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Introduction

The connections between representation theory and geometry run far and deep.
In geometry we often consider the projective space P}(C) = CII {oo}. One way to
construct P(C) is as the quotient GLy(C)/P where

{6

More generally, we can take the group

P {(%) ‘ Ay € GL(C), Ay € GLnk(C)}
* 2

in GL,,(C) to obtain the classical Grassmannian of k-dimensional subspaces in C" as the
quotient GL,,(C)/P, which is a projective variety. Even more generally, for a reductive
group G over the complex numbers together with a parabolic subgroup P, one can observe
that the quotient G/P has the structure of a projective variety — called the partial
flag variety. These geometric objects are hugely important in representation theory. For
example, one can recover the irreducible rational representations of G as cohomology
groups of line bundles on a partial flag variety by the Borel-Weil-Bott Theorem, see
[Dem76].

The partial flag variety G/P has a standard decomposition into locally closed subsets
called the Schubert cells, which give standard bases of its cohomology ring. In the
example of P" this is given by

a,cE(C*,bE(C}.

P*(C)=C"IIC" ' II---1I {pt}.

The Schubert cells in partial flag varieties are always of the form C”, but their closures
in G/P — the Schubert varieties — have rich geometric structure.

In this thesis, we consider an infinite-dimensional analogue of a partial flag variety,
called the Affine Grassmannian Grg. We consider the ring of Laurent series C((t)) and
the ring of power series C[[t]]. Then Grg(C) is given by G(C((¢)))/G(C[[t]]). This object
has the structure of an ind-projective ind-variety, a notion that is very similar to that of
a projective variety, but which also captures the infinite-dimensionality of Grg. It turns
out the Affine Grassmannian has a decomposition into finite-dimensional subvarieties,
which we also call Schubert cells. Their closures, the Affine Grassmannian’s Schubert
varieties, are projective varieties. Unlike the classical case of partial flag varieties, the
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Schubert cells of the Affine Grassmannian have a much richer structure. It turns out
that these Schubert cells are bundles over partial flag varieties, see Theorem In
particular, classical Grassmannians appear as Schubert cells in the Affine Grassmannian
of GL,, for some n.

The Affine Grassmannian is linked to representation theory in two ways.

The Beilinson-Bernstein Localization Theorem [BB81|, which links the geometry of
partial flag varieties with the representation theory of (finite-dimensional) Lie algebras,
has an analogue for the Affine Grassmannian. This result, due to Frenkel and Gaitsgory
[FGO09], links the Affine Grassmannian to representations of affine Kac-Moody Lie
algebras.

We will however focus on the other central result: the Geometric Satake Equivalence.
This theorem states an equivalence of Tannakian categories between the representation
category of GV, the Langlands dual group of G, and perverse sheaves on Grg.

We define the Langlands dual of G via the classification of complex reductive groups
in terms of their root datum, which is a purely combinatorial object. This notion comes
with an inherent duality and so GV is defined as the reductive group corresponding to
the dual root datum of G.

By the Tannakian Reconstruction Theorem we obtain GV from Rep(G") and thus the
Geometric Satake Equivalence recovers the group GV without making reference to the
classification of reductive groups via their root data.

A precursor of the Geometric Satake Equivalence was the Satake isomorphism, see
[Sat63] and [Mac6§|, which relates the center of the extended affine Hecke algebra
with the Grothendieck group of Rep(G"). Geometric Satake can be thought of as a
categorification of this result. It also explains the name Geometric Satake Equivalence as
the word “geometric” means “sheaf-theoretic.”

Another step on the way to the Geometric Satake Equivalence was done by Lusztig in
[Lus83], where he observed a relationship between products of intersection complexes on
Schubert varieties in the Affine Grassmannian and representations of GV.

Geometric Satake was first proven by Ginzburg for complex representations in |Gin95]
and later generalized by Mirkovi¢ and Vilonen in [MV00].

Both proofs make use of the Tannakian formalism. One can construct a certain category
of perverse sheaves Py(Grg) on Grg and then endow this category with a monoidal
structure x as well as a fiber functor to the category of finite-dimensional vector spaces
to deduce that

(Pa(Grg),*) = (Rep(G), ®)
as Tannakian categories for some algebraic group G. Then one can show that G = G
by showing that G is reductive and then calculating its root datum.

In this thesis, we will only give a brief sketch of the proof of Geometric Satake and
focus mainly on understanding the geometry of the Affine Grassmannian in the type A
cases GL,,, SL,, and PGL,,.

The thesis is structured as follows: In Chapter 1 we first give a reminder on complex
reductive algebraic groups and their classification via root data. We also recall the
definition and basic properties of the projective linear group PGL,. Afterwards we
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introduce ind-schemes, which are an essential tool to understand the natural structure
of the Affine Grassmannian. They can be thought of as formal colimits of schemes and
capture the infinite-dimensionality of Grg.

In Chapter 2 we begin by introducing lattices, which are in our context R[[t]]-
submodules of R((t))™ subject to certain conditions, where R is a C-algebra. Using the
functor of points perspective, we then define the R-valued points of the Affine Grass-
mannian of GL, as the set of lattices in R((¢))™. Our first proposition will be to recover
the C-points of Grgr,, as

Grar, (C) = GL (C((1)))/ GLa(C[]]).

Sticking with GL,,, we show that Grgp,, is an ind-projective ind-variety. Thereafter we
are able to define Grg for general reductive groups G and show the analogous statement
for Grg using the GL,-case. Subsequently, we construct the Schubert cell decomposition
in the cases GL,, SL,, PGL,, explicitly. We state properties of the Schubert cells and
varieties, providing proofs in the aforementioned cases.

In Chapter 3 we give a short introduction to Verdier duality, a generalization of Poincaré
duality. Afterwards we define perverse sheaves on a space X and summarize well-known
facts about them and their category P(X). This category is an abelian subcategory of
D’(X), the derived category of sheaves on X. Perverse sheaves were first introduced in
[BBDS82| and serve as a powerful tool in geometric representation theory. Notably, they
appear in the proof of the Kazhdan-Lusztig conjectures, see |BB81].

We finish the thesis by formulating the Geometric Satake Equivalence and briefly
sketching its proof.
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Chapter 1

Preliminaries

In this chapter we summarize preliminaries about the foundations of the thesis — the
classical theory of complex reductive algebraic groups and ind-schemes which is the
natural structure on the Affine Grassmannian.

Throughout the thesis all rings and algebras are assumed to be unital and commutative.

1.1 Reductive Algebraic Groups

We start by giving a brief reminder about complex reductive algebraic groups. We follow
mostly [Mill7] and [Hum75]. For the original treatment in arbitrary characteristic, see
[GRO3].

Let GL,, be the affine algebraic group(-scheme) over C. A linear algebraic group is a
closed subgroup(-scheme) of GL,,, We write G(R) for the R-points of the linear algebraic
group G where R is a C-algebra.

Definition 1.1.1. We call a connected linear algebraic group G reductive, if the
category of rational representations Rep(G) of G is semi-simple.

The main examples of reductive groups are GL,, and SL,,. Another important example
of a reductive group is PGL,,, which turns out to be the so-called Langlands dual group
of SL,. In order to define PGL,, consider the canonical inclusion of algebraic groups
G,, = GL; — GL,, given by

Gm(R) = R* — GL,(R), 1+ ,

which identifies G,,, with the center Z(GL,,) of GL,,.

Definition 1.1.2. The group PGL,, is defined as the quotient
PGL,, == GL,,/G,,

of algebraic groups.
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The next two propositions summarize well-known algebraic properties of PGL,,, after
which we analyze the representation theory of this group.

Proposition 1.1.3. The group PGL,, is a connected linear algebraic group.

Note that the R-points PGL,(R) = (GL,/G,,)(R) are not necessarily equal to
GL,(R)/G,(R). However, this equality does hold for all rings that we will ever consider
in this thesis (namely C,C((¢)), and C[[t]]) by the following proposition.

Proposition 1.1.4. If Pic(R) = {1}, then
PGL,(R) = GL,(R) /G (R).
In particular, we have PGLy,(R) = GL,(R)/Gum(R) if R is a field or even a local ring.
Proof. By [Mill7, Chapter 3.k] the exact sequence
0—G,, —GL, - PGL, — 0
of algebraic groups yields an exact sequence
0 = Gu(R) = GL,(R) = PGL,(R) = HY(R, (G,)r),
which comes from the long exact cohomology sequence. Now recall that
H'(R, (Gyn)r) = Pic(R),
c.f. [Sta2l, Tag 09NU|. We therefore have
0 — Gn(R) — GL,(R) — PGL,(R) — 0,
if Pic(R) is trivial. O
Corollary 1.1.5. The composition
¢: SL,(C) — GL,(C) - PGL,(C)
1s surjective with kernel the group of n-th roots of unity.

Proof. 1t is clear that the kernel is given by
3

£ is an n-th root of unity

3

Now every element of PGL, (C) = GL,(C)/G,,(C) can be written as [A] with A € GL,,(C).
But because C is algebraically closed, det A # 0 has an n-th root V/det A. Now the

matrix
(vaw)
A= (Yot A) A= . A € SL,(C)
(va)”
has image [A’] = [A] in PGL,(C) under . 0


https://stacks.math.columbia.edu/tag/09NU

1.1 Reductive Algebraic Groups

Using this corollary we obtain a fully faithful functor
Rep(PGL,,) — Rep(SLy,,),
where a representation M of PGL,, becomes a representation of SL,, via
A-m:=[A]-m form e M and A € SL,(C)
where [A] denotes the image of A in PGL(C).
Proposition 1.1.6. The functor Rep(PGL,) — Rep(SL,) identifies Rep(PGLy,) with
{M € Rep(SL,) | € acts trivially on M for all n-th roots of unity } .

Proof. The image of the fully-faithful functor Rep(PGL,,) — Rep(SLy,) is precisely the
right-hand side as PGL,,(C) = SL,(C)/{n-th roots of unity}. O

From this proposition we conclude:
Corollary 1.1.7. The group PGL,, is reductive.

Proof. The category Rep(PGLy,) is a full subcategory of Rep(SL;,) and closed under direct
summands in Rep(SLy,). But Rep(SLy,) is semi-simple and therefore also Rep(PGL,,). O

Remark 1.1.8. The notion of a connected group with semi-simple representation category
is not the correct notion for reductive groups in positive characteristic. For example
both GL,, and SL,, do not satisfy Definition in positive characteristic for general n.
For the general notion of reductive groups, one needs to consider groups such that their
unipotent radical is trivial, see [Mill7, Chapter 6.h]. Then by [Mill7, Theorem 22.42],
the two definitions of reductive coincide for groups over a field of characteristic zero.

In the following, we will give the classification of reductive groups over C in terms of
their so-called root datum which is a generalization of root systems. The classification is
true in fact for all algebraically closed fields using the more general definition of reductive

from Remark [[LT.8
First we define the root datum of a reductive group as well as abstract root data,

which will turn out to be equivalent notions by Theorem
Definition 1.1.9 (Root Datum of a Reductive Algebraic Group). Let G be a reductive

group. Choose a maximal torus 7" C G, i.e. a group of the form GJ}, for some n. We
define

X*(G,T) = Hom(T, G,),

X«(G,T) =Hom(G,,,T).
We call X* = X*(G,T) the character lattice and X, = X.(G,T) the cocharacter lattice
of G. Note that the cocharacter lattice X, = (X*)V := Homg(X*,Z) is the dual abelian
group of the character lattice X* using the perfect pairing

X* x X, =Hom(T,G,,) x Hom(G,,,T) = Hom(G,,,G,,) = Z,
(z,y) = (2,y) =woy.
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Importantly, there are subsets ® C X* and ®V C X, — of roots and coroots — defined
as the weights of the adjoint action of G on the Lie algebra g. Then the root datum is
defined as the quadruple

(X*, @, X,, ®Y).

We follow this definition by gathering the root data for GL,,, SL,,, and PGL,,, our most
important examples.

Example 1.1.10 (Root Datum of GL,). A maximal torus in GL, is given by the
diagonal matrices

€ GL,(C) § = G,n(C) = (C*)™.

Aan,

Therefore we have X*(GL,,,T) = Z". The roots are e; —e; for i # j, where e; is the i-basis
vector in X* 2 Z™. For the cocharacters we have by the perfect pairing X, = (X*)V = Z"
with dual basis (e1,...,ey). The coroots are precisely ¢; — ¢; for i # j. Hence, the root
datum is given by

(Zn7{€i — € | 2%]},Zn,{gz —&j ‘ Z#]})

Note that neither the roots form a Z-spanning set of the character lattice, nor the coroots
of the cocharacter lattice.

Example 1.1.11 (Root Datum of SL,,). A maximal torus in SL,, is given by the diagonal

madtrices
aj

€ SL,(C) } = G™L(C).
an
By embedding this torus into the diagonal matrices 7" of GL,,(C) we obtain a surjection
7" = X*(GL,,T) - X*(SL,,T). This yields an identification
X*(SL,,T)=7Z"){e1 + -+ en).

The roots of SL,, are precisely the images of the roots e; — e; of GL,, which we also
denote by e; — e;. The cocharacter lattice will be a subset of X,(GL,,T"). Explicitly, we

have
_ 0}

The coroots ¢; — €; of GL,, are also the coroots of SL,,. Hence, the root datum of SL,, is
given by

X.(SL,,T) = {y =(y1,...,yn) € Z" = X.(GL,, T")

(Z”/(el+~-~+€n>,{ei—ej},{y: (yla"'vyn Zyz —0},{57;_5]'}) .
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The case n = 2 specializes to
(Z, {2}, Z, {+1}).
where 2 =¢e; —eg and 1 = g1 — &9.

Example 1.1.12 (Root Datum of PGL,,). A maximal torus 7" in PGL,, = GL,,/G,, is
given by the image of the diagonal matrices 7" of GL,,(C). Concretely, we have

a

T = € GL,(C) / ~ G HQ).

an, a

a

The homomorphism 7" — T induces maps
X*(PGL,, T) = X*(GLp,T') and X,(GL,,T") = X,.(PGL,,T).

Explicitly, we have

X*(PGL,T) = {x =(x1,...,2,) €Z"

ixi:o},

=1
X, (PGL,,,T) = Z"/(e1 + - - + &)

The roots of GL,, live in X*(PGL,,,T) and are the roots of PGL,,, and the coroots of
PGL,, are precisely the images of the coroots of GL,,. Hence, the root datum of PGL,, is
given by

({x: (x1,...,2,) €Z"

The case n = 2 specializes to

n

dowi= 0} Aei —e 12" {er + -+ en) e —Ej}) :

i=1

(Z,{£1},Z,{%2}).

It will turn out the similarity between the root data for SL,, and PGL,, is an example
for a general duality of reductive algebraic groups see Definition [I.1.18

Recall that semi-simple complex Lie algebras are classified by the their root systems
which can be defined axiomatically. The following definition is a refinement of the concept
of an abstract root system.

Definition 1.1.13 (Abstract Root Datum). An abstract root datum is an ordered
quadruple (X, ®, XV, ®V) where

e X, XV are finite free Z-modules in duality by a perfect pairing
(=, =) X xXV =7,

e &, ®V are finite subsets of X and XV in bijection via a — ", such that
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(R1) (o, 0”) =2,
(R2) 84(®) C ®,5,v(PV) C @V, where

sa(r) =2 — (z,0V)a, forz e X,ac®,
sev(y) =y — {a,y)a”, forye XV, ac d.

We call @ the roots and ®V the coroots.

Proposition 1.1.14. The root datum of a reductive group is an abstract root datum.

Proof. This can be found in [Mill7, Corollary 21.21]. O

Remark 1.1.15. Note that these definitions are refinements of the definitions of root
system and abstract root system. Indeed, we can recover the root system of G from its
root datum (X*, @, X,, ®V) as (X* @z R, ®).

Example 1.1.16. The root systems of PGL, and SL, are equal. Indeed, by Re-
mark Example the root system of PGL,, is given by

(X*(PGL,) ®2 R, &(PGL,)) = ({z € R" | Y = 0}, {e; — ;})
and by Example [I.T.11] the root system of SL,, is given by
(X*(SLy,) @z R, ®(SLy,)) = (R"/{e1 + - - - + en)r, {€;i — €;}) .
The obvious homomorphism

X*(PGL,) ®z R — X*(SL,) ®z R
r— x4+ (e1+ -+ en)r

is an injective map between vector spaces of the same dimension and therefore an isomorph-
ism. However, the corresponding map on the level of lattices X*(PGL,) — X*(SL,,) is
not surjective for n > 1.

One can show by hand that pgl,,, the complex Lie algebra of PGL,, is isomorphic
to sl,. This also follows from the classification theorem for complex semi-simple Lie
algebras in terms of their root systems.

The next theorem is the classification theorem for reductive algebraic groups in terms
of abstract root data.

Theorem 1.1.17 (Chevalley, Demazure-Grothendieck). Reductive algebraic groups over
C are classified by their root data. To be precise, two reductive algebraic groups are
isomorphic if and only if they have the same root datum. Conversely, for every given
abstract root datum there exists a reductive group which has this root datum.
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This was first proven by Chevalley for complex algebraic groups over C. In [DG11]
Demazure extended this to the case of algebraically closed fields of arbitrary characteristic.

The next definition captures the duality we observed between the root data of SL,
and PGL,. One can go from one root datum to the other by switching the roles of
characters and cocharacters, roots and coroots. In general, for an abstract root datum
R =(X,®, XV, ®) we observe that RY = (X, ®", X, ®) is also an abstract root datum.
We call RV the Langlands dual root datum of R.

Definition 1.1.18 (Langlands Dual). Given a reductive group G with root datum
R, consider the Langlands dual root datum RY. By Theorem there is a (up to
ismorphism) unique reductive group G with associated root datum R". This group G
is called the Langlands dual group of G.

The following is an immediate observation from this definition.
Corollary 1.1.19. If G is a reductive group with dual GV, we have
(GV)Y =2G.

Proof. Let G have root datum (X, ®, XV, ®V). Then the root datum of GV will be
(XV,®Y, X, ®). Therefore the root datum of (GV)" is equal to (X, ®, XV, ®"), the root
datum of G. By Theorem we must have G = (GY)V. O

Example 1.1.20. By Example|[1.1.10| the root datum of GL, is
(Z" {ei —ej | i # 5} 2" {ei — g5 | i # j}).
Observe that this is invariant under taking the Langlands dual. We therefore have
GL) = GL,.
Example 1.1.21. By Example|1.1.11| the root datum of SL,, is

Zyz’ 0},{51‘53'}),

=1

(Zn/<el + +€n>a{ei - ej}a {y = (yla"'vyn) ez

while by Example [1.1.12] the root datum of PGL, is

({x: (x1,...,2,) €Z"

These root data are dual to each other and we obtain

n

in = O} ,{ei — 6‘7‘},Zn/<€1 + - +5n>7{5i —5.7‘}) .

i=1

(SL,)Y = PGL,, and (PGL,)" = SL,.

The classification theorem tells us, that a reductive algebraic group is completely
determined by its root datum. We expect to be able to read off information about the
group from its root datum. The next theorem gives the celebrated classification of finite
dimensional simple representation of G in terms of the root datum. We fix a Borel
subgroup and a torus T'C B C G. The choice of Borel yields a choice of positive roots
b, C O,



Chapter 1 Preliminaries

Theorem 1.1.22. Let G be a reductive algebraic group with root datum (X*,®, X, ®V).
Then there is one-to-one correspondence between the (isomorphism classes of) finite
dimensional simple representations of G and the set

(X*)y ={reX*|(z,a”) >0 foralla € ®,}
of dominant integral weights.
For a reference see [Mill7, Theorem 22.2].

Example 1.1.23. For GL,, we can choose ® = {e; —e; | i < j}. The simple represent-
ations are then labeled by the set

{aeZ" | (a,ei—¢€;) >0Vi>j}={(a1,...,an) €Z" | a1 > ag > a3 > -+ > an}.

Example 1.1.24. For SL,, we can choose ®, = {e; —¢; | i < j}. The simple representa-
tions are labeled by the set

(X*)—i-:{(ala..-,an)ezn’alZQQZ...Zan}/{(a7a"“,a)}
={(a1,...,ap-1,0) €Z" | a3 > az > --- > 0}.

Example 1.1.25. For PGL,, we can choose ®; = {e; —¢; | ¢ < j}. The simple
representations of PGL,, are labeled by the set

(X*)4 = {(al,...,an) c "

n
ap > ag > - > a, and Zai:()}.

=1

Next we note that the dimensions of the simple representations can also be read off
from the root datum.

Theorem 1.1.26 (Weyl’s Dimension Formula). Let T'C B C G be as above. Let Lg(x)
be the simple representation with highest weight x € (X*)1. Then

i L) = T Erea)
dim L(z) ag avy

Here, p is defined as the half-sum of all positive roots.
Example 1.1.27. The simple representations of PGLs are given by the set
{(al,ag) S 7?2 |a1 > ag,a1 +ag = 0} = {(kj, —k‘) ‘ ke No}.

We obtain p = 1 - (1,—1) and therefore

dim Lpgr, ((k, —k)) =




1.2 ind-Schemes

Alternatively, recall that by Proposition [I.1.6]
Rep(PGLy) = {M € Rep(SLy) | I and —1I operate trivially},

where I denotes the unit matrix. Recall that the finite dimensional simple SLo represena-
tions are given by C[zo,z1]q. Note that —I acts as (—1)? on this representation. We can
therefore identify Lpar,((k, —k)) with Lgr,,(2k), the unique simple SLy-representation
of dimension 2k + 1.

The next proposition allows us to study the geometry of G from its root datum.

Proposition 1.1.28 (Fundamental Group of G). The fundamental group of G can be
computed as

m(G) = X.(G,T)/(3Y).
For a proof see [Mill7, Chapter 18].
Example 1.1.29. We can compute
o m(GL,) = X« (GL,,T)/(®Y) =Z"/(e; —ej | i # j) = Z,
e m(SL,) = X«(SLy,, T)/(®Y) ={a € Z" | a1 + - - + a, = 0}/(e; — &;) = {0},
e m(PGL,) = X, (PGL,,T)/(®Y) =Z"/{e1 + -+ en,ci — &) = Z/n.

1.2 ind-Schemes

We begin with the definition of an ind-scheme, because our main object of study, the
Affine Grassmannian, will turn out to be such an object. We loosely follow [Ric19|. Recall
that any scheme X over a ring k (in our case k will always be the field of complex numbers,
but one can also take k = Z to recover the total situation) yields a corresponding functor
of points

X: k-Alg — Sets, R+ X(R) = Homgg,;(Spec(R), X),

where k-Alg is the category of commutative k-algebras with 1.
Taking the functor of points is a functor

Y: Sch — Set* e,
Lemma 1.2.1. The functor Y is fully-faithful.
Proof. This is just the Yoneda lemma plus the glueing property for maps of schemes. [J
Example 1.2.2.

o If we take the affine scheme A! = Spec(k[z; | i € I]) for some set I we obtain
R — R! as its functor of points. Notice that for infinite I this does not coincide
with

AD(R) == RY = {(r;)ic; € R' | r; = 0 for all but finitely many i}.
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o The scheme P! := Proj(k[z; | i € I]) represents the functor
R~ {R(I) .y | L is an invertible R—module} / ~
where

a ~ o & there exists some 3: L = L' such that o/ = 3o a.

If R is local, this degenerates to {(r;) € Rl | r; € R* for at least one i}/R*, see
[Sta21, Tag 01NA]. Notice that if I is infinite this is again quite different from the
functor

) _ n 2 L is an invertible R-module and -
PY(R) : {R L | a(es) = 0 for all but finitely many i [/ ™

which for R local becomes {(n) e R | r; € R* for at least one z} /R

Both functors AN and P™) are not representable by schemes (see Proposition [1.2.15)),
but rather have the structure of ind-schemes.

We now introduce ind-schemes.

Definition 1.2.3. We call a functor X : k-Alg — Set an ind-scheme, if X is an N-
filtered colimit of representable functors along closed immersions in the category Set* A8
i.e. there is a diagram of schemes

X, X X;

where all transition maps are closed immersions, such that X(R) = hﬂXi(R) in Set.
Morphisms of ind-schemes are natural transformations of functors.

What we call an ind-scheme is in the literature sometimes referred to as a strict
ind-scheme. These authors use the term ind-scheme also for colimits over general filtered
categories.

Example 1.2.4. The following are standard examples of ind-schemes.

o The functor AN can be written as the colimit of

Al A? A3

where the transition maps are the coordinate embeddings.

e The functor PNY) can be written as the colimit of

P! P2 P3

e Any scheme X has a trivial ind-scheme structure as the colimit of the diagram

X idx idx idx

X X

10
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1.2 ind-Schemes

o There are schemes which have a non-trivial ind-scheme structure, such as [[{pt}.
It can be written as the colimit of

{pt} —— {pt} W {pt} —— {pt} W{pt} O {pt} — ---
Remark 1.2.5. Giving a scheme the structure of an ind-scheme defines a functor
Sch — ind-Sch.
This functor is in fact fully-faithful, because for two schemes S, T" we have
Homing-seh (S, T') = Homg r-a15(S, T') = Homgen (S, T).

Definition 1.2.6. We call an ind-scheme ind-projective, ind-reduced, ind-finite type,
ind-quasi-compact, etc., if we can write X as the colimit of schemes which are projective,
reduced, finite type, quasi-compact, etc.

Example 1.2.7. The ind-schemes from Example have the following ind-properties:

o The ind-scheme AW is ind-affine, ind-reduced, ind-finite type, ind-quasi-compact.

o The ind-scheme PM) is ind-projective, ind-reduced, ind-finite type, ind-quasi-
compact.

e If X is a scheme with some property, then X has the ind-version of this property
as an ind-scheme, but the converse does not hold, by the next example.

o The ind-scheme lig]_[17...7n{pt} = [In{pt} is ind-quasi-compact, ind-finite type and
ind-affine even though it is a scheme and neither quasi-compact, nor finite type,
nor affine.

In the following, we examine morphisms of ind-schemes.

If X = liﬂXi is an ind-scheme and S is a scheme, the morphism of ind-schemes
X; — X induces a map Homgc, (S, X;) — Homjng.sen (S, X) for ¢ € N. From these we
obtain a natural map ligHomind_sch(S, X;) = Homipg.scn (S, X). It turns out that this
map is not far from being a bijection in general.

Proposition 1.2.8. The map @Homind_sch(S, X;) = Homing.sen (S, X) is injective. If
S is additionally assumed to be quasi-compact, the map is bijective.

Proof. First let S be arbitrary. For every ring R the map X;(R) — X;+1(R) is in-
jective, because the morphisms of schemes X; — X, are closed immersions. We
obtain that also X;(R) — @Xi(R) is injective. It follows that the morphism of
ind-schemes X; — X is a monomorphism of functors and therefore a monomorphism
of ind-schemes. Thus Hom(S, X;) — Hom(S, X) is injective and we conclude that
liAqum(S, Xi) — Hom(S, X) is injective, too.

Now let S be quasi-compact. We need to show that for every morphism «a: S — X
there is an ig € N such that a factors through X;, — X. We have that S is a finite
union of affine schemes S = Uy U --- U U, with embeddings ¢;: U; < S. Note that

11



Chapter 1 Preliminaries

if all morphisms a o ¢;: U; — X factor through some X;, — X we also have that
a factors through X.v(,,.4,) — X. We can therefore assume S = Spec A to be
affine. Let a: SpecA — X be a natural transformation of functors. We want to
show that there is some ip such that o factors as a: SpecA — X;, — X. Consider
ida € Homging(A, A) = Hom(Spec A, Spec A). This element gets mapped by a4 to some
element in X (A) = U; Xi(A), and thus a4(ida) € X;,(A) for some ig. We show that «
factors through X;, — X. Let f € S(R) = Hom(Spec R, S) = Hom(A, R). The following
diagram commutes by naturality of «

Hom(A4, A) —*= lim X;(A) = X (A)
Jf* |xw
Hom(A, R) —% lim X;(R) = X(R)

and so ar(f) = ar(fi(ida)) = X(f)(aa(ida)) € Xi,(R). It follows that « factors
through Xj,. O

Corollary 1.2.9. If S = Spec A is affine we have
X(A) = li_rr;Xi(A) = Hom(Spec 4, X).
In lieu of this corollary, we are able to write
X (S) :== Homipg.scn (S, X)
without confusion.

Example 1.2.10. Let X; = [[; ,{pt} and S = X = lim X; = [In{pt}. Then
lingi(S) # X(5), because the identity on X = S does not factor through any Xj.
We see that the quasi-compactness assumption in Proposition [I.2.8]is indeed necessary.

Corollary 1.2.11. If X, Y are ind-schemes and Y = hgﬂY] is ind-quasi-compact with
Y; quasi-compact, we have

Hom(Y, X) = Hom(lim Y}, lim X;)
j i
= lim Hom(Yj,lingi)
J 7
= I'Lnlingom(Yj,Xi). (Proposition [1.2.8])
i

Next, we define the underlying topological space of an ind-scheme, which generalizes
the notion of underlying topological space of a scheme.

Definition 1.2.12. We define the topological space | X| of an ind-scheme X = lim X; as
the colimit

| X[ = Tim (| X ] = [Xp| =)
in the category of topological spaces, where | X;| denotes the underlying topological space
of the scheme X;. This means that Z C |X]| is closed, respectively open, if Z N |X;]| is
closed, respectively open for all 7.

12



1.2 ind-Schemes

We will see that this definition is independent of the presentation of X as a specific
colimit of schemes in Lemma [[.2.14]

Example 1.2.13. Let k be a field. The underlying topological space of the ind-scheme
given by the colimit of the diagram

Speck — Speck[t]/(t?) —— Speckl[t]/(t3) —— ---

has underlying topological space {pt}, because k[t]/(t") only has a single prime ideal.

This ind-scheme is not (representable by) a scheme: If this ind-scheme was a scheme,
it follows that it is affine, because its underlying topological space is a singleton. But a
colimit of the above diagram exists in the category of affine schemes, namely Spec k[[t]]
which has two points. This kind of example is also referred to as a formal scheme, see
[Har77, Chapter I1.9].

Lemma 1.2.14. We have
X] = lig X(K).
Kfield

We see that | X| is independent of a presentation as a diagram of schemes.

Proof. The statement is true for schemes by [Sta21, Tag 01J9] and we can exchange
colimits. O

We are finally able to show that our first and most natural examples of ind-schemes —
namely AN and PNY) — are in fact not representable by schemes

Proposition 1.2.15. The ind-schemes AN and PXY) cannot be represented by schemes.

Proof. Assume AM was a scheme. Then there is an open affine subscheme S € AM.
Since S is quasi-compact, the inclusion S < AN factors by Proposition through
some A"™. The affine scheme S therefore has dimension n. It follows that S cannot be
open in A"! which contradicts S C X open. Exactly the same argument also works for

PV, O
We would like to extend some constructions defined for schemes to ind-quasi-compact
ind-schemes. To guarantee independence from a chosen presentation of our ind-scheme,

we need the following technical lemma.

Lemma 1.2.16. Any functor F: Sch — C, where C is category which has N-filtered
colimits, induces a functor

F': {ind-quasi-compact ind-schemes} — C

via F(hﬂ X;) = th(XZ) for X; quasi-compact.

13
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Proof. Given two presentations X = hgl X, = ligj X ]’ by quasi-compact schemes, we ob-
tain two objects F'(X) := limy, F(X;) and F(X)" = ligj F(X})in C. By Lemma for
any ¢ there exists an j; and a map X; — X]’-i such that X; — X factors as X; — ij_ — X
and similar for j. We then obtain maps F(X;) — F(Xj) — F(X)" which induce
F(X) — F(X)'. Similarly, we obtain a map F(X) — F(X). The composition
F(X) — F(X) — F(X) is the identity since F(X;) — F(X) — F(X) factors as

(F(X:) = F(X]) = F(Xy,) = F(X)) = F(X;) > F(X). 0

i Ji

Definition 1.2.17. For any quasi-compact ind-scheme X = ligXi we can define its
global sections I'(X, Ox) as

(X, 0x) = lim (T(X1, Ox,) 4 [(X,0x;,) ¢ T(X5,0x,) ¢ -+ )

If X is an ind-scheme over C, we denote this also by C[X]| = @(C[Xl]

Remark 1.2.18. Definition [1.2.17| can also be applied to open sub-ind-schemes of
X in order to define a sheaf of rings on |X|. See [Ricl9] for the definition of open
sub-ind-scheme, and the equivalence between open sub-ind-scheme and open subsets of
| X].

Definition 1.2.19. For any ind-quasi-compact ind-scheme X = ligXi we define its
reduction X,eq as @(Xi)red.

Definition 1.2.20. For any ind-finite type (so in particular ind-quasi-compact) ind-
scheme X = lim X; over C we define its analytification X®" as lim X?". Recall that the
analytification of a finite type scheme is defined as the set of C-points together with the
analytic topology.

Note that X" = (X;eq)*", because this also holds for schemes.

Recall that reduced finite type schemes over C (varieties) are completely determined
by their C-valued points since C is algebraically closed. The same will also hold for
ind-reduced ind-finite type ind-schemes (ind-varieties).

Proposition 1.2.21. If X is of ind-finite type and ind-reduced, its C-points are identified
with the closed points of | X|. Additionally, the set of closed points are very dense in | X]|.
Recall that this means that the closed points of | X| that lie in a closed subset Z C |X|
are dense in Z. We also have

Hom(X,Y’) = lim lim Hom(Xj, ¥;) = lim lim Hom(X;(C), Y;(C))
i i

where by Hom(X;(C), Y;(C)) we mean the classically defined reqular maps between algeb-
raic sets.

14
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Proof. A point z € | X| = lim | X;| is closed if and only if = € | X;| is closed. We obtain

{closed points of | X|} = liﬂ{closed points in X;}
= lim X;(C)
= X(C).

Next, let Z C | X| be closed. Then Z N {closed points in | X;|} is dense in | X;|. Therefore,
Z N{closed points of | X|} is dense in | X| because | X| has the weak colimit topology. [
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Chapter 2

The Affine Grassmannian

For a reductive algebraic group G over C we are interested in the infinite-dimensional
complex manifold Grg(C) == G(C((t)))/G(C][t]]) called the Affine Grassmannian. This
space actually has the structure of an ind-projective ind-scheme and so we will begin
with the definition of its functor of points

Grg: C-Alg — Sets.

Since we are interested in linear algebraic groups G — GL,, and the construction will be
functorial, we start with the special case of G = GL,,.

2.1 The Affine Grassmannian of GL,

For a ring R (commutative with 1) denote by R[[t]] the ring of formal power series with
coefficients in R and by R((t)) the ring of formal Laurent series.

Definition 2.1.1. A lattice L C R((¢))" is a finite locally free R[[t]]-submodule of R((t))"™
such that L ®@pgg R((t)) — R((1))" Qg B((t)) = R((t))" is an isomorphism.

Remark 2.1.2. Recall that a module M over a commutative ring R is locally free if
there are elements f1, ..., f, € R such that My, :== M|[f; '] is a free Rj,-module (where
Ry, = R[f[l]) and the ideal generated by the ring elements f; is equal to R. Then the
following conditions are equivalent, see [Sta21), Tag 00NX].

e M is finite locally free, i.e. locally free and finitely generated.
e M is finitely generated and projective as an R-module.
e M is finitely presented and flat.
Finite locally free modules are also called vector bundles.
Example 2.1.3. The R[[t]]-module R[[t]]™ C R((t))" is a lattice: It is locally free as a
free R][t]]-module and the map
R[[]]" @ gy R((2)) — R((#)"

is obviously an isomorphism.
We call this the standard lattice and also denote it by I'g.
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2.1 The Affine Grassmannian of GL,,

Example 2.1.4. The R[[t]]-module (t'e1,t%e2) gy C R((£))? is a lattice, which is free
with basis tleq,t2es. More generally, any (K1, ..., k,) € Z" defines a free lattice in R((¢))"
with basis (t*eq, ... ,tk”en). Putting k1 = --- = k;, = 0 we recover the standard lattice.

Example 2.1.5. If L C R((t))" is a lattice, then tVL C R((t))" will also be a lat-
tice for any N € Z. Indeed, L — tNL,m — tVm is an isomorphism with inverse
tNL — L,m' — t~Vm/ and so t!VL is finite locally free. Also note that if N > 0 the
above map t" L @ gy R((t)) — R(((t))™ factors as

tNL @iy R((t) = L @ggpy R((1) = R((1)",

where the first map is an isomorphism induced from the embedding tN L < L, m +— m.
If N <0, we have the factorization

L@y R((t) =tV L @ gy R((E)) — R((1))"
where the first map is an isomorphism induced from the embedding L < tN L, m — m.

Example 2.1.6. Let R = R; x Ry be a commutative ring with disconnected spectrum
and corresponding orthogonal idempotents p1, p2. Then

L =Rt @ R[[t]] C R((t))!

is the R[[t]]-submodule of R((t)) generated by the elements pit !, pot?. It is locally free
as an R[[t]]-module, because we can localize at the idempotents p1,p2 € R C R[[t]] to
obtain
L &g Rty = Bat™" @ R[[t]]p, =t (RI[E)py = (R,
L @g[q) Rl[tl]p. = {0}t @ R[[t]]p, = (RI[t]])p.-
It also satisfies
L @ggy R((1) = (p1t ™", p2t®) ripy @y R((2))
= (p1t™ l,pzt >R((t))

= (P1, P2) R(
R((t))l'

Hence, L is a lattice in R((t))?.

The following proposition gives a useful criterion to check whether a locally free
R][t]]-submodule of R((t))™ is a lattice.

Proposition 2.1.7. For a finitely generated R][[t]]-submodule L of R((t))", we have that
the condition L @pyy) R((t)) = R((t))" is equivalent to

tNR[[t]|" = t"Ar C L Ct N AR for some N € Ny.

It follows that any lattice in R((t))™ is of constant rank n.

17
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Proof. If L is finitely generated, we have L = (I1,...,l;) g € R((t))". Now every
li € R((t))" can be written as t~Vil, where I/ lies in R[[t]]". Picking

N = max(Ny, No,...,N,)

we always have L C ¢~V R[[t]] without any additional condition.
Now the condition ¢V R[[t]]" C L implies that

R((t))" = tN R[[t]" @pe R((1)) € L @ppegy R((1)) S R((£))"

and so L @ gy R((1)) = R((2))"-
Conversely, let L @pgjy R((t)) = R((¢))". But from L = (l1,...,1;) gl We obtain that

L @pgpy B((1)) = (ls - ) R(1))-

By the assumption, there are equations
> rigli=e;

i
with 7;; € R((t)) where e; is the j-th standard basis vector in R((¢))”. Now write
Ti; = t_Nivjrg,j with r; ; € R][[t]] and set

N =max(N;; |[i=1,...,r,j=1,...,n).
We get tV R[[t]]" C L. O
The following example is a more general version of Example

Example 2.1.8. Let M be a finite locally free R-module. By Remark M is a
projective module and therefore a direct summand of some R" = M & K. We write
M — R™ for the inclusion. Now consider the R][¢]]-module

L= Mt~' @ R[[t]]" C R((t))™
This is the R[[t]]-submodule of R((t))"™ generated by R][[¢]]" and
Mt~ C Rt C R[]
This module is a lattice: We immediately see that
tR[[H]" € R[[]]" € L <t~ R([t]]".

To check that L is a lattice, it remains to show that L is a finite locally free R[[t]]-module.
For this, let f1,..., fr € R be chosen as in Remark [2 such that My, = an Note
that the inclusion M — R"™ splits and so R"’ = My, — R” is still the 1nclu81on of a
direct summand with complement Ky, in R} = My, & Ky,. By localizing further we can
assume that Ky, is also free, i.e. Ky, = R"". Then

L @pyy BRIy, = Myt~ o R[]},
=~ Riit~t @ R
= R[]yt @ R[]} ™
as R[[t]] ;,-submodules of R((¢))%
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The following lemma states, that the local freeness of a lattice is never a too complicated
condition. We write Ry for the ring R[f~!] and Ry[[t]] for the power series ring of Ry.
Note that Ry[[t]] # R[[t]]; since a general element in R[[t]] looks like 3, jﬁ—}ztz with

ZiZO @i

t'L
n; € Ny for all 4, whereas a general element in R[[t]]; has the form =*57— for a single
n € Ny.

Lemma 2.1.9. Assume L is a lattice. Then there are elements f1,..., fr € R such that:

o The elements fi,..., fr generate R as an ideal, i.e. there are elements a; € R such
that arfy + - +apfr = 1.

o The Ry,[[t]]-module L @pgy Ry,[[t]] is free for alli.

Proof. We follow [Gor10, Lemma 2.11]. By definition of locally free, there are elements
fi,..., fr € R|[[t]] generating the unit ideal such that

_1}

Lifi ] = L ®gyy RIlH];

is free as an R[[t]]}v_—module. Plugging in ¢ = 0 into an equation Y7_; a;f; = 1 in R][[t]]

we see that the elements f; = ﬁ(O) generate the unit ideal in R. Now observe that ﬁ is
invertible in Ry,[[t]] such that R[[t]] 7 C Ry, [[t]. We obtain

L @p() Ry [[t]] = L @] R[[ﬂ]}; ®R[[t]}f~i Ry, [[]]

= R[[ﬂ]% OR[> Ry [[t]] = Ry, [[t]™ O
The following is a nice lemma giving us a condition for a lattice to be free.

Lemma 2.1.10. A lattice L C R((t))" is free as an R[[t]]-module if and only if L@ gy R
is free as an R-module.

Proof. We only need to show that L is free if L ®pgjy) R is free.

We have a surjective map ¢: L — L ®pgpy R, because R is a quotient of R[[t]]. Let e;
be the standard basis vectors in L ®pgjy) R and choose elements €; € L that map to e;
under .

Claim: The elements €; are R[[t]]-linearly independent.

Let >>;7;¢; = 0 with r; € R[[t]] with some r; # 0. We may assume that some
rj € R[[t]] \ tR[[t]], because otherwise ;¢ 'r;é; = 0 is another R[[t]]-linear dependence.
We apply ¢ to this equation and obtain >, 7;(0)e; = 0 with r;(0) # 0 for some j, which
contradicts the assumption that the e; are an R-basis.

Claim: The elements €; are an R][t]]-spanning set of L.

Let | € L. We can find rj(»o) € R such that ¢(1) = > r§0)ej. The element [ — 3, 7"](0)'@

lies in the kernel of ¢ and must therefore be of the form

=Y V% =a®
J
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with () € L. We next construct T](l) € R such that (1) — > r](-l)gj is a multiple of . We

repeat this procedure to obtain sequences (r](z))l in R such that

N .
=Y S i eV

j =0
The elements 7 == 372 r](i)ti therefore satisfy
=) T7jéj.
J
We have now shown that (€;); forms an R[[t]]-basis of L. O

We now come to the definition of the Affine Grassmannian — our central object of
study.

Definition 2.1.11. The Affine Grassmannian of GL,, is the functor

Grgr,, : C-Alg — Sets
R —— {lattices in R((t))"}

sending a ring R to the set of lattices in R((¢))".

We next compute the C-points of this functor. Later we will prove that Grgy, is
represented by an ind-projective ind-scheme and therefore we will be able to identify its
reduction with its C-points.

Proposition 2.1.12. The C-points of Grgy,, are precisely
Grar, (C) = GL, (C((1)))/GLA (C[[]])-

Proof. As C][t]] is a principal ideal domain, any finitely generated projective module is
automatically free. Any lattice in C((¢))"™ is therefore given by n C[[t]]-linearly independent
vectors in C((¢))", which means that they are a basis of the vector space C((¢))". Hence
any lattice is given as the column span of an element of GL,,(C((t))). Two such matrices
yield the same lattice if and only if they differ by an element of GL,,(C[[t]]). O

Example 2.1.13. Consider the C[[t]]-module generated by the columns of the matrix

2 0
A= 0 t3

2 3 1t
columns of <0 t_S) =A. (0 1>.
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2.1 The Affine Grassmannian of GL,,

Example 2.1.14. The C-points of Grgy,, are given by

Grar, (C) = GL1 (C((1)))/GL1(C[[#]])
= C((®)"/Clr

=m«m\«m/{a=zﬁﬂecwn

120

ao#O}

In the next example we compute the R points of Grgy, for the ring R = C[z]/(z?).

={[t"] [neZ}
=Z.

Example 2.1.15. Consider C[g] = C[z]/(2?). This is a local ring and so all locally free
modules are free. We write C[e][[t]] for its ring of power series. We obtain

Grgr, (Ce]) = {free rank 1 Cle][[t]]-submodules of C[e]((¢))}
= (Clel((1)))"/(CleN[eN)*

Note that the invertible elements of C[e]((¢)) are precisely the preimage of the invertible
elements of C((¢)) under

Clel((®) — €((0)
mapping € to 0. Therefore
(CIE())" = (CLEN®) \ Cl(®)))-
We observe that we can multiply an element
T = apret™ " apoet™ 2+ ap_1et" T+ ant™ + - € Cle]((t))*
with a,, & eC[e] by a unique element y € C[[t]]* to obtain an element of the form
ry=al,_,e+ - +al,_oet" % +al,_jet" 41"
Therefore we have

Grav, (Cle]) = (Clel(()"/(CeNH)*

- {[an—ﬁtn_T ot a4 ] a; € C

neZ,rENo,}

=C® %7,

where C(®) = {(...,a_,a_1,a9) € C® | a; # 0 finitely often}.

Theorem 2.1.16. The functor Grgy,, is representable by an ind-projective ind-scheme,
which means that there are projective schemes Grg\& together with closed immersions
Grg\& — Grg\ﬁjl) such that for all R € C-Alg

Grar, (R) = lim Grlyy) (R).
N
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Chapter 2 The Affine Grassmannian

We follow the proof explained in [Zhul6]. We begin the proof with the definition of

the Griyy) , which we abbreviate by Gr(™).

Definition 2.1.17. We define Gr®"): C-Alg — Sets via
Gr'™)(R) := {L C R((t))" | L is a lattice and t" R[[t]|" C L C t~VR[[t]]"},
together with embeddings of functors
Gr'™(R) — Gr'"+*Y(R), L~ L.

Example 2.1.18. In the case R = C, we have that any finite C|[¢]]-submodule of C((¢))"™
is automatically free, since it is torsion free. And so

GrM)(C) = {C[[t]]-modules L such that tVC[[f]" € L € t~VC[[t]"}
= {L/Cm < e N[/l = e
C Grass(2Nn)(C) = {linear subspaces of C2¥"}.
We can identify Gr¥)(C) with those subspaces of Mg = t~NC[[t]]"/t"C[[t]" = C?N"
which are stable under the action of the nilpotent endomorphism M¢ — Mc given by

multiplication with ¢.
In the case GL; we have

N
Gry) (C) = {#*Cl[f] | =N <k < N}
= {vector subspaces of C?N with basis of the form ey, epy1,. . ., en—1}
where the (e_n, ..., ex_1) denotes a fixed basis of C*V, which correspond to t-, ... tN~1

under ¢t~ NC[[t]]/tNC[[t]] = C?V. We see that
#Crly) (C) = 2N + 1;

in particular Grgr, is the colimit of zero dimensional schemes. In Example we
saw that Grar, (Cle]) # Grar, (C). Therefore Grgr,, cannot be ind-reduced.

We write Grassg(n) for the classical Grassmannian of linear d-dimensional subspaces
of C". We write Grass(n) for the disjoint union of all Grassy(n) with d < n.

Proof of Theorem[2.1.16, As defined these Gr™V) satisty

Grar, (R) = lim Gr™(R)
N

by Proposition [2.1.7] If these subfunctors are represented by projective schemes, the trans-
ition maps Gr!N) — GriV+1) will be proper. These maps are injective on R-points and so
define proper monomorphisms of schemes. However, proper monomorphisms are closed im-
mersions by [Sta21, Tag 04XV]. So we now need to show that Gr™) is in fact (represented
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2.1 The Affine Grassmannian of GL,,

by) a projective scheme. For this, let Mg := (t~V R[[t]]")/(t" R[[t]]") = Mc®c R = R*N™,
Consider the map

GrY) (R) —{U C Mg = R*™" | Mp/U is a locally free R-module},
L —L/(tV R[[t]]").

To show this map is well-defined, we need to prove that Mg /(L/tN R[[t]]*) =t~V R[[t]]"/L
is a finite locally free R-module. By Lemma [2.1.9 we find fi, ..., f, generating the unit
ideal in R such that L ®@gy Ry [[t]] is free. So, since we need to work locally on R, we
can just assume that L is free. Observe now that

R((t))"/L = LIt™")/L = R((t))"/RI[t]" = D' R"

1<0
is a free R-module. Therefore we obtain the short exact sequence
0 — tVR[[t]|"/L — R((t))"/L — R((t))/t "V R[[t]]" — 0.

Note that the term on the right is R-free and therefore projective. Thus, this sequence
splits and the term on the left is projective as a direct summand of the free middle term.
So this map is well-defined.

Notice that the codomain is precisely the functor represented by the classical Grass-
mannian Grass(2Nn), see [GW10, Chapter 8.4], which is a projective scheme. So we
need to show that this map identifies Gr'N) with a closed subscheme of the classical
Grassmannian of subspaces in C2V",

Notice how multiplication by ¢ induces a nilpotent endomorphism on Mg and that every
element in the image of the map GrV) — Grass(2Nn) will be fixed by this endomorphism.
It is the content of the next lemma that Gr¥)(R) gets identified with

Grass(2Nn)!(R) == {U C Mg | Mg/U locally free,tU C U}.

This is a closed subscheme of Grass(2Nn) and we only need to show the lemma to
conclude the proof. O

Lemma 2.1.19. The map
Gr™)(R) — Grass(2Nn) (R), L~ L/tVR[[t]"

18 a natural bijection for all R and therefore gives an isomorphism of functors between
Gr™Y) and a closed subscheme of the classical Grassmannian. In particular, we obtain
that the functor Gr™M) s represented by a projective scheme.

Proof. The map is clearly injective as t¥ R[[t]]” C L by assumption.

For surjectivity we reduce first to the Noetherian case. Let U € Grass(2Nn)!(R). Then
U will be a direct summand of Mg and so will be generated by finitely many elements of
the form ) j", a; je; finite. Now, U will already be defined over Cla; ; | ¢,j]. So we can
assume that R is Noetherian.
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Noetherianness implies that R[t] — R|[[t]] is a flat ring map (see [Sta21, Tag 00MB]).
Also observe that t= R[t]" /tV R[t]” = t—N R[[t]]"/t" R[[t]]".
Now consider the composition

p: VR = VRV R[" 2= VR[] /R[] — VR[] /U

and set Ly := ker (¢). Then we get by the flatness of R[t] — R][t]] that

(Ls @ry RIEY) AV R = U.

So if we show that Ly is a finite locally free R[t]-module, we have found the required
preimage of U and we are done. Since we are in the Noetherian case, Ly is finitely
presented, so we only need to check that Ly is flat. Using [Sta21, Tag 00MH] we can
reduce this to the case where R is a field, and thus R][t| a principal ideal domain. However
in this case, since Ly C ¢t~V R[[t]]", it is torsion free and thus free. O

We have proved on the way the following;:

Corollary 2.1.20. For all rings R we have

finite locally free R[t]-submodules Ly C R[t,t~1]"
Grar, (1) = { such that L¢[t™'] = R[t,t71]" ’

We make this corollary explicit in the case R = C.

Example 2.1.21. Any lattice L C C((¢))" is given as the column span of a mat-
rix A € GL,(C((t))), see Proposition Now Corollary translates to the
following: For any A € GL,(C((t))) there is a matrix B € GL,(C[[t]]) such that
AB € GL,(CJt,t™1]), because we can identify the right hand side in the corollary with
GL,(C[t,t'7])/GL,(C[t]) as in Proposition . We can even choose B in such a
way that AB is obtained from A by deleting all terms of a high enough degree: Let
A € GL,,(C((t))) such that the smallest degree term appearing in any entry of A~! is of
degree N, i.e. such that tV A~ € C[[t]]"*". Write A = Ag+tN+1A with Ay € C[t, ¢~ 1]mxn
and A € C[[t]]”*™. Let B = I,, — t"*'A~1 A where I, is denotes the unit matrix. By
construction, B lies in C[[t]]”*™ and even in GL,(C[[t]]) as it is of the form I, +¢B. This
matrix satisfies

A-B=A-(I,—tNT1A71A) = A — VLA = 4,.

Example 2.1.22. Consider a matrix of the form

ka
A= (jkc Z) € GLs (C((1))

W > = (Zizodll Lz bil :
ith £ > 0 and <c d> S citl El>0d'tl € GL2(C[[t]]). The residue class

[4] € Grar,(C) = GL2(C((¢)))/GL2(CJ[t]]) lies in Gr(GI)J (C) and gets identified with the
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subspace of C%2k

(6)-0), ()
¢ it] ¢

k— k—1
= Z bi€i+j,1 + Z diei+j72 j=0,...k— 1>
= =0 C

C C*% = ¢~ C[[)? /¢l

with basis elements e; ; corresponding to t'e; € C((t))2.

2.2 The Affine Grassmannian of General Groups

Definition 2.2.1. Let G be a group scheme over R. We call a scheme £ — Spec R
together with an operation of G on £ a G-torsor, if G operates on £ such that £ is
fppf-locally trivial. Recall that fppf-local tirivality means that there is a faithfully flat
ring map of finite presentation R — R’ such that after base change to R’/

& X3pec R SPEC R =G X Spec R Spec R
and all involved maps are G-equivariant.

Remark 2.2.2. Assume that £ is Zariski-locally trivial, meaning that there is an open
covering Spec R = J; U; such that £ Xgpecr Ui = G Xspecr U;. It is automatically
fppf-locally trivial, since we can assume that all U; = Spec R; are affine and that there
are finitely many of them. Then R — R’ = X, R; is a fppf-local trivialization.

In the language of Grothendieck topologies, this is just to say that the fppf topology
is finer than the Zariski topology. Note that the concept does not refer literally to a
topology on some set, but rather to a certain family of covering morphisms in a category,
c.f. [Sta21, Tag 020K].

In order to generalize the definition of the Affine Grassmannian to other groups than
GL,, we rewrite GLqr,, (R) = {lattices in R((¢))"} in terms of GL,-torsors. Recall that
a lattice is a vector bundle on R][t]].

Lemma 2.2.3. The category of GL,,-torsors on R is identified with vector bundles of
rank n on R.

Proof. Let V be a rank n vector bundle which is trivial on Spec R; C Spec R. V consists
of all elements {(z;); | 74|r,, 2y 74| Rr,; } where the ;; satisfy the cocycle condition. On
the other hand, by [GR03, Exposé XI, Propositon 5.1] any GL,,-torsor is Zariski-locally
trivial and so the elements of a GLj,-torsor are given by matrices ¢; € GL,(R;) such that

¢i|Rij ﬁg ¢j|Rij‘ 0
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Theorem 2.2.4. The functor C-Alg — Sets sending a ring R to the set

{(5 8) & is a GLy,-torsor on Spec R|[t]] such that }
)8 € ey Spec RU($) S GLA(RIE]) x g Spee R(1)

is isomorphic to Grgy,, -

Proof. This follows immediately from Lemma [2.2.3] as £ gets identified with a finite
locally free R[[t]]-module L and § defines the embedding L C R((t))". O

We now finally come to the definition of the Affine Grassmannian for general groups.
Note that all affine algebraic groups over C are smooth.

Definition 2.2.5. For G an affine algebraic group over C we set

_ & is a Grypyj-torsor on Spec R[[t]] such that
Grotly: {“‘3 ) ‘/3: & x niy Spec R((1) 5 G(RI) %y Spec R((®) |

Proposition 2.2.6. If every G gy -torsor on Spec R[[t]] is trivial, then
Gra(R) = G(R((1)))/G(RIH).
Proof. We have
Grg(R) = {Gp())-equivariant automorphisms (: G(R((t))) — G(R((t)))}/ ~

where 3 ~ 3" if they differ by an automorphism which lives on the level of G(R|[t]]), since
(&,8) = (&', 0) if there is an isomorphism «: & — £’ such that

€ @gyy R((t)) ———— & gy R((1))

S,

By the equivariance, any automorphism of the trivial torsor is just given by a group
element. And so

Gra(R) = G(R((1)))/G([[t]])
as claimed. ]

The following subsumes Proposition 2.1.12]

Proposition 2.2.7. If G is an affine algebraic group over C then
Gra(C) = G(C((1)))/Gr(C[[t]))-

Proof. Since G is smooth, there is an étale cover Spec R* — Spec R such that £ becomes
trivial after base change to R'[[t]] by [Zhul6, Lemma 1.3.7]. But as C is separably closed
there are no non-trivial étale extensions C — R’ and therefore any G-torsor on C[[t]] is
trivial and the assertion follows from Proposition [2.2.6) O
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Note that the definition of the Affine Grassmannian is functorial in G. The next lemmas
allow us to deduce from this functorality that Grg is an ind-projective ind-scheme if G is
reductive.

Theorem 2.2.8. If G is reductive, then Grg is an ind-projective ind-scheme.

Proof. 1f G is reductive, G can be realized as a closed subgroup of GL,, such that GL,,/G
is affine by [Alpl4], Corollary 9.7.7]. By the following lemma, Grg < Grgr,, is a closed
immersion, but Grgy,, is ind-projective and then so is Grg. O

Lemma 2.2.9. If G — GL, is a closed immersion of affine group schemes such that
GL, /G is quasi-affine, then the induced map Grg — Gray,, is an immersion. If GL,, /G
is affine, then Grg — Grgr,, 15 a closed immersion.

The proof can be found in |[Zhul6l Proposition 1.2.5].

Example 2.2.10. The group G, is not reductive and so we do not expect Grg, to
be ind-projective. We can show that every G, on an affine scheme is trivial, as by
|GRO3|, Exposé XI, Propositon 5.1] every G,-torsor is Zariski-locally trivial. However,
every Zariski-locally trivial G,-torsor on an affine scheme is already trivial, since Zariski-
locally trivial G-torsors on a scheme X for an abelian group G are classified by the first
sheaf cohomology group H!(X,G) of the abelian sheaf G' by [Sta21, Tag 02FQ]. But
H'(Spec A,G,) = 0 as G, is quasi-coherent. Therefore,

Gra, (R) = G (R((1))) /Ga(RIH)) = (R((#)),+)/(RI[H], +)
={(a_1,a_3,...) € RN | only finitely many a; are non-zero}
=A™ (R).

We therefore obtain Grg, = A®M | which is not ind-projective.

Note that later on we will only work with the analytification of Grg. But the analyti-
fication factors through the reduction (Grg)req. We will therefore prefer to work with
(Grg)req over Grg.

As we now know that Grg is an ind-finite type ind-scheme over the algebraically closed
field C, we may identify its reduction with its C-valued points G(C((t)))/G(C[[t]]).

Proposition 2.2.11. For the product G = G1 X Gy we have
(Gr@)red = (Gra, Jred X (Gray )red-

Proof. We check this on C-valued points, which can be computed using Proposition [2.2.7]
We have

Grg(C) = ( ((t)))/G(C[[tH)

/\
—
@
=2
=
~
Q
—
—~
ﬁ
N
~
% =
—
Q
[N}
—
—
—
~
~—
~
~
Q
[\
—~
=
~

The result for (Grg)req follows from Proposition [1.2.21 O
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Example 2.2.12. If G =T = G}, is a torus, Grg(C) equals X, (G) = Z™. Note that all
tori are split, as we are working over C.

We now consider what the functorality of the Affine Grassmannian does in type A.
We only look at C-points.

Recall that Grgr, (C) is a disjoint union of Z-many points. The determinant map
GL,, — GL; induces a surjective map Grgr,, (C) — Z, which maps a coset [4] € Grgr,
to the unique integer vy(det A) satisfying

tve(detA) qet A € C[[t]]*.

Proposition 2.2.13. The fibers of the map Grar,, (C) — Grar, (C) = Z are the connected
components of Grar,, (C).

Proof. Obviously, the fibers are open and closed. So we only need to show that they are
connected. Let [A] = AGL,(C[[t]]) € Grear, (C) be given. We show that there is a path
in Gr(C) from [A] to

tl/t (det A)

We first show that any element can be moved to a diagonal element of the form
Diag(t*1,...t%). Indeed, for any A’ € C[[t]]™*" there is a matrix B € GL,(C][t]])
such that A’B is upper triangular. So we apply this to A’ =tV A € C[[t]]"*" for the
given A € GL,,(C((t))). Now write A =T + C where T is an invertible diagonal matrix
and C is strictly upper diagonal. Then T + rC for r € [0,1] is a path from A to T in
GL,(C((t))) and thus from [4] to [T] in Grgr, (C). But we can assume that 7' is of the

th
form T = by multiplying with a diagonal matrix in GL,(C[[t]]). We
thn
: : (0 1 0
now show that there is a path in Gr between the 2 x 2 matrices 0 # and 0 ¢kt ]
By concatenating paths like this we obtain a path from T' to a matrix of the required

form.
th+r2 t* 0 1 1\, _
( rtl tl)] from [(O / to in Gr. Notice

There is a path r — y tl
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that (t* +1)~! always lies in C[[t]]. We get

. . 1 0
From this there is a path to [(0 tk”)]' O

Observe that multiplication from the left by ¢ is an automorphism of Grgy,, (C) which
induces an isomorphism between the i-th connected component and the (i 4+ n)-th one.
Therefore Grgy,, is the infinite disjoint union of its first n components.

We now examine the 0-th component of Grgr,,, after which we will consider the union
of the first n-components.

Theorem 2.2.14. The inclusion SL,, — GL,, induces an isomorphism between Grgr,,
and the (reduction of the) 0-th component of Grar,, . In particular, Grsy, is connected.

Proof. We only need to look at the inclusion on the level of C-points

SLn (C((1))) /SLa(CI[t]]) = GLn (C((t)))/GLn(C[[£]]).

It is clear that Grgr,, (C) maps injectively into the 0-th component of Grgr,, , since for
A € SL,(C((t))) we have vi(det A) = 14(1) = 0. But it is also clear that this map is
surjective as any A € GL,,(C((t))) with det A € C[[t]]* can be multiplied with a fitting
matrix in GL,,(C[[t]]) such that the product lies in SL, (C((t))). O

As before consider the multiplication by ¢ map on Grgr, (C). We can let Z act on
Grgr, (C) via n.[A] = [t" A]. Consider the quotient space Grgr, (C)/Z.

Theorem 2.2.15. We have Grper, (C) = Grgr,(C)/Z and the natural morphism
GL,, - PGL,, induces the quotient map Grgy, (C) — Grar,, (C)/Z. This implies that
Grpgl, s the disjoint union of the first n-connected components of Grgy,, -

Proof. Let m be the quotient map GL,, - PGL,,. We have the element
m(AGLy (C[[t]])) = 7(A)PGL(CI[t]])

is equal to m(A'GL,(C[[t]])) if and only if there is an element B € PGL,(C[[t]]) such
that m(A)B = m(A’). This happens precisely if there is a matrix B € GL,(C|[[t]]) and an
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element a € C((t))* such that A = A’-a - B. We can write a = t*a’ with o’ € C[[t]]* and
therefore assume that a = t*. So the map Grqr,, (C) — Grpar, (C) identifies connected
components which differ by the index n.

The second statement follows as we have identified Grpar, (C) with the connected
components 0 to n — 1. O

Corollary 2.2.16. We have closed-open immersions
Grsr,, (C) — Grpar, (C) — Grgr, (C),
where the map Grsr,, — Grpgr, 15 induced by the composition
SL,, — GL,, — PGL,,.

Proof. The map Grgr,, (C) — Grgr, (C) is the inclusion of the zeroth connected com-
ponent of Grgr, (C) by Theorem and the map Grpgr, (C) — Grgr, (C) is the
inclusion of the first n connected component by Theorem [2:2.15] It follows that we have
a closed-open immersion f: Grgr,, (C) < Grpgr, (C). Now we show that this map f is
induced by the morphism SL, — GL, — PGL,,. The composition

Grsr, (C) & Grper, (C) < Grar, (C)

is the inclusion of the zeroth connected component and therefore induced by the map
SL,, — GL,,. This coincided with the composition

GI‘SL" ((C) — GTGLn ((C) — GrPGLn ((C) — GTGLn ((C),

where Grgr,, (C) — Grgr, (C) and Grgr,, (C) — Grpgr, (C) are the natural maps. As
the map Grpgr, (C) — Grar, (C) is an immersion, it is in particular a monomorphism.
Therefore the map f coincides with the map induced by functorality. O

Remark 2.2.17. For a complex reductive group G there is a general way to see how
many connected components Grg has. It follows from [Zhul6, Theorem 1.3.11] that
m0(Grg) = 71 (G) = m(G(C)). But the fundamental group can be read off from root
datum (X*,®, X, ®") of G as X, /(®"(G))z, by Proposition Using this labeling
of the connected components, the element [t*] lies in the component with the label
A+ (®Y(G))z. Indeed

m1(GLy) =X:(GL,) /(2" (GLy)) = Z" /(e — €;)
= Z = mo(Grar, )
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2.3 The Schubert Cells of Gr

In this section we want to find a cell decomposition of Grg. We rather work with its
reduction which is identified with Grg(C) = G(C((¢)))/G(C[[t]]). This cell decomposition
is analogous to the classical Schubert cell decomposition of partial flag varieties. The
Schubert cells in Gr, however, will be more complicated than the affine cells in partial
flag varieties.

Warning. In this section, we will state the results for general reductive groups G, but the
proofs will be given only in the cases GL,,SL,, and PGL,,.

We consider a reductive group G with fixed Borel and torus G O B 2 T and corres-
ponding root datum

(X*(G,T),®(G,T), X.«(G,T),®"(G,T)) = (X*,®, X,,d").

Recall that X*(G,T) denotes the characters Hom(T, G,,) of G and X,.(G,T) denotes
the cocharacters Hom(G,,, T). We write

(Xo)+ = (Xu(G,T))4 = {N € Xs | {a, \) > 0 for all positive roots o € ®}.

Notice that there is a natural left action of the group G(CI[t]]) on Grg(C) by left
multiplication. We obtain a decomposition of Grg(C) into its G(C[[t]])-orbits.

Theorem 2.3.1 (Cartan Decompostion). There is a bijection

X.(G, T, 1 {G(C[[H]])-orbits of Gre(C)},
A —— G(C[[]]).[t"]-

We think of this statement as a decomposition of the Affine Grassmannian into its
orbits

Grg(C©) = [ Gl

AEXL(G,T) 4

Alternatively, the name decomposition can also refer to a matrix decomposition. Thinking
of G as a group of matrices, we obtain the following.

Theorem 2.3.2 (Cartan Decomposition — Matrix Version). For any group element
A € G(C((t))) there is a unique X € X.(G,T)+ and some elements X,Y € G(C[[t]])
such that A = Xt\Y'.

The equivalence of theses two formulations follows immediately from the equality

Grg(C) = G(C((t)))/G(C][t]]), Proposition m

Definition 2.3.3. The G(C][t]])-orbits of Grg(C) are called the Schubert cells. We
denote the Schubert cell corresponding to the element A € (X.(G,T))+ by Grp.

31



Chapter 2 The Affine Grassmannian

Remark 2.3.4. The finite-dimensional irreducible representations of G are labeled by
Xi={AeX*|(\a") >0 for all positive roots o € ®*}

and so (X,)4+ is in bijection with the irreducible representations of GV, the Langlands
dual group of G, see Theorem [[.1.22] and Definition We therefore have identified
irreducible representations of G¥ with G(C[[t]]) orbits on Grg(C). We can think of
Theorem as a “set-theoretic” Satake equivalence, see also Example [4.1.4]

The general proof of Theorem can be found in [Tit79]. We give elementary proofs
in the cases GL,,SL,, and PGL,,. We need the following theorem form linear algebra,
known as the elementary divisor theorem, Gaussian elimination, or Smith normal form.

Theorem 2.3.5 (Smith Normal Form). Let R be a principal ideal domain and A € R™ "
a square matriz. Then there are matrices X, Y € GL,(R) such that

dq

do
XAY - . ’

dyp
where d;+1 divides d;. In addition, the d; are uniquely determined up to unit in R.

Proof of Theorem Case GL,,. We are interested in the double cosets
GLn (C[[t]])\GraL, (C) = GLn(C[N\GLn (C((1))) / GLan (C[[£]])-

Let A € GL,(C((t))). Then there is an N € Ny such that A = tN A has coefficients
in C[[t]]. We apply the Smith normal form to A e CJ[[t]]™". We obtain matrices
X,Y € GL,(C[[t]]) such that X AY is diagonal with entries d; and d;41 divides d;. As
the determinant of A is not 0, all d; are non-zero. We get that d; = t*a; with a; € C[[t]]*
and A\; > A\;j11 > 0. We can therefore find matrices X,Y € GL,,(C[[t]]) such that

th
- the
XAY =

thn

Define \; := Xl — N. We obtain

th
_ _ A2
XAY = Xt NAY =t NXAY =

with Ay > X9 >--- >\, € Z.
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It is clear from the uniqueness properties of the Smith normal form that given two such
sequences A; > --+ Ay, and A} > --- > A in Z there cannot be matrices X,Y € GL(C[[t]])

such that
M t)‘/1

t)\z tXQ

’

t>\n t/\n
unless \; = A, for all i. We therefore have shown that

th
2
MZ>2Xz 2N EZL

thn

is a system of representatives of the double coset GL,(C[[t]])\GraL, (C). However, the
root datum of GL,, with the standard Borel and Cartan is

(2" {ei—ej | i# i}, 2" {ei—¢; [ i # j})
and positive roots e; — e; for i < j, see Example And therefore

(Xi)+ ={AeZ" | (e —ej,\) >0 foralli>j}
:{(AlauAn)GZn’AIZ)\ZZZ)\n}a

which is identified with GL,,(C[[t]])\GraL, (C) via A — [t]. O

Proof of Theorem Case SL,,. The argument in case SL,, is very similar to the GL,,
case. Just notice that the X and Y in the Smith normal form can be chosen to lie in
SL,,(C[[t]]). We can see this by carefully going through the steps of Gaussian elimination
or by noticing that in C[[t]] any element in C[[¢]]* has an n-th root by Hensel’s lemma

~1
|[Eis95, Theorem 7.3] and then multiplying X and Y with (\”/ det X ) and Vdet X,

respectively. In any rate, we see that for any A € SL,(C((t))) there are matrices
X,Y € SL,(CJ[t]]) such that

th

2
XAY =

tAn
with A\; > A\;i11 and the additional condition that > ; \; = 0. As before it is clear that

such matrices form a system of representatives of the double coset SLy,(C[[t]])\GrsL,, (C).
The root datum of SL,, with the standard Borel and Cartan is

S Ai=0} {ei—es i #5})

(zn/<el+~.+en>,{eﬁej | i#j},{AeZ”
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with positive roots e; — e; for i < j, see Example |1.1.11] Therefore

(X*)+={/\EZ" (e; —ej, A) > for i > j and Z_)\i:O}
:{(A1,7>\n)€Zn|>\12)\222)\n,)\1++)\n:0}

We again have that A — [t}] identifies (X,)y with SL, (C[[t]])\GrsL, (C). O

Proof of Theorem Case PGL,,. We can deduce this from the already proven GL,,
case. Notice that

PGLy (C[[t]])\Grpar, (C) = PGL (C[[t])) \PGL, (C((+))) /PGL, (C[[1]))
= (GLa (CH)\GLa(C((1)) /GLa (CI[H]) ) /C((#)*
Bez" | A > > A2, 1)
={AeZ"Z(1,..., 1) | A > > A}
The root datum of PGL,, with standard Borel and Cartan is
({aez [ ai=0} {ei—e; |i# 2" e+ +en) e =55 | i £ 5})
with positive roots ¢; — ¢; for i < j, see Example [[.T.T2} Therefore

(X )y ={reZ"/{ex 4+ +en) | (ei—ej, ) >0}
={\NeZ"/Z(1,....,1) | M1 > >\ ) 0

The following proposition shows that many statements about the Schubert cells
in Grpar, (C) and Grgr,, (C) can be deduced from the corresponding statements for
GI‘GL” (C)

Proposition 2.3.6. The embeddings Grsr,, (C) — Grpar, (C) = Grar, (C) from Corol-
lary induce bijections and therefore isomorphisms on Schubert cells.

Proof. Tt is clear that the map Grgr, (C) < Grpgr,, injects any SL,(C[[t]])-orbit in
Grsr, (C) into a single PGL, (C[[t]])-orbit in Grpar, (C), because this map is induced
by SL,, — GL,, — PGL,,. Now note that the natural map SL,,(C[[t]]) — PGL,(C|[[t]]) is
surjective, because any element [A] € PGL,,(C[[t]]) = GL,(C|[[t]])/Z(GL,(C[[t]])) can be
written as [A] = [A - (V/det A)_l}, since any invertible element in C[[¢]] has an n-th root.
It follows that the map Grgy,, (C) — Grpgr,, (C) induces bijections on orbits.

Now note that the natural map Grgr, (C) - Grpgr, (C) induces bijections on Schubert
cells, using Theorem It follows that the same is true for Grpgr, (C) — Grgr, (C),
which on orbits is just the inverse. O

Remark 2.3.7. On the level of (X,); the first map is given by
(X.(SLpy)+ 2 A= (A1, An) = [(A1, ., \n)] € (Xu(PGLy,)) 4.

The map Grgr, — Grpgr, similarly corresponds to mapping A € (X.(GL,))+ to
its residue class [\] € (X.(PGLy))+. Its split Grpgr, < Grgr, sends the class
[A] € (X«(PGLy,))+ to the unique X € [A] such that >, A} € {0,1,...,n— 1}.
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2.3 The Schubert Cells of Gr

Recall from Remark [2:2.17] that the connected components of Gr¢ are labeled by the
fundamental group 7 (G) = X.(G,T)/(®")z.

Proposition 2.3.8. Let A € (X.).. The element [t"] is contained in the connected
component with label X + (®V (G, T))z € X«(G,T)/(®V(G,T))z = m(G). It follows that
its G(CJ[t]])-orbit Grp, must be completely contained in this component. We see that Grp,

and Grf, lie in the same connected component of Grg(C) if and only if we can write
A —p=Yna; for o € ®Y(G) and n; € Z.

Proof. We verify that [t*] lies in the connected component with label A + (®V(G, T))z in
the case GL,,. The cases SL,, and PGL,, work the same.
Indeed det(t') = 22, But >; A\i is precisely the image of A\ € X, = Z" in

X*/<(I)v(G7T)>Z :Zn/<€i _€j>Z = 7. 0O
Proposition 2.3.9. The sets Gr(G]BL (C) as in Theorem |2.1.16 are GL,,(C[[t]])-invariant

and so the Schubert cell Grg\; will be completely contained in Gr(GN) for N > 0. Explicitly,

we can choose N such that N > A1 and A\, > —N.

Proof. The invariance follows from Lemma [2.1.19] With the choice of N as above, we
have [t] € Gr™¥)(C) and therefore Grp, € Gr™(C). O

For any X € (X,)+, let P\ C G(C) be the parabolic subgroup corresponding to A. It
can be defined as the group generated by T as well as those U, C G such that (a, A\) < 0.
Explicitly, for A = (A1, ..., An) € (X,(GLy, T)), consider the partition n = Y'_, k; such

that Ay = Ao = - Ak, > Akis1 = Mot2 = - > Aoygeoihy 11 = - = An. Then
A 0
Py = Ao € GL, | A; € Ckixki
* Ay

= {A = (aij)ij € GLR(C) ‘ ajj = 0if \; > )\j}.

Also consider the evaluation at zero map evg: Cl[t]] — C and its induced group homo-
morphism evg: G(C[[t]]) — G(C).

Lemma 2.3.10. The inverse image of Py C G(C) in G(CI[t]]) contains
Pt = G(C[t])) n A G(Cl e

and evy ' (Py)/ Pt = Cl. If G = GL,, we find

I= > (h—X—1)

/\¢>)\j
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Chapter 2 The Affine Grassmannian

Note that while Py only depends on the underlying partition of A, we can have
Pfﬁ # Pfff even if A and ) have the same partition.

Proof. We focus only on the case G = GL,,. The arguments for G = SL,, and G = PGL,,
are exactly the same.

It is clear that the inverse image of Py in GL,(C[[t]]) contains the elements of the form
A+ 1tB, where A € Py and B € C[[t]]"*", i.e. elements (a;j) of GL,(C[[t]]) such that the
constant term of a;; is zero if \; < A;. Now notice that

GL (C[[]]) N GL(ClE))e = {# At € Cl)™™ | A = (aij)ij € GLa(C[[A))}
= {(MMag)is € CA™™ | (ai)iy € GLa(ClHD} -

We see that the constant term of a;; is only allowed to be non-zero if A\; > A;.
That the quotient has the form C! for I = 3 x>, (Ai = Aj — 1) is now clear from the

above description of Pf}ff. O
Remark 2.3.11. If G = GL,, notice that P = evy!(Py) if and only if
A=+ 1,0+1,...,0+1,01....0),

which are precisely those A that are minuscule, i.e. A — a¥ € (X.(G))4 for all positive
coroots a”. The same holds for arbitrary G.

Now we compute what Pj“cf can look like for GLs and GLg.

Example 2.3.12. Let A € (X.(GL2))4+. So A = (k,I) € Z? with k > [. We have that a
matrix A € GLa(C[[t]]) lies in P if and only if there is a matrix A’ € GL2(CJ[t]]) such
that t*A't=* = A. We have

N ad v “a a tk_lb/
3 J d 13 - t—(kfl)c/ d .

It follows that any A = (CCL Z) € GL2(C[[t]]) lies in P& if and only if b is divisible by
t*=! in C[[t]]; and so

aff a b k=l q: s . a tFlp
Py = {(c d) 77" divides b} = {(c d .

Note that there is no condition on ¢ because for every ¢ € C[[t]] there is a ¢ € C[[t]] such
that ¢ = t~(*=0¢/.

o If k =1, we have Py = GLy(C) and P = GLy(C[[t]]). Therefore evy'(Py) = P

o If k=141, we have P\ = {(CCL 2) GGLQ((C)} and

Py — {(‘C‘ t;) } —evi (P,
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2.3 The Schubert Cells of Gr

a 0

e If £ > [+ 1, we again have P\, = {(c d) € GLQ(C)} which also satisfies

GVEI(PA) = { (Z t;) } However, now we have

= {(e ) e = {2 9))

evy !(Py)/ P = =01,

with quotient

Example 2.3.13. Let A € (X.(GL3))s. So A = (ki, ko, k3) € Z? with ky > ko > k3. We
have

bi1 b2 b3 b11 thi=hkapy  thizksp
tr [ bor boy bos | 7N = | the iy bao th2=F3poq
ka—Fk ks —Fk
b31 bza b33 17T by T 2h3y b33
and thus

ail a2 a3 .

fF ke —k ki —k koo —

Py = asi azy azz | | T2 age, t"1 a3, and t77 "3 ags

azr asz2 ass

As in the previous example note that there is no condition on any entry on or below the
diagonal. We distinguish four cases for A.

o If ]{71 = kQ = k3, we have P)\ = GL3<(C), Pfff = GLg(C[[tH), and
evy ' (P) = GLy(C[[t]]) = F5".

ail 0 0
o If k1> ko = kg, we have P,\ = a1 Q92 a9z | € GLg((C) and
a3l asz2 as3

a1l tarz tais

1
evy (Py) =4 | a2 ax a3
azr a32  a33

We also have
arr thR2aq, thihag
P = [ axn ag ass3
asy aso ass

and therefore eval(P)\)/Pilff & Chi—ka—lthki—ks—1 — C2k1—2k2-2
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a;; aiz 0
o If k1 =ko > k3, we have P)\ = as1  a99 0 € GLg((C) and
asyp as2 ass

a1 a2 taig

-1
evy (Py) =4 | a1 a2 tass
a3;r az2 ass

We also have
arr ap R kg
P = ag ag tF2Fag;
asy ase ass

and therefore evy '(Py)/ P = Chi—ks =1+ (ka—ks—1) — C2k1-2ks=2,

ail 0 0
o If k1 > ko > k3, we have P)\ = as1  a99 0 € GLg(C) and
asyp as2 ass

a1l taiz tais
1
evy (Py) =4 | a1 ax taxs

We also have
k1—k ki—k
. ajp tMTa;p VT %agg
ko—k
Py = a1 a22 127 o3

asi as2 ass
and therefore evy ! (Py)/ Pt o2 Chi—he=D+(hi—hs—1)+(ka—ks—1)

Definition 2.3.14. An affine bundle on X is map p: Y — X of varieties such that for
some covering X = J; U; we have p~}(U;) & AF x U;.

Typical examples of affine bundles are vector bundles. These concepts differ in that
there are no linearity assumption on transition maps.

Theorem 2.3.15. The Schubert cell Grg‘; is an affine bundle over the partial flag variety
G/ Py with fibers evy ' (Py)/PM. It follows that the Schubert cell is a smooth, quasi-
projective variety of dimension (2p, \), where 2p is the sum of all positive roots in the
root datum of (G, B,T).

Proof. We consider the natural map G(CJ[[t]]) — Grp, g — [g.t}], as Grd is defined as
the G(C[[t]])-orbit of [t}] € Grg(C). We get an identification

Grgy = G(C[[t])/{A € G(C[[A) | [AtY] = [t"]}.
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2.3 The Schubert Cells of Gr

We can calculate

G(C[[thyy = {A € G(C[IH]) | [AY] =[]}
= {A € G(C[[t]]) | there is a B € G(C[[t]]) such that At* = t*B}
= {A € G(C[[t]]) | there is a B € G(C[[t]]) such that A = t* Bt~}
G(C[[t]])) NG

aff
A .

(Clieme

As by Lemma we have Pfﬁ Cevy 1(Py), we obtain a map
Grgy = G(C[A)/(G(C[[H]) N A G(ClE)E ) — G(C[[t]]) /evy  (P) = G(C)/ Py,

which endows Gry with the structure of an affine bundle over G(C)/P. We need to
check that this map is locally trivial. Indeed, the map 7: G(C[[t]]) &2 G(C) & G(C)/Py
is a fiber bundle with fibers evy *(Py). Consider the diagram

G(C[[t]]) u G(C)/Py
\ %

G(C[[t])/P3".

Now let U C G(C)/Py such that 7~ (U) 2 U x evy ' (Py). Then
oL U) = KT L)) = /(U x evy {(P) 2 U x evy /P

and we have shown local triviality of Grp, — G(C)/Px.

It follows that Gré is smooth. It is quasi-projective, as any Gr lies completely in
some finite-dimensional projective variety Gr(G ) by Proposition

Now we compute the dimension in the case G = GL,: We have shown that GréLn
is a bundle on G(C)/Py with fibers isomorphic to C' with | = 2oy (A = A = 1)
by Lemma However, we know that G(C)/P, is a smooth projective variety of
dimension #{(i,j) € {1,...,n}% | \i > A;}. Therefore

dim Grdy, = 1+ #{(i,) € {1, n} | A > Ay}
= Z ()\i—)\j—l)—l—#{(i,j)G{l,...,n}2’/\i>)\j}

)\i>)\j
= Z ()\z — )\j) = Z()\’ — )\j) e Z<€Z — €j,)\>
Ai>Aj i>] i>]
= (2p, \). 0

Remark 2.3.16. In [Zhul6, Proposition 2.1.5] a different argument for the dimension
count is given, which works for arbitrary G. There the tangent space at [t}] in Gr)(‘; is
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computed as

a(Cl[HD/ (a(ClE) ntPa(ClEt™) = D 8a(CIHD/ (8o (CIIH]) N ¢ g(ClENE™)

roots a

= @ sCli/tNea(Cl)

positive roots a
which is a Y cqp+ (@, A) = (2p, A) dimensional vector space, since g, is one dimensional.
We now take some corollaries from Theorem
Corollary 2.3.17. The Schubert cells are irreducible.

Proof. By Theorem [2.3.15| we have 7o(Grd) = mo(G(C)/Py). However, the partial
partial flag variety G(C)/Py is connected. Now, Gryy is smooth connected, and therefore
irreducible. O

Corollary 2.3.18. The Schubert cells Gr)é are simply-connected.

Proof. By Theorem we have m(Gryy) = m(G(C)/Py). However, G(C)/Py is
simply-connected, because the classical Schubert cells of G(C)/Py give G(C)/Py the
structure of a CW-complex, where all cells appear in even dimension, since these classical
Schubert cells have the form CF. O]

Note that in the classical case of Schubert cells in partial flag varieties both of these
corollaries are trivial, as the classical Schubert cells are always of the form CF for some k.

Corollary 2.3.19. The Schubert cell Gré‘; is projective if and only if A is minuscule,
i.e. \—a¥ & (X.(G,T))+ for all positive coroots a” .

Proof. The cell Gt is an affine bundle of rank dimevy ' (Py)/ P over the projective
variety G(C)/Py and is therefore projective if and only if P = evy!'(Py). This is
equivalent to A minuscule by Remark [2.3.11 O

Remark 2.3.20. In the case of partial flag varieties, the only projective Schubert cell is
the singleton. This is precisely the Schubert cell labeled by the minimal element 1.

The following corollary gives us a condition for the Schubert cell to not just be
projective, but a point.

Corollary 2.3.21. The following are equivalent:

(1) The Schubert cell Gryy is a singleton.
(2) We have Pt = G(CJ[t]]).

(3) We have Py = G(C).

(4) We have {a,\) =0 for all roots o € ®.
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2.3 The Schubert Cells of Gr

Proof. We show (1) & (2) = (3) & (4) = (2).
We begin with the equivalence of (1) and (2). We have that the Schubert cell Grp, is a
singleton if and only if G(C[[t]]) acts trivially on the element

['] € Gra(C) = G(C((1)))/G(CHD-

This is the case if and only if for every A € G(C|[[t]]) there is a matrix B € G(C|[[t]])
such that At*B = t*, i.e. such that A = t*B~'~*. But this is now equivalent to
P = G(C[[#]]) Nt*G(C[[t])t= being equal to G(CI[t]]).
The equivalence of (3) and (4) is classical and follows from |[Mill7, Corollary 21.92].
For (2) implies (3) recall that P C evy'(Py) by Lemma We deduce

Py = evo(evy ' (P))) 2 evo(P") = evo(G(C[[t]])) = G(C).

For (4) implies (2), note that we have (a, A\) = 0 for all & € ®. This implies that X is
minuscule, because (a, A — o) < 0 for all simple coroots aV. Hence, Grg is projective
by Corollary But by Theorem we know that Gr)(‘; is an affine bundle over
G(C)/ Py with fibers evy ' (Py)/P{f. However, an affine bundle can never be projective
unless it has trivial fibers. We therefore have

P = evi(Py) = evy (G(C)) = G(C[[H])). m

Example 2.3.22. In the case G = GL; we have that Py, = GL;(C) is the only possible
parabolic subgroup of GL;(C). Therefore every Schubert cell is a singleton, which again
shows that Grgr, (C) = Z, as we have already seen in Example [2.1.14

Proposition 2.3.23. The Schubert cell corresponding to

A=(1,...,1,0,...0) € X,(GL,,T)+
——

T many

is the classical Grassmannian Grass,(n)(C) of r-dimensional subspaces in C™.

Proof. We have Py = { <%%) € GL,(C) where A € GLT((C)} and so

G(C)/ Py = Grass,(n)(C).

The map Grgy, — Grass,(n)(C) has fibers evy ' (Py)/ P, but

evsl(Py) = {(%‘%) € GL,(C[1]]) where A € GLT((C[[t]])} —pf O

Next we will give a description of the Schubert cells in the Affine Grassmannian of
GLs. There are two possibilities for Py:

o If A = (k,k) we have Py = GLy(C) and so G(C)/Py = {pt}. In fact all such Gré;L2
are isomorphic to each other and are equal to {pt}.
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a 0

o If k> [, we have that P\ = B~ = {(c d> € GLQ(C)} and GLy(C)/B~ = P(C).

To give a description of Grr)(‘;L2 in the second case, we need the following definition:

Definition 2.3.24. Let X be a scheme of finite type over C. The k-th jet-scheme Ji(X)
of X represents the functor

Ji(X): C-Alg — Sets, A — Hom (Spec Alt]/(tFY), X) .

Remark 2.3.25. If X = Spec (Clz1,...,z,])/(f1,..., fx)) is affine, one can check that
Ji(X) is representable by an affine scheme of finite type over C. If X is arbitrary the
representability of Ji(X) follows from the affine case by [GW10, Theorem 8.9].

Example 2.3.26. Notice that Jo(X) = X and J1(X) = Tx/c is the tangent bundle on
X.

Example 2.3.27. We want to compute Ji(Pg). To do so, we cover take the standard
cover Pt = AL U Al and obtain

Ti(Pt) = Ji(Ag) U Jk(Ag)-
We therefore begin by computing Ji(A{) and Ji (AL \ {0}).
Je(AL)(R) = Hom(Spec R[t]/(t*+"), A¢) = Hom(C[z], R[t]/(t**1))
= R[t]/ (") = R*!
= AcT(R)
and therefore J;(AL) = AL, We also have

Je(AE\ {0})(R) = Jx(Spec Clz, y)/(xy — 1))(R)
= Hom(Spec R[]/ (t**), Spec Clx, y]/(zy — 1))
= Hom(Clz, y)/(xy — 1), R[] /(511

—{(@.8) € (Ri/E)* a5 =1}
:{a:ao+041t+'--+06ktk ‘ aOGR*}
= (A" {0}) x A%) (R)

and therefore Ji(AL\{0}) = (AL \ {0}) x AL with the embedding into Ji(AL) the obvious
map. It follows that Ji(Pl) consists of two affine open subsets A(’é“, glued along

{an € (i)’ | a-p =1

T

{o € R/} {5 € Bl/ ()}
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We have introduced the jet schemes because they describe the Schubert cells in Grgy,, .
Proposition 2.3.28. If A = (k,l) with k > [ then Gré‘;LQ >~ Je1-1(PL).

Proof. As Gr)(‘;L2 = Gréigl’l), we can assume that k& > [ = 0. The elements of the
Schubert cell G‘rré;L2 are of the form

(e o) 16 =16 8- 162 9]

“ € GLy(C[[t]]) and we write [B] for the residue class of a matrix

where A = Z
B € GL2(C((t))) in Grgr,(C) = GL2(C((t)))/GL2(CJ[[t]]). Let by and doy in C be the
constant term of the elements b and d in C[[t]]. We must have by # 0 or dy # 0, as the

matrix A would otherwise not be invertible. Write Uy := {by # 0} and U; = {dy # 0}.
These are Zariski-open subsets of Gré‘;LQ by Example [2.1.22] We therefore have a cover

GréLz = Uy U Us.

Lot A- th (1))] - Kf;‘cl Z)] € Up. Then

(e 0)] = (5 &) (L 0)

- :<—tkblodet(A) Z)] - [(—tkblodet(A) Z) ' (bdetgA)_l b01>]
[ I ) )

0 1
S\ tF BotBit A Bt

Notice that matrices of this form form a system of representatives, because

0 1 (o 1
—th Bo+Bit+ o+ Bttt T\t By Bt B th T

if and only if the product
0 1\ [0 1 Bot™* 4. Brat™ 7K\ (0 1
—tk B+ ... —tk B+ 1 0 —tk B+
(1 (Bo = Bo)t ™  + -+ (Br—1 — 52_1)t1)

0 1
lies in GLo(C[[¢]]). This only happens if 8 = 3. We therefore have

0 1 .
" { [(ﬂfk Bo +...Bk_1tk—l>] | Bi € (C} ~ .k,
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Now consider A - (0 = tha b € Uy, that is dg # 0. Then
v 0 1) [\the d b 075

tka b . [ tka b 1 0
l(tkc d)} - _(tkc d) . <—tkd_10 1>1
B '(tkdldet(A) bﬂ B Ktkdldet(A) b) ‘ (ddet(A)1 0 )1
= _ 0 d = 0 d 0 d-1!

666

_ '<t’“ a0+061t+”'+ak1tk_l>]

@)

0 1

Similarly as for Uy we have

Ktk a0+a1t+---—|—ak_1tk1>] _ l(tk’ a6+a’1t+'--+a§€_1tk1>1
0 1 0 1

if and only if the matrix
-1
th ag+..\ [t ah+.) _(tF —ant =\ (P i+
0 1 0 1 0 1 0 1
/

lies in GLo(C[[t]]). This only happens if o = /. We therefore have

o tk ag+ ... Ozk;_ltk_l

We now calculate UpNU;. Notice from the calculations above that 8 = By+- - -+ Br_1t* !
can be seen as the image of b~'d in the ring C[[t]]/(t*) = C[t]/(t*) and « as bd~!
in C[t]/(t*). Therefore Uy = C* and U; = CF are glued along the open subset
C* x C*1 = Uy N U;. The transition map is given by

o ec} ~ Ck,

UOﬂUlZ{OJO#O}BOC'—)OK_lE{ﬁo?é()},

seen as an elements in C[t]/(t*).
We thus recognize Gré;LQ as Jg_1(PL) from Example O

Let O[% (n) — P{ be (the total space of) the line bundle (’)]Pé(l)‘g”.

Corollary 2.3.29. If A = (I +2,1), we have Grgyy,, = Opy (2).
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Proof. We have

1 \/
142,0) ~ v
Gret, ) = (PE) = Toyje = (Yyc) = (/\ Qﬁ%/@) = “rc
= Op1(—1-1)" = Op1(2),
where Qﬁ( /C is the sheaf of Kéhler differentials and wx/c = N\dim X Qﬁ( /c is the canonical
sheaf of a smooth X, see [Har77, Chapter IL.8]. O

Example 2.3.30. We glue C* \ {z¢ = 0} = (C[t]/(t**1))* We can calculate the inverse
8 of an invertible a € C[t]/(t**1) inductively using the formulas apBy = 1 and

l
> B =0
j=0

which is equivalent to 8 = —a ! Zé-_:%) a;—;B3j. We therefore have that the gluing map in

Grgj’l) = J1(P{) is given by

C*XC9a0+a1t>—>aal+<—()g>t€C*><(C.
Qp

However, for Grgi”l) =Js (]P’(lc) we have the following transition map

(0% (0% «
C*x629a0+a1t+a2t2»—>a01+(—;)t+(—§+1>t2ec*x<c.

As we expect from Theorem [2.3.15] this is indeed an affine bundle on P, but in fact not
a vector bundle. The same thing happens for all higher Ji(PL).

2.4 The Schubert Varieties

We now examine the closures of the Schubert cells in the Affine Grassmannian. In the
case of partial flag varieties, the closures of classical Schubert cells were called Schubert
varieties. These were irreducible projective varieties with a nice decomposition into
Schubert cells.

The closures of the Schubert cells in the Affine Grassmannian have analogous structure.
It turns out that they are also interesting projective varieties with a decomposition into
Schubert cells. We will therefore refer to these as Schubert varieties as well:

Definition 2.4.1. The closure Grp, of the Schubert cell Grp is called the Schubert
variety of A € (X,(G))+.

The following proposition captures the properties of the Schubert varieties that follow
immediately from our earlier discussion of Schubert cells in the Affine Grassmannian.
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Proposition 2.4.2. The Schubert variety Gr’c\; of A is an irreducible projective variety
of dimension (2p, \).

Proof. The Schubert cell Gr* lies completely in some Gr(") (C) by Proposition m

Therefore the Schubert variety Gr* will be projective as a closed subvariety of the
projective Gr(™) (C). The Schubert cell is irreducible by Corollary [2.3.17 and therefore
the Schubert variety must be irreducible, too. Now, by Theorem we have

dim Gy = dim Gy = (2p, \). O

Proposition 2.4.3. We have Grg = Gr’c\; if and only if A is minuscule.
Proof. Immediate from Proposition and Corollary [2.3.19 O

Remark 2.4.4. In the case of partial flag varieties, we have that a classical Schubert
cell equals its own closure if and only if it is projective, which happens only if the cell is
a single point, i.e. the cell is labeled with 1.

Before we come to the aforementioned decomposition of the Schubert variety, we make
an observation about how the Schubert varieties of in the case SL,,, PGL,, and GL,,
relate to each other.

Proposition 2.4.5. The embeddings
GrSLn ((C) — GI"pGLn ((C) — GrGLn (C)
from Corollary[2.2.16 induce isomorphisms on Schubert varieties.

Proof. By Proposition [2.3.6] these embeddings induce isomorphisms on Schubert cells.
But these maps are closed-open immersions and so induce isomorphisms on the closures
of Schubert cells as well. O

Recall that a classical Schubert cell in a partial flag variety is a finite union of Schubert
cells and that the cells appearing in a Schubert variety are given by some combinatorially
defined partial order. Something similar will be true for the Schubert varieties in the
Affine Grassmannian. First we need to define the partial order.

Definition 2.4.6. We write A > p if A — 4 can be written as an Ny-linear combination
of simple coroots a" € ®(G)V.

With this partial order, the Schubert varieties decompose in the following way.

Theorem 2.4.7. The Schubert variety is the union

Grey = [ G

1500
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We only prove the case G = GL,, but in light of Proposition [2.4.5] the cases G = SL,,
and G = PGL,, follow immediately. For the case of arbitrary G, confer [Zhul6, Proposition
2.1.5], which takes a different approach with an alternative definition of the Schubert
cells.

Before we prove Theorem we need the following lemma, explaining how the
Schubert cells of Grgr, (C) fit into the ind-scheme structure of Grgr,, .

Lemma 2.4.8. Let N € Ny be such that GTE\}Ln C Grg\ﬁ)n (C) as in Proposition |2.3.9,

Recall the map

Grg\& (C) = {t-invariant subspaces of t~NC[[t]]"/tNC[[t]]" = C*N"},

[A] = (At VAL LA T A tN‘lA,7n>C .
from Lemma . The image of Gré‘;Ln under this map is

{v c e[ /N e

V' is t-invariant and
dim(t'V) = Y jn_isr, (N = Aj =) fori>0 [~

Proof. The image of [At*] with A € GL,(C[[t]]) is

Vo= <tA1A,,1, LA NI A, N A, ,tN—lA,,n>(C .

The generating set
tMTTA N AL N A,

of 'V, where we ignore any ! A_; if j > N, is in fact a basis. Indeed, given a C-linear
dependence of these vectors, we obtain a C[[t]]-linear dependence between the columns
A_; of A€ GL,(C[[t]). It follows that #*V has the required dimension.

Conversely, let V' be a t-invariant subspace of ¢t~V C[[t]]"/tN C[[t]]" such that the above
dimension conditions are satisfied. Taking the generalized eigenspace decomposition of V'
with respect to the linear endomorphism ¢ gives us a basis of the required form. ]

We can now come back to Theorem [2.4.7
Proof of Theorem[2.].7]. Observe that the set

V' is t-invariant and
X =V et N[ /N | dim(V) =37 (N = X;) and
dim(t'V) < 3jn_isn, (N —Aj — 1) fori >0

is a closed subset of Grass(2Nn)4(C) for d = >°;(N — X;). We can therefore identify X

with a closed subset of Grg\& (C). But X contains Grgyy,, by Lemma [2.4.8/and so X also

contains the Schubert variety Grg\;Ln.
Claim: We have X C [[,<) Gr¢y, -
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Chapter 2 The Affine Grassmannian

Let V € X. The vector space V will lie in some Gr¢y, for = (p1, ..., pin) € (Xu(G))4 as
GraL, (C)=U L Gr’éLn. Therefore V' is the vector space generated by the columns of At#
for some A € GL,,(CJ[[t]]). If u # A, let i be minimal such that dim(#'V) < >>(N — Aj —1).
This corresponds to a p; < Aj and pp = A for k < j. But 3, up =nN —dimV =3, A;.
Therefore there must be some j° > j such that A\jy < pj. Adding €; — s to u, we
obtain a u(!) such that u(*) > p and the columns of At still lie in X. Repeating this
argument, we obtain a sequence p < u(Y) < 4 < ... which approximates A and we
must therefore have A = p("™ > 4 for some m > 0. The claim follows.

Claim: We have Grfy, C Grgy, for < .

To simplify the notation, we only work in the case n = 2, but the case of general n is
exactly the same.

Let A = (k,l) with £ > | + 2. Consider [(

0 t!

Elements of this type form a subvariety of Gré«,Lz isomorphic to A%:, see the proof of
Proposition [2.3.28 We have for a # 0

th 4l 4 g+l [ tk 4 gttt 1 0
0 t B t! a0

_ltk 1 tl+atl+1>‘|

)1 S Gr(kl) with a € C.

( fltk 1 tl
—ltk‘ 1 tl + atl""l a 0
= _g 1kl 1 o ¢!
t _1tl+tl+1
tk 1 _ltl
aj}o _tk 1 tl+1

_tk—l 0 .

Note that the limit must exist in Gré‘;LQ as this is a projective variety. Therefore the

k=1 4l+1 -
element [(—t’“_l to )] € Gr (k LD Jies in GrE;L) and so also Gr(k LD ¢ Gr(k l)

By the same argument for GL,, it follows that Gr’éLn C GTE\}Ln if A — p is a simple

coroot. By iteration we deduce Gr’éLn - GTE\;Ln if <A
Summing up, we have shown that

o A B
[T Grtyp, € Grayp, € X C [ Gty -
HEA HEA

The theorem follows. O

The following is an easy corollary of Theorem [2.4.7]
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2.4 The Schubert Varieties

Corollary 2.4.9. If the Schubert cell Gr{, lies in the Schubert variety Gré;, then
dim Gr, = dim Gr:  mod 2.
Proof. By Theorem [2.3.15| we have dim Gré; = dim Gr)c‘; = (2p, A) and therefore
dim Grgy — dim Gr¥s = (2p, A — p).

Now by Theorem we have the Grf, C Gr)c‘; if and only if A — p is a sum of simple
coroots. But {p,a) € Z for all coroots a" € ®". Hence, dim Gryx — dim Grfy € 2Z. O

The remainder of this chapter is dedicated to calculations in GLo.

Example 2.4.10. The Schubert variety Gr(gﬁg has the decomposition

kol kol
Gk _ Gr(kl)HG (k ”H) IT- HGr( 202 ), if k — 1 is even;
e Gr(’”)HG (’“ ”“) -..HGrng STk lis odd

2 ’ :

In particular,
(17_1) —_ (lu_l) (070)
Grgp, * = Grgg, UGrgg, = GL2 H{ t}.

We have seen in Proposition [2.3.28[ that Grg]’g is isomorphic to the (k — [ — 1)-th jet
(l+2 1) .

bundle on P} and in particular that Grg is the tangent bundle of P{.

Proposition 2.4.11. The Schubert variety of (k + 2,k) in Grgr, has the form

Gri M = p(1,1,2),
where P(1,1,2) is the weighted projective space of weight (1,1,2).

For a general definition of weighted projective space see for instance [GW10|, Exercise
13.1]. We do not recall it here, as we give a description of the Schubert variety in terms
of affine open subsets and transition maps and recognize this afterwards as P(1, 1, 2).

Proof. We have Gl“(k+22 k) & Gy (GlI’;l) = Gr ( )H Gr (0 0) = Gr (1 1) IT{pt}. By the proof
of Proposition [2.3.28 GrgL_l) (’)%(2) = UO Ul is glued from the affine spaces

{2 e
{59}

(avb)'_)(ailv_a%)
Up 2 {a # 0} {c#0} C Uj.

along the transition map
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Chapter 2 The Affine Grassmannian

The spaces Uy, Uy are open in Gr&’;l) IT {pt} and so we only need to produce a third

open subset which contains the point of Grg’LO?).

We see that {b =0} U{d =0} is a closed subset of Uy U Uj. It is isomorphic to P&(C)
as we glue two copies of C! along C\ {0} > x — z~! € C\ {0}. As this subset is a

N . o . 1,—1
projective variety, it is closed even in Grlré;t2 )

. Let its complement in the Schubert variety

be Uy. This open subset of Grgl’;l) can be written as
Us = {pt} U Uy N {b+#0}) U (U N{d#0}).

An element in Uy N {b # 0} is of the form
0o t! {0 et N (10
—t at7t4+0)|  |\=t at7t4+b) \b7lt 1
N Y B I S W A
ab™t at'+b)|  |\ab™! at7'+0b 0 bt
(oot oy 10
" \a a7t 41 —a 1
[ (=ab 1yt
a —a?b 1t a1

(—abtt+1 bt ) (001
—a2b 141 ab= 1t 1 41 -1 0

—p 11 —ab 1t 1
—ab 171 -1 —a?b 11!

An element in U; N {d # 0} is of the form
t ot +d\] _ [t et +d\ (1 0
0 ¢! —j\o ! —d~'t 1
- | f—cd™t et7i4d [(d 0
o\ —a! t1 0 d!
—c cd Mt 41 (1 0
-1 4t ¢ 1

2d—11 ed 171 4+ 1)

—c ed M1+ 1)

ed 1t -1 d-1¢1

o
—_

-1 0

at™! yt=t+1
yt=t—1 21

We can also write l( ] = [( 0 1)] . Therefore all the elements of U, are of the

form

)
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2.4 The Schubert Varieties

with zz = y2.

. xt™! yt_l +1
Now observe that if [(ytl 1 L1

, then

e VL ey |
yt=l—1 2!
T e A A T
—yt7 1+ 1 z't1 yt™l—1  zt!

_ (le - yy/)t72 + (y/ - y)til + 1 (yzl - ylz)tiz + (z/ - Z)til c C[[t]]2X2
T\ @y—a) @) @y (g -y ’

ie. (z,y,2) = («,y, 7). We have therefore found
Us 2 {(z,y,2) € C? | zz = y?}.
All together we have Gr; II Gr; = Uy U Uy U Uy where
Uy =C? U =C? U, =SpecClz,y,2]/(xz —y*) = SpecClz?, zy, v?],
with intersections
UNU; =Z2C*xC, UyNnUy=Z2CxC*, UNUy=CxC*
and transition functions
U20NnU1 Z2C*xC ——C*xC=2UyNnU; C Uy

(a,b) —— (a~ %, —a2b),

Uy DUgNUy Z2CxC* ——= CxC*=UygnNU; C Uy

(a,b) —— (=b~1, —ab™1),

U 20N 2CxCr =5 C*xC=2UNU, C Uy
(c,d) —— (cdt,d™1).

We can recognize this as the weighted projective space P(1,1,2). O
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Chapter 3

Perverse Sheaves

We give a very quick introduction to Verdier duality and perverse sheaves without many
proofs. Our main reference for perverse sheaves is [BBD82|. For Verdier duality see the
original paper [Ver95|. Also confer [GM03, Chapter IIL.8] for generalities on sheaves.

Given a sheaf F on the space X, we denote by H'(X, F) the i-th sheaf cohomology
group of F for i > 0. Recall that this is defined as RY(TI'(X,—))(F) where I'(X,F)
denotes the global sections of F. For a complex F* € D?(X) we write H*(F*) for the
i-th cohomology sheaf, with i € Z.

3.1 Local Systems

For now, let X be (the complex points of) a finite-dimensional complex variety. All
sheaves will be sheaves with respect to the complex-analytic topology, whereas closed,
open, and locally closed subsets will almost always refer to subsets in the Zariski topology.
Note that X has nice topological properties: X is Hausdorff, locally path connected, has
only finitely many connected components, etc.

We will generalize this afterwards to ind-varieties.

Definition 3.1.1. The constant sheaf Ax of an abelian group A on X is the sheafification
of the constant presheaf on X, which is given by X D U — A. That means that

Ax (U) = {A-valued locally constant functions on U}.

Proposition 3.1.2. The constant sheaf Ax is given by X D U — A™W) and the stalk
at © € X is given by (Ax ), = A.

It follows from this proposition that any map between abelian groups A — B defines a
map between the constant sheaves Ay — By, via Ax(U) = A™WU) — BmWU) = B (U).
It turns out that a map between abelian groups is the same as a map between the
corresponding constant sheaves.
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3.1 Local Systems

Proposition 3.1.3. The map
Hom(A, B) — HomSh(X) (Ax, Bx),
e (PO Ax(U) = A7O) - BroW) = Bx(U))

s a bijection.

The following needs some weak topological conditions on X, which are satisfied in the
context of varieties.

Proposition 3.1.4. If we apply the sheaf cohomology functors to the constant sheaf Ax
on X we obtain the classically defined singular cohomology groups

H'(X, Ax) = Hijg(X; A).
We denote this from now on by H'(X; A).
Proof. See for example [Bre97, Theorem 3.1.1]. O
From now on, let £ be a field.

Definition 3.1.5. A sheaf £ is a local system if there is an open cover X = |J; U; such
that L]y, is a constant sheaf and all stalks are finite-dimensional k-vector spaces. We
denote the the full subcategory of Sh(X) of local systems by Loc¢(X; k).

Definition 3.1.6. Let A be an abelian category. We call a full subcategory B a weak
Serre subcategory, if it is closed under kernels, cokernels and extensions.

Proposition 3.1.7. The full subcategory B C A is weak Serre if and only if for every
ezxact sequence
X1 —>Xo—>X > X3 Xy

in A such that X; lies in B fori=1,...,4 also X lies in B.

Proof. 1t is clear that a category satisfying the second condition is closed under kernels,
cokernels, and extensions.
Conversely, let B be a weak Serre subcategory of A and let

X 5x8x 5 x4 x,
be an exact sequence in A with X; € B. We can rewrite X as the extension
0 — ker(f) - X — im(8) — 0,

with ker(f) = im(a) = Xo/ker(a) = Xo/im(p) € B and im(3) = ker(¢)) € B. So X lies
in B as an extension of objects in B. O
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Chapter 3 Perverse Sheaves

Proposition 3.1.8. The category Locy(X; k) is a weak Serre subcategory of Sh(X, k).

We give a proof of this to indicate how one reduces statements about local systems to
statements about constant sheaves and finite-dimensional vector spaces.

Proof. Kernels and cokernels of a map Ax — Bx between constant sheaves can be
computed as ker(A — B)x and coker(A — B)x, respectively. It follows that kernels
and cokernels between locally constant sheaves are also locally constant. The finiteness
condition on stalks follows from the fact that k is Noetherian as a field. We now show the
closure under extensions. Let 0 — £’ — £ — £” — 0 be an exact sequence in Sh(X; k)
such that £ and £” are local systems. We can find a common trivialization of £’ and
L" and consider the exact sequence

0—-L'Ny = Llv—L"y—0

of sheaves on U C X. We may therefore assume that £ and £” are constant sheaves on
X.
For a connected open subset U C X consider the long exact cohomology sequence

0 L'U)—LU)—L"U)—= H (UL y) — -

We have that £'(U) and £"(U) are finite-dimensional vector spaces, because they are
local systems and U is connected. It follows that £(U) must also be finite-dimensional
for every connected U C X.

Next, we localize and obtain for every x € X the exact sequence

0— L, — L, — L] —0.

But

L,=lm LU)= lim L(U),
zeU U zeU rod

and so, by properties of direct limits of finite-dimensional vector spaces, there must be
some connected open U, containing x such that £(U,) — L, is an isomorphism. As £’
and L" are constant, we have £'(U,) = £/, and L"(U,) = L!!. We therefore have

0— L'(U;) = L(U) — L"(U) =0

is exact.
The constant sheaf (£L(U;))y, on U, fits into an exact sequence

0— L'y, = (LU))u, = L |y, = 0.

Now we can construct a map from the constant sheaf (L(Uy))y, to L]y, . For a connected
U C U, we define (L(U,))(U) = L(U;) — L(U) as the restriction map of the sheaf £
from U, to U. This is fits into the diagram

0 — LNy, — LU)) v, — L'y, —— 0

H | |

0—— ,C/|Uz E—— ‘C|Uz E—— LH‘UI — 0.
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3.2 Verdier Duality and Constructible Complexes

By the five-lemma, the middle arrow is an isomorphism and £ is constant on U, with
finite fibers. As X = (J,cx Uz, £ is locally constant and we have shown that the extension
of local systems is a local system. O

Theorem 3.1.9. If X is connected and xo € X, there is an equivalence of categories
Locy(X; k) ~ Repy(m1 (X, 20))

between the category of local systems on X and the finite-dimensional k-linear represent-
ations of the fundamental group of X.

Proof. For a full proof see [Sza09, Theorem 2.5.14].

We will only sketch the construction of the functor Locy(X;k) — Repy(m1(X, x0)).
For a local system £ we take the vector space L;, and endowing it with an action of
m1(X, o) in the following way: Take a loop « in X from z( to itself and a trivializing
open cover of X for £. This covers the image of a in X, which is compact and we may
therefore assume the cover to be finite. Then we obtain isomorphisms

ﬁﬂﬁo = ﬁ(U(]) — [,(Ul) — = ﬁ(Ug) = ['lvov

the composition of which is independent of the chosen cover and the chosen representative
of the homotopy class [a] € m1 (X, zg). This defines the action of the fundamental group
m1(X, o) on Ly,. ]

One can leave out the assumption that X is connected, by replacing the fundamental
group of X with its fundamental groupoid.
It follows that Locy(X; k) is an abelian category.

Corollary 3.1.10. If X is connected and simply-connected, Locy(X; k) is equivalent to
Vecty, the category of finite-dimensional k-vector spaces, via the functor L — Ly, and
so k' are the only local systems.

A nice independent observation is the following:
Corollary 3.1.11. Simply-connected manifolds are orientable.

Proof. The orientation sheaf is a local system. It must however already be constant, as
all local systems are constant on a simply-connected space. Now a space is orientable if
its orientation sheaf is constant. O

3.2 Verdier Duality and Constructible Complexes

Let f: X — Y be a morphism. On the level of sheaves we obtain the direct image
fe: Sh(X;k) — Sh(Y;k) by fuF(V) = F(f~1(V)) for V.C Y and the inverse image
functor f*: Sh(Y;k) — Sh(X; k) by sheafifying the mapping

U lim g(v).
V2£U)
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Chapter 3 Perverse Sheaves

These functors form an adjoint pair (f*, f.). What is more, we have that f* is both left

and right exact, while f, is in general only left exact. Note that our inverse image is called

f~1 by [Har77], while he uses f* for a morphism between categories of O x-modules.
We also have a functor fi: Sh(X;k) — Sh(Y; k) given by

HFWV) = {a € L. FV)=F(f (V) ’ suppo — f~ (V) — V is a proper morphism}

where proper means that the inverse image of any compact set is compact.
We give a description of fi in the cases f is proper and f = j is an open immersion.

Proposition 3.2.1. If f is proper, fi« = fi.

Proof. This is immediate from the definition as for all sheaves F, open subsets V C X,
and sections o € F(V) the composition suppo — f~1(V) — V is proper. O

If j: U — X is an open embedding and F € Sh(U), then jF coincides with the
extension by zero functor defined in [Har77, II, Ex.1.19b] as the sheafification of the
presheaf jI"“F defined by

pre FV), VCU
p — ’
V)= { 0, otherwise.

One can see this by calculating the stalks and then using the fact that for every sheaf
F on U there is a unique sheaf G on X with the property that G|y = F and G, = 0 for
x ¢ U, see [Har77]. The following is now immediate.

Proposition 3.2.2. If j: U — X is an open embedding, then the functor j* is right
adjoint to j.

Proof. We have

Homgy,(x) ()1, G) = Hompesn(x) (4 F, G) = Homgy ) (F, Glor)- O
=G

{

Recall that Sh({pt}) = Vect.

Proposition 3.2.3. Every complex in D®({pt}; k) is the direct sum of its cohomology
sheawves.

Proof. The category Sh({pt}) = Vecty, is semi-simple and so every object is projective.
But every bounded complex of projective objects is quasi-isomorphic to its cohomology
groups. O

We consider now the constant map p: X — {pt}. We can recover from p the global
sections functor as

p«(F) = T(X, F) = F(X)
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3.2 Verdier Duality and Constructible Complexes

and also define the functor of global sections with compact support
pF ={o € F(X) | suppo < X is proper} = ['.(X, F).

We write H!(X; k) for cohomology with compact support, which is defined as the right
derived functor of the left exact I'o(X, —).

Unlike fy, the functor f, does not have an adjointness properties on the level of sheaves
in general. However there is a functor f': D¥(Y;k) — DP®(X; k) which is right adjoint to
the derived version of fi, which will be the statement of the next proposition.

From now on the functors fy, f*, fi refer to the derived versions of the above defined
functors, unless specified otherwise.

Proposition 3.2.4 ([Ver95]). If f: X — Y is a morphism, the functor
fir D°(X; k) — Db(Y; k)
has a right adjoint f'.

Proof. This was first proven in [Ver95|. For an English reference, see |[GMO03, Theorem
111.8.16). O

Definition 3.2.5. The dualizing sheaf or dualizing complex wx of X is defined as
p!(k{pt}) where p: X — {pt} is the constant map. We define the Verdier duality functor
as

D: DY(X; k)P — DY(X; k), F*— Hom(F*, wx).

Here Hom denotes the internal Hom-functor in Db(X; k).

The following statement is a version of Poincaré duality. We will explain the connection
to the classical Poincaré duality statement after the full statement of Verdier duality [3.2.23]

Proposition 3.2.6. If X is smooth connected of dimension n, the dualizing complex wx
is just the shifted stalk complezx kx[2n).

Proof. See |[GMO03, Corollary II1.8.27]. O

Note that 2n is the real dimension of the complex variety X.
Example 3.2.7. If X = {pt}, we have that p: {pt} — {pt} is the equality and so
P = px = p* = p' is the identity functor on D*({pt}; k). We see that
!
wipty = P (Kipty) = Kipry

and therefore D = Hom(—, k(3 ). By Proposition it suffices to determine what D
does on (shifted) stalk complexes to completely describe D. We compute for a sheaf
F € Sh({pt}; k) corresponding to the vector space V = F({pt})

D(F[i]) = Hom(Fi], k) = Hom(F, kypey ) [—1]
= Hom(F({pt}), k)[—i]
= Vv[_i]v

which is just the vector space dual.
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Chapter 3 Perverse Sheaves

Next we define constructible sheaves with respect to some stratification of the complex
variety X. First we recall the definition of stratifications.

Definition 3.2.8. A stratification of X is a finite disjoint union decomposition

X =] X\
AEA

into locally closed subspaces such that each X is a smooth connected variety and such
that the closure X of any stratum is a (finite) union of strata. We write iy: X\ — X
for the inclusion of the stratum Xj.

Note that smoothness means that each X has the structure of a manifold. Additionally,
it guarantees finite global dimension of Sh(X)) which is important in order for all the
derived functors to send bounded complexes to bounded complexes.

Remark 3.2.9. Setting u < A if X, C X defines a partial order on A. Strata which
are minimal with respect to < are closed and strata which are maximal with respect to
< are open.

Example 3.2.10. If X is a smooth connected variety, then we have the trivial stratifica-
tion X = X,.

Example 3.2.11. If X is a singular connected variety such that its singular points
Sing(X) form a smooth connected variety, then

X = Sing(X) I (X \ Sing(X))
is a stratification.

Example 3.2.12. The decomposition
P*(C)=C"IIC" ' 1. 11 {pt}
is a stratification.

Example 3.2.13. The classically defined Schubert cells are a stratification of the partial
flag variety.

In fact, a stratification exists for all varieties X, see for example [Kal05].

Definition 3.2.14. A sheaf F is called constructible with respect to the stratification
X = [lea X if the sheaf F|x, = i3F is a local system for all A € A. We call
an object F* € D’(X; k) constructible with respect to A if all cohomology sheaves are
constructible with respect to A and we write D} (X; k) for the full subcategory of D’(X; k)
of constructible complexes. We write DY (X; k) for the full subcategory of D?(X;k) of
objects which are constructible with respect to some stratification, which contains all
DY (X;k) C DY(X;k).
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3.2 Verdier Duality and Constructible Complexes
Proposition 3.2.15. The category of constructible sheaves forms a weak Serre subcategory
of Sh(X; k).

Proof. Let F1 — Fo — F — F3 — F4 be an exact sequence such that F; is constructible
fori=1,...,4. We can apply the exact functor ¢} to obtain the exact sequence

Now i}F; is a local system, but then so must be i3 F, since Locy(X; k) is a weak Serre
subcategory of Sh(X; k) by Proposition O

Proposition 3.2.16. Consider the derived categories D*(A) for x € {0,+,—,b}. If
B C A is a weak Serre subcategory, then the category

Dj(A) = {X* € D*(A) | H'(X*) € B}
is closed under extensions and therefore a triangulated subcategory of D*(A).

Proof. If X’* — X* — X"* — X'*[1] is a distinguished triangle in D*(\A) such that X'*
and X"* lie in Dj(.A), then we obtain the exact sequence

H'7H(X") — H'(X'"*) - H'(X®) —» H'(X"*) - H"(X").

As B is a weak Serre subcategory, H*(X*) lies in B by Proposition and so
X* € Di(A). O

Corollary 3.2.17. The extension of constructible complezes of sheaves is constructible
and so D?\(X; k) is a triangulated subcategory of D*(X;k). The same follows also for
Db (X; k), because this can be thought of as the union of all D§(X;k) C D*(X; k).

Proof. By Proposition [3.1.8| the category of constructible sheaves is a weak Serre subcat-
egory of Sh(X; k). Now the assertion follows from Proposition [3.2.16, The statement for
Db (X; k) follows from the fact that any two stratifications have a common refinement. [

Example 3.2.18. If we choose the trivial stratification X = X, we obtain
D?X}(Xv k) = Dgonst(X; k))

where Db

const

(X k) = DIIZOCf(X,k)(Sh(X; k)) denotes the category of complexes whose
cohomology sheaves are local systems.

We now come to the question of when the functors fs, fi, f*, f' preserve constructible
complexes. A main source for constructibility results in our context is [BS84]. For a more
general discussion about conditions that guarantee constructibility see |[Sch03, Chapter
4].
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Chapter 3 Perverse Sheaves

Proposition 3.2.19. If we have a fized stratification X = [[ycp Xx and a subset
Z = Ilxear Xx which is a union of strata for some A" C A with inclusion i: Z — X, then
the functors i* and iy preserve constructibility

Db.(Z;k)  DR{(X;k).

NS

i*

It follows that 4 and i* are also functors between D% (Z; k) and D% (X;k). Additionally,
the derived internal Hom-functor Hom(—, —) also preserve constructibility.

Proof. The non-derived versions of ¢* and ¢ are exact and map constructible sheaves to
constructible sheaves. For a proof of constructibility of Hom(—, —), see [BS84, Theorem
8.6]. O

Unfortunately, to guarantee that i, and i' also preserve constructibility, we need the
following additional technical assumption on our stratification.

Definition 3.2.20 ([Whi65]). Let X = [[,cp X\ be stratified. Let z € X, € X. We say
z satisfies the Whitney condition, if for all A such that z € X, C X and all sequences
(zn) € X, and (yn) € X, converging to = the secant lines between z,, and y, converge
to some v € T, X,,. We say X satisfies the Whitney condition, if all x € X satisfy the
Whitney condition.

Observe that the set of points in X satisfying the Whitney condition are fixed by
automorphisms of X that restrict to automorphisms on all X.
Any stratification can be refined to a Whitney stratification, see [Whi65].

Proposition 3.2.21. Let X =[] cp X\ be stratified and Z C X be a union of strata
with inclusion i: Z — X. If X satisfies the Whitney condition and, then iy, i*, i, and i
preserve constructibility.

Proof. See for example [Sch03, Proposition 4.0.2]. O

Proposition 3.2.22. The duality functor D preserves Df\(X;k:) if A is a Whitney
stratification and so it also preserves D% (X;k).

Proof. See for example [BS84, Proposition 8.3]. O

We are now finally ready to formulate the Verdier duality theorem which justifies the
name “duality functor” for D.

Theorem 3.2.23 (Verdier Duality). The contravariant functor D: Db (X; k) — D% (X;k)
satisfies the following natural isomorphisms:

(1) D? =id.
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3.3 Constructible Sheaves for ind-Varieties

(2) For any f: X — Y we have f,Dx = Dy fi and f*Dy = Dxf'. (The same

statements with !’s and x’s swapped follow immediately.)

(3) If X is smooth connected of dimension n and L is a local system on X, then we
have DL = Hom(L, kx)[2n].

Proof. This is mostly a consequence of Proposition For the proof see [BS84,
Theorem 8.10]. O

The last statement is just a reformulation of Proposition [3.2.6

Corollary 3.2.24 (Poincaré Duality). If X is a smooth connected complex variety of
(complex) dimension n we obtain an isomorphism

HY(X; k) =2 H (X k).
If additionally X is projective, this simplifies further to H'(X; k)* & H?" (X k).

Proof. Consider p,kx in D?({pt};k) = D’(Vecty). By Proposition this com-
plex is just the direct sum of its cohomology groups. We have seen in Example [3:2.7]
Dy (=) = (—)* is the vector space dual. We get that the i-th cohomology group of
D(p«kx) is just the dual of the (—i)-th cohomology group of p.kx by Example
Equivalently, H(X; k)* & H ¢ (Dp.kx) and therefore

Hi(X§ k)* = Hii(D{pt}(p*kX))

~ 0 (p(Dxkx)) (Theorem [3.2.23(2))
>~ H " (pikx[2n]) (Theorem [3.2.23((3))
= H*"(pikx)

>~ H2 (X k). (Definition HY)

If X is projective, p is proper and p, = p by Proposition In this case the
global sections and the global sections with compact support coincide, and we obtain
H!(X;k)=H'(X;k). O

Remark 3.2.25. The theory of Verdier and Poincaré duality is formally very similar to
that of classical Grothendieck and Serre duality; there we also have a dualizing sheaf which
induces a duality. The difference however is that we are working with constructible and
locally constant sheaves in the complex-analytic topology, whereas classical Grothendieck
and Serre duality are statements about coherent sheaves in the Zariski topology on X.

3.3 Constructible Sheaves for ind-Varieties

We would like to claim that the Cartan Decomposition [2.3.1

Grg(C)= [ Grg
AE(X)+
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Chapter 3 Perverse Sheaves

is a stratification. However thus far, we have only defined finite stratifications for varieties,
while Grg(C) is an ind-variety.

Ifi: Z — X is a closed embedding, Proposition [3.2.19] guarantees that i, = i) maps
constructible sheaves to constructible sheaves. However, the image of this functor turns
out to have a explicit description in terms of sheaves that are supported on Z. The
support of a complex of sheaves is defined as the union of the supports of its cohomology
sheaves.

Lemma 3.3.1. The non-derived functor i, is an equivalence of categories between
constructible sheaves on Z and constructible sheaves on X which are supported on Z.
Therefore the derived version of the functor i, is an equivalence between ch’b(Z; k) and
{F* € D%(X;k) | suppF C Z}. Given a fized stratification of X = [[ ep Xa and a
closed subset Z C X which is a union of strata Z = [Iycpr Xx for A" CT A, we even have
an equivalence between DY,(Z; k) and {F* € D§(X;k) | supp F* C Z}.

Proof. One can easily check that i*i, = id as functors on Sh(Z). For G € Sh(X), one
considers the adjunction unit G — 4,7*G which induces an isomorphism on stalks in Z.
However, if G is supported on Z, this map is an isomorphism of sheaves. The statements
for constructible sheaves and constructible complexes of sheaves follow. O

Remark 3.3.2. The Riemann—Hilbert correspondence, see [HTT08, Chapter 7], gives
an equivalence of categories between ch)b(X ; k) and a certain subcategory of the bounded
derived category of D-modules on X. Under this equivalence, the above lemma gets
translated to Kashiwara’s theorem, see [HTT08, Chapter 1.6]. It is surprising that the
above lemma is almost trivial, while Kashiwara’s theorem has a very difficult proof.

Let now X = Uy XN be an ind-variety where X (V) < X (+1) i a closed embedding
of (finite-dimensional) complex varieties. We consider sheaves with respect to the analytic
topology on X.

Definition 3.3.3. A stratification of X is a family of stratifications X ) = [Thern X)(\N)
such that the embedding X(™) — X(N+1) jnduces an isomorphism as varieties between

X)(\N) and some X/(\{VH). We can interpret AN

write A = Uy A and X = [[ X, where X\ = X\ for N such that A € ADY),

as a subset of AN*D) and may therefore

Write iV) for the inclusion X(V) — X.

Definition 3.3.4. We say that a stratification X = [[ X, of an ind-variety X = MEX(N)

satisfies the Whitney condition, if all stratifications X(™) =[] AeAv) X >(\N) satisfy the
Whitney condition |3.2.20

Definition 3.3.5. For a stratified ind-variety X = Uy X — [1, X we call a sheaf

F € Sh(X) constructible with respect to A if F = i&N)g for a sheaf G which is constructible
with respect to AN). We write D4 (X; k) for the full subcategory of DP(X; k) of complexes
with constructible cohomology.
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It follows from Lemma [3.3.I] that we have embeddings of categories
Dby (X Wi k) — D8 o) (XPi k) - DY (XT3 k) - — DY(X k)

and that D?\(X ; k) is the direct limit of this system. In particular, we have that every
object in D?\(X; k) can be thought of as an element of Df\(X(N); k) for some N.

Corollary 3.3.6. A sheaf F on X is constructible with respect to A if and only if i\ F is
a local system for all X € A and zero for all but finitely many A.

Note also that for the inclusion iy : X)) — XV+1 the Verdier duality functor satisfies
Dy v+ 0 (in)x = (in)x o Dxw).

We deduce that we also have Verdier duality for D% (X; k) for an ind-variety X.
Now we verify that the decomposition Grg =[], Grg is a Whitney stratification.

Proposition 3.3.7. The Cartan Decomposition from Theorem [2.3.1

Gre(C)= [ Grg

s a stratification satisfying the Whitney condition.

Proof. By Proposition the Cartan Decomposition of the Affine Grassmannian
restricts to a decomposition

al©) = [ Gy
AEAN)

for some finite subsets AY) C (X,);. By Theorem all Schubert cells are smooth
connected varieties and so Gr(GN)((C) is stratified.

Next we verify the Whitney condition. This argument is taken from [Schll, Section
3.12]. Note that the set of points in Grg(C) satisfying the Whitney condition is G(C[[¢]])-
invariant, because the multiplication by an element of G(C[[t]]) is an automorphism of
Grg(C) which restricts to all Gré;. Then the set of points that do not satisfy the Whitney
condition is also G(C[[t]])-invariant. However, by [Kal05, Theorem 2], the subset of points
in Gré;, which do not satisfy the Whitney condition, is a locally closed subset of strictly
smaller dimension. This subset is therefore a proper G(C[[t]])-invariant subset of a single
orbit and thus empty. a

All of this allows us to define constructible sheaves on Grg(C).

3.4 t-Structures

In this section we introduce the necessary homological algebra, in the form of t-structures,
in order to define perverse sheaves. These form a certain abelian subcategory of Di’b(X i k).
Hence, we need a systematic way to construct abelian subcategories of triangulated
categories.
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Chapter 3 Perverse Sheaves

Definition 3.4.1. A t-structure (short for truncation structure) on a triangulated
category T (such as DY(X;k) or D%(X;k)) is a pair of full additive subcategories
(7=, 729 such that for 7" := T<[—n] and T=" := T=°[—n] we have

o T="is closed under taking [1] and 7= is closed under taking [—1], or equivalently
T<n C T<n+1l and 72" ») T2n+l
e If Ty € T=" and Ty € T=!, we have Homy(Ty,Ty) = 0.

e For any T € T there is a distinguished triangle
T —-T—T"—T1]
with 77 € 7<% and T" € T=1.

The heart T of a t-structure is the intersection 7<0N 720 C T.
If the intersections (), 7=" and (), 7=" are trivial, we call the t-structure non-
degenerate.

Example 3.4.2. If T is a triangulated category, we have two trivial t-structures, (7,0)
and (0,7). For (7,0) we see that 7 is closed under [1] and 0 is closed under [—1], we
have Hom7(T1,T5) = 0 if 7o = 0, and for every T' € T we have a distinguished triangle
T —T — 0— T[1]. The argument for (0,7) works the same. These t-structure are not
non-degenerate and their heart is 0.

Example 3.4.3. Let A be an abelian category with weak Serre subcategory B C A
and Dp(A) its derived or bounded derived category with cohomology in 5. Recall that

Dp(A) is triangulated by Proposition [3.2.16] Let

D5’(A) = {F* € Dg(A) | H(F*) =0 for i > 0},
D3°(A) = {F* € Dg(A) | H(F®*) =0 for i < 0}.

This is a t-structure, called the standard t-structure. We have functors 7<¢ and 7>,
which truncate our complexes given by

Fe .- F1 FO F!
T<oF®: - F1 ker (]:O—>]:1) 0
7'20./_".2 0 .Fo/im(f_lﬁfo) Fl

The heart of the standard t-structure is precisely B. Indeed, let F* € D<0(A) N DZ9(A).
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3.4 t-Structures

Then F* has cohomology only in degree 0 and we have quasi-ismorphisms

]:. <—N Tgo]:. —>N Tongof.

FO +—— ker (FO — F1) —— HY(F*)

In particular, the heart of the standard t-structure on D(A) = D 4(A) is A.
We could also have considered (Dg"(A), Dg"(A)) for n € Z. The heart of this
t-structure is B[—n].

The truncation functors exist for general t-structures by the following proposition.

Proposition 3.4.4. The embedding T=" — T has a right adjoint, denoted 1<, and
T=" — T has a left adoint, denoted 7>,. If T € T and

T - T—T"— T[]

is a distinguished triangle with T' € T=Y and T" € T=!, then we have T' = 7<(T and
T" = 1751T. In particular, the distinguished triangle from the definition of a t-structure is
unique up to isomorphism. It follows that T € T<Y if and only if 71T =0, and T € T=1
if and only if T<oT = 0.

Proof. See [BBD82, Chapter 1.3]. O

Proposition 3.4.5. The categories T=9 and T=° are closed under extensions. This
means that if T" — T — T" — T'[1] is a distinguished triangle in T such that both
T, 7" € T=" lie in T=C respectively T=°, then T € T=Y, respectively T € T=.

Proof. See [BBD82, Chapter 1.3]. O

Definition 3.4.6. We call functor 7 — T given by the composition of T<o with 7>¢
the zeroth t-cohomology ‘H°.

In Example the zeroth t-cohomology is given by the zeroth cohomology functor,
which motivates the name.
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Chapter 3 Perverse Sheaves

Example 3.4.7. Let A = Vecty. Every complex V* € Db(A) is the direct sum of its
cohomology groups by Proposition Every such cohomology group is of the form
k™ for some n > 0. Let (T=°,72%) be some t-structure on 7 = D°(Vect;). Each simple
object k[i] has to lie either in 7=0 or T=1, since the categories 7= and 7=! are closed
under summands. It follows that the only non-degenerate t-structures on D?(Vecty) are
shifts of the standard t-structure.

If A is semi-simple with more than one simple object, we find that the set of non-
degenerate t-structures on D’(A) is given by functions from Irr(A) to Z, since for any
X € Irr(A) we have to choose an integer f(X) such that X € 7</(X)\ 7=/(X)=1 The
heart of such a t-structure will be the category generated by X[—f(X)] for X € Irr(A).

Remark 3.4.8. If A — B is an equivalence of abelian categories, we obtain an equivalence
of the derived categories D(A) — D(B) which preserves the standard t-structure. If we
have some other derived equivalence D(A) — D(B), for example given by the right or
left derived of some half-exact functor, we cannot expect this to preserve the standard
t-structure.

In the case of the Riemann—Hilbert correspondence, we have an equivalence of derived
categories and the heart of the standard t-structure on the side of D-modules is identified
with a category of perverse sheaves.

The following theorem concludes our study of t-structures in general.

Theorem 3.4.9. For any t-structure (T<°,T2%) on a triangulated category T, the
heart TV = T<0NTZ% is an abelian category and the functor T<om>0: T — T~ maps
distinguished triangles

T —-T—T"—T1]

to long exact sequences

s — TgoTon[*l] — TSOTZOTN[*H

TSOTZOT/ — 7'§07‘20T —_— TSOTZOT”

TSOTZOT/[I] — TS()TZ()T[l] —_—

Additionally, two maps T" — T and T — T" between the objects in the abelian category
T form an exact sequence
0T =T —=T" =0

if and only if there is a morphism T" — T[1] such that
T T —T"— T[]
s a distinguished triangle in T .

Proof. See [BBD82, Théoréme 1.3.6]. O
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3.5 Recollement and Perverse Sheaves

We return to geometry and sheaf-theory. Let X be an ind-variety. Consider a closed
sub-ind-variety Z C X with open complement U C X and corresponding embeddings
i: Z—Xandj:U— X.

Theorem 3.5.1 (Recollement). We have a diagram of functors

i* Jt

TN TN

DYZ: k) == ph(x: k) =L DY k).

These satisfy the following:

(1) j*i, =0, i*ji =0, and i'j, = 0.

(2) (i*,ix = iy,3') and (ji,j' = j*,j«) are adjoint triples.

(8) ix =11, Jx, and jy are fully faithful and so the following maps are natural isomorph-
isms: i*i, F* — F* — i'ya F* for F* € D’(Z;k) as well as j*j.G* — G* — j' j1G*
for G € DY(U; k).

(4) The other adjunction maps define distinguished triangles in D*(X;k) for any
F* € DY(X;k):

' Fe F* i ' F® —— jij Fe,

ii' F* o Guf*F® —— i F[1].

Everything also holds for the categories of constructible complexes.
We can use t-structure on D®(Z; k) and D?(U; k) to define a t-structure on D?(X; k).

Theorem 3.5.2. Let (D%O,DEO) be a t-structure on DY(Z;k) and (DEO,DEO) a t-
structure on D®(U; k). Then

DY’ = {F* € D*(X;k) | i*F* € D" and j*F* € D5°}
D3 = {F* € D*(X;k) | i'F* € D3° and j'F* € D"}
define a t-structure on D?(X;k).

Proof. The proof is purely formal and can be deduced for any triple of triangulated
categories satisfying the Recollement Theorem see |BBD82, Théoréme 1.4.10]. We
only give the argument that Hom(F}, F3) vanishes for F} € D)%O and F3 € D)Z(l. We
consider the distinguished triangle

GFFE = FP = i Fy — iyi* FP[1]
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from Theorem M(ZL) Applying Hom(—, F3) to this triangle, we obtain the exact
sequence
Hom(i,i* F?, F3) — Hom(F?, F3) — Hom(jij' Ft, F3).

But we have

L. Theorem - 2) . .1 t-structure on Z
Hom (i " Fy, Fy) = = Hom(i* Fy,i Fy) = 0

and

Theorem [3.5.1{2) t-structure on U

Hom(jij' Fr, F3) Hom(j' F}, j* F3) = 0.

We therefore have an exact sequence 0 — Hom(F7, F5) — 0 and so
Hom(F7, Fy) = 0. O

Example 3.5.3. If X = X, II X5 is the disjoint union of two open and closed subsets,
any complex of sheaves F* has a canonical decomposition F* = F} & F; where F7 is
seen as a sheaf on X; and F3 as a sheaf on X5. We find that

<0 ° . ° <0 ° <0
Dy ={ReF; | i €Dxg,,F; € D3, },

>0 ° ° ° >0 ° >0
D)_( :{Fl @FQ |F1 GD)_(17F2 ED)_(Q}

In particular, we see that the heart of this t-structure is just the direct sum of the hearts
of the t-structures on X; and Xs.

We now come back to the situation of a stratified space X. We want to endow D?\(X i k)
with a t-structure whose heart is fixed by Verdier duality. If X has the trivial stratification
X = X, the next proposition shows that a shifted version of the standard t-structure on
D8 (X; k) does the trick.

Proposition 3.5.4. Let X be a smooth connected variety of dimension d. Consider the

category DY, (X k) of complexes with locally constant cohomology (this is the same as

D8 (X; k) where #A = 1). The heart of the standard t-structure shifted by d is fived by
Verdier duality.

Proof. Verdier duality maps a local system £ to Hom(L, kx)[2d]. And so
D(L[d]) = Hom(L[d], kx)[2d] = Hom(L, kx)[d],
where Hom(L, kx) is a local system. O

Remark 3.5.5. It turns out that more is true: On a smooth connected variety, the
Verdier duality functor switches the categories D;{n and D)Z{n. This follows from
computing Hom(F*, kx) degreewise and then shifting for 7* € Db (X;k).

const

We are now finally able to give the definition of perverse sheaves.
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Definition 3.5.6. Let X = ]],c, X\ be a stratified ind-variety and let iy: X\ — X be
the inclusions. Let (D)S(g, D)Z(g) be the shifted standard t-structure on D%, ,(Xy; k) as
in Proposition Then we define the subcategories of D} (X k)

D3’ = {F* € DY(X;k) | i5F* € D) for all A € A},
D% = {F* € D}(X;k) | i\F* € D5’ for all A € A}.

We call a complex F*® € D?\ (X; k) a perverse sheaf on X with respect to A if it lies
in the intersection DJ%O N D%O. We denote the category of perverse sheaves on X with
respect to A by Py (X;k) = D/%O N D%O. The zeroth t-cohomology with respect to this
t-structure is denoted by PHY.

Proposition 3.5.7. The pair (DEO,D%O) defines a t-structure on DY (X;k) and so
PA(X; k) is an abelian category by Theorem .

Proof. Tt suffices to consider the case where X is a (finite-dimensional) variety with a
finite stratification, as any tuple of complexes will be supported on a finite-dimensional
closed subvariety.

Now the statement follows by induction on the number of strata: If there is a single
stratum, there is nothing. If there are more than one strata, we can pick an open stratum
X, € X and apply TheoremtoX\XAogXQXAO. O

Note that we obtain a canonical fully faithful functor Py (X; k) — Pa/(X; k) whenever
A’ is a finer stratification than A. We can therefore define the category P(X;k) of all
perverse sheaves as the union of all Py (X; k).

Example 3.5.8. The category of perverse sheaves on a smooth connected variety X of
dimension d with respect to the trivial stratification is given as the intersection of

D=0 = {F* e DY(X;k) | H{(F) =0 for i > —d}
with )
D=0 = {F* e DY(X;k) | H{(F) =0 for i < —d}.
Note that in this case D?\(X; k) = Db, .. (X;k) by Example 3.2.18 and so it follows from
Example that

PA(X;k) = Locy(X;k)[—d] C DY, (X k).

const
Recall that by Theorem we have Locy(X; k) ~ Rep(m1(X)).

Example 3.5.9. There is a unique stratification on the point. The category of perverse
sheaves on {pt} is by the above example therefore just the category of local systems
on the point. But Loc,({pt}; k) = Vecty by Corollary If X is a finite disjoint
union of points, there is also only one stratification, since the strata were assumed to be
connected. It follows from Example that P(X;k) = @zexP({z}; k) = ®zex Vecty.
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Example 3.5.10. If X is a countably infinite disjoint union of points the conclusion of
Example holds as well. We consider some presentation of X with nqy <ng < ...

{z1,.. . xn, } = {x1,. ., on f = {z1, Ty — - = X ={x1,29,... }.
Then we obtain fully faithful functors
PHz1...,2n, 11 k) = P21, .. xn, 11 k) = P{z1, ..o ang 13 k) — -+

which under the identification P({x1,...,zp, }; k) = @, Vecty, become the coordinate
embeddings sending the n; simple objects of @, Vecty, to the first n; simple objects of
@it Vects,.

It follows that for all (countable) X the abelian category P(X;k) is equivalent to the
category of X-graded vector spaces.

Proposition 3.5.11. Verdier duality exchanges Dfo and Dfo. Therefore D restricts to
a duality on PA(X; k).

Proof. If F* € D5°, we have that i3F € DX". It follows that
i\(DF*) =D(i3F*) € DZ
N——

<0
€Dy,

by Remark ]

3.6 Formal Properties of P, (X;k)

In this section we collect some properties of the abelian category of perverse sheaves.

We saw in Example [3.5.8] that every perverse sheaf on a smooth connected variety of
dimension d has cohomology only in degree —d. The next proposition generalizes this
statement.

Proposition 3.6.1. Let F* be a perverse sheaf on X. Then its cohomology sheaves
Hi(F*®) vanish unless —dim X < i < 0. Moreover, we have

dim supp H'(F*) < —i.

Proof. We first show that '
dimsupp H'(F*®) < —i

and H'(F*) = 0 for i > 0 for all F* € DEO(X ). As F* has finite-dimensional support,
we may assume that X is a variety with finite stratification. Take an open stratum
X)C X and let ¢': X' := X \ X, <= X be the closed immersion of the complement. By
Theorem [3.5.1)(4) there is a distinguished triangle

(IWAT® — F* = iLi™* F* — (i)isF°[1].
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We obtain the exact sequence
H((ix)iAF®) = HI(F*) = HI(iLi" F?).

Therefore it suffices to verify the assertion for the left and right sheaf in this sequence.
Note that the non-derived functor j; and i, are exact for j an open embedding and i,
a closed embedding. We therefore have

Hi(()idF®) = (in)H(ZF*) and  H(iLi"* F*) = i, H (i" F*).

Next note that i\ F® = i5F*® lies in D=9(X) and i"”*F* lies in D=(X’). Recall that
D=0(X)) = {G € D%, s(Xx; k) | H'G® = 0 for i > — dim X} and so H'(#} F) contributes
only in degrees < —dim X,. The assertion now follows for H*(i"* F*) by induction on
the number of strata and we are done.

One can show in the same way that H'F*® = 0 for i < —dim X for F* ¢ D/%O. O

We saw in Theorem that P, (X;k) is abelian, however, more is true.
Proposition 3.6.2. The category Px(X;k) is an abelian category of finite length.
Proof. See [BBD82, Théoréme 4.3.1]. O

We now give the classification of the simple objects in Pj(X; k) following |[CG97,
Chapter 8.4]. For the proofs see [BBD82].

Proposition 3.6.3. For any stratum X of complex dimension dy and any local system
L on Xy, there is a unique object IC(Xy, L) in Px(X;k) such that

(1) ZH - DIC(X), L) = L,
(2) dimsupp HIC(Xy, L) < —i, for —dy < 1,
(3) dimsupp H'(Dx (IC(Xy, £))) < —i, for —dy < i.

Proposition 3.6.4. The object IC(Xy, L) satisfies the following:

(1) The cohomology sheaves HIC(Xy, L) vanish unless —dy < i <0,
(2) H-PIC(Xy, £) = HO((ix):L),
(3) IC(Xy, LY) = Dx (IC(Xy, L)).

Example 3.6.5. If X is smooth of dimension d with the trivial stratification, we have
IC(X, L) = L]—dim X].

Example 3.6.6. If X is stratified and there is a stratum X = {xo}, we have
IC({xo},k{xO}) : e ——— 0 —— (Z:co)*k{x} — 00— -

Proposition 3.6.7. The simple objects of Py (X; k) are precisely the IC(Xy, L) for simple
local systems L, where we run through all A € A.
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Corollary 3.6.8. If X =[] cp X\ such that all Xy are simply-connected, we have that
the simple perverse sheaves are in 1:1-correspondence with A under

A—)II"I“(PA(X;k))7 )\’—>IC(X>\,]€X>\).

Proof. If X is simply-connected, we have that Locs(Xy;k) is equivalent to Vecty, by
Corollary [3.1.10l Therefore, there is only one simple local system on every X, namely
the constant sheaf kx,. We conclude by the previous Proposition [3.6.7] O]

Example 3.6.9. If X is a discrete space, we have seen in Example that the
category of perverse sheaves on X is equivalent to the category of X-graded vector spaces.
The simple objects of P(X; k) are in 1:1-correspondence with the points of X and are
explicitly given as the degree zero stalk complex

where z runs through all x € X and i, denotes the inclusion {z} — X.

We know now that that P, (X; k) is a finite length abelian category with a specified set
of simples, so we next are interested in extensions of perverse sheaves. Of course we have

Extp, () (F>G) = Hompep, (1) (F, Gli))-

Note that the right hand side is in general not the same as Hom pox 1) (F, Gli]). However,

for i = 0,1 there turns out to be an isomorphism. The inclusion P (X;k) — D°(X;k)

induces a functor
DY(PA(X;k) — D*(X; k),

which in turn yields a map
Hom pyp, (x;k) (F, Gli]) = Hom po(x.y (F, G[i]).
Proposition 3.6.10. For F,G € Px(X;k) and we have that the map
Extp, (x ) (F:G) = Hompy(p, (x;k) (F, Gli]) — Hompo(x ) (F. Gli)),
s an isomorphism if i =0 ori = 1.

Proof. The case i = 0 is clear and ¢ = 1 follows from the description of short exact
sequences in the heart of a t-structure in Theorem and the fact that Py (X; k) is
closed under extensions in D4 (X; k). O

The following theorem is a deep result whose original proof required techniques in
positive characteristics and the Weil conjectures, see [BBD82, Théoreme 6.2.5].

Theorem 3.6.11 (Decomposition Theorem). Let k be of characteristic zero. For a
proper morphism f: X —'Y of algebraic varieties, the complex of sheaves fIC(Xy, L) is
a finite direct sum of shifts of simple perverse sheaves on'Y, i.e. a direct sum of shifts of
IC(Y,,, L) forY,, CY smooth locally closed subsets.
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Geometric Satake Equivalence

In this chapter we finally state the Geometric Satake Equivalence as proven by Ginzburg
[Gin95] and sketch the proof as presented in [BR1§].

4.1 The Statement of Geometric Satake

Recall the Cartan Decomposition [2.3.1

Gre(C)= [ Grp
AeXL(GT) 4

of the Affine Grassmannian Grg(C). Here we consider the space Grg(C) with the analytic
topology.

In Proposition we proved that this decomposition is a stratification satisfying
the Whitney condition. This allows us to consider perverse sheaves on Grg(C), see

Chapter

Definition 4.1.1. We denote the category of perverse sheaves on Grg with respect to
the stratification defined by the Cartan Decomposition by

Satg = Px, 1), (Grg(C); C).

The Geometric Satake Equivalence concerns this category of perverse sheaves and can
be formulated as follows.

Theorem 4.1.2 (Geometric Satake Equivalence, [Gin95]). The category Satg of perverse
sheaves on Grg(C) with respect to the Cartan Decomposition is equivalent to the category
Repc(GY) of complex representations of the Langlands dual group of G as Tannakian
categories.

We recall the notion of Tannakian categories after Theorem [£.2.2] Essentially, a
Tannakian category is an abelian category together with a monoidal structure and an
underlying vector space for every object, such that the monoidal product behaves like
the usual tensor product of representations and vector spaces.
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Chapter 4 Geometric Satake Equivalence

Remark 4.1.3. Usually, the equivalence is stated as an equivalence between the Rep(G")
and the category Pgy(Gra(C); C) of G[[t]]-equivariant perverse sheaves. However, there
is a Tannakian equivalence

Pary)(Gra(C)); C) — Px, (a1, (Grg(C); C) = Satg,
see [BR18, Corollary 4.8].

Example 4.1.4. By Corollary [2.3.18| the strata of Grg(C) are simply-connected and so
by Corollary the simple objects of Satg are of the form

ICy == IC(Grg,CGrg), A€ X.(G,T),.

On the other hand, the simples of Rep(G") are also labeled by X*(GV,TV)y = X.(G,T)+
by Theorem [I.1.22] We see that we have the same labeling set for simples in both
categories. We therefore recover the Cartan Decomposition [2.3.1| as a kind of “set-
theoretic” version of the Geometric Satake Equivalence.

Example 4.1.5. The Affine Grassmannian of GL; = G, is just an infinite disjoint union
of points Grgr, (C) = Z by Example 2.1.18] Therefore the category Satgr, is equivalent
to the category of finite-dimensional Z-graded vector spaces. This is also equivalent to

Rep(GL1) and by [1.1.20| we indeed have GL; = GLY.
Example 4.1.6. If G = GL; x GL; we have by Proposition [2.2.11
Grg(C) = Grqr, (C) x Grgr, (C) = Z2.

It follows that Satg is equivalent to the category of finite-dimensional Z2-graded vector
spaces by Example @ with simple objects IC, ,,y. Indeed,

(GL1 X GLl)\/ = GL1 X GL1

Example 4.1.7. By Corollary [2.2.16| and Proposition we have closed-open embed-
dings
GI‘SL” ((C) — GTPGLTL ((C) — GI‘GL” (C),

which are compatible with the stratifications. Therefore by Example [3.5.3] we obtain
fully faithful exact functors

SatSLn — SathLn — SatGLn.
Under Geometric Satake these correspond to functors
Rep( SL) )< Rep(PGL)) < Rep( GL, ).
' N—— S~~~
Tl LA, LAy,

It turns out, the first functor is the one defined in Proposition and the second is
given by the identification

Rep(SLy,) = {M € Rep(GL,,) | the matrix A acts trivially on M, if A € Z(GL,(C))}.
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4.2 The Proof of Geometric Satake

We mainly follow the notes [BR18]. The proof of Geometric Satake has two main
steps. First one needs to define a monoidal structure on Satg and a fiber functor

Satg — Vectc,

which make Satg a Tannakian category.

However, before we investigate the tensor structure, we sketch the argument that Satg
is a semi-simple. This will help us to prove that Satg is the category of representations
of a reductive group.

Proposition 4.2.1. The category Satg is semi-simple.

Sketch of Proof. The simple objects of Satg are IC) with A € X,.(G,T)+ by Corol-
lary [3.6.8 and Corollary 2.3.18] Therefore it suffices to compute that

Ext!(ICy,IC,) =0

for all \,u € X.(G,T)4+. This can be shown by using the theory of so-called parity
sheaves, see [JMW14| Definition 2.4]. It turns out that IC) is an even, respectively
an odd parity sheaf, if dim Gr, = (2p, \) is even, respectively odd, see [Ach21} Lema
9.3.8]. Notably, this step requires us to work in characteristic zero. This is related to
Corollary which states that the dimensions of all Schubert cells appearing in a
Schubert variety have the same parity.

By [JMW14} Proposition 2.6], it follows that

Ext!(ICy,IC,) =0

if ICy and IC,, are either both even or both odd.
The mixed case
Ext!(ICy,1IC,) = 0,

where either IC) is even and 1C, is odd, or ICy is odd and IC,, is even, follows from the
fact that ICy and IC, are supported on different connected components of Grg(C). O

We now come to the first main step of the proof of Geometric Satake.

4.2.1 Satg is Tannakian

This subsection is all about the proof of the following theorem.
Theorem 4.2.2. The category Satg is Tannakian.

We have seen in Theorem that Satg is abelian. To show that Satg has the
structure of a Tannakian category, one needs to do the following:
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Construct a monoidal structure, called convolution,
*: Satg x Satg — Satg.

In particular, x needs to be associative with a monoidal unit 1 € Satg.
e Show that Satg is symmetric monoidal.

e Define a faithful exact functor F': Satg — Vectc, called the fiber functor, which
satisfies
F(FxG)=F(F)@cF(G), F1)=C

and is compatible with the unity, associativity, and commuativity constraints.

« Show that for every F such that dim F/(F) = 1 there is an element F~! satisfying
FxFl1=1.
This condition guarantees the existence of duals in Satg.

Construction of Monoidal Structure. For more details see |Gin95], or [BR18, Section
1.6.2].
One defines the space

G(C((1))) x D Grg(C) = (G(C((1))) x Gra(C)) / ~,
where (A, [B]) ~ (', [B]) if and only if there is a C € G(C[[f]]) such that
(A,[B]) = (A'C,[C7'B)).

Then one considers the natural maps

G(C((1))) x Grg(C) = Grg(C) x Grg(C),

G(C((1))) x Grg(C) = G(C((1))) x D Grg(C) 2 Grg(C).
Here p and ¢ are the obvious quotient maps and m is the multiplication given by

m([A, [B]]) = [AB].

One easily checks that m is in fact well-defined.
For F,G € Satg we can consider

FXG e D°(Grg(C) x Grg(C))
and show that there is a unique object
FRG e D (G(C((1) <) Grg(T))

such that N
¢ (FXG) =p"(FXQ).

We then define the convolution product of F and G as
F*xG = m*(]-'@ g).
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4.2 The Proof of Geometric Satake

For a proof that « is associative and commutative, see [BR18|, Chapter 1.6 and 7].
Proposition 4.2.3. The convolution IC\xIC,, of the simple perverse sheaves 1Cy and IC,,

is supported on Grg\;“ and the restriction to the open cell Gr)c‘;r“ is Ca+u[dim Gr’C\f“].
G

Sketch of Proof. The idea is to restrict and corestrict the maps p, g, m to closed subsets.

We write G ((C((t)))g/\ for the inverse image of Grgy = [] <) Grf; under the quotient map.
We can restrict and corestrict the map p to a function

p: G((C((t)))g)‘ x Grt, — Giré x Grk,.

Note that applying m o ¢ to an element in G(C((t)))g)‘ x Grf, gives an element in Gréf” :

So, restricting ¢ to G (C((t)))SA x Grly, we can corestrict m to Gre; . For more details
see [BR18, Chapter 1.6]. O

Corollary 4.2.4. The product IC) xIC,, has the “upper triangular” decomposition

IC) #1C, 2 1Cy,, & P 1C0"
V<A

for some n)* € Ny.

Proof. The perverse sheaf IC) x IC, has a direct sum decomposition into IC-sheaves,
because Satq is semi-simple by Proposition By the first part of Proposition [4.2.3
we must have N
ICy\*1C, = P 1C07,
v<A+tp

because those are the only IC-sheaves supported on Gréf” = Iv<r+n Grgﬂ‘ . By the

second part of Proposition we must have nif:u =1, as ICy4, is the only appearing

sheaf supported on Gréf” . O

Corollary 4.2.5. If Gré; and Grl, are points (see Corollary|2.5.21) we have
IC/\ * ICN = IC/\—i-u-

Proof. By Corollary [2.3.21| we deduce that Gr)(‘;r“ is a singleton if Gré; and Gr, are.
Therefore,
freX)slv<At+ut=0

and we conclude by Corollary O

Remark 4.2.6. It follows from Geometric Satake that in fact
IC\ xIC, = 1C)\4,

even if only one of the two Gré;, Gr?, is a singleton.
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Example 4.2.7. In the case G = GL; the simple objects are of the form IC,, for n € Z.

These satisfy
1C,, x IC,,, = 1C,,4m.-

This is precisely what we expect for representations of GLY = GL;.
Proposition 4.2.8. The IC-sheaf 1Cq is the unit 1 of the monoidal functor x.
Proof. See [BR18, Chapter 1.9]. O
We now define the fiber functor
F': Satg — Vectc.

Definition 4.2.9. We set

F(F) = P H"(Grc(C), F),
k

where H*(X, —) is the sheaf cohomology functor.

This functor is additive and therefore exact, because Satg is semi-simple by Proposi-

tion [4.2.11
Proposition 4.2.10. The functor F preserves the monoidal unit, i.e. F(1Cy) = C.
Proof. By Example 1Cy is the complex

ICO : e —— 00— (i{pt})*(c{pt} — 00— -

Therefore, we have

F(ICo) = P H"(Gre,1Co)
k

- ? H* (Gra, (igpn))<Cppy )

= P H*({pt},Cpy)

- éﬂk({pt};@

¢ -

Proposition 4.2.11. The functor F is faithful.

Proof. Faithfulness follows if F'(F) # 0 for all simple objects in Satg by semi-simplicity.
The simple objects are all of the form IC, and so it suffices to show that F(IC,) # 0.
This can be found in [BR18, Theorem 5.9]. O

Proposition 4.2.12. The fiber functor F' is compatible with the monoidal product *.
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4.2 The Proof of Geometric Satake

Proof. See [BR18, Chapter 1.8]. O
We need the following lemma for the subsequent proposition.

Lemma 4.2.13. We have dim F(ICy) = 1 if and only if Grp, = {pt}.

Proof. See [BR18, Theorem 5.13]. O

Proposition 4.2.14. For every F € Satg with dim F(F) = 1, there is an F~! € Satg
satisfying
Fx F~H =1Cy.

Proof. By Proposition [£:2.1] we know that F is a direct sum of IC-sheaves. But since
F is faithful, we have that dim F'(F) = 1 only if F is already a simple object ICy. By
Proposition [4.2.13| we deduce that Grpy = {pt}. Setting F~! := IC_,, we obtain by

Corollary [4.2.5]
FxF 1 =1Cy*IC_y\ = ICy_, = ICy.

This is the monoidal unit of Satg. O

All of these propositions and constructions together show that Satg is a Tannakian
category.

4.2.2 Reconstructing GY

In this subsection we use the Tannakian Reconstruction Theorem, see [Saa72|, to proof
Geometric Satake.

Theorem 4.2.15 (Tannakian Reconstruction). If the category C together with a monoidal
functor ® and a fiber functor F: C — Vect is Tannakian, there is an equivalence of
Tannakian categories

C ~ Rep(G)
for some affine group scheme G.

The following corollary is Tannakian Reconstruction applied to the Tannakian category
Satg.

Corollary 4.2.16. The category Satg is equivalent to Rep(G) as Tannakian categories
for some affine group scheme G.

The second step of the proof of Geometric Satake is to show that G = GV. To do this
we first show that G is reductive and then compute the root datum. Showing that the
root datum of the reductive group G is the dual root datum of G implies that e=Yell
by Definition [1.1.18| and concludes the proof.

The next three propositions are all statements about the group scheme G which have
equivalent formulations as properties about the category Rep(é). So we learn about the
group G by investigating its representation category Rep(é).
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Proposition 4.2.17. The group scheme G is algebraic.

Proof. This proof is taken from [BR18, Lemma 9.2].

The group G is algebraic if and only if there exists a representation M € Rep(é) such
that M generates Rep(é) by taking direct sums,tensor products, duals, and subquotients,
see [BR18, Proposition 2.11.1].

Take a finite set of elements \q,..., \; € (Xi)+ such that every element A € (X,)
can be written as a finite sum of \;’s. Set F :=I1Cy, @ --- ®IC,,. This F generates

Satg = Rep(G). Indeed let A € (X,)+. By assumption on the \;’s, we may write
A=k  + -+ kAL
Then F*k1t-+k) contains IC) as a direct summand: Indeed, it contains
IC:’fl *oee *IC;I;I

as a direct summand. But this contains IC) as a direct summand by Proposition [£.2.3]
and induction.
Therefore every simple object of the semi-simple category Satg is contained in the

subcategory generated by F. Hence, the representation J € Rep(G) generates and we
conclude that G is algebraic. O

Proposition 4.2.18. The affine algebraic group G is connected.

Proof. This proof is taken from [BR18, Lemma 9.3].

The affine algebraic group G is not connected if and only if there is a non-trivial
representation M in Rep(é) such that the category generated from M by taking direct
sums and subquotients is stable under *, see [BR18, Proposition 2.11.2].

If we take some non-trivial F € Satg, then every object arising from F by taking
subquotients and direct sums will be supported only on the support of F. However, the
support of F is a finite union of strata. Now take a simple direct summand ICy of F,
with A # 0. The powers ICY" satisfy

supp IC5" D Grix?

by Proposition We have n\ # n’\ for n # n/, since A # 0. Therefore the combined
support of tensor powers of ICy contains infinitely many strata. We conclude that the
category generated by F cannot be x-stable and therefore G must be connected. O

Proposition 4.2.19. The connected affine algebraic group G is reductive.

Proof. We have seen in Proposition that Rep(é) = Satg is semi-simple. But a
connected affine algebraic group with semi-simple representation category is reductive by
definition. O

We now know that Satg ~ Rep(G) for a reductive algebraic group. What is left to
show is that G has the same root datum as G".
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Proposition 4.2.20. The root datum of the reductive group G is dual to the root datum
of G.

Proof. To do this one first needs to construct a torus and then compute the roots and
coroots. This is done in [BR18|, Chapter 9.2 and 9.3]. O

With this proposition it follows that G = GV by definition of the Langlands dual
Definiton[1.1.18] This finishes our sketch of the proof of the Geometric Satake Equivalence.

4.3 Geometric Satake with General Coefficients

We have discussed the Geometric Satake equivalence as proven by Ginzburg, [Gin95].
However, Mirkovi¢ and Vilonen have given a generalization of Ginzburg’s Geometric
Satake to admit more general coefficients.

They still consider the Affine Grassmannian Grg(C) for a complex reductive group G
with the analytic topology. Next they look at Px, ), (Grg(C); k) where k is a Noetherian
ring of finite global dimension. Ginzburg’s result is the case k = C.

Theorem 4.3.1 (Geometric Satake Equivalence, Mirkovi¢—Vilonen). There is an equi-
valence of Tannakian categories

Px.), (Gra(C); k) — Repy(GY).

Here G) denotes the split-reductive group defined over k with the dual root datum of
the complex reductive group G. This group was defined by Demazure, see [DG11].

The proof of Mirkovi¢—Vilonen is quite similar to the one sketched above. They, too,
begin by constructing the monoidal functor x on P(x,), (Grg(C); k) and show that this
is indeed symmetric. However, this category is no longer semi-simple and therefore more
work needed to be put into constructing G. To remedy this, they introduced a weight
decomposition on the fiber functor

F:Px,), (Grg(C); k) — k-mod

which models the weight decomposition one expects to have on representations. For an
exposition of this proof see [BR18, Part II].
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