant derivative Schrodinger equa-
tions, following the dissertation of T. Schottdorf, and conclude with a discussion of
the two dimensional Kadomtsev-Petviashvili IT equation.

6.1. Adapted function spaces approach for a model problem. To motivate
the relevance of adapted function spaces we begin with a self contained study of a
simple toy problem, where a nonstandard choice of adapted function spaces leads to
global well-posedness for small data in L?, and where I know of no other technique
which allows to prove this result. Consider the three wave interaction

Ut + Uy =VW
(6.1) vy + vy =uw
wy = — 2uv.

It is easy to solve the linear equation for given initial data. We define the
evolution operator

S(t)[uo, vo, wol(x, y) = [uo(x — t,y),vo(z,y — ), w(z,y)]
and the operator adapted function space
vl = mase { ) sup fut. -+ &) g | sup o0t .+ )2,
| sup lw(t,z, y)|l| 2 r2) }
or, written differently with an equivalent norm,
e, v, wlllx ~ [l sup S(=t)[ult, z,y), v(t, 2, y), wit, 2, y)]| L2 ge-
Theorem 6.1. There exists € > 0 so that, if
max{||uol| L2, [|vol L2, lwoll L2} < i
there exists a unique global solution [u,v,w] € X which satisfies

[, v, w] = S()[uo, vo, wo || x < 2max{|Juo]| e, ol [lwollz2}*.
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Proof. The assertion follows by an easy duality argument from the trilinear estimate
(6.2)
’/uvw dx dy dt‘ < Sltlp lu(t, z+t,9)||| 2] stzp [v(t, z+y+1)||| L2l Sltlp lw(t,z,y)||| L2

To prove this estimate we denote
(z,y) =suplu(t,z +t,y)l,  v=supo(t,z+y+1)], w(z,y)=supluw(t,z,y)l.
Then

/Iuvwldmdydt < /&(r —t,y)o(z,y — t)yw(z,y)dtdedy < ||af L2 (|0] 2 || w]| L2

by a multiple application of the Cauchy Schwartz inequality.
It is not difficult to set up an iteration argument to construct a global solution
for small data, which depends analytically on the initial data. O

6.2. The (generalized) KdV equation. For integers p > 1 we consider the
initial value problems

(6.4) u(0) = ug

- the case p = 1 is the Korteweg-de-Vries equation, and p = 2 the modified
Korteweg-de-Vries equation, and

(6.5) Ut + Ugze + (‘u|pu)$ =0

(6.6) u(0) = ug

for positive real p.
Both equations have soliton solutions

u(z,t) = C%Q(Cl/Q(.’L‘ —ct))

2/p
Q, = <> cosh™/?(=zx).
o= (22 ()

The equation is invariant with respect to scaling: A2/ Pu(Ax, A3t) is a solution if u

satisfies the equation. The mass [ u?dx and energy Ik %ug — L uP*? are conserved.

p+2
The energy however is not bounded from below.

with

The space H> % ( with norm ||ul| 5. = |||€]°@]|£2) is invariant with respect to
scaling and it is not hard to see that the generalized KdV equation is globally well
posed in H! if p < 4. For p > 4 one expects blow-up. This has been proven in
series of seminal papers by Martel, Merle and Martel, Merle and Raphael.

Using the Fourier transform we see that

Vg + Vpze =0 0(0,2) = vo(x)
defines a unitary group on L?. We denote
S(t)vo = v(t)
for t > 0 and v(t) = 0 otherwise and define the adapted function spaces by
— ISt lullve,, = ISty

[ulluz 2oy

KdV
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The Strichartz estimates are

(6.7) lullr g < elll D17 Puo|l 2
for
2 1 1
P oq 2
We have seen they imply the embedding estimates
1/p
(6.8) D Pullrrs < cllullor,,,

in the same range.
For A > 0 we denote

ux = Xa<|e|<1.01x(D)u
the projection of the Fourier transform. Then the Strichartz embedding applied to

_1 .
g(D)u, g(§) = [¢| 77 gives
(6.9) luallzrrs < eX™Pllullps

- checking atoms one sees that Fourier multipliers act nicely on UP and VP.
The bilinear estimates for p < %/\

1S uonS (E)vo,pull 2 < eA™Hluo |2 llvoull 22
are a direct consequence of the bilinear estimate of the last section. Hence
-1
(6.10) lurvullpz <A™ uallvz,,, lvulloz,,, -

After these preparations we turn to the cases p = 4 and p = 3. There is a number
of aspects which are the same for both cases, and also for many other equations.
We discuss them in detail for the case p = 4 and only sketch them at later on.

We begin with the L? critical case
(6.11) Up + Ugze + Ul = 0.
and choose the norm

luollgg = sup [luoxllr2m)
> X€l.01Z
for the initial data, and, with I =[0,T), T € (0, 0],

Jullx = s luxllvz,, @)
We will usually suppress I in the notation.
Theorem 6.2. There exists € > 0 such that if
luollpy  <e
there is a unique global weak solution u in X with
Ju = S(®)uollx < clluollfy
We need Bernstein’s inequality for the proof. For ¢ > p

1_1
(6.12) luxllLa@y < AP 79 [lull Lo (r)-

Bernstein’s inequality is easy to prove. Scaling reduces to question to A = 1. So
we consider v with Fourier transform supported in [—2,2]. We choose a Schwartz
function n with 7(¢) = 1 for |£] < 2. Then

n*xup = Uy
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and Young’s inequality gives the bound.

Proof of Theorem 6.2. We claim that the assertion follows from the estimate
5
(6.13) /U1UQU3’U,4U5’Ud$dt < CH lwi |l x ||v]]y2

Kav'
i=1

Suppose that this estimate is true. We search a solution u = S(t)ug + w where
wt+wmwm+(s( )u0+w) =0
with initial values w(0) = 0, which we formulate as fixed point problem of the map
w — W where
Wy 4 Wepw = —(S(t)ug +w)3.
This equation has to be understood as follows: w) satisfies
UN}A,t + w)\,mz:c = (—(S(t)uo + w)i))\

in the sense of Lemma 4.34 with a = 0 and b = co. The derivative can be replace
by the multiplication by A after the frequency localization.
By Lemma 4.34 there exists a unique such w) € U12<dv with

< || S(t)uo +w||%

and, for the difference for two different data

||w>\||U,2(dv

~ ~ 4
[ — @[lvz,, < c(lS(Huo +w'llx + [[S(Huo + w?||x) lw? — w'||x.

We take the supremum with respect to A and arrive at, denoting the map from w
to w by J,
17 (w)llx < e(llwllx + lluollgg )

17 (w?) = J(wh]x < e(lw?|lx + w'llx + [luoll g )*llw? —w']x.
Thus J maps a ball of radius R to a ball of radius
e(R+ [luoll g )* < R

provided

1
max{R?, ||u0||3- } < — 16"

Then )
17 (w?) = T(wh)]x < S llw® —w'|lx

provided |[wi]|x < R, |lug| < G5 and R < 5i7. We choose R = § = ol
Then J defines a contraction on the closed ball of radius R in X. The contraction
mapping theorem implies existence of a unique fixed point, which by Lemma 4.34 is
the unique weak solution in X. The map J is a polynomial, and hence analytic. The
map J is a contraction, and this implies that its derivative is invertible. Now the
analytic implicit function theorem in Banach spaces implies an analytic dependence
on the initial data.

These arguments make little difference between most dispersive equations, some
wave equations, parabolic equations and even ordinary differential equations.

It remains to prove (6.13). We expand the terms and claim

L1
0

6
(6.14) / [Tuindudt < exg™ AT (sAids) "% [ llwin v,



NONLINEAR DISPERSIVE EQUATIONS 67

for Ay <X < A3 < Ay < A5 < g
Let us check that this gives the summation. We break the sum up depending
on the relative size of A compared to A;. We begin with the case A = Ag. Then
necessarily Ag ~ A5 otherwise the frequencies cannot add up to 0, and it remains
to sum - taking account that the derivative contributes a factor \ -
1.1 1 1 g
Z A2 10)\36)\46)\—g+ﬁ
A1 A2<A3<A4<A
and to verify that this is uniformly bound. This is done by summing first over Ay,

then Ao, A3 and A\4.
Next consider A = A4, which leads to the sum

1_1 _1 5 _1+
2 10 6 3 6 1
> AZTTONBAG )
A1<A2<A3<A< A6

=

We obtain a uniform bound by first summing with respect to A1, then g, A3 and
As ~ Ag.
If A = A3 we are led to

A1 A2 <A< A< A6

if A =)Ao we get

A1 <A<A3<A< A6
and finally, if A = A\q,

=

3.1 1 1 71,
Z /\12 10)\36/\46)\66 1
ASA2<A3<Aa< A6
None of the summation poses difficulties. We observe that A ~ Ag has been the
most difficult, and in later proofs we often name the most difficult case, and neglect
the others. This has to be done with care.
We turn to the proof of (6.14). The Strichartz estimate gives

6
—1/6
[ 1L et < TIX s o, -
=1

The product H?:l )\Jl-/ 6 compensates for the derivative if the output frequency
is A1, which is in particular the case if all frequencies are of the same size.
Now suppose that A; is much smaller than A. Then the integral vanishes unless

1
Ae — Ao > g>\6

since otherwise no frequencies in the Fourier supports can add up to zero. We
assume that this inequality holds and estimate using Bernstein’s inequality on the
first factor

/ Huj o <l e T s s

7j=3

< A2 (AsAars) YN g, [l

2 Nueslluz,, ui v, H lwjn, e, -
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We recall the embedding UP C V2 if p > 2. This is almost good enough, upon
replacing U2 by V2. Let u < 19—0)\. Then

25
L6

21 4
| 22118 (B)uo,ull 76 15 (t)vo,x

_21,._2 _2
SCATEATT 1T [|lug | 2 |vo,al| 22

1S (0,8 (vollzg <ellS(E)uo,.S(E)vox

; 9
and hence, if p < 52

_61 _ 2
(6.15) luwoall 2 <A™ p” 7 lupllvz,, lloallvz,,

and hence

6 5
[ 1L st <lusions | sl TT s e
j=1 j=3

6
As A5 (MaAads) V0 I lwix,

=2

¥
<A ],

50 2
50,35 ¢ Viav

o
=

AL A
2 6

6
5 7 (Aahads) /0 1T uix

i=1

ol

<A

=

2
VKdV

This is slightly stronger than the claimed estimate. It completes the proof. (]

A variant yields local existence. There are two key observations. First we may
expand

[TS®uo +w)s, = ] (Stuo)s, + -+ [ wa,
there is one term without w, a term linear in w, and higher order terms in w. If w
is small than the higher order terms are even smaller. So we need some smallness

of the first and the second term. We do not want to assume that the initial data
are small, but we are willing to choose a small time.

Theorem 6.3. There exist 6 > 0 such that, if R >0
[uollgg < R
and with v = S(t)ug
(6.16) (14 B2 sup A [[oa o o7y xm) < 8
then there is a unique solution u to
Ut + Ugaz + Op (X0, ()u”) =0
with initial data ug which satisfies
= S(t)uollx < eR*sup A~ [0rllEs o,y
and which depends analytically on the initial data.

Proof. By the discussion above it suffices to consider integrals

/OT/R(S(t)uO)%dxdt.
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/0 ' /R (S(t)uo) wodad.

We observe that here we may always estimate two S(t)ug factors in L°. Thus
lw|lx < cR*6*

and

which is small provided ¢ is sufficiently small. The rest of the proof works with
virtually no change in the argument. O

Assumptions and statement of Theorem 6.3 are uniform with respect to 7. Here
T = oo is allowed even for large initial data. In that case the solution is in UZ
and hence
wy = lm S(—t)ux(t)
exists - since all one sided limits exists. Equivalently
ux(t) — S(t)wy — 0

in L? and the solution to the nonlinear equation is for large ¢ close to a solution to
the linear equation. This is called scattering.
Suppose that

(617) ||u0,>\HL2 =0.

lim
A—00
Since by dominated convergence
lim A~'/6 =0
A lvallLs (jo,77xR)
whenever vy € LS there exists T such that

sup )\71/6H'U)\||L6([O,T]><]R) < 4.
A>1

Trivially
[oxllzeqpo,ri;z2) < €T lugall
and, together with Bernstein’s inequality

11,01
vallzs o, 7yxr)y < A2TS (A6 [lug x| L2,

which is much stronger than needed to ensure the smallness assumption (6.16)
for sufficiently small time. As a consequence we obtain existence of unique local
solutions provided (6.17) is satisfied.

Since there are solitons in general solutions are not in L% of space-time. Solitons
clearly do not scatter. This version of well-posedness has been proven by Strunk
[26]. The result in L? is due to Kenig, Ponce and Vega.

We turn to
(6.18) Up + Ugze + ub = 0.
Here H~1/6 is the critical Sobolev space. We choose a slightly larger space
lullx = sup A7 ullv,, 000
for the solution and
[uoll g-1/6 = sup A™lug x|l 2
2,00

A€1.01Z2
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Then
sup Afl/GHS(t)uo,AHv;w ~ SUp A0 lug x| 2
Theorem 6.4. There exists § > 0 such that for all ug with

luoll ,_y <&

2,00

there is a unique global solution u which satisfies
llu = S(t)uollx < C||u0|\§;¥s
which depends analytically on the initial data.
Proof. We claim
(6.19) /uluzu3u4mdwdt <\ H [lwill x loallve-

The theorem follows from this estimate in the same fashion as for p = 4. As there
(6.19) follows from

(620) /U1UQU3U4U,\d$dt S /\7% H ||uin||U)\||V2.

To prove it we expand the left hand side into a dyadic sum and we try to bound

5
/ H U; 5, dxdt
i=1

where (by symmetry) Ay < Ay < A3 < Ay < A5. We claim

5
/ H u; z, dedt
i=1

We assume that (6.21) holds. The integral with respect to x vanishes unless there
are frequencies in the support of the Fourier transform which add up to zero. Since,
if |€&1] < |&] < ... |&5| the frequencies can only add up to zero, &1 +&+E5+81+E&5 =0
if [&5] — €1] > $51€5, which we restrict to in the sequel. We observe that we may
restrict to Ay > A5/8 - otherwise the integral vanishes. The summations is done as
for p = 4.

It remains to prove (6.21). We recall have seen that we may assume that A\; <
4X5/5 and Ay > A5/8 The first attempt is

I =

(6.21) < A5t (Aadada) 7O A0)T [ ] i,

ve.

4

2 [T lwin Do

Jj=2

I <[luy x, us,55
(6.22) .
—1/6y—1
<(M2dsAa) TN ua o, oz, s s lloz, o [T i los
j=2
where we used Hélder’s inequality for the first inequality, the bilinear estimate for
the first factor, and the LS Strichartz embedding for the remaining factors. This is
almost what we need - we still have to replace the norm U% ;;, by V£, -
The Strichartz estimates imply

15 (t)uo S (t)uoull s < e(A) ™ Clluo 22 lluoall 2
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and the bilinear estimate is - for p < A/1.03
1S ()uo xS (o ullz < eA™ luo L2 luol e

Thus, for 2 <p <3

1S (E)uo S ol e < ATEH ()~ E 2 fug | 2 o,

|2

and hence, by Holder’s inequality
_5 1_1
luruullee < eX*Tpur 2 lugllyr,, Nualloz,,

With this argument we may replace the U2 by V2 norms - but now the remaining
terms are not square integrable anymore. We use this modified bilinear estimate
twice if there are two pairs of \; with quotient at least > 1.012. Oversimplifying
slightly this leaves us with Ao = A3--- = A5 and A\ = Ao = A3 = Mg and A5 ~ 3)\;.
The second case is easier, and we focus on the first. We again turn our attention to

S1t&+8&+8+86=0

assuming |&1| < [&2f < [€5] < €4 < [§5]. We have already seen that |¢| < 0.9[&s].
We compose the set {£ : \; < [€] < 1.01\;} for 2 < j < 5 into symmetric unions
of intervals of length A;/100. We label this intervals by p;; with 2 < ¢ < 5 and
Jj < As/A1 and expand the sums in

‘/ul,Aluz,xsus,A5U4,A5U5,A5dedt‘ = E /Ul,AlUzmUB,usuzLuws,ysdIdf

90<| 3 py|<110
j=2

there are at most ~ (A\5/A1)* terms. We fix p; and assume that they are ordered.
Then ps — pe > 2 and we estimate

/ UL, A U2, 015 UB, g U, iy U5, s dxdt < ||u>\1u4,u4 ”LT’ ||uu2 Ups ”Lq ||U)\3 HLG

and hence (changing indices if necessary, or summing over similar terms)

(6.23)
[ 1000ttt ] < 35000/ 20) [T o o

since p is the smallest exponent. This is almost good - but (A\5/A1)® is too big.
We recall Lemma 4.12 which allows us to write for given M

U=v+w
with
K M
aplloz,, +elvllor,, < lullvz,, -

We expand all the w;. This yields by (6.22)

av

— _1
‘/Ul,/\l”Z/tz”37/t31’47/t4”5,/tsd$dt < eMOAT (Madsha) "8 [ s llvz
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and
‘/ wl,AlUQ,AZUS,A3U4,>\4U5,>\5d=’Udt'

5
<eAst (AaAs ) O AP lwaa llur o T i,
=2

<e ™A AaAsAa) O (Ns /A1) [T i, |

Similarly we estimate all the other terms in the expansion. Then

P
UKdV

2
VKdV

/uLAlu2’M2u3,H3u4’H4u5,H5d;vdt <e(MP® + e M5 /A1)%) A5 T (Ao g) " Y/6

< [T lwinllvz,, -
< el + (As/A0))°A5 (A2 AsA0) YO T lluin |

if we choose M = 51In(As/A1). This completes the proof of estimate (6.19), and
hence the proof of the theorem. O

2 .
VKdV

Again there are similar refinements as for the critical gKdV equation. Well-
posedness in a slightly smaller spaces has been proven by Griinrock [9] and Tao [28§]
based on a modification of the Fourier restriction spaces of Bourgain at the critical
level.

Statement and proof are based on [18], where it was one step to prove stability
of the soliton in B, /%, and scattering, which is probably the first stability result

2,00
of solitons for gKdV which is not based on Weinstein’s convexity argument.

Next we turn to the modified KdV equation
(6.24) Up + Ugze + u> = 0.

The space H-1Y2 s scaling invariant, but we are not able the reach the critical
space. Instead we construct global in time solutions to

Ut + Upzx + a$(X[O,T]u3) =0

for given initial data ug and T' > 0. We aim for a scale invariant formulation. Given
T > 0 we define the equivalent norm on B i2, 0,

1
ez, sup (AT)# [Juo,a | 2
A>T}

1
lluollg = max{T's Hu07<T,

and
1
sup (AT)7 [luxllvz

_1]ly2
735 WEgav’ Kdv

lull = max{T's||u_
A>T 3

Well-posedness by different arguments has been shown by [15] in a slightly
smaller space of initial data.

1
Theorem 6.5. There exists € > 0 such that for ug € By , with
[uolle < e
there is a unique weak solution u € X with

lu = S()uollx < elluoll-
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Proof. We want to construct a fixed point of

t
v = / S(t — s)x[0,77(8) 0 (w + v)*ds
0

The key estimate ( for small data) is
3
/ X[O,T]ulugugamv)\dxdt’ < cH l|lw; || x |oallve-
RxR

Jj=1

(6.25) AT

The theorem follows from it by repeating the arguments for the L2 critical case.
To prove (6.25) we expand the left hand side into a dyadic sum. The pieces are
estimated by

T 4 4
1 —1/8
(6.26) /0 /R{Hlui,xidxdt < I 1_[1)‘j Pl gl
J= JI=

if Ay > 2 using the Strichartz embedding

—1/8
lun, s < ;2 uga los,, -

This is good enough if A\; ~ Ay and \; > 2. If u < \/4 there is the bilinear estimate
1 1
19()uo,uSEvorll 5, <I5E0,uSE vz 12 IS Eu0 w5 EvorlZ 12

_9 _ 1
SeATS 0 g, | L2 [lvo [l 2
and hence if A\; < A\3/4 and Ay < \y/4

T 4
1
[ Tl dedt] <t a5 lluzsunn .
(6.27) 0 =1

_9 _ 1 _ 1
<N SN A [ s, vz, -
J

If Ay < 2T'5 we estimate
T 4
/ /Huz*,xidl‘dt <TJur,x, lpoe [[uz, s looe [[us,ag | Lo 2 lua g | Lo 2
0 JRi=1

SC]‘_[ ”ui,/\z‘

Checking the support we see that the integral vanishes unless either Ay > A\4/16 or
)\1 < )\3/4 and )\2 < )\4/4 or A < 16.
We turn to the summation.
(1) X > Ag/16, Ay > 1673 The sum can be bounded using (6.26) for \; >
A4/16 and (6.27) for Ay < A4/16 and A4 > 16 where the sum takes the form
Do (TEN) (TN T (TIA)

1<A1 <A<y /4

1 1
X (TA)* |luin vz, (TA2)4)||U2,A2||V§W) luan vz, lloallvz,, -

oo .
VKdV

The bound is obvious.
(2) max{T~3,A} < A\y/16. Here we use (6.27). The uniform bound for the
sum is immediate.
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(3) Ay <16T-/3. Now the estimate follows from the last estimate.
The proof is complete. O
The proof could easily be simplified by first rescaling to T' = 1. The advantage of

the current proof is that it makes the behavior of all terms with respect to scaling
transparent.

Finally we study the Korteweg de-Vries equation
Ut + Ugzr + ui =0.

The well-posedness result in H~# is due to Christ, Colliander and Tao [5] who also

prove that below —% some sort of ill-posedness must occur. Despite this there are

uniform global apriori estimates in H~!, see [3]. Uniqueness between f% and —1
is entirely open.
We search a solution u to
e+ Uz + 95 (x[0, 1] ()u?) = 0
with the given initial data. We again make the ansatz
u=v+uw
where v = S(t)up and
Wi+ Wes + Ox(x () (v +w)?) = 0.
The identity
(&1 +&)° — & — & = 3666 + &)

describes the vertical distance of the sum of two points (75, &;) from the characteris-
tic set. We will make use of this property through ’high modulation’ L? estimates.
For this purpose we fix a smooth function ¢ supported in [—2,2], identically 1 in
[—1, 1] and define v (¢) by the Fourier multiplier 1—¢(7/A). The Fourier multiplier
¢(7/A) defines a convolution. Let ¢ be the inverse Fourier transform. Then up to

a power of /2,
(1= o(r/A))u = u— Ay(At)u
and hence
luM[ere < elullers
lu™[[ve < elfullve

Moreover, for A =1

ul(t) = u(t) — /W — s)u(s)ds = /(u(t) — u(s))y(t — s)ds

and hence
lutllrz < efluflye.
Rescaling gives
[t g2 < A7V fully2
since the right hand side is invariant with respect to rescaling.
We consider solutions in a space defined by

1

_3 2

Jullx = (<ol + 30 AHualiz, )
Ae2N
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Theorem 6.6. There exists § > 0 such that for all initial data
Juoll -3 < &
there is a unique function u € X with

Ixru = S(t)ullx < cllul]® _s
B 4

2,00

which satisfies the equation up to time 1. It depends analytically on the initial data.
Proof. We define the sets
A(0) ={(r,9)llgl < 1,|r - €| <1}
AN ={(n O < gl <20 | = £ < A%}
B\ ={(r, O] <A1 < |7 = [¢] < €[N}
Then
H|Dz|é /S(t - S)P(S)ar(uA(A)UA(A))dtB(A)HL2 7D Fuanyvaoy 2

A uaoy iz

which is scale invariant. Alternatively we may estimate

H|Dx\7% /S(t - S)p(s)ax(uA(A)uA(A))dtu,B(A)‘

L2

971” /S(t - s)p(S)UA(M“A(A)dS%B(*)’

VIZ(dV
DA ualloz,, lwayllvz,,
Observe that the two terms are of the same size for p = A~1/2.
More precisely the L? norm is of unit size.
_3,,_3
| [ st =shps1uwammanrrmn]),, < X T O walls,,)

There is nothing to loose, and hence we need to control u 4y in UZ% - Similarly

1 _1
| [ 56t = shotntuayumonacyds], < exluacylug,, 1D Hupcy s
KdV

and
1
| [ 50000 eacinmonacods], < cluacy g, I1Ds 00 12
_3
This is the only place which does not allow us to go beyond B, .
We only consider the most important term. The remaining estimates are tedious,
and we do not work them out.
O

The interest in this setup is twofold: It shows how to go beyond H ~%. Then
X is not a subset of L>®(R; B’%2, 00) and one has to use energy estimates to see
that the solution is bounded and weakly continuous as a map to B_%Z, oo. This
difficulty is related to the classical ill-posedness results: The flow map does not
extend to a differentiable map from the initial data to u(t) € S below —32.
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6.3. The derivative nonlinear Schrodinger equation. We consider
(6.28) g + Au = o .
This equation has no significance from applications as far as I know. The choice of
the non-linearity is crucial. If u satisfies (6.28) then the same is true for
(N2, Ax)
and critical space is H <2,
The Strichartz with % + % = % and Bernstein, gives for d > 2

d—2 d—2
(6.29) lullLs@xray < AT [Jugn [ Lap@ay S AT [luga, [los-
The bilinear estimates are
d—1
(6.30) lusvullze < e A2 sz, [lvallvz,
and

d=2
[(uron)ullze < cp = [lualloz, lloalloz, -
if p < A/4. We may improve the second estimate by Bernstein and Strichartz
(using a smooth Fourier projection for ,,)

d—2
ICuxvn)ullze <cp™="llusvall , 2

(6.31) <en T |Junll pan Jvul par

)
<cp 7 |luallps [[oallus, -

This time we need the complex inner product. The modulation relation is
G+E+ (-6 -6’ 26+8
which is a particularly pleasant situation.
The dyadic estimates become for A\ << Ay ~ A3

d—2
(6.32) \ / u’;luhuxgdxdt\ < AT AT Jun vz Nz vz, s vz,
and
_3 d—1
w3 [ uxlu’gu&dxdt\ < A AT Juw o, Jumnallv, s rsllo,

and hence

b 8 d-1 . 3
/Huu\luz)\?u&)\sdmdt <erg2A 2 (As/Aq) H||ul>\
i=1

2
Vis

Theorem 6.7. Let d =2. There exists € > 0 so that if
luollz2 <€
then there is a unique solution to
tup + Au = udy, u
with

1/2
Jullx = (Z |uA||2U;W> < clluol| 2.

Ae2z
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If d > 3 there exists € > 0 so that if
d+2

ol aa = S A fugllze < e

B2,1 by
then there is a unique weak solution with
d—2
lullx =Y A= [lualluz < clfuol| a2
A BQ,I

Proof. The key estimates are again

1/2
/ (3z1U1)U271d$dt’ < Juaflx lJuzllx <Z ||UA|%/;W>
RxRd4 A

resp.

KdV

/ (O, U1 )Ugvdxdt
RxR4

if d > 3. We abuse the notation and set Ao = A3 = A and compute for d = 2

_d—2
SllmllewaSgp/\ 7 [[uallvz

3 / @y atadzdt] < 37 At 2 (o, p0n) 22
H<A p<A
1/2
<UD uaulve)? | lusvallzeee)
n<A

<fullxlluallvs, loxllos,

The factor A~ compensates for the derivative. The summation with respect to
A is trivial. The estimate is easier if the high modulation falls on other terms.

S| [t yordodt| < 37 N sl s a1

H<A n<A
<2 unllva A2 [ oz, loalloz,
By logarithmic interpolation

oA \ / mé,mdxdt’ <D Mgl 2 flu a2

H<A p<A
1 _

< /2w llva, AP e llvz, loallvz,
59\

and the summation is straight forward.
The modification for d > 3 is simply: We give up orthogonality and sum for the
first estimate

> ‘/uﬁuz,mdmdt‘ <Y Al |2 | (w2 avx) I 2

p<A H<A

d—2
<37 0"

n<A

vz luallvz lloallva,

For the second estimate we put in powers of y resp. A.
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d

6.4. The Kadomtsev-Petviashvili II equation. The Kadomtsev-Petviashvili-
IT (KP-II) equation

Oz (Opu + 03w + udyu) + 8§u =0 in (0,00) x R?
u(0,2,y) = uo(w,y) (z,y) € R?

has been introduced by B.B. Kadomtsev and V.I. Petviashvili [12] to describe
weakly transverse water waves in the long wave regime with small surface tension.
It generalizes the Korteweg - de Vries equation, which is spatially one dimensional
and thus neglects transversal effects. The KP-II equation has a remarkably rich
structure.

Here we describe a setup leading to global well-posedness and scattering for small
data. The Hilbert space will be denoted by H~/2:0 which is defined by through
the norm

(6.34)

—1/2~
ol gr-1/2 = II1€17* % tto]| -
where ¢ is the Fourier multiplier with respect to z. The Fourier multiplier |£|~1/2
defines an isomorphism from L? to H~1/2.
For A > 0 we write define the projection to the 1 < |{|/A < 2
F(ux) = Xa<|e|<erFu

where F denotes the Fourier transform. Usually we choose A € 2%, the set of integer
powers of 2.
Let u(t) = S(t)ug. The Strichartz estimate is
l[ullLs sy < cllu(0)] 2
which implies the embedding Uj p C L*(R?) and
(6.35) [ull sy < cllullys, < cllullvz,

There is the bilinear improvement

(6.36) luxvpllze < e(A/ 1) [[ur(O)]l 2210, (0)]] 2.

which implies

(6.37) lurvallzz < e(u/N)?lurllvz, lvallz. .-
and together with the logarithmic interpolation
(6.38) lurvallzz < e(u/N)?(W0(2 + A/w)?lurllvz loalve, -

Formally the L? norm is constant.

We use the norm
1/2
Jullx = (Z ||ux|2vlgp>

Ae2z

Theorem 6.8. There exists ¢ > 0 such that for ug € H~'/>9(R?) there exists a
unique solution u € X with

lullx < clluollz-1/20 (R?).
If ug € L? then there is a unique solution in C(R; L?) with

Xk k1 (Bulluz,, < C(lluolL2)
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Proof. By definition
[1S@)uollx < clluoll-1/2

We claim
t

(6.39) II/ S(t = 8)0x(uv)ds| x < cflullx|v]x-
0

With this information we set the fixed point argument and obtain a unique fixed
point which is the solution. By duality (see ) (6.39) follows from

(6.40) ‘/uvwdwdydt’ < cllu|lx||v]lx |wl] x-
We expand all factors and consider

/ Ux, Ux, Wr, dxdydt

The integral is symmetric with respect to the factors and we may assume that
)\1 S )\2 S )\3. If there are no Al S ‘€1| S 2)\1, )\2 S |§2| S 2)\2 and )\3 S |§3‘ S 2A3
which add up to zero then the integral vanishes. Thus

Az <4A;

The integral vanishes unless there are such &;, n; and 7; which add up to zero.

Now
2

53,3 M M3 [m& — naba |?
& +&+& 6 6 & 3816283 (1 + R )

We define Qg by the Fourier multiplier X|,_¢s 402 ¢/> (6,62 |¢1+wia| /10 a0d Qp =
1 — Qpg. Then by the consideration of the supports

/QLuAlQL’UAZQLIU)\SdJ)dydt =0.
It follows from the embedding (4.18) that

1Qmullzz < e(léilléallér + &)™ 2 lullvz,
and
1Quullvz, <cllullvz,.
We estimate

‘/(%\1 YOr, QEHW), dxdydt‘

Slur,vx, [l 22 [Qrwas| L2

)\min 1/2 — —1/2
<e(322) 7 @ mOe/MPAA o g, o g, s Iz,

Ao\ /2
<c () (14 In(a/A) [one x o 1 o 1

max

This is easy to sum with respect to all indices. Th case with Qguy, is different
since we don’t gain a factor for the summation over the small frequencies. Here we
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need some orthogonality:

1/2
< ( > ||QHUA1%2> [urswa, [ 2

A1<A2

Z / QHux, ur, Wy, dadydt

A1 <Az
< (A unllve ) AL sl
= 1 A1 Vfﬂ, maax [|UX2 VI%P”w)\:sHVI%P

which can be summed.

Now consider data in ug € L? with ||ug|/z2 < 1. Let v be the solution to linear
KP with initial data ug. We search a solution in the form u = v + w. We need two
estimates:

t
||X[0,1]/0 S(t = 8)0z(uv)ds|v2 < cllusillvz  llvsilloz,
and

t
Ixo) / S(t = )0 (u<rvs1)dslly2 < cllulyz[vlvz -

7. APPENDIX A: YOUNG’S INEQUALITY AND INTERPOLATION

Young’s inequality bounds convolutions in Lebesgue spaces gives bounds for the
convolution of two functions. It is part of the statement that the integral exists for
almost all arguments of the convolution. Let m? denote the d dimensional Lebesgue
measure.

Lemma 7.1. Let 1 < p,q,r < oo satisfy

11 1
—+-+-=2
p g

)

f S LP(Rd)’ g€ Lq(Rn), he L(Rd)
Then
/Rded f(@)g(z —y)h(y)dm2(z,y) < ||fllzellgllze bl -

We assume that the Lemma holds and choose f(z) = el=” ¢ L"(R%). Tt follows
by Fubini’s theorem that g(z — y)h(y) is integrable with respect to y for almost all

x. The estimate of the lemma shows that
p@)s - [ ([ nwate - ) faan) < &
Rd \JRd
defines a linear form of norm < ||g||1q||g|| L~ on L". Thus

llg* Al < llgllzellaz-

for
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Proof of Lemma 7.1, as in [20]. Set

Then 1 < v < o0,

LI T I TS T T T
Yo vy P M OB 4m e T
and
1 1 1
—+ —+—=1
ga! 72 3
Let
a(z,y) = |f(@)[P/]g(x — y)|7", b(z, y) = [g(z — y)|* " [R(y)]"/ ™,
c(x,y) = | f(@)["/72|h(y)|"/>.
Then

[f(@)g(z —y)h(y)| = alz, y)b(z,y)c(z, y)
and, by applying Holder’s inequality twice
/lf(:v)g(w = h(y)ldm*® < |lall s [l llel e = | fllzelgllzallhll 2.
O

There is an improvement: the weak Young inequality. Let (X, u) be a measure
space. We will often suppress space and measure in the notation. The weak L?
spaces are defined by the quasi-norm

1 le, =supt (u({o: |f @) > )

If 1 < p < oo then there is an equivalent norm on L?

1/p
Lg~mmt</ |ﬂwumw> .
t>0 {a:|f(x)| >t}

It is not hard to see the equivalence, and that the term on the right hand side
defines a norm.

11

Proposition 7.2. Suppose that

1 1 1
l<pgr<oo,—+-=1+—,
p q r
f€LP and g € LY. Then f(x)g(x —y) is integrable with respect to x for almost

all y and
I * gllzr < cpgll fllzrllgllzs,-

This is a consequence of the Markinkiewicz interpolation theorem. We state and
prove the following version.

Let X and Y be normed linear spaces. We denote by L(X,Y) the normed space
of bounded linear operators from X to Y.
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Lemma 7.3 (Markinciewicz interpolation). Let (X, 1) and (Y, v) be measure spaces
CmdlﬁPl <p2§007 1§Qla¢]2§00; ql#Q270<>‘<17

1A 1-2 1A 1-2X
+ - :

pipl p2’ qiq1 q2

Suppose that
T € L(LP (), L3 (v)) N L(LP? (p), LG (v)).-
Then T € L(LP(u), LY, (v)), and

A 1—X
”T”L(Lﬁ,(,u),LZ,(V)) < CHTHL(LM (1), LI (v)) ||THL(LP2 (n), L% (v))

and, if p < gq, then T € L(L?(u), LY(v)) and

A 1-X
1Tz ee ), own < TNz oy, 2 o) IT w2 g,222 00

with a constant ¢ depending only on the exponents.

Proof of proposition 7.2 . Let f € LP and T'g : LY — L" be the convolution with g.
We interpolate the estimate with p; = 1 and ps = p’ and ¢; = q and g2 = oo to get
the estimate in weak spaces

If*glliy, < lglley Lf[lze-
Now we fix g and consider T": f — f * g, and get

1+ gl < cllfllzrllgllze
by the second part of the Lemma. (I

It is useful to generalize and sharpen the Markinciewiecz interpolation estimates
before proving them.

Definition 7.4 (Lorentz spaces). Let (A, ) be a measure space and 1 < p,q < co.

We define
o0 d
oy = (q | (utas 111> 012 :)

with the obvious modification for ¢ = oco. We denote by LP1(u) the set of all
measurable functions f for which || f||Lra(u) < oo.

1/q

Properties:
(1) Since
{z:[f(z) +g(@)| >t} C{x:[f(z)] > t/2} U{a: [g(z)] > t/2}
it follows that

p{z = |f(2) + g(x)| > t}) < p({z - [f(2)| > t/2}) + p({z : [g(z)] > t/2})
and hence
1f + gllers < c([fllzea + lgllzee) -
(2) For g1 < o
Hf”Lqu < c||f||qu1.
We begin the proof with

P = )0 =0 [ aldUf1 = s < q [ ) )t ds < 1

t
0
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Now, if ¢1 < ¢o,

= 1/ppe @ _ @2 @—aq1|| £||0 42 a2
@ | [({lfl = eh) 7P = < qTHf”L‘”“’ 1T < qflllfHvaql-

(3) If1<p<ooand1%—#5:é%—%zlthereexistsc>0suchthat

[ o] < ol
For the proof we define f* : (0,00) — R™ to be the unique function with

m!({7: f*(r) > t}) = u({w : f(z) > t})

for all t > 0. Then, using Fubini several times (with the Lebesgue measure
u =m? for definiteness, but the argument holds for general measures)

/|fg|dmd =ma2({(x,5,t) ERIXRxR:0 < s < |f(z)],0<t<|g(x)|})
= [ i 1@ > )0 o lg(o)] > eh)dss
R+ xR+
< / min{m®({|f(2)] > 5}),m*({|g()] > t})}dsd
R+ xR+
- / mA({1£*(@)] > s} 0 {7 g(y)| > t})dsdt
R+ xR+

- g ()

which we use below,

[ sain< [ g
= [Ty @

00 1/q 00 1/4’
< </ t(q/p)l(f*)th) (/ t(q’/p’)l(g*)q’dt>
0 0

The last inequality is an application of Holder’s inequality. The proof of
the third part is completed by the equality

4" a1 tde— o [ (u(lF(2)] > $))9/Ps7ds
(7.1) p/o Ham=1(p (1)) dt—q/o (u(lf ()] > 5))/7s1=1ds.

in one dimensional calculus. We observe that
s — ml({T s ff (1) > s})

is the inverse of f*. Both functions are monotonically decreasing.

Let f and f~! be inverse non-negative monotonically decreasing func-
tions, and ¢ and A non-negative monotonically increasing functions with
antiderivatives G and H with

Ht)G o f(t) — 0
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ast — oo and ¢t — 0. Then by an integration by parts and one substitution

Athofﬁ:: / Hgo ff'dt = u/ H o f~(s)g(s)ds.

This specializes to (7.1). Moreover, checking the inequalities shows that

1| e < csupd / Fodi: (gl oo < 1}

(4) This pairing defines a duality isomorphism if 1 < p < co and 1 < ¢ < co.
In particular all spaces LP? with 1 < p are Banach spaces.

' s (f / fodp) € (LP7y*

To prove it we choose B to be a measurable set of positive finite measure.
There exists p > p so that LP(B) C LP4. If [ is a bounded linear functional
on LP4 then it defines a bounded linear functional on L? which is represented
by a function g € L (). The previous step gives a bound for ||gx 5|l pa
in terms of [.

We order the measurable subsets of A by inclusion up to sets of measure
zero. This defines a partial order on the subsets on which the duality
statement holds. Every chain has an upper bound, the union of the chain.
By the lemma of Zorn there is a maximal element. The procedure above
allows to show that the maximal set is necessarily the full space.

In particular duality allows to define an equivalent norm on LP4(u) for
1 <p<ooand 1 < g < oo, Completeness of dual spaces is obvious.
Completeness of LP!(y) is left as an exercise.

Lemma 7.5. Suppose that 1 < p1,ps2,q1,q2 < 00,
T € L(LP (), L (v)) N L(LP2! (), L% (),

P1LFE P2, 1 g2, 0< A< and
1 1-=X X 1—X A
= +=

1
p P P2 q T e

and 1 <r <oo.
Then the operator can be continuously extended to T € L(LP"(u), LI"(v)). More-
over

||T||L(LP7‘(M) Lqr(y)) < C”T”L(Lpl (,U') Llll (l/ )|| ||L(Lp2 (,U') L‘Iz(y))

Proof. An easy calculation shows

11— 1)
P2
(7.2) =

P1
This will be useful later on. Let ¢t > 0 and

o f(z) if [f(z)| <t
ﬁ(){ (x)/|f(@)] if |f(z)| >t
and f*= f — f;. Then

f=f+f

and, if p; < p < p2, which we assume in the sequel,

_ 2
1l < (0= p) P 5 £1 5
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and

1 fillirs < (p2 —p) /726 %5 £33

with obvious modifications if py = co.
Moreover, by the triangle inequality,

(ITf] >t} C {Tf* > /2y U{Tf, > t/2}.

P
Ly

Let
ar =Ty py a2 =|Tlppre, %)
and
92 — q1
qa(1 — 2) —q1(1— 2) (1-Na/g1 =1 Ag/ap—1
s=1 D2 P1 a, 1-p/p1 azlfp/pz .

Step 1. The bound in weak LP space. We want to prove
W{ITf ()| > th'9 < ca a3
for || f||» = 1 with ¢ depending only on the exponents. Then
(HTT|>t})<c(ﬂ DTSy + 4TS )
<c (L7 al (| £+t 2ad || fill e )

— o (+9—a1 car—q1p/p1|| §||PI/PL | 1q—q2 (a2—q2p/P2|| £||P92/P2
=c(tT7"s Il 7% s 11w

_ q1(q2 1) _go— 92(a1—42)
=c < 27*"11 + tq = a1 713)\ +<12> a(ll(l_A)agA

q1[q/q1 1=(a/qr—a/a2)A] 4 yazla/q2—1- (Q/‘D*q/‘h)(l*)\)]) a(f(l_)‘)ag)‘

/N

1-A
ca‘f( ) qA

This completes the proof of the weak type estimate.
Step 2: The endpoints L(LP!, L) and L(LP>, L. We assume that 1 <
P1,P2,q1,q2 < oo which can be achieved by the first step.

By duality, with constant changing from line to line

1T f]| par Scsup{/(Tf)gdz/: gl o

—csup( [ T gdv: gl < 1)

=c|| || Lra ||T*||L(L‘1/7T/(V)7L:D',ql(u))
and hence, for 1 < p < o0,
T L(or,Lary < C||T*||L(Lq'r',Lp'r/)~
We apply this with LP11 — L91® to see that
17|

L(L%" LPi%) < CHTHL(LPil,LinO)

for i = 1,2. From Step 1

HT*HL(Lq’oo,Lp'oo)
satisfies the desired bounds. Duality again gives the statement for r = 1.
Step 3: Interpolation in LP.
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Suppose that 7" € L(L*(p), L*(v)) N L(L>(p), L>(p)) with norm < 3. Then

P 1/p
Iy < (525) " Wl
We begin the proof with the observation

{Tf] >t} C{Tfe > t/2y U{Tf" > t/2}.

The first set is empty by assumption on the norm of 7. Hence
p/u({\Tf| > t}tP 1 dt §p/1/({Tft > t/2)tP~dt
< [ e
0
o [ [ nll) = spdstr-2as
OOO tS
= [ [ e air) = s)as
o Jo

p
= L1715,

Step 4: Conclusion
We have proven the bounds for ||T'||1(ze.e ra.) and ||T'||p(ze1 pa1)

Let
Ffile) = { fl@) it ply: |F@)| > [F@DVP|f(0)]} <t

0 otherwise
and f' = f — f;. We assume that the bounds for T are 1/2 as above. Since

[ fell e <2
we have
{ITf(2)| =t} C {|Tf"(z)] = t/2}
Let
g'(s) = p({If*| > sH)Ps < u({|f] > s})VPs
We proceed as in Step 3.
O

7.1. Complex interpolation: The theorem of Riesz-Thorin. The Riesz-
Thorin interpolation theorem states the following.

Theorem 7.6. Let 1 < p1,p2,q1,q2 < 00. Let Ty, 0 < ReX < 1 be an operator
from LY N L>® — L' + L>. Suppose that

)\—>/T,\fg

is continuous in 0 < Re\ < 1, holomorphic inside the strip, for all f € L' N L™
and g € L' N L>™. Suppose that

sup ||Ta||L(zro, L0y = Co
Re A=

and
sup ||T)\HL(LP17L01) = Cl.
Re A=1
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Then
I Tl Lczr,Lay < Cy Rerofer

1—ReA Rel 1 1—ReA Rel 1
— + = - — + =

Po n p do q1 q
The proof relies on the three lines theorem in complex analysis:

Lemma 7.7 (Three lines theorem). Suppose that v is a bounded holomorphic func-
tion on the strip C = {z = x + iy : 0 < x < 1} and that it is continuous on the
closure. Then

v(z)| < (Sl;plv(iy)\)l"”(sgplv(l +iy)])*.

Proof. By the maximum principle of harmonic functions any harmonic function on
a bounded open set, which is continuous on the closure, assumes the maximum of
the modulus at the boundary. This is true for

uc(z,y) = T u(a, y)
on C'N Bg(0) for every R. This function tends to 0 as y — oo hence
Jue (x + iy)| < max{sup [u(iy)|)' =, sup [u(1 +iy)[)"}
y y

and € — 0 gives the result. (|

Proof of Theorem 7.6. Let f € L'(u) N L>°(u) and g € L'(v) N L>(v). Then, by
assumption

o) = [ 13 o
is a bounded analytic function. By the three lines theorem 7.7 we have

[N < supmax{fu(it)], [u(l +it)]}

and
‘/Titfgdv < | TaefllLao llgll Loy < CollfllLeollgll ap -
Similarly
‘/Tlﬂtfng <N TititfllLan ||9||Lq’1 < Collf|| ||9||Lq’17
thus

/ (T3 )gidn| < max{Co, Cr} (I fllusollgll oy + 11w gl )

and we could derive that

IT\| (zronLer,Lao 4oy < max{Cy, C1}

but we will avoid this step. Let f € LP and g € LY. We want to prove

/ gINf

for f € LP and g € LY. The theorem follows then by an duality argument.
Moreover it suffices to consider a dense set of functions, which are measurable,
bounded, and for which there is € > 0 such that either the functions vanish at

(7.3)

—A
< 1fllzellgll Lo s9p | Tig I 7on pary SUP [ TaigllZ (12 oz
Yy Y
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a point, or else are at least of size e. Moreover we may restrict to f and g with
1fllr = llgll e = 1.

Let
_ f(x) (1—z)50+z%1
_ 9(=@) (-9 % 28
and

o(z) = / 0. ()T 1 (9) v ().

This is a bounded holomorphic map from the strip to L' N L™ with values in C.
We claim that it is continuous on the closure of the strip at an arbitrary point A.
We write

U(Z) - U(A) = /gA(Tz - TA)f)de =+ /(gz - gA)TzfA +ngz(fz - f)\)dl/'
The first term tends to zero as z — A by assumption. Then

g-—gr—0 andg,—fA—0 asz— A\

in L' N L>. Continuity follows by the uniform bound above.
We turn to complex differentiability at an arbitrary point A in the interior.
Indeed

v(z) —v(\) [ (T = Tn) fadv 9. — ga f2— fa
= —|—/ Z_)\Tzf,\dy—l—/ngZZ_)\du

z—A z—A
The first term converges to a complex number by assumption. Moreover

gz — gx
z—A

converges to a function ¢gj in L' N L as 2 — X. Let g be the difference between
the difference quotient and ¢}. Then

[ &= [napav+ [ g+ [ @ -0

The second term tends to zero since § tends to zero in L' N L> and the third one
by the continuity assumption as z — A. Similarly we deal with the last term.
We turn to the behavior at the boundary.

lu(it)] = /Titfitgitdl/ <\ Titll oo, Lony |l fitll Leo [ gitl Lao

and
7 /
1f oo = 1157 =1 = llgadll Ly = Il
L L

We apply the three lines theorem 7.7. Thus
|U(Z)| < sup ||Tin};?fp17Lq1) sup HTl-&-inf(LPz;L%)'
y y

We evaluate it at z = A, which gives inequality (7.3). O
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8. APPENDIX B: BESSEL FUNCTIONS

8.0.1. Bessel functions. The Bessel functions are confluent hypergeometric func-
tions. They are solutions to confluent hypergeometric differential equations. Here
is a very brief introduction. Consider a complex differential equation

(M — aj(z)z(j)

with initial data
2) (20) = yj
for j = 1...n — 1 and given complex numbers zy and y;. If the coefficients are
holomorphic in a neighborhood of zy then there is a unique solution which is holo-
morphic in z and the y;.
Consider the scalar equation
A

zZ— 20

T = T
The space of solutions is at most 1 dimensional. Formally a solution is given by
r = (2 — 2)*, which, unless z is an integer, is only defined in a set of the type
C\(—00, zo] called slit domain. Similarly, if

A )

zZ— 20
with a holomorphic function ¢ near zy there is a unique solution of the type

1+ Zak(z - zo)k]
k=1

again defined in the slit domain as above unless A is an integer. The number A
is called characteristic number. It is not hard to see that there is a unique such
solution, and the power series can be iteratively defined. The point zy is called
a regular singular point. A point is called irregular singular point if the Laurent
series of the coefficients contains terms below (z — zg)~*

We call oo regular point resp. regular singular resp. irregular singular point for

i =

(z — 2)

& =a(2)x

if, when we express z in terms of z~!, 0 is a regular resp. regular singular or
irregular singular point of
i=—z2"2a(z"Nz

We use the same notation for systems of equations. The eigenvalues of A in

T = A(z)x + f(2)x

—— A+ 1(2)

are called characteristic values. They play a very similar role as for scalar equa-
tions. Multiple characteristic values and/or resonances (a resonance denotes the
situation when eigen values of A are linearly dependent over the integers) may lead
to logarithmic terms.

We are interested in second order scalar equations

a(2)d + b(2) + c(z)x =0
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with meromorphic functions a, b and ¢. We may rewrite them as a 2 x 2 sys-
tem, which we use to define the notion of a regular, regular singular, and irregular
singular term. The point zg is regular if b(z)/a(z) and ¢(z)/a(z) have a holomor-
phic extension near zy. It is a regular singular point if the Laurent expansion of
b(z)/a(z) begins with coz~! and the one of ¢(2)/a(z) begins with c1272 + cpz7L.
The characteristic numbers can be calculated in terms of the Laurent series. If they
are independent over the integers then there are unique solutions of the type

AE d
z ajz

where 7 is one of the characteristic numbers.

Of particular importance is the case when there are only regular singular points.
In that case there are exactly three of them, and applying a Moebius transform
we may choose them to be 0, 1 and co. Moreover, multiplying by 2*(1 — 2)* we
can ensure that one of the characteristic values at 0 and 1 is 0. These are the
hypergeometric differential equations

z(1 fz)—zij [c — (a+b+1)z]d—w —abw =0
dz? dz
The characteristic numbers at z = 0 are 0 and 1 — ¢, the ones at z = 1 are 0 and
¢ — a — b, and the ones at infinity are —a and —b.
The regular solution near 0 with value 1 at zero is the hypergeometric function

2F1(a, b c; 2).
The Bessel differential equation is
220 + wi + (22 — v*)w = 0.

It has a regular singularity at z = 0 with indices +v, and an irregular singularity
at z = oo. The Bessel function of the first kind is

0 k
1 (32°)

To=(32)" ];)(—1)’“ KID(v + k + 1)

We have, unless v is negative integer,

Ju(z) — (%Z)V/F(V + 1) = O(]z|*¢¥*1) near 0

2 1 1
Ju(z) — 1/ p— cos(z — VT = Zﬂ') + elm=lp(1)

for z — oo and v € R.
There are integral representation for v > f%,

2(L2)

1
_ 2  2\w—3
S rl2T(v + 1) /0 (L= 8977 coslat)at

fi Trcos z cos sin(6)?”
7T1/2F(y+é)/0 (2 cos(f)) sin(6)="dt

Ju(2)

and if the absolute value of the argument of z is bounded by %77, the Schlafli-

Sommerfeld formula _
1 ocoO+T1 .
JV(Z) / ez sinh tfutdt

2mi —oo0—Tt
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Jy(2) = 2(32)” )/01(1—152)V—écos(zt)dt

S rl2T (v + 3

1 \v 0+ 2
:7(22) / exp(t — Z—t)t_”+1dt

21 J_ o

The Bessel functions satisfy

(d> (2" J,) = 2" Jy—m.

xdx

See [24] for more information. We want to evaluate (with the Hausdorff measure
of dimension s denoted by H?*

H(f) _ /Sdi1 eimfderfl :/0 er72(Sd72) Sind—Q(e)ei\ﬂ cos(@)da

a1 1 a2
a5 (el
which is seen by a substitution reducing the one dimensional integral to the formula
of Schléfli-Sommerfeld. This function is real and radial. We choose a real function
n € C=(R), supported in [—3, 00), with n(z) + n(—z) = 1. Then H(¢) is the real
part of
HI2(S?=2)p(cos ) sin? =2 (9) el o50) gy

An application of stationary phase gives

Lemma 8.1. For all H(r) is the real part of a function e=*"¢ which satisfies
d\k _d=1_
‘(%) qb‘ <cpr 2 k.
Proof: Exercise.

9. ApPENDIC C: THE FOURIER TRANSFORM
Let f be an integrable complex valued function. We define its Fourier transform
by

(9.1) f(6) = —

W/e_”{f(x)dmd(m).

9.0.2. The Fourier transform in L'. Properties are
1) The Fourier transform of an integrable function is a bounded continuous function
which converges to 0 as |[£] — oco. It satisfies

||f||sup < (Qﬂ)id/QHfHLl.

The estimate is obvious, as is the continuity if f is compactly support. The limit
as x — oo follows by an integration by parts if the integrand is compactly sup-
ported and differentiable. Those functions are dense, and we obtain continuity and
vanishing of the limit for compactly supported functions. The limit

lim e f(z)dm(z)
R—o00 BR(O)

is uniform, and hence the Fourier transform is continuous and converges to 0 as
& — oo.
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2) For all  and y in RY

9.2) fle+n) =emey
and
(9.3) F+y) = e¥Ef(6).

This follows by an simple calculation.
3) For f,g € L*(R)

Fx9(6) = 2m"2£(€)§(6).

which follows by application of Fubini’s theorem:

<2w1>d/2/ e_m&/ F@)g(w = y)dm (y)dm )

- / / ¢ E f(y)e= =V g — y)dm(y)dm(x)

= [ [ swe =g eram 2yim )

=(2m)*? f(£)4(¢)
4) For f and g € L*

(9.4) [ faam(a) = [ fgin

This is seen by applying Fubini to

[ [ rwe et ggdm )am o)
5)
o—blal? — o~ 3é?
We calculate as above

(271_)—11/2/e—ixg—%|x|2dmd($> _ (271_)—11/2/6—1(3:—177)5—7(90 in)? dm ( )

for n € R™. We set n = £ and get

(2m) =42 P [l gy =

9.0.3. The Fourier transform of Schwartz functions.

Definition 9.1. We say f € C=(R?) is a Schwartz function and write f € S(R?)
if for all multi-indices a and B

1220° fllsup < 00
We say f; — f in S if for all multi-inidices
xo‘aﬁfj — 2°9°f

uniformly.
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We collect elementary properties.
1) f € S if and only if z29° f € S for all a and f3.
2) f € S implies f integrable.
3) f € S and g € C™ with bounded derivatives implies fg € S.
4) f € § and A an invertible d x d matrix implies fo A € S
5) f € S and x¢ € R? implies f(. + ) € S.
6) We say that a distribution T has compact support, if there exists a ball Bg(0)
such that for all functions f in C§°(R?) with support disjoint from Bgr(0) T'f = 0.
We can easily extend such distributions to Schwartz functions (exercise).
We define the convolution with a Schwartz function by

Tx f(z) =T(f(z - )

This is well defined and T * f is a Schwartz function whenever f is a Schwartz
function. To see this we recall that by the definition of a distribution there exist
C > 0 and N > 0 such that (since f has compact support)

T()| < enllfllon.
Taking difference quotients shows that x — T x f(x) is differentiable and
0T f=Tx09;f.
Recursively we see that T f € C'°°. Morever
1f(z = e~ Baoy) < em(+ |z))~™

for Schwartz functions, and hence T * f is a Schwartz function.
7) f,g € S implies fxg € S and

(9.5) Teg=(2m)"fg
If f €S and S is a distribution with compact support then
Sx f(x):=8S(f(x—.)) €S.

8) All the operations above are continuous.

Theorem 9.2. If f € S then f € S, and vice verse,

m = _ia&f
—Tax\jf =&f

and the Fourier inversion formula
£@) = 2m) 2 [ e feyam )
and the Plancherel formula
[ faamt©) = [ rgim(o)
hold. If A is a real invertible d x d matrix then

FoA(€) = (det|A) "1 f(ATe).
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Proof. According to property (1)
9 fes
and hence 0P f is integrable. With the first calculation
F(a*(=ip’f)) = —io¢’ f
which is bounded by the second observation. Thus f € S. We calculate

-7:-((27r)—d/27_d/26—%x2 % f) _ 6_%62‘}?(5)
and, with 7 — oo

£(0) = (2m) /2 / fe.

Together with the formulas (9.3) we obtain the inversion formula

f(2) = (2m)~4/2 / 7€ f(€)de.

The Plancherel formula follows by (9.4). The last formula follows from

(2m) 02 [ &S (A)dm(a) = (2) 2 der A [ ATV ()amy),
O

9.0.4. Tempered distributions.
Definition 9.3. A tempered distribution T is a linear map
T:5—-C
which is continuous, i.e. f; — f € S implies
T —=Tf
We denote the set of tempered distributions as S*. We say T; converges to T' if
Tif =Tf forall f€S.
We list properties.
1) We call T bounded if there exists N such that

T <C sup  supladlf)
lal+|BI<N =

The linear T': § — C is bounded if and only if it is continuous.
2) Distributions with compact support are tempered distributions.
3) Let T € §* and ¢ € C* with bounded derivatives. We define

T (f) =T(of).
4) The derivative of a tempered distribution 9;7" is defined by
4T (f) = —T(9;f)
5) Let T € §* and ¢ € S. Then
T x¢ € C=(R?),

where we define T * ¢ as for distributions with compact support.
6) Let T € 8* and S be a distribution with compact support. We define

S*T(f) =T(S* )
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where S(f) = S(f), f(z) = f(—z). Then S* T € S*.
7) Let g € LP for one 1 < p < oco. It defines a unique distribution by

7,(5) = [ afam
The operations commute with this representation,
Ty = o1,

and we identify LP with its image via the embedding.
8) We define the Fourier transform 7' € S* by

T(f) =T(f)
The inverse Fourier transform is defined similarly.
This is compatible with the interpretation for functions.
9)
do = (2m)4/?
and
1= (2m)%25
The Euler relation
z-Vf=mf
holds for every homogeneous function of degree m. We want to define homogeneous
distributions.

Definition 9.4. A tempered distribution is called homogeneous of degree m € C if
T(¢) = A" T(H(A* ).

Let Rem > —d. Then |z|™ is tempered distribution. Its Fourier transform is
again a tempered distribution of homogeneity —d — m.
This can be seen from the Euler relation

x-Vf=mf
for every homogeneous function of degree m.

Lemma 9.5. Let 0 < Rem < d. The following identity holds

1 1
F(

sy 2T = | T
2m/21"(m/2> 2(d—m)/2r(dT)

Proof. We claim that the Fourier transform of a homogeneous distribution of degree
m € C is a homogeneous distribution of degree —d — m. We denote by T the
distribution

To(f) = AT fF(\)
Then
() = Ta(f) = T F(\) = T(F(/N) = A" 4T(f) = A7 (f).

Let f be a homogeneous function of degree m such that T is a homogeneous
distribution. Let O be an orthogonal matrix with f o O = f. Then

ff OOT = ’ff
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where the term on the left hand side is defined by the action on Schwartz functions.
In particular the Fourier transform of |z|~™ is radial in the sense that it is invariant
under the action of orthogonal matrices. This is equivalent to

rf =7 (W [ flele)w o)

(a rigorous justification requires either an approximation, or a symmetrization ar-
gument). We denote the symmetrization operator by S.

Let T be a radial homogeneous distribution of degree m. We claim that We fix
a non-negative function h with integral 1 with compact support and observe that

7() =1( / AT () (a)h(n(3))d2 )
7 / AL () 2 (2] dA

T(|x|d+mh(1n|x)/ooo AL F(N)dA

=T (|2 "™ h(~ n J2])) / ™ f () dm(y)

for all f € S with 0 not in the support. This extends to Schwartz functions if
m > —d.
By the consideration above

i—m d
lz[=™ = c(n, m)|z[™

and we have to determine c¢(n,m). The Gaussian is its own Fourier transform. Let
T = |z|™ and denote by T' its Fourier transform. Then, by the definition
|z |? ~ o Jel?
Tem =2 )=T(e 2)
We calculate

z|2 9]
/|x|mei%dmd(1’) :dmd(Bl(O))/ 67T2/27’d71+md7’
0

:dmd(Bl(O))rd*szl/ £ ety
0

d+m

2 )
Comparison with the calculation for |x|~¢~™ gives the formula. O

d+m

=dm?(B1(0))2” = ~'I(

The formula extends to all m € C\(—o0, —d] U [0,00). This requires however a
proper definition of the homogeneous tempered distribution.
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