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Abstract

We consider the monoidal subcategory of finite-dimensional representations of
Uq(gl(1]1)) generated by the vector representation, and we provide a graphical
calculus for the intertwining operators, which enables to compute explicitly the
canonical basis, as well as the action of Uy(gl(1]1)). We construct a categori-
fication using graded subquotient categories of the BGG category O(gl,,) and
graded functors between them (translation, Zuckermann’s and coapproximation
functors). We describe then the regular blocks of these categories as modules
over explicit diagram algebras, which are defined using Soergel modules and
combinatorics of symmetric polynomials. We construct diagrammatically stan-
dard and proper standard modules for the proper stratified structure of these
algebras.
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Introduction

The Jones polynomial is a classical invariant of links in the three-dimensional space defined
using the vector representation of the Lie algebra sly (or more precisely of the quantum
algebra U, (sl2)). In his fundamental paper [Kho00], Khovanov constructed a graded homol-
ogy theory for links whose graded Fuler characteristic is the Jones polynomial. Khovanov
homology has two main advantages over the Jones polynomial: first, it has been proved to
be a finer invariant and second, it has values in a category of complexes and it also assigns to
cobordisms between links chain maps between chain complexes. This categorical approach
to classical invariants is often called categorification. Khovanov’s work raised great interest
in categorification, and since then a categorification program for general representations of
more general semisimple Lie algebras and even Kac-Moody algebras has been developed
by several authors and motivated various generalizations (see for example [FKS06], [MS09],
[Web10], [KLO9], [Rou08]). The main tools in all these works come from representation theory
and geometry related to it.

Another very important invariant of knots is the Alezander polynomial [Ale2§|, which is
much older than the Jones polynomial. Originally defined using the topology of the knot
complement, the Alexander polynomial is not the quantum invariant corresponding to some
semisimple Lie algebra, like the Jones polynomial. Instead, it can be defined using the rep-
resentation theory of the general Lie superalgebra gl(1]1) (or, more precisely, its quantum
enveloping superalgebra U, (gl(1|1)); alternatively, one can use the quantum enveloping al-
gebra U, (sly) where ¢ is a root of unity, see [Vir06], but we will not consider this approach).
A categorification of the Alexander polynomial exists, but comes from a very different area
of mathematics: a homology theory, known as Heegard-Floer homology, whose Euler char-
acteristic gives the Alexander polynomial, has been developed using symplectic geometry
(JOS05], IMOSTO7]). This homology theory, however, does not have an interpretation or a
counterpart in representation theory yet.

The present work is motivated by the attempt to construct/understand categorifications of
super Lie algebras (and hopefully a categorification of the Alexander polynomial) using tools
from representation theory. In fact, there are only a few other recent papers studying repre-
sentation theoretical categorifications of super Lie algebras and related structures ([Khol0],
[FL13]). We hope that this thesis can be the start point of a categorification program for
gl(1|1), beginning with a categorification of tensor powers of the vector representation and
of their subrepresentations. We point out that a counterpart of our construction in the sym-
plectic geometry setting has been developed by Tian [Tial2], [Tial3]. The main result of
this thesis can be summarized as follows:

Theorem. Let V' be the vector representation of Uy(gl(1]1)), fit n > 0 and consider the
commuting actions of Uy(gl(1|1)) and of the Hecke algebra H,, = H(S,) on V&":

(x) Uy(gl(1[1)) C VE™ O H,.

1
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For each n > 0 there exists a triangulated category DV Q(n) and two families of endofunc-
tors {&€,F} and {C; | i = 1,...,n — 1} which commute with each other and which on the
Grothendieck group level give the actions (?7?) of U,(gl(1]|1)) and of the Hecke algebra H,,
on VO™ respectively:

[€],[9] & KE@(DYQ(n)) O [Cy].

A remarkable property of the finite-dimensional representations of gl(1]1) (and more in
general of gl(m|n)) is that they need not be semisimple. For example, if V' is the vector
representation of gl(1]1), then V' ® V* is a four-dimensional indecomposable non irreducible
representation. It is not clear how the lack of semisimplicity should affect the categorification,
but it is plausible that this provides additional difficulties. What we can categorify in the
present work is indeed only a semisimple monoidal subcategory of the representations of
gl(1]1), that contains the vector representation V', but not its dual V*. We remark that we
will develop all the details for the quantum version, but in order to keep this introduction
clean we avoid to introduce the quantum enveloping algebra now.

Our categorification relies on a very careful analysis of the representation theory of gl(1]1)
and its canonical basis (see also [Zha09]). In the categorification, indecomposable projective
modules correspond to canonical basis elements, that we can compute explicitly via a dia-
gram calculus, analogous to the diagram calculus developed in [FK97] for sly. The key-tool
for our construction is the so called super Schur-Weyl duality (?77?): the symmetric group
algebra C[S,] acts on the tensor power V®" and this action commutes with the action of
gl(1]1). Considered as C[S,]-modules, the weight spaces of V®" are mixed induced Hecke
modules of type

(1) (trvs, ® Sgnsn,k) QC[Sk XSn—k] CISn).

A crucial point is the following observation:

Theorem (See Proposition|3.2.6). Lusztig’s canonical basis of V™, defined using the action
of gl(1]1), agrees with the canonical basis defined in term of the symmetric group action.

This Schur-Weyl duality is strictly related to a version of super skew Howe duality that
connects representations of gl(1]|1), or more generally gl(m|n), with representations of gly
[CWO1]. In fact, the whole categorification process we develop works more generally for
tensor powers of the vector representation of gl(m|n). We will sketch the main ideas for
the general case using super skew Howe duality in Appendix To develop the gl(1]1)—
categorification theory we will use super Schur-Weyl duality instead of Howe duality, and
hence reduce the problem to symmetric group categorification. The two approaches are
equivalent, but we personally prefer to work out the detail based on the first one.

The fundamental tool used in our construction is the BGG category O (cf. [Hum08]), which
plays already an important role in many other representation theoretical categorifications.
In particular, we will construct a categorification of tensor powers of V' and of their subrep-
resentations using some subquotient categories of O(gl,,). These categories are build in two
steps: first one takes a parabolic subcategory and then a “g-—presentable” quotient; the two
steps can be reversed, and one gets the same result. The process is sketched by the following
picture, which is also helpful to remember how we index our categories:
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We will give the precise definitions and discuss the technical Lie-theoretical details in Section

The construction of these subquotient categories is motivated by the following. In general, a
semisimple module M is usually categorified via some abelian category A, but this category
A does not decompose into blocks according to the decomposition of M into summands; this
is indeed one of the main points of the categorification: A is supposed to have more structure
than M. Usually the submodules generated by canonical basis elements in M give a filtration
of M (but not a decomposition!), that corresponds to a filtration of A. This principle has
been applied in [MS08a] to categorify induced modules for the symmetric group: the category
Oo(gl,,) is well-known to be a categorification of the regular representation of the symmetric
group S, ; these induced modules for the symmetric group are direct summands of the regular
representation of C[S,]; hence they can be categorified via subquotient categories of Og(gl,, ).

In particular, [MS08a] provide some categories, which we denote by Qx(mn), categorifying
the induced modules , and define on them a categorical action of C[S,] using translation
functors. To categorify V®™ we sum up these categories Q(n) for kK =0,...,n. In addition,
we consider also the corresponding singular blocks Q(a) of the same subquotient categories;
note that singular blocks do not appear in [MS08a] since they do not provide categorifications
of C[S,]-modules; in our picture, they categorify subrepresentations of V®". Translation
functors of category O(gl,,) restrict to all these categories and categorify the action of the
intertwining operators of the gl(1|1)—action.

We remark that the categories Qi (a) have a natural grading (inherited from the Koszul
grading on O(gl,,)) and all the functors we consider are actually graded functors between
these categories. As a result, the categorification lifts to a categorification of representations
of the quantum enveloping superalgebra U, (gl(1]1)). We will work out all the details in the
graded setting.

What is left to complete the picture is to define functors that categorify the action of
gl(1]1) itself. There is a natural way to define adjoint functors & and F between Qi (a) and
Qp+1(a), which portend to categorify the action of the generators E and F of U(gl(1]1)).
Although € is exact, F is only right exact in general, and we need to derive our categories
and functors in order to have an action on the Grothendieck groups. However, the following
problem arises. The categories we consider are equivalent to categories of modules over some
finite-dimensional algebras. Unfortunately, these algebras are not always quasi-hereditary;
in general they are only properly stratified (the definition of standardly and properly strat-
ified algebras has been modeled to describe the properties of some generalized parabolic
subcategories of O, introduced by [FKMO02], that include as particular cases the categories
that we consider). A properly stratified algebra does not have in general finite global dimen-
sion (this happens if and only if the algebra is quasi-hereditary). As a consequence, finite
projective resolutions do not always exist, and we are forced to consider unbounded de-
rived categories. But the Grothendieck groups of these unbounded derived categories vanish
[Miy06]. A workaround to this problem has been developed in [AS13], using the additional
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structure of a mixed Hodge structure, which in our case is given by the grading. Given a
graded abelian category, [ASI3] define a proper subcategory of the left unbounded derived
category of graded modules; this subcategory is big enough to contain projective resolutions,
but small enough to prevent the Grothendieck group to vanish. We describe in detail how
the categories we consider and the functors € and F can be derived using these techniques.

Of course at this point one would like to understand and describe these categories Qi (n)
explicitly. Very surprisingly (at least for us), this is indeed possible. To give an idea, let
us present the categorification of V®2. We let R = C[x]/(2?) and A = Endc(C @ R). The
algebra A can be identified with the path algebra of the quiver

a
1 2 with the relation ba = 0.

|

b

We indicate by e; and es the two idempotents corresponding to the vertices of the quiver. Let
us identify C with A/Ae; A and notice that C becomes then naturally an (A, C)-bimodule.
Moreover, notice that R is naturally isomorphic to the endomorphism ring of the projective
module Aesy, so that we can consider Aey as an (A4, R)-bimodule. The categorification of
V®2 is then given by the following picture:

08(9[2) Oo(gly) Og_pms(glz)
IR CRe IR Homy (Aez, o) I

where p = gl, is the trivial parabolic subalgebra. This should be compared with the standard
categorification of W®2 (see [FKS06]), where W is the vector representation of sl:

08(9[2) Oo(gly) 08(9[2)
IR CRe IR Homy(C,e) IR

In particular, note that the first and the second leftmost weight spaces are categorified in
the same way. This will hold for all tensor powers V& and W®” and is due to the fact
that these weight spaces for gl(1]1) and for sly are the same as modules for the symmetric
group. The second leftmost weight space, in particular, is categorified using the well-known
category of modules over the path algebra of the Khovanov-Seidel quiver [KS02]

al as an—1 . .
—~ — with relations byaq; = 0 and
) ) N bia; =a;_1b;_q foralli=2,...,n—1.
1 2 n—1

One should however note the remarkable difference in the rightmost weight space of our
example. Here our categorification differs from the sl; picture and leaves the world of highest
weight categories.

In general, the description of our categories is slightly more involved, but still explicit. We
will develop the instruments for that in Part [[TI} where we will compute the endomorphism
algebras of the projective generators using Soergel’s functor V and Soergel modules ([Soe90]).
For this, we restrict for simplicity to consider only the regular blocks Q(m), although we
believe the same process can be applied more generally to singular blocks. We determine the
Soergel modules VP (w -0) corresponding to indecomposable projective modules in category
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O(gl,,), where w is in some subset D of S,, consisting of shortest/longest coset represen-
tatives. We compute then the homomorphisms spaces Hom(VP(w - 0), VP(w' - 0)) and the
subspaces of morphisms that factor through some VP(z - 0) for z ¢ D; the quotient of the
former by the latter gives the homomorphism space between the corresponding parabolic
projective modules in the parabolic category OP(gl, ). By construction, we get in this way
the endomorphism algebra A, ;. of a projective generator of Q(n). As far as we know, this
is the first work in which the Soergel functor is used to compute explicit endomorphism al-
gebras corresponding to blocks of subquotient categories of O. The crucial point that makes
our computation work is the fact that the Soergel modules we consider are cyclic. This is
equivalent to the corresponding Schubert varieties being rationally smooth (cf. [StrO3b]). In
some sense, what we consider is the maximal subset of the symmetric group such that the
corresponding Schubert varieties are all rationally smooth (cf. [GR02]).

We provide then a diagrammatic description of this algebra A,, , and we reprove in purely el-
ementary terms the fact, known from Lie theory, that A,, ;. is cellular and properly stratified,
by explicitly constructing standard and proper standard modules. As a byproduct, we can
describe the functors € and F as bimodules and compute their endomorphism rings, proving
that they are indecomposable. We remark that one could expect an action of a KLR algebra
on powers of €& and F. However, notice that since £2 = 0 and F2 = 0 it does not make sense
to investigate the endomorphism spaces End(€¥) and End(F%) for k > 1. At the moment it
is not clear to us how one could get a 2-categorification for gl(1|1)-representations.

The Soergel functor and Soergel modules interplay the category O(gl,,) with the cohomology
of the flag variety. In our case, since the category Qg (n) is a quotient of the parabolic category
OP(gl,,), where p corresponds to a composition of n of type (n — k,1,...,1), one expects
a connection with the cohomology of the Springer fiber of hook type sitting inside the full
flag variety. Mimicking [SW12], we compute in Appendix [B| the cohomology rings of the
closed attracting cells of this Springer fib-re for an action of the torus and we prove that
they are isomorphic to the endomorphism rings of the indecomposable projective modules
of our categories Qg (mn). It should be possible to construct a convolution product on these
cohomology rings as in [SW12] so that we recover the full algebra A,, . We believe that this
interpretation could be used to establish a connection with the approach of Tian ([Tial2],
[Tiald]).

Outline of the thesis

The thesis is divided into three parts. Although they are closely related, they are concerned
with three different aspects of the story and have quite different point of view. In particular,
the three parts can be read almost independently and we think each of them can be of
separate interest.

In Part Il we study in detail the representation theory of U,(gl(1|1)). In Chapter [I| we
define the Hopf superalgebra U,(gl(1|1)) and we classify its irreducible representations. In
Chapter [2] we recall the definition of the Hecke algebra and of the Kazhdan-Lusztig basis,
and we study some mixed induced sign-trivial modules which arise as weight spaces of
Uy(gl(1]1))-representations. In Chapter [3| we restrict to a semisimple subcategory Rep of
representations, which contains the tensor powers of the vector representation. The main
achievement of this whole part is the graphical calculus for this category Rep which we
develop in §?7? using webs, similar to the sly—diagram calculus of [FK97]. In particular, we
define a diagrammatic category Web and a full functor

7 : Web — Rep.

This allows to compute explicitly the canonical bases and the action of U, (gl(1|1)). We point
out that we can even define a quotient Web of Web so that the functor .7 descends to an
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equivalence of categories Web = Rep (see Theorem [3.3.10).

In Part[[T we construct the categorification of this graphical calculus using the BGG category
O. Chapter [4 contains some known facts about the graded version of O and graded lifts of
translation functors, which are known in principle but cannot be found in the literature in
full generality. Chapter [f] is the technical heart of the paper and contains the definitions of
the subquotient categories Qi (a) of O(gl,,); here we study in detail their properties and the
functors between them. In Chapter [6] we then show how they can be used to construct a
categorification of the representations in Rep, defining a functor .# : Web — OCat, where
OCat is a category containing all our categories Qi (a). We prove then the main result of
this chapter and of the whole thesis:

Theorem (See Theorem and Theorem [6.5.4). We have a commuting diagram:

_
Web ——Z OCat
X/‘ ‘ K()
Rep

At least on the level of derived categories, the Uy(gl(1|1))—action on representations in Rep
can be lifted to an action of functors on the corresponding categories Q(a).

In Part ?? we reconstruct the categories Qi (n) as module categories over some diagram
algebras. Chapter ?? contains some preliminary notions, and in particular we study here
ideal generated by complete symmetric functions in some subsets of variables inside a poly-
nomial ring. In Chapter |8 we use them to describe Soergel modules VP(wyx - 0), where x
is a shortest coset representative for 5, x's,,_ k\Sn and wy € Sk is the longest element, and
morphisms between them. We determine moreover which morphisms die in an opportune
parabolic subcategory OF, where p is a parabolic subalgebra with only one non-trivial block
(cf. Theorem. Using these homomorphism spaces and some fork diagram which remind
of the web diagrams, we construct in Chapter |§| diagram algebras A, . The main result of
this part is then

Theorem (See Theorem. The category of finitely generated graded modules over Ay, i,
is equivalent to Qi (m).

Moreover, we construct diagrammatically indecomposable projective, standard and proper
standard modules, and we describe explicitly the properly stratified structure of A, j

The thesis is completed by three appendices. In Appendix [A] we describe the connection
between the category of Uy(gl(1|1))-representations and the Alexander polynomial, which
motivates our interest in the whole categorification project. In Appendix [B| we compute
the cohomology rings of some attracting variety for a torus action inside the Springer fiber
of hook type, and we prove that they are isomorphic to the endomorphism ring of the
indecomposable projective modules in the categories Qg (n). In Appendix finally, we sketch
how the whole categorification generalizes to gl(m|n) for general m,n > 0.
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CHAPTER

The superalgebra U,(gl(1|1)) and
its representations

In this chapter, we define the super Lie algebra gl(1]|1) and its quantum enveloping super-
algebra U, = U,(gl(1]1)). We study then its representation theory. The material presented
here is well-known, although we do not know an easy reference for it.

1.1 The superalgebra U,(gl(1]1))

In the following, as usual, by a super object (for example vector space, algebra, Lie algebra,
module) we mean a Z/2Z-graded object. If X is such a super object we will use the notation
|| to indicate the degree of a homogeneous element x € X. Elements of degree 0 are called
even, while elements of degree 1 are called odd. We stress that whenever we write |z| we will
always be assuming x to be homogeneous.

The Lie superalgebra gl(1|1)

Let C'I' be the 2-dimensional complex vector space on basis 1, us viewed as a super vector
space by setting |ui| = 0 and |ug| = 1. The space of linear endomorphisms of C*!! inherits
a Z/2Z-grading and turns into a super Lie algebra gl(1|1) once equipped with the super
commutator

(1.1.1) [a,b] = ab — (=1)!9ltlpq,
Evidently gl(1|1) is four-dimensional and generated by the elements

(1.1.2) hl<(1J 8), h2<8 (1)) 6(8 é) f((1) 8)

with |h1| = |he| = 0 and |e|] = |f| = 1. They are subject to the defining relations

[hlre]:67 [hQ’e]:_ev [h27f]:fa [hlaf]:_fa

(1.1.3) [hi,ha] =0, [e, f] = h1 + ho, le,e] =0, [f,f]=0.

9



10 1.1. The superalgebra U,(gl(1]1))

Let b C gl(1]|1) be the Cartan subalgebra consisting of all diagonal matrices. In h* let e1, &9
be the basis dual to hi, he. On h* we define a non-degenerate symmetric bilinear form by
setting on the basis

1 ifi=j=1,
(1.1.4) (eiej) =4 -1 ifi=j=2

0 ifi#j.
The roots of gl(1|1) are & = 1 — £2 and —a; we choose « to be the positive simple root. We
denote by P = Ze; @ Zeo C h* the weight lattice and by P* = Zhy & Zhs C b its dual.

REMARK 1.1.1. Note that in analogy with the classical Lie situation, we can set a¥ = hy+ho.
Then e, f,a" generate the super Lie algebra s[(1]1) inside gl(1]1). We work with gl(1]|1) and
not with sl(1]1) since the latter is not reductive, but nilpotent.

Super Hopf algebras

We recall that if A is a superalgebra then A ® A can be given a superalgebra structure by
declaring (a ® b)(c ® d) = (—=1)""!lIlac ® bd. Analogously, if M and N are A-supermodules,
than M ® N becomes an A® A-supermodule with action (a®b)-(m®n) = (—=1)PI™lamebn
fora,be A, me M, ne N.

A super bialgebra B over a field K is then a unital superalgebra which is also a coalgebra, such
that the counit u : B — K and the comultiplication A : B — B ® B are homomorphism
of superalgebras (and are homogeneous of degree 0). A super Hopf algebra H is a super
bialgebra equipped with a K-linear antipode S : H — H (homogeneous of degree 0) such
that the usual diagram

A A

HoH H HeoH
h
(1.1.5) S®id K ide S
l1
HoH v H v HeoH

commutes, where V: H ® H — H and 1 : K — H are the multiplication and unit of the
algebra structure.

If H is a super Hopf algebra and M, N are (finite-dimensional) H-supermodules then the
comultiplication A defines a map H — H ® H and hence makes it possible to give M @ N
an H-module structure by letting

(1.1.6) z-(men)=A@)(men)= Z(fl)‘z("‘)Hmu(l)m ® ()N
(@)
forx € H,m®n € M®N, where we use Sweedler notation A(z) = Z(I) T(1)®x(2). Notice in

particular that signs appear. The antipode S, moreover, allows to turn M* = Homg (M, K)
into an H-module via

(LL7) (2p)(v) = (=1)1P1 (S (@)0)

forx € H, p € M*. Again, notice that a sign appears. We recall that the natural isomorphism
M = M** for a super vector space is given by z — (p > (—1)1#l1¢lp(2)).

A good rule to keep in mind is that a sign appears whenever an odd element steps over some
other odd element. A good reference for sign issues is [Man97, Chapter 3].
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The quantum enveloping superalgebra

The quantum enveloping superalgebra U, = U, (gl(1]1)) is defined to be the unital superalge-
bra over C(q) with generators E, F, " (h € P*) in degrees |q"| = 0, |E| = |F| = 1 subject
to the relations
qQ® =1, q'q" = q"" for h,h' € P*,
q"E = ¢ Eq", q"F = ¢ o pq" for h € P*,

(1.1.8) K K1
EF + FE= ———  where K = q"*"2,
q—q
E?=F?=0.

The elements q”, which as generators of U, are just formal symbols, can be interpreted in
terms of exponentials in the A-version (see Appendix . Notice that all elements q” for
h € P* are linear combination of q” and q™2, so that U, is finitely generated. Note also
that K is a central element of U,, very much in contrast to Uy(slz).

The super Hopf algebra structure

We define a comultiplication A: Uy — Uy ® Uy, a counit u: U; — C(q) and an antipode
S: U, = U, by setting on the generators

AE)=E®K '+1®E, A(F)=F®1+K®F,
S(E) = —EK, S(F)=-K'F,
(1.1.9) T . N
AQ")=q"®q", Sa")=qa7",
u(E)=u(F) =0, u(q") =1,

and extending A and u to algebra homomorphisms and S to an algebra anti-homomorphism.
We have then:

Proposition 1.1.2. The maps A, u and S turn Uy into a super Hopf algebra.
Proof. This is a straightforward calculation. O

Notice that from the centrality of K it follows that S? = id; this is a special property of Uy,
that for instance does not hold in U, (gl(m|n)) for general m, n (see [BKKO00] for a definition
of the general linear quantum supergroup).

We define a bar involution on U, by setting:

(1.1.10) E=E F=F q=q" g=q¢.

Note that A = (T ® ) o A o~ defines another comultiplication on U,, and by definition

A(Z) = A(z) for all z € U,.
We define the following element ©' € U, ® U, which we will use later:
(1.1.11) O =1+(g'-qEaF

It is easy to show (see Lemma [A.2.3) that ©" intertwines the comultiplication A and its
barred version:

(1.1.12) O'A(z) = A(x)®"  for all x € U,.
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The following property
(1.1.13) (A®1)(0)(O'®1)=(12A)O)(1x6%5)

allows us to define ©'(?) as the expression (I.1.13). More generally, one can define ©'(") for
every n.

1.2 Representations

We define a parity function |-| : P — Z/2Z on the weight lattice by setting |e;| = 0,
le2] = 1 and extending additively. By a representation of U, we mean a finite-dimensional
Ug—supermodule with a decomposition into weight spaces M = @, .p My with integral
weights A € P, such that q” acts as ¢{™* on M. We suppose further that M is Z/27—
graded, and the grading is uniquely determined by the requirement that M) is in degree |A|.

Irreducible representations

It is not difficult to find all simple representations: up to isomorphism they are indexed by
their highest weight A € P. If A € Ann(hy + hs), then the simple representation with highest
weight A is one-dimensional, generated by a vector v* in degree [v*| = |A| with

(1.2.1) Ev* =0, Fot =0, qo* = ¢{PA, Ko =

We will denote this representation by C(g), to emphasize that it is just a copy of C(q)
on which the action is twisted by the weight A. In particular for A = 0 we have the trivial
representation C(q)o, that we will simply denote by C(g) in the following.

If A ¢ Ann(hy + he) then the simple representation L(A) with highest weight A is two-
dimensional; we denote by v7 its highest weight vector. Let us also introduce the following
notation that will be useful later:

(1.2.2) C])\ = q<h1+h2,>\)’ [A] = [(h1 + h2, N},

where, as usual, [k] is the quantum number defined by

_d gt

(1.2.3) W=

Notice that if & > 0 then we have [k] = ¢ ! 4+ ¢ %3 + ... + ¢¥=3 + ¢! and in general
[—k] = —[k].

As a vector space L(A) = C(q)(v) ® C(q)(vy) with v} = [A[, [vg| = |A| + 1 and the action
of Uy is given by

Evi‘ =0, FU{‘ = [/\}vé‘, qhvf‘ = q<h’)‘>vf‘7 KU{‘ = qAUf‘,

(1.2.4)
Ev) = vy, Fu) =0, a"v) = ¢, Ku) = ¢

REMARK 1.2.1. As a remarkable property of U,, we notice that since E? = F? = 0 all
simple U,~modules (even the ones with non-integral weights) are finite-dimensional. In fact,
formulas (|1.2.4) define two-dimensional simple U;—modules for all complex weights A €
Cey & Cey such that (A, hy + ha) # 0.
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In the following, we set
(1.2.5) PP={\NeP | X¢ Ann(hy + ho)}
and we will mostly consider two-dimensional simple representations L(A) for A € P’. Also,

P = {\ € P | (A hy + hy) = 0} will be the set of positive/negative weights and P’ =
PTUP~.

Decomposition of tensor products

The following lemma is the first step to decompose a tensor product of U,-representations:
Lemma 1.2.2. Let A\, u € P’ and suppose also A+ p € P'. Then we have

(1.2.6) L) @L(p) 2L+ p) LA+ p—a).

Proof. Under our assumptions, the vectors

(1.2.7) E@) @vf) = v} @ ¢ Mol + (-1 @ ot

(1.2.8) F(o} @ vf') = Nvg @ ol + (=1) Mg v} @ [u]of

are linearly independent. One can verify easily that v} ® vy and E(v) ® v}y) span a module
isomorphic to L(A + g — «), while v{ ® v} and F(v; ® v}') span a module isomorphic to
LA+ ). O
On the other hand, we have:

Lemma 1.2.3. Let A\, € P’ and suppose A + p € Aun(hy + hso). Then the representation
M =L(\) ® L(p) is indecomposable and has a filtration

(129) O0=MyCMyCM,CM
with successive quotients
(1.2.10) My =C(q)y, Ma/My =C(q)y—a®C(Q)vra, M/Maz=C(q),

where v = A4+ u — .
Moreover, L(N) @ L(p') = L(\) ® L(w) for any N, u' € P" such that N + p/ = X+ p.

Proof. Since A + p € Ann(hy + hy) we have ¢* = ¢~# and [\] = —[u]. Using (1.2.7) and
(1.2.8)) we get that

(1.2.11) Fu} @ vl) = (=1)AFIE(v) @ vf).

In particular, since E? = F? = 0, the vector F(v} ® v}') generates a one-dimensional

submodule M; = C(q)x+4—a of M. It follows then that the images of v} ® v}’ and v} ® v in
M/M; generate two one-dimensional submodules isomorphic to C(g)x+, and C(g)r+u—2a
respectively. Let therefore My be the submodule of M generated by v? ® v} and v{ ® vy
Then M /M, is a one-dimensional representation isomorphic to C(g),.

The last assertion follows easily since both L(A) ® L(u) and L(A) ® L(i') are isomorphic as
left U,~modules to U,/I where I is the left ideal generated by the elements g" — ¢{"* for
h e P. O
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The dual of a representation

Let us consider now the dual L(\)* of the representation L(\) for A € P" and let (v7)*, (v})*
be the basis dual to the standard basis v{, v{. By explicit computation, the action of U, on
L(A)* is given by:

E@)" = (=DM wg)",  E(ug)” =0,
(1.2.12) F(v)" =0, F(ug)" = (=) \g (1),
q"(v1)" = ¢~ "V (), q"(vg)" = ¢~ " (v

The assignment
Lla—A) — L(N)”
(1.2.13) o = = (=) (wg)*
o (0}
defines a Q(g)-linear map which is in fact an isomorphism of U;—modules

(1.2.14) LO)* 2 L(a — \).

REMARK 1.2.4. Together with Lemmal[l.2.3]it follows that L(A)®L())* is an indecomposable
representation. In the filtration 7 the submodule M; is the image of the coevaluation
map C(¢) — L(A) ® L(A\)* while the submodule M is the kernel of the evaluation map
L(A) @ L(A)* — C(q), see also (A.3.1)) and (A.3.2) in the appendix.

The vector representation

The vector representation V' of U, is isomorphic to L(g1). Its standard basis is vi*, vg', the
grading is given by |vi'| =0, |vg'| = 1, and the action of Uy is determined by

g1 __ g1 __ , &1 h,e1 __ h,e £1 £1 __ 1
Evi' =0, Fol' =v5', q'v] —q< 1>v17 Kvi' = quvi',

(1'2'15) € € € h, e (h,e2),.e € €
Evgt =01', Fug' =0, q'vg' = q"" g, Kog' = qugt.

For V®" we obtain directly from Lemma the following decomposition:

Proposition 1.2.5 ([BM12, Theorem 6.4]). The tensor powers of V' decompose as
n—1 n—1

1.2.16 4= L(ney — Lav).

(1.2.16) (", e -t

Let us now consider mixed tensor products, involving also the dual V*. By (1.2.14)) we have

that V* is isomorphic to L(—e3). The following generalizes Proposition

Theorem 1.2.6. Suppose m # n. Then we have the following decomposition:

m+n—1
(1.2.17) VOm @ yren o @ (m +Z 1) L(mer — neg — o).
£=0
On the other hand, we have
22n72
(1.2.18) Ve Ve = (B(Ve V)

i=1

and V @ V* is indecomposable but not irreducible.
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Proof. The decomposition ([1.2.17)) follows from Lemma by induction. To obtain (1.2.18)J}
(1.2.17 O

write VO @ V*®n o (VO @ *@n=1) @ * and use (1.2.17)) together with Lemma

In particular, notice that V™ @ V*®" is semisimple as long as m # n.

1.3 Lusztig’s bar involution and canonical basis

We briefly recall from [Lusl(] some facts about the bar involution and based modules. For
a brief but more detailed introduction see also [FK97, §1.5].

Bar involution

Recall that in we defined a bar involution on Uj,. It makes then sense to define a bar
involution on a U;—module to be an involution which is compatible with that:

Definition 1.3.1. A bar involution on a Uy—module W is an involution — such that T0 = T-v
forallz € Ug, ve W.

Note that E = v, g = v} define a bar involution on every simple representation L()),
Ae Pl

Assume we have bar involutions on U,—modules W, W’. Then define on W @ W’
(1.3.1) ww =0 (weuw)
using the element © ((1.1.11)). It follows from (1.1.12)) that this defines a bar involution on

W ® W'. Moreover, (|1.1.13]) allows us to repeat the construction for bigger tensor products,
and the result is independent of the bracketing.

Standard basis

We call By = {v},v} the standard basis of L(\). Let A = (A1,...,A;) be a sequence of
weights A; € P’. On the tensor product L(A;) ® - -+ ® L(\¢) we have the standard basis

(1.3.2) Bx=By @ @By, ={v)) @ - @uv)’ | n; €{0,1} for all i}
obtained tensoring the elements of the standard basis of the factors.
On the elements of ([1.3.2) we fix a partial ordering induced from the Bruhat ordering on
permutations, as follows. The symmetric group S, acts from the right on the set of sequences
{0,1}*, hence on By. The weight space of L(A\;)®- - -®@L(\¢) of weight Ay +- -+ Xy — (£ — k)
is spanned by the subset (By ) of the standard basis (1.3.2)) consisting of elements such that
> ;M = k. The action of Sy on each subset (By )y is transitive; mapping the identity e € S,
to the minimal element
(1.3.3) MR QUM QU ® - ® V)

k —k

determines a bijection
(1.3.4) ((Sg x Sg,k)\Sg)Short @ (Ba) ks

where ((Sr x Sg_1)\S¢)*"™* is the set of shortest coset representatives for (Sy x S¢_1)\S,.
The Bruhat order of the latter induces a partial order on (By)x and hence on By. Notice
that the minimal element (1.3.3)) is bar invariant.
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Canonical basis
We have the following analogue of [Lusl0, Theorem 27.3.2]:

Theorem 1.3.2. In L(A\;) ® --- @ L()\y), for each standard basis element vf‘hl R ® U.,);f m
By there is a unique bar-invariant element

A A
(1.3.5) vml<>~-~<>vnj

such that 07/7\110 e Ov%f - v%ll R ® vf‘]f is a qZ[q)-linear combination of elements of the

standard basis that are smaller than U,’)ll ® R v%‘f
Proof. The proof is completely analogous to [Lus10, Theorem 27.3.2]. O
Definition 1.3.3. The elements (1.3.5|) constitute the canonical basis of L(A1)®---®L(\y).

EXAMPLE 1.3.4. On the two-dimensional weight space of V ® V| the bar involution is given
by
/Uil ® ,Ugl — Uil ® vgl

vl @ vt = vt @ + (g — ¢ it @ o
The canonical basis is then
vt Ovgt = vit @ vt
vt QU = vt @ vt 4 quit @ vt
ExaAMPLE 1.3.5. On the two-dimensional weight space of V* @ V*  the bar involution is

given by
—€2 —€2 _ ,, €2 —€2
U T @Yy T =0 @

—&g —€2 __ , —E2 —&2 —1y\,,—¢€2 —€2
vy P ®U T =0t @y P H (g — g v T ®
and its canonical basis is
—E&2 —E&2 __ ,,—€2 —E&2
v] 2Oug P =01 2 ® v,

—€&2 —€&o __ . —E€2 —&2 —E&2 —E&2
Vg QU] P =0y P @y 2 4 quy TP Q@ R



CHAPTER

The Hecke algebra and Hecke
modules

Before continuing the study of U,-representations, we need to introduce the Hecke algebra
of the symmetric group. This will enter in the game in the next section, where we will use
a super version of Schur-Weyl duality to connect the representation theory of U, with the
one of the Hecke algebra.

In this section we recall the definition of the Hecke algebra of the symmetric group, together
with its bar involution and canonical basis. We then study in detail mixed induced sign-
trivial modules; this generalizes work of Soergel [Soe97].

2.1 Hecke algebra

Let S,, denote the symmetric group of permutations of n elements; it is generated by the

simple reflections s; for ¢ = 1,...,n — 1 subjected to the defining relations
(2.1.1a) 8i8j = 8;8; if |i — j] > 2,

(21113) SiSi+1Si = Si+15iSi+1,

(2.1.1c) s7=1.

For w € S,, we denote by £(w) the length of w, which is the length of any reduced expression
w=s8; 8, Let T ={ws;w™! | weS,,i=1,...,n—1} be the set of transpositions; we
will indicate by < the Bruhat order on S,, which is the transitive closure of the relations
u < w whenever f(u) < £(w) and w = ut for some ¢t € T

Definition 2.1.1 ([KL79]). The Hecke algebra of the symmetric group W = S,, is the unital
associative C(q)—algebra H,, generated by {H; | i =1,...,n — 1} with relations

(2.1.2a) H;Hj=H;H;  if|i—j|>2,
(2.1.2b) HiHi1H; = Hi11HiH; 11,
(2.1.2¢) H? =(q¢"' —q)H; + 1.

17
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Notice that we use Soergel’s normalization [Soe97], instead of the original one. Anyway, we
use the letter ¢ as parameter in analogy with the quantum parameter of U,.

It follows from that the elements H; are invertible with Hi_1 =H;+q—q ' For
w € S, such that w = s;, ---s;, is a reduced expression, we define H,, = H;, --- H; . It is
a standard result (see for example [KT08| Lemma 4.16]) that this does not depend on the
chosen reduced expression. The elements H,, for w € W form a basis of H,, (see [KTO0S8|
Theorem 4.17]) called standard basis, and we have

(2.13) HoH — Hys, if l(ws;) > L(w),
o e Hys, + (¢t — q)H,, otherwise.

We can define on H,, a bar involution by H, = H_', and § = ¢~'; in particular H; =
H; +q— g . We also have a bilinear form (—,—) on H, such that the standard basis
elements are orthonormal:

(2.1.4) (Hup, Hy') = Gup for all w,w’ € W.
By standard arguments one can prove the following:

Proposition 2.1.2 ([KL79], in the normalization of [Soe97]). There exists a unique basis
{H, | we W} of H, consisting of bar-invariant elements such that

(2.1.5) Hy,=Hy+ Y Puraw(@)Hu

w’ <w

with Py 4 € qZ[q] for every w' < w.
The basis H,, is called Kazhdan-Lusztig basis. We will also call it canonical basis of H,,.

REMARK 2.1.3. There is an inductive way to construct the canonical basis elements. First,
note that H, = H.. Then set H, = H; + ¢: since H; is bar invariant, we must have
ﬂs,; = H,. Now suppose w = w's; > w': then H,,H, is bar invariant and is equal to H,,
plus a Z[q, ¢~ *]-linear combination of some H, for w” < w. It follows that

(2.1.6) H, H,=H,+p forsomepe @ ZH .

w!' <{w

One of the rare examples of explicitly known canonical basis elements is the following (cf.
[Soe97, Prop. 2.9)):

Lemma 2.1.4. Let W C'S,, be a parabolic subgroup (that is, a subgroup generated by simple
reflections) and let wo € W' be its longest element. Then the canonical basis element H
s given by

L(wo)—L(x
(2.1.7) H, = Z gt —t@ g
zeW’
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2.2 Induced Hecke modules

We will now consider induced Hecke modules which are a mixed version of the induced sign
and induced trivial modules studied in [Soe97]. In the following, all modules over the Hecke
algebra will be right modules.

Let Wy, W, be two parabolic subgroupsﬂ of W =S, (that is, they are generated by simple
reflections) such that the elements of W, commute with the elements of W,. Note that
Worq = Wy x Wy is also a parabolic subgroup of W. Let also H,, Hq and Hp,q be the
corresponding Hecke algebras; they are all naturally subalgebras of H,,. We denote by sgn,,
the sign representation of H,; this is the one-dimensional C(g)-vector space on which each
generator H; € H, acts as —g. Moreover, we denote by trvq the trivial representation of H,,
which is the one-dimensional C(¢)-vector space on which each generator H; € Hq acts as
g~ 1. We define the mized induced Hecke module

(2.2.1) ME = Ind?" (sgn, X trvg) = (sgn, Mtrvy) @, , Hn-

Hp+q

If W, is trivial, we omit p from the notation and we write M. Analogously, if W is trivial
we omit q and we write MP.

Let WP, W9 and W¥*9 be the set of shortest coset representatives for y,\IV, Wq\W and
Wyiq W respectively. Then a basis of My is given by

(2.2.2) {N,=1® H, | we WP}

(where 1 is some chosen generator of the C(g)-vector space sgn,, X trvg).

The action of H,, on M} is given explicitly by the following lemma:

Lemma 2.2.1. For all w € WPT9 we have

Nuys, if ws; € WP and l(ws;) > {(w),
(2.2.3) N H — Nus, + (¢ — @) Hy  if ws; € WPH and (ws;) < £(w),

—qNy if ws; = sjw for s; € Wy,

¢ Ny if ws; = sjw for s; € Wy.

The module M} inherits a bar involution by setting N,, = 1 ® H,,. Moreover, the bilinear
form (2.1.4) induces a bilinear form on My}.

A canonical basis can be defined on MY} by the following generalization of Proposition m

Proposition 2.2.2. There exists a unique basis {N,, | w € WP} of M¥ consisting of
bar-invariant elements satisfying

(2.2.4) Ny =Nu+ > Puw(@)Nu

w’' <w

with Poy 4 € qZ[q] for every w' < w.

As described in Remark one can construct inductively the canonical basis of M}. In
particular, for WPT9 3 ws; = w one always has

(2.2.5) N,Ci =Ny, +p

where p is a Z-linear combination of N, for w’ < ws;.

I'We use this notation because they will correspond later to two parabolic subalgebras p,q C gl,,.
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Maps between Hecke modules (I)

We will now construct maps between induced modules ME corresponding to different pairs
of parabolic subgroups W, Wy. First, we consider the case in which we change the subgroup
Wy.

Let Wy C Wy be also a parabolic subgroup of W. Let us define a map i = |q /\/lp — Mp
by

(2.2.6) i: Ny — Z qe(w;I )—f(w)wa
zeEW NW,

where wg/ is the longest element of W9 N W, = (Wq,\Wq)Short. Note that for w € WP*+9 and
zeWin Wy the product zw is an element of Wweta',

The map is natural, in the sense that if W n C Wy is another subgroup of W

generated by snnple reflections then |CI = |g:/ o 'q ; this follows because each element of

short

(Wq”\Wq)ﬁho " factors in a unique way as the product of an element of (Wq,,\Wq’) and an

element of (w, g \Wa) short

Lemma 2.2.3. The map i just defined is an injective homomorphism of H,-modules that
commutes with the bar involution. Moreover it sends the canonical basis element N, to the

canonical basis element qu/w
q

Proof. The injectivity is clear, because i(IV,,) is a linear combination of N, for w’ < wg/w
and the coefficient of N o ~is 1. To prove that i is a homomorphism of H,—modules, it

is sufficient to consider the case Wy = {e}. Indeed, we have a commutative diagram of
injective maps

N

MP ¢ MP

and if iy and iy are both H,—equivariant then so is ig/.

Hence let i = i and let us show using that i(N,H;) =i(Ny)H; foralli=1,...,n—1
and for each basis element N,, € M}. Note first that W*T9 C WP; moreover, if ws; € WP Ta
then zws; € WP for every & € Wy, so that the first two cases of are clear. Suppose
then that we are in the fourth case, that is ws; = s;w for some s; € Wy; then zws; =
zsjw = s;zw for every x € Wy, because elements of W), commute with elements of W,;. We
are left with the third case of , that we will now examine.

Pick an index i such that ws; = s;w for some s; € Wy, and let A< = {z € W, | L(zws;) =
{(zw)}; note that for x € A~ we have ¢(xs;) > ¢(x) and that the right multiplication by s;
is a bijection between A~ and A< (unless Wy = {e}, but this case is trivial since i is just
the identity). Compute:

i(Nw)Hi _ Z qe(wq)—f(ﬂc)N + Z qf(wq) E(ac Naws, +(q—1 _Q)Nzw)
T€EA> r€A<

= Z g O ON, Z "D @ (N o+ (07 = @) Naw)
reA> z€A<
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— Z PUCTIECORY VA Z @O (N, + (7 = @) Now)

o’/ EA< zEAS
= Z ¢ E@N e+ g7 Z gt wa)—t@ N,
T€EA< TEA<
—q! Z ql(wq)ff(m”)Nx”w_qul Z gD —t@ N
z'EA> zEAS

= q_li(Nw) = i(q_le) = i(NwHi)~

It remains to show the bar invariance. Again, by the same argument as before it is sufficient
to consider the case Wy = {e}. It is enough to check it for a basis; in fact we will prove
by induction that i(N,,) is bar invariant for every w € WP*9. For w = e, we have i(IN,) =

i(N.) = Zzewq q"(wa)=t=) N that is well-knownto be the canonical basis element for H, [Fix something he
corresponding to the longest element of Wj: hence it is bar invariant. For the inductive step,

suppose ws; = w and use (2.2.5):

(2.2.8)

The last claim follows by the uniqueness of the canonical basis elements, because i(N,,) is
bar invariant and the coefficient of N, in its standard basis expression is

o lifw = wglw,
e a multiple of ¢ if w’ = zw” for some z € W9 N Wy and w” € W9 with w” < w (but
w' # wd w),

e 0 otherwise. O

Now we define a left inverse Q: ./\/lﬁ, — ./\/lﬁ of i by setting

1 , /
(2.2.9) Q(Ne) = — N, where g = Z gtwa )—2t@),

zEW NW,

It is easy to show that Q is indeed well-defined (since ME is a quotient of Mg,, and Q is,
up to a multiple, the quotient map). Moreover

Qoiv) =g 3 Do,

reW NWy

_ 1y gy,
zeEW NW,

(2.2.10)

for all basis elements N,, € M}.

Maps between Hecke modules (II)

Now let us examine the case in which we change the subgroup W,. Namely let W, C W,
be a parabolic subgroup of W, and define a linear map j = jg : ME — ./\/lilj by

(2.2.11) PNy Y () @IN,
zEWP NW,
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As for Lemma [2:2.3]it is easy to prove that j is an injective homomorphism of H,,~modules,
anyway it does not commute with the bar involution and it does not send canonical basis
elements to canonical basis elements. Instead, j sends the dual canonical basis (defined to
be the basis that is dual to the canonical basis with respect to the bilinear form) to the dual
canonical basis.

Define also a H,,—modules homomorphism z: ME/ — M§ by setting z(N,) = N.. This gives

a well-defined homomorphism because M} is a quotient of ME/.

Lemma 2.2.4. The map z is bar invariant and sends the canonical basis element N, € .Mf,/
to N,, € M} if w € WPT9 and to 0 otherwise. Moreover z o j = erwp/mwp ¢2t@)id.

Proof. The map z is bar invariant by definition: in fact obviously z(N.) = z(N.), and then
by multiplying with the C;’s one can see that z is bar invariant on a set of generators.

If w € WPT9 then it is easily seen that z(N,,) € Ny + >,/ <y, ¢Z[q] Nuw . By uniqueness of
the canonical basis elements it has to be z(N,)) = N, € M. If w ¢ WPT9 then by the
same reasoning z(N,,) = 0.

Moreover

(2.2.12) z oj(Nw) =z Z (_q)é(x)Nww — Z q%(ar:)]\fw7
TeEWP NW, €W NW,

hence the last assertion follows as well. O
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Graphical calculus for
gl(1]1)—representations

3.1 A semisimple subcategory of representations of U,

In we have seen explicitly the well-known fact that the category of representations of U,
is not semisimple. From now on, we will restrict ourselves to consider a semisimple subcat-
egory of representations of U,, that contains the tensor powers of the vector representation
V. In particular, we will study in detail the intertwining operator. A key tool will be the so
called super Schur-Weyl duality for the tensor powers of the vector representation, which we
will recall in We will then develop in a graphical calculus for gl(1|1)-representations
similar to the one in [FK97].

Representations V(a)

Given an integer positive number a let V(a) = L(ae;), and let V(0) = C(g) be the triv-
ial U,—representation. For a sequence a = (as,...,as) of natural numbers let us denote
V(a) = V(a1) @ --- @ V(ag). Let Rep be the monoidal subcategory of finite-dimensional
U,—representations generated by V(a) for a € N: the objects of Rep are exactly {V(a) |
a < Upso N*}. Note that this category is not abelian (it is not even additive). Anyway, by
adding all direct sums and kernels we would get a monoidal abelian semisimple category,
with simple modules V(mie1 + maea) for mq, me € N.

Since V(0) is the trivial one-dimensional representation and hence the unit of the monoidal
structure, it is enough to consider sequences a not containing 0; from now on, we will always
suppose that our sequences consist of strictly positive integer numbers. If ay + - -+ + ap = n,
we will often call the sequence a a composition of n. The sequence

(3.1.1) n=(1,...,1)

will be called the regular composition of n. Any other composition of n will be called singular.
Notice that V(n) = V(1)®" = Van.

23
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We repeat formulas from the previous section for the special case of the representations V(a).
Let vf = v* for i = 0,1. Then V(a) is a 2-dimensional vector space with basis vectors v{
in degree 0 and v§ in degree 1; the action of U, is given by

a a a h,a h,ae a a __ .a,a
Ev =0, Fvi =g, qvlzq( 1>U1, Kv{ = q¢™7,

3.1.2
(3.1.2) Pt —

h a __ h,ae1—a) ,.a a__ .a,a
qvofq< B >v0, Kvg = q"vg.

\
=
<

=
o
<
=)
Il

Projections and embeddings

Let a,b > 1. By Lemma [1.2.2] V(a + b) is a subrepresentation of V(a) ® V(b). Let us define
explicit maps ®,: V(a) ® V(b) — V(a + b) and ®*°: V(a + b) — V(a) @ V(b). We set
Dy V(a)@V(b) — V(a+1D)
Ve @ v — 0

b—1
vy ® Ulf — g0 [a + }v‘”‘bo

(3.1.3) b
b—1
v%®v8|—>{a+a :|Ug+b
b
V¢ @b — {a: }v‘f“’
and
®*: V(a +b) — V(a) @ V(b)
(3.1.4) 08T v @ 8 + ¢§ @ vl

U‘f“’ — ) ® U’l’,
where as usual we set
(3.1.5) [kl = [k][k —1]--- [1] for all £ > 1,

|
(3.1.6) [Z] = L foralln>1,1<k<n.

Lemma 3.1.1. The maps @, and ®*° are morphisms of U,-representations which com-
mute with the bar involution. Moreover, we have

(3.1.7) Dy U = {“ ;L b} id.

Proof. 1t is a straightforward computation to check that ®, ; and dP are Ug—equivariant. In
order to show that they commute with the bar involution, it is then sufficient to check what
happens on some generators (as U,—representations). Notice first that from the definition
and the bar-invariance of vg, v¢ it follows that v¢ ® v§ and v¢ ® v} are bar-invariant.
Then ®%° commutes with the bar involution since applied to the bar-invariant element
v‘l”'b it gives the bar-invariant element v¢ ® v%. Analogously, ®,, commutes with the bar
involution since ®, ;(vd ®v§) = 0 and @, ,(v; ®v?) are both bar-invariant. Finally, is
obviously true when applied to the vector ’U(11+b and follows because of the Schur Lemma. [
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Canonical basis and bilinear form

Let a € Zsg. The elements v§,v{ give the standard basis of V(a). Let now a = (aq,...,as)
be a sequence of (strictly) positive numbers. For any sequence n = (n1,...,1,) € {0,1}*

we let 03 = 021 @ --- ® v3. The elements {vZ | n € {0,1}*} are called the standard basis

vectors of V(a).

According to Definition for each standard basis vector vy there exists a corresponding
canonical basis vector

Sa __ ,a a
(3.1.8) vyt = vt o Qupt

The bilinear form

Fix a sequence of positive numbers a = (aq,...,ar). We define a symmetric bilinear form
on V(a) by setting

... n
(3.1.9) (v8,19)q = qZirs 5757 {51 oty

where 55 is the Kronecker delta,

i—1 ifn; =0
(3.1.10) BT =a;—1+n, = a; 0 =0,
a; otherwise

and

(3.1.11) {h1+---+h1 _ A+ h!

hi,..., he [he]l- - [he]!

Note that g2 % in (3.1.9) is exactly the factor needed so that the value of (3.1.9) is a
polynomial in g with constant term 1. We introduce the following non-standard notation:

(3.1.12) [h]y = a"~'[1]
(3.1.13) Ayl = ¢ [n]!
(3.1.14) [a—i—b} :qab[a—i-b}
a 0 a
h1+---+hz} 5 ,h.h.|:h1+"'+hg:|
3.1.15 = gz hihs .
( ) {hl,...,m . ha,... he

These are rescaled versions of the quantum numbers and factorials and of the quantum
binomial and multinomial coefficients so that they are actual polynomials in ¢ with constant
term 1. Hence we can rewrite (3.1.9)) as

M. n

(3.1.16) (02, 1%)q = {51 s *ff] PR
ﬂl 3. 75@ 0

Notice that we have

(3.1.17) [hlo! = [Rlolh = 1o -+~ [2lo;

|
(3.1.18) |:h1 + o+ he} o fha A he!
0

hi,... he N [hilo! - - - [helg!



26 3.1. A semisimple subcategory of representations of U,

Lemma 3.1.2. For allv € V(a) ® V(b) and v’ € V(a + b) we have
(3.1.19) (Pap(v), V) (arp) = (V.4 P2 (V) (0p)-

Proof. This is a straightforward calculation on the basis vectors:

a — [a +b—1 a —abga
((ba,b(vo by Ull))vya-i-b)(aer) =q b b :| = (UO @ Ul1)>q P ’bya-i-b)(a,b)
a+b—-1 _
@anlof © )l = |0 | = 0 @ b0 i)
a -a + b a —a a
(®ap (v @ V7)), Tats)(ast) = a } = (v} @0}, ¢ P T4 1) (a,p)- O

a

Lemma 3.1.3. For all standard basis vectors vy, v € V(a) we have

’r],
a ,a qa1+m+a2_1 a a
(3120) (FUTWU"/)G = m(vn,va)a.

Proof. Suppose that there exists an index r such that n; = 7; for all i £ r and 5, =0, v, = 1
(otherwise both sides of (3.1.20) are zero). Up to a sign (that we ignore, because it is the
same in both formulas), we have

a1+-+ar—1,a ,a

ra [T+ B
(Fo2, 0%)a = (g o 08y = gt +[ ! /
0

BY, .8

and

(v, B2)a = (05 [ar]g ™+ 02)q = faJg o= [

B{’+-~-+BZ’}
5?776? 0

Since ]! = 8 for i # r while 87 = 87 + 1 = a,, we have
(05 E05)e _ I+ BT pesipeesst e me
(3.1.21) (Fog, v8)a 7]
=[B7 + -+ Blog T T,

that proves the claim. O

REMARK 3.1.4. If we enlarge U, with a new generator E’ such that

2h,

q

E/K71
> -1

(3.1.22) E=q

then we get an adjuction between F' and E’.

Dual standard and dual canonical basis

We define the dual standard basis {v;',’“ | m € {0,1}*} of V(a) to be the basis dual to the
standard basis with respect to the bilinear form (-, -)q:

1 ifn=xv
3.1.23 02, v, = ’
( ) ( ey Ja {0 otherwise.
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Of course, since the standard basis is already orthogonal, each v%’“ is a multiple of vyy. In
particular, one has

(3.1.24) [BI’+~--+BZ’} #a _ a
0

=vV,-
B, B 1" K

Moreover, we define the dual canonical basis to be the basis dual to the canonical basis with
respect to the bilinear form (-, -)q:

1 ifn=«
3.1.25 0P YY), = ’
( ) ( no ) {0 otherwise.

3.2 Super Schur-Weyl duality for V®"

Let us define a linear endomorphism H of V ® V by

1

H(vj ®vp) = —quy @vg, H(vg@vi) =vi @vg+ (¢ — q)ug @ v;

3.2.1 . .
B2 puled)—wed  Hele) =g ol

By an explicit computation it can be checked that H can be expressed in terms of a projection

(3.1.3) and an embedding ((3.1.4):
(3.2.2) NP, = H+q.

It follows that H is U,—equivariant. Moreover, one can easily check that

(3.2.3) H? = (q¢'—q)H +1d.

We can consider on V®” the operators

(3.2.4) H; =id® ' @ A @id®*" 1,

By definition, they are intertwiners for the action of U,.

REMARK 3.2.1. The category of U, representation is braided (see , and the endomor-

phism H is just the inverse of the braiding PgV,V~ From this it follows directly that H is equiv-
ariant and that the braid relation H;H;1H; = H;y1H;H; 11 holds for alli =1,...,n — 1.

The following result is also known as super Schur-Weyl duality. The non-quantized version
was originally proved by Berele and Regev ([BR87]) and independently by Sergeev ([Ser84]).

Proposition 3.2.2 ([Mit06]). The map

M, — Endy, (V")

(3.2.5) 3

is surjective. As a module for H,, we have

n

(3.2.6) Ve =P (S(pin.k) © S(ink)),

k=1

where puin, i is the hook partition (k,1"7%) and S(u,.1) is the g—version of the corresponding
Specht module.
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By contrast, let us notice the following easy fact which we will use later:
Lemma 3.2.3. If n # m then Homy, (V®™ V&) = {0}.

Proof. This follows since K acts on V®" by ¢". O

The Super Temperley-Lieb Algebra

It follows in particular from Proposition that the kernel of is the two-sided ideal
T, generated by the idempotents projecting onto simple representations of H,, corresponding
to Young shapes with n boxes that are not hooks (a Young shape is said to be of hook type
if the corresponding partition is (k,1,...,1)). For n < 3 there are no such Young shapes.
For n = 4, the only Young shape that is not a hook is B, and the corresponding idempotent
is, up to a multiple,

(3.2.7) (Hy + q)(Hs + q)Ha(Hy — ¢~ ') (Hs —q 7).

For n > 4 every Young shape that is not a hook contains some B and it is easy to prove
that the ideal Z,, is generated by

(3.2.8) (Hi-1+q)(Hizr + ) Hy(Hi—y — ¢ ) (Hip1 — g7 1)
fori=2,...,n—2.

As often occurs with the Hecke algebra, it is more convenient to choose generators C; =
H; + q. We introduce the Super Temperley-Lieb Algebra as follows:

Definition 3.2.4. For n > 1, the Super Temperley-Lieb Algebra STL,, is the unital asso-
ciative C(q)—algebra generated by {C; |i=1,...,n — 1} subjected to the relations

(3.2.92) C?=(g+q G

(3.2.9b) CiC; = C;C;,

(3290) ClCIHCQ — Cl = Ci+1cic7;+1 - CZ'+1,
for|i—j| > 1, and

(3.2.94) Ci-1Ci1Ci((g+q ") = Ci—)((g+q7) — Ciy1) =0,
(3.2.9¢) ((g+a )= Cim))((g+q7") = Ciy1)CiCi1Ciyy = 0.

Since the first three relations are just the relations that the generators C; = H; + ¢ satisfy
in the Hecke algebra, it follows that STL,, is a quotient of #,,. Moreover, by the discussion
above, we have

(3.2.10) STL, = Endy, (V®").
Canonical basis revisited

Consider the weight space decomposition

n

(3.2.11) ver = PveEn),
k=0
where
(3.2.12) (VO = {v e VO | qMv = ghertn=kea)yy

Clearly, every weight space is a module for the Hecke algebra. We have:
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Proposition 3.2.5. Let Wy = (s1,...,55-1) and Wy = (Sg41,...,Sn—1) as subgroups of
S,.. With the notation of we have

(3.2.13) (Vo) = MP

as right H,,—modules. The isomorphism is given explicitly by

v Mg — (V®n)]~c

(3.2.14)
Ny, — Ugmm-w
where
(3.2.15) Nnin = (1,...,1,0,...,0).
k —k

and S, acts on sequences of {0,1}" from the right by permutations.

Proof. 1t is straightforward to check that, by the definition of the action of H, on V&"
(3-2.1)), we have vy, - Hy = g, whenever w € WPT4. In particular, (3.2.14) is a

bijection. We need to show that the action of the Hecke algebra is the same on both sides.

This follows comparing (2.2.3)) and (3.2.1)). O

As a consequence, there is a second notion of canonical basis on (V®"), defined using the
Hecke algebra action from Chapter [2] Not surprisingly, this coincides with Lusztig canonical
basis (compare with [FKK98| Theorem 2.5]):

Proposition 3.2.6. Under the isomorphism ¥ , the canonical basis element N,, of
./\/ls is mapped to the canonical basis element v,?f}nw
Proof. By the uniqueness results (Propositionand Theorem7 it is enough to show
that the bar involution of ./\/lg is mapped to the bar involution of (V®"); under (3.2.14). On
./\/lfI the bar involution is uniquely determined by N, = N, and XH; = XH; = XH Z-_l for all
X € Mj. It is enough to show that the same holds for Lusztig’s bar involution on (V™).
Of course Ty~ = vp,,.., and one can show by standard methods (cf. [Zha09, Lemma 2.3])
that

(3.2.16) Hi(vg) = H; * (vg)

7

for all standard basis elements vs,. O
The form (-,-) on M} and the form (-, )4 on (V®"); are proportional under ¥:

Lemma 3.2.7. Let W be the isomorphism (3.2.14). Then
(3.2.17) (U(X),¥(Y))a = [k]oY{X,Y) for all X, Y € M.
Proof. 1t is enough to check (3.2.17) on the standard basis {N,, | w € WPt} of M§. We

have

[k]o! if w=z,

(3.2.18) (U(Nw), ¥(N2))a = (Vi ws Vnmin-z)a = .
0 otherwise.

By definition, this is the same as [k]o!(N,, N, ). O
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3.3 Diagrams for the intertwining operators

In this section we will provide a diagram calculus for the intertwining operators in the
category Rep.

The category Web

We start by defining a diagrammatic category Web.

‘Web diagrams

A web diagram is an oriented plane graph with edges labeled by positive integers. For
simplicity we suppose that the edges do not have maxima or minima, and the orientation
is then uniquely determined by orienting all edges upwards. Only single and triple vertices
are allowed. Single vertices must lie on the bottom (resp. top) line if they are sources (resp.
targets) for the corresponding edge. Around a triple vertex, the sum of the labels of the
ingoing edges must agree with the sum of the labels of the outgoing vertices; this means
that only the following labeling are allowed for any strictly positive numbers a, b:

a+b

a b
(3.3.1) )\ ‘w‘ Y
a b

a+b

We remark that we do not draw the orientation of the edges, because they are all oriented
upwards. The source of a web is the sequence a = (aq, ..., ar) of labels on the bottom line.

/

The target is the sequence @’ = (af,...,a’) on the top line.

If we have two webs 1, ¢ and the target of ¢ is the same as the source of i, then we can
compose ¥ and @ by concatenating vertically:

hop=

Additionally, we can always concatenate two webs ¢, 1) horizontally, putting the second on
the right of the first; in this case we use a tensor product symbol:

pRY=| ¥ (G

The categories Web’ and Web

Definition 3.3.1. The category Web' is the monoidal category whose objects are sequences
a = (ay,...,ap) of strictly positive integers; a morphism from a to a’ is a C(q)-linear combi-
nation of web diagrams with source a and target a’. Composition of morphisms corresponds
to wvertical concatenation of web diagrams. Horizontal concatenation of web diagrams gives,
on the other side, a monoidal structure on Web'.
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Definition 3.3.2. We define the category Web to be the quotient of Web' by the following
relations:

Orientation preserving isotopy

(3.3.22) (with source and target points fized)
a+b a+b
b
(3.3.2b) a %? b = [“ + ]
a
a+b a+b
a+b+c a+b+c
a0 /%\ ) />\
a b c a b c
a b c a b c
35:20) K/ _ \X

at+b+ec a+b+c

2 2
(3.3.2¢) 2 + = 2 + 2
2 2

We define the two elementary webs Aq ; and Y by the diagrams

—
—
—
—
—
—
—
—
—
—
—
—

[ V)

—
—
—
—
—
—
—
—
—
—
—
—

ay Ai—1Q; + Qir1 Ait2 ayp

(3.3.3) Aai= | - )\

ai Ai—1 Qi Qit1Ait2 ag

ay Ai—1 a; Qi+1Qi4+2 ay

Y

ai Qi—1 a; + @41 Ait+2 Qg

(3.3.4) Y

and notice that the category Web is generated by such elementary web diagrams. We let
also

(3.3.5) a; = (ar,...,0i—1,0; + Qip1,Qiy2, ..., aQ¢)

be the target of A4, (and the source of Ya’i).

It will be useful to consider also multivalent vertices with only one outgoing (respectively,
ingoing) edge: we define them to be equal to concatenations of elementary graphs like (3.3.2d)
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(respectively, (3.3.1). For example:

a b ¢ d a b ¢ a b c d a b ¢ d
at+b+ec at+b+c at+b+c at+b+c

Let us define the web diagrams

(3.3.7) A" = A and Y, = V

From (3.3.2b]) it follows in particular that

n n
(3.3.8) Ao, =1 1 = [n]!
Given a composition a = (a1, ...,as) of n, notice that we have a standard inclusion
(3.3.9) Yo, ® @Y, :a—n
and a standard projection
(3.3.10) AY® @AY n—a.

Webs as intertwiners

Now we are going to define a monoidal functor 7 : Web — Rep. On objects we define it to
be Z(a) = V(a). To define .7 on morphisms, it suffices to consider elementary pieces of
webs. An oriented edge is an identity morphism from the source a to the target a in Web,
hence the functor .7 assigns to it the identity morphism of V(a):

a V(a)
(3.3.11) T = Tid
“ V(a)

To triple vertices we assign projections and inclusions of subrepresentations, as follows:

a+b V(a+b)

(3.3.12) T )\ = T%,b

a V(a) ® V(b)
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a b V(a) ® V(b)
(3313) T \( = (I)a,b
a+b V(a+b)

Proposition 3.3.3. The assignments (3.3.11)), (3.3.12), (3.3.13) define a full monoidal
functor  : Web — Rep.

Proof. First, we have to check that .7 satisfies the relations defining Web. It is straightfor-
ward to check that 7 assigns the same morphism to both sides of (3.3.2c) and (3.3.2d)).

Relation (3.3.2b)) is satisfied thanks to (3.1.7). Relation (3.3.2¢)) is satisfied thanks to (3.2.9¢)).

By Proposition [3.2.2) and (3.2.2) the map Homwep(n,n) — Homgep(VE™, V™) induced
by 7 is surjective. Together with Lemma it follows more generally that the map
Homwep (m, n) — Hompgep (VE™, V™) induced by 7 is surjective for all m,n. Now each
representation V(a) € Rep embeds in some V®", and the corresponding inclusion and pro-
jection are images under .7 of the standard inclusion and of the standard projection
(3.3.10). Hence .7 induces a surjective map Homwep(a,a’) — Homgep(V(a),V(a')) for all
sequences a, a’, hence .7 is full. O]

In what follows, we are going to omit to write the functor .7 and consider a web just as a
homomorphism of the corresponding representations.

Matrix coefficients

Let ¢ be a web from a = (ay,...,ar) to @’ = (da},...,d}). Given n € {0,1}*,~v € {0,1}*,
we can consider the matrix coefficient

(3.3.14) (p(vg),v3 )

which is the coefficient of v,‘;/ in p(v;y) when expressed in the standard basis. We represent

it by a labeled web diagram

El

—_——

(3.3.15) @

[ —

14

where the i—th line below is labeled by A if 7, = 1 and by V if 7; = 0 (and analogously
above).

Diagrams provide a convenient way to compute matrix coefficients, as we are going to ex-
plain. Let us fix a diagram ¢ and suppose that we want to compute the coefficient .
We start with the picture . Then we label every edge of the graph with A and V, in
all possible ways. Such a “completely labeled” graph is evaluated according to the local rules
in Figure (the missing label possibilities are evaluated to zero, and the total evaluation
is obtained via multiplication). To evaluate the initial picture, sum the evaluations over all
possible “complete labeling”.
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a b a b a b
a+b a+b a+b
a+b a+b a+b
a b a b a b
¢ [ [ 2]

Figure 3.1: Evaluation of elementary diagrams.

T

Figure 3.2: The standard basis diagram for 34211

(1,0,1,1,0,1,0)"

Webs and canonical basis

Fix a sequence @ = (ai,...,ar) and consider a standard basis element v} of V(a). This
standard basis element is represented by a (trivial) diagram, obtained as follows: take the
identity web a — a and label the edges from the left to the right with an A if n; =1 and a
V if n; =0, (as in Figure . We call it the standard basis diagram corresponding to vy.

Starting from this standard basis diagram, one can obtain the corresponding canonical basis
element as follows. For every consecutive VA (in this order), join the corresponding two
edges as follows:

(3.3.16) l e Y

Repeat this process using at each step also the V’s created in the previous steps, until no
more VA is left. At the end, we will obtain some diagram C(vy;) that we call the canonical
basis diagram corresponding to vy (see Figure and Example below).

REMARK 3.3.4. Note that this canonical basis diagram is obtained joining recursively each
edge labeled by a V with all immediately following edges labeled by A’s. If we use multivalent
vertices (as defined by ), we can construct the canonical basis diagram in just one
step. In particular, the construction is independent of the order in which we consider the
pairs VA.

We claim that canonical basis diagrams correspond to canonical basis elements via 7. In
fact, the diagram C(vg) has an underlying web that represents some embedding V(a’) —
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31 4 4 2 11

YT

Figure 3.3: The canonical basis diagram for PG4 L)

(1,0,1,1,0,1,0)

V(a), where a’ is some composition that is refined by a; this web carries on the bottom
the labels of a basis element of V(a'), that is at the same time a standard basis element
and a canonical basis element. Hence the diagram C(vy) is an “evaluated web”, that gives a
bar-invariant element of V(a) (since .7 () sends bar-invariant elements to bar-invariant ele-
ments for all webs ¢). Examining the evaluation rules (Figure , one sees that the matrix
coefficients of C'(vyy) are all in ¢Z[q] except for the coefficient of vj}, that is 1. Summarizing,
we have:

Proposition 3.3.5. The diagram C(vy) gives the canonical basis element v,?“ of V(a).

EXAMPLE 3.3.6. Let a = (3,1,4,4,2,1,1) and consider the element 0211,0,1,1.0,1,0) € V(a).
The corresponding standard and canonical basis diagrams are pictured in Figures [3.2] and
In particular, evaluating the canonical basis diagram according to the rules in Figure|3.1
we get the corresponding canonical basis element

Sa —_ ,a a 5. a
(3.3.17) V(1,0,1,1,0,1,0) — Y(1,0,1,1,0,1,0) T 9Y(1,1,0,1,0,1,0) T 4" ¥(1,1,1,0,0,1,0)

2. a 3. .a 7..a
+47V0,0,1,1,1,000 T 97Y(1,1,0,1,1,0,0) T 4 Y(1,1,1,0,1,0,0)-

Webs and the action of £ and F

Using our diagram calculus we can easily compute the action of F' (in an analogous way as
[FK97] for sls).

Proposition 3.3.7. Fiz some representation V(a) and consider a canonical basis element
v,? . We have

OG- G0 if =1,
0 otherwise.

(3.3.18) Fvg®) = {

Proof. Suppose that n; =1 for i = 1,..., h, while 9,41 = 0 (possibly h = 0). The canonical
basis diagram C(vy) is

(3.3.19)
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where there are some vertices in the box. We can also represent it as

(3.3.20)

because this is the same element according to our diagrammatic calculus. On the bottom
we read the labels of vS for some composition a’ refining a, where v = (1,0,...,0). We can
easily compute

(3.3.21) Fol' @2 @ Q") =15 @52 ® - Qv .

Hence

(3.3.22) F

that is exactly our assertion. O

By (3.1.20) it follows that F sends the dual canonical basis to the dual canonical basis (up
to a multiple):

Proposition 3.3.8. Fiz some representation V(a) and consider a dual canonical basis ele-
ment 11,?“. We have

[B7 4+ + 80 a1, a a
(3.3.23) B(v)®) = WW@%;@“'@W if m =0,

ne
0 otherwise.

A faithful calculus

The functor .7 : Web — Rep we constructed is full, but not faithful. In the following we will
define a category Web by adding more relations to Web, so that .7 descends to a faithful
functor .7 : Web — Rep. Anyway, we point out that in the following chapter we will only be
able to categorify 7 : Web — Rep.

First, we need the following result:

Lemma 3.3.9. Let w, € S,, be the longest element. Then the image of H,, under the map
(13.2.5) s the endomorphism

(3.3.24) 2, =
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Proof. One can check by a standard calculation using (2.2.3) that the element H,, —acts by
3.2.13]

0 on /\/lp unless W), is trivial. In particular, by (3.2.13) it follows that H, acts by 0 on
the Weight space (V@) unless k = n — 1,n. Now, V™ decomposes as in and the
one copy of L(ney) is the unique summand whose weight spaces are contained in (V®"),
and (V®"),. It follows that, up to a multiple, H, acts on V@ by projecting onto this
summand L(ne;). Hence the homomorphisms defined by H,, ~and coincide up to a
multiple. A standard calculation shows that H 3,]” = [n]o!H,, . By the same holds
for Z,,, hence the claim follows. O

From the web calculus we introduced we cannot see explicitly the action of the Hecke algebra.
Anyway, we can enhance our web calculus allowing edges labeled by 1 to cross, and define

1 1 1 1 1 1
(3.3.25) \ = —q
1 1 1 1 1 1

More in general let X, ; = Y™ o A,; — ¢id,, (so that is just X, ; for n = 2,
i = 1). Since the X, satisfy the relations of the Hecke algebra generators, we can set
Kpw = Knjiy 00Xy, forall w € S, where s;, -+ s;, is a reduced expression for w. We
have then:

Let Web be the quotient of the category Web modulo the relations

1111 1111 1111
2 2
(3.3.26a) 2 = [2] + (2]
2 2 2 2 2 2
1111 1111 11 1 1
1111 11 11
2 2 2 2
(3.3.26b) 2 =[2] +[2]
2
1111 1111
and
(3.3.26¢) = g
wWES,

Theorem 3.3.10. The functor 7 induces an equivalence of monoidal categories
(3.3.27) 7 : Web —> Rep.

Proof. First, the functor 7 respects relations (3.3.26al) and (3.3.26b]) thanks to (13.2.9d] |
and m Moreover, it respects relation (3.3.27)) by Lemmaence it descends to
a functor on Web. Since this functor is obviously essentially surjective (by the definition of
Rep), and is full by Proposition it remains to show that it is faithful.
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Take a web diagram D with source and target n. Using multivalent vertices and using relation
to expand arcs labeled by integers i > 1, we can suppose (up to a multiple) that D
is obtained by concatenating horizontally and vertically only identities and diagrams =, for
r = 2,...,n. Moreover, using the relation together with the definition of X ; to
expand Z,., we can write D as linear combination of web diagrams whose arcs are labeled
only by 1 or 2. These correspond to generators of the Super Temperley-Lieb Algebra STL,,.
Since all relations defining STL,, hold also for web diagrams, and since STL,, is isomorphic
to Endgep(V®"), it follows that the map Endweb(n) — Endge,(V®") induced by 7 is an
isomorphism (and in particular injective).

Consider now a general web diagram D with source a and target a’, where a and a’ are
compositions of n. As before we can suppose (up to a multiple) that D is obtained by
concatenating horizontally and vertically only identities and multivalent vertices of the type
A" and Y, for r > 1. In particular, D is the composition of the standard inclusion ?3.3.9
a — n, a web diagram with source and target n, and the standard projection (3.3.10
n — a’. It follows that the map Homwes(a, a’) — Homgep(V(a), V(a')) induced by 7 is an
isomorphism for all compositions a, a’. O




PART 11

CATEGORIFICATION VIA
CATEGORY O
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CHAPTER

Graded category O

The leading actor of our categorification construction is the BGG category O, first introduced
in [BGGT6], and in particular its graded version [BGS96]. After some generalities about
grading and graded lifts in we recall the definition and the main properties of category
O in We define then the graded version ( using Soergel’s theorems, which we
recall in In §4.4] we prove then some relations between translation functors in the
graded setting. We will follow quite closely [Str03al; notice however that in [Str03a] only
graded translation functors involving regular and semi-regular weights are studied, while
we consider here the general case of arbitrary integral weights. Although the results of
are well-known to experts, we include them here since we do not know a good reference for
them.

4.1 Gradings

If R is a ring we will indicate by mod—R the category of finitely generated (right) R-
modules. If moreover R is graded, then we will indicate by gmod— R the category of finitely
generated graded R—modules. We stress that by graded we will always mean Z-graded. We
denote by f: gmod—R — mod—R the forgetful functor.

If M € gmod—R then M = @, , M;. For m € Z let M(m) be the graded module defined
by M{m); = M;_,, with the same module structure as M, i.e. f(M) = §f(M(m)). We will
also use the notation ¢gM = M(1). Given two graded R—modules M and N we denote by
Homp (M, N) the set of non-graded homomorphisms. This contains the set Homp (M, N);
of all morphisms which are homogeneous of degree i. Notice that

(4.1.1) Hom (M (i), N)o = Homg(M, N); = Hompg (M, N{—i))o.

A module M € mod—R will be called gradable if it has a graded lift M € gmod—R such
that f(M) = M. If S is another graded module, then a functor F': mod—R — mod—S will
be called gradable if it has a graded lift, that is a functor F': gmod—R — gmod—S such that
fF = Ff.

Given an abelian category A which is equivalent to mod— R for some graded ring R, we will
say that g = gmod—R is a graded version of A.
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We recall the following lemma:

Lemma 4.1.1 (See [Str03al, Lemma 3.4] and [Bas68|, 2.2]). Let R and S be any rings. There
s an equivalence of categories

right-exact, compatible with
{ direct sums functors } +—— R—(g)mod—S
(g)mod—R — (g)mod—S

F+— F(R)
eR¥p X +—1 X

(4.1.2)

The Grothendieck group

We recall the definition of the Grothendieck group of an abelian category:

Definition 4.1.2. Let A be an abelian category. Its Grothendieck group K(A) is the quo-
tient of the free Z—module on generators [M] for M € A modulo the relation [B] = [A] +[C]
for each short exact sequence A — B — C.

If the category A is graded then K(A) becomes a Z[q, ¢~ ']-module under ¢[M] = [¢M] =
[M(1)]. For an abelian graded category A we let moreover

(4.1.3) KD (A) = C(q) @g1q.q-1) K(A).

4.2 The BGG category O

Let us fix a positive integer n. Let gl,, = gl,,(C) be the general Lie algebra of n x n matrices
with the standard Cartan decomposition gl,, = n~ @ h & n* and let b = h & nt be its
standard Borel subalgebra. We will indicate by A C h* the set of integral weights of gl,, and
by AT C A the set of integral dominant weights. We let p € A be half the sum of the positive
roots.

Definition 4.2.1. The BGG category O = O(gl,,) = O(gl,,,b) [BGGTG] is the full subcate-
gory of U(gl,)—modules which are:

(01) finitely generated as U(gl,,)-modules,

(02) weight modules for the action of h with integral weights,
(03) locally nt—finite.

We stress that we consider only modules with integral weights. The category O is Artinian
and Noetherian and has enough projective objects. We recall some standard facts on the
category O; for more details we refer to [Hum08].

Highest weight modules. For each integral weight A € A let Cy be the one-dimensional h—
module with generator 1) and action given by h-1, = (A, h)1,. By extending the action by
zero to nt, we can consider Cy as a b-module. One defines then the Verma module M (\)
with highest weight X\ to be

(4.2.1) M(X\) = U(gl,) ® Cy.

The module M (A) has a unique simple quotient, which we denote by L(\). The objects
{L(X) | X € A} form a set of representative of isomorphism classes of simple objects in O.
For each A € A we denote by P()) the projective cover of L()).
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Block decomposition. Consider the dot action of the Weyl group S,, on A C b*, given by
w- A =wA+p)—pfor A € A. Two simple objects L(X), L(p) are in the same block of
O if and only if A and p are in the same S,—orbit under the dot action. For an integral
dominant weight A € AT we let O, be the block of O containing L(\). We have then a block
decomposition O = @+ Ox. For a weight A € A let Sy C S, be its stabilizer under the
dot action. The weight A is called regular if Sy is the trivial group, otherwise it is called
singular. The block O is called regular (or singular) if A is regular (respectively, singular).

Highest weight structure. Each block O, is a highest weight category ([CPS88]), where the
poset of weights is the set of shortest coset representatives (Sn /g)\)ShOrt equipped with the
Bruhat order; the standard modules are the Verma modules M (u) for p € S, - A.

Translation functors. Consider two weights A, u € AT. The translation functor Th: Oy — O,
is defined by

(4.2.2) TX(M) = pr,(M ® E(u— \))

where pr, is the projection onto O, and E(u — A) is the finite-dimensional gl,,—module
with extremal weight p — A. Translation functors are clearly exact. Moreover, the couple
(T%, ']T;}) form a pair of adjoint functors. If A and p are weights with stabilizers Sy, S,, with
Sy C S,, we will use the expressions translation onto the wall and translation out of the wall
to indicate the translation functors T4 and Tf; respectively (notice that in the literature
these expressions are often used only when A is regular).

4.3 Soergel’s theorems

Soergel’s theorems, which we now briefly recall, give a description of blocks of O via commu-
tative algebra. Let R = C[zy,...,x,] be the polynomial ring in n variables. The symmetric
group S,, acts on R by permuting variables. We denote by Ri" C R the ideal generated by
symmetric polynomials without constant term. Then we have:

Theorem 4.3.1 ([Soe90, Endomorphismensatz 3]). Let A € A" and let wy be the longest
element of (Sn/gA)Short. Then there is an isomorphism of algebras

s
(4.3.1) Endo (P(w) - \) = (R/(RS))™.
The algebra R/ (Ri") is called the algebra of the coinvariants; we will denote it by B. We

denote its invariants under Sy by B* = BS».

Thanks to (4.3.1)), one can define the functor V = Vy = Homg (P(wy-A), - ): Oy — B*—mod.
We have then:

Theorem 4.3.2 ([Soe90, Struktursatz 2]). Let A € AT be an integral dominant weight. The
functor Vy is fully faithful on projective objects. That is, Vy induces an isomorphism

(4.3.2) Homgp (P, Q) — Hompx (VA P, V,Q)
for all projective modules P,Q € O.

Translation functors and the functor V are related by the following:

Theorem 4.3.3 ([S0e90, Theorem 10]). Let A\, u € AT with Sy CS,,. Then we have
(4.3.3) VT ZreshVy  and  V,\T) = B*®p. V,,

where resi: B*~mod — B*—mod and B* ®pgu : B*—mod — B*—mod are the restriction
and extension of scalars respectively.
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4.4 Graded version

Let A € AT, and let Z()\) = @megn/&
Set Ay = Endp(Z(X)). Then we have an equivalence of categories

P(z - \) be a (minimal) projective generator of Oy.

0y — mOd—A)\

(4.4.1) M — Homg (2 (\), M),

see [Bas68, Theorem II.1.3]. Notice that

(4.4.2) Ay =Endo(#(\) = @ Hompg(VP(x-A),VP(y- )
,y€5n /5,
We consider now R as a graded ring with degz; = 2 for all ¢ = 1,...,n. Since the ideal

Ri_“’ is homogeneous, B is also graded. Since the invariants are generated by homogeneous
symmetric polynomials, all B* for A\ € AT are graded rings. Moreover, it is not difficult to
see that for A € AT all VP(z - ), z € (Sn/SA)ShOrt can be considered as graded B*-modules
(see [Str03al Theorem 2.1] and [BGS96]). We adopt the following usual convention: when
we regard VP(x - \) as graded module, its highest degree is ¢(x). We can then consider the
algebra Ay as a graded algebra, and define the graded category 2o, by

(4.4.3) 20y = gmod—A,

This grading is natural in the sense that it is the unique Koszul grading on O,. Details can
be found in [Soe00] and [BGS96].

In [Str03a] it is proved that projective, simple and Verma modules are gradable. We take their
standard graded lifts to be determined by requiring that the simple head is concentrated
in degree 0. In particular notice that we have a decomposition of graded modules Ay =
D, €(Sn/5,)"" P(x-\), and the idempotent projecting onto P(z-\) is homogeneous of degree

Graded translation functors

Let A\,u € AT. Then the translation functors Tﬁ corresponds to ® ® 4, T,’}@(u) > e®y,
Homg (2 (X), T) 2 (1)).

Let now A, u € AT with S, C Sy. By Theorem it follows that under the equivalence of
categories (|4.4.1])

(4.4.4) TY corresponds to e ®4, Hompu (VZ(u), resh V2 (N)),
(4.4.5) Tﬁ corresponds to e ®4, Homps (VZ2(X), B* @pu V2 (w)).
Hence these functors are gradable. We define their graded lifts to be

(4.4.6) T, = e @4, Hompu (VP (1), resh V2(N)),

(4.4.7) T) = e ®4, Homps (V2(X), B* @pr V2(u)(—L(x0))),

where z is the longest element in (S /g/\)smm. The degree shift is such that Th M (X) = P(p)
and TQM(M) = P(xo - N).

Lemma 4.4.1. We have graded adjunctions

(4.4.8) T) A"y  and  Th +q )T,
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Proof. Tt suffices to check the shifts, hence to verify (4.4.8) on the dominant Verma modules.
We have

¢""0)C = Hom(P(zq - \), M (X)) = Hom(T)P (), M (X))

4.4.9

e = Hom(P(p),¢' " T{M(A)) = Hom(P(n), ¢ P()) = ¢"")C
and

wage) C = Hom(P(n, M) = Hom(TIM(), M(0)

= Hom(M (\), ¢ “")T) M(p)) = Hom(M(X),q~ ) P(zq - \)) = C.

For the first calculation, we used the well-known fact that the composition factor L(zg - \)
appears in M () only once in degree £(x(); for the second one, we used the also well-known
fact that the shifted Verma module ¢¢(¥0) M/ (M) appears at the bottom of the projective
module P(xg - \). O

4.5 Translation functors

We prove now some relations between translation functors in the graded setting.

Lemma 4.5.1. Let \,u € AT and let F1, Fy : Oy — 0, be two right-exact additive functors.
Suppose V,Fy = F{Vy and V, F5 = F3Vy for some functors F{,Fy: By—mod — B,—mod.
If the two functors F| and F} are isomorphic, then so are Fy and Fy. The same holds in the
graded setting.

Proof. Let i = 1,2; by [Bas68| 2.2], the functor F; corresponds to e® 4, Home (22 (1), F; 2 (M)}
under the equlvalence of categories (4 . Now we have isomorphisms of (A, A, )-bimodules:|j

Home (2 (u), F1.2()\)) =2 Hompu (V2 (),

>~ Hompu (VP (1),

(4.5.1) >~ Hompwe (VP (1),
= Hompu (VL (1),

= Homo (2(1), F #(\),

hence the two functors F; and F, are isomorphic. O

Multivalent vertices. The following corresponds to (3.3.2c) and (3.3.2d)):

Proposition 4.5.2. Let A\, j1,y € AT and suppose Sy € S, C S,. Then T)TY = T} and
TAT# = T).

Proof. We use Lemma and the definitions (4 and (4.4.7)) of the translation functors.

First, we have res) res) % resy, hence T) T = 'I[‘AY Second we have
(4.5.2) B* ®pu B*(—{(z0)) ©p~ @ (—L(y0)) = B* @p~+ & (—(£(yo) + £(x0))),

where 2, yo are the longest elements of (Su /S/\)Short and (S, /SM)Short, respectively. Notice that

YoZo is the longest element of (SW/SA)Shm and £(yo)¢(zo) = £(yo) + £(xo). Hence T)TH =

T2. O
¥
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Squares. The following is the counterpart of (3.3.2b))

Proposition 4.5.3. Let A\, u € At with Sy C'S,, and suppose Sy = Sq, X -++ X Sq,, while

(4.5.3) Sy =Sa; X -+ X Sa, | X Sa;taiss X Sass X o+ X Sq,.

i+1 ai42

Then THT), = [**%+1]id.

a;

Proof. Let zy be the longest element of (Su/s/\)s}mrt. Notice that £(z¢) = a; + a;4+1. By
Lemma it suffices to show that res’;B’\ ®pu ® (—(a; + aj41)) = [‘”Z‘?“]B“ RBu
e. Equivalently, it suffices to show that B* is free as left B*-module of (graded) rank
gitaits [Hitain] = [“i+‘“+1]0. This follows directly from [Willll, Lemma 4.2, (1)] (see also

a; a;

[Dem?73l Théoreme 2, (c)]). O

Isotopy invariance. Let now n/,n” > 0 with n = n’ +n”, and consider the Lie algebras gl,,,
and gl,,,» with standard Cartan subalgebras b’ and h”. Consider the inclusion gl,,, & gl,,,» C
gl,,, so that h = b’ ® h”. Given a weight X\ for gl,, and a weight X" for gl,,.,, let us denote
by M @& X\’ the weight for gl,, whose restriction to ' is A’ and to h” is A”. Then we have:

Proposition 4.5.4. Suppose X, ' are integral dominant weights for gl,, and N, u" are
integral dominant weights for gl,... Suppose that either Sy» C S, or Sy» D S, and either
Sy C S#// or Sy D SH”‘ Let

(454) )\ — A/ EB)\H7 71 — )\/ @‘u//’ 72 — lu/ @ AN, /J, — lu/ @‘u//.

Then T%, T} = T4, T?.

Proof. By Lemma [4.5.1] and Theorem we need to check some commuting relations
between restriction induction functors . If either Sy» C S, and Sy C Sy, or Sy DSy
and Sy» D S, then this is obvious, since restriction functors commute with restriction
functors, and induction functors commute with induction functors. So suppose Sy, C S,; and
Sa D S, (the remaining case is analogous). Then we need to check that for M € B*—gmod
we have a natural isomorphism of B¥~modules rest) B ®px M = B" @px res,” M. Recall
that B is free as left B#—module (cf. the proof of Proposition ; choose a basis £ =
1,&,...,&n € B". By our assumptions it follows immediately that this basis can be chosen
in B N B* (since BN®X' ~ BN g BAH). Then the isomorphism is given by

B’Yl ®Bk M % B'u ®B’72 M

(4.5.5)
(& + -+ bNEN) M — b @Em+ -+ by @Eym

Its inverse is just b ® m +— b ® m. O

Braid relation. Fix now a regular weight A € AT. Let s; € S,, be a simple reflection and
choose a dominant weight ¢ € A™ such that the stabilizer S, is the order two subgroup of S,,

generated by s; (p is sometimes called semi-regular). Let us denote by 0; = 6, : 2o, — 2o,
the composition ’]Tf;']I";. If we set B, = Bs;, = B ®ps: B then

(4.5.6) 0; = e @4, Homps (VZ(N), B; @ VZ(N)).

It follows that the functor 8; does not depend on the choice of i (up to natural isomorphism).

The following result is standard (cf. [Soe92]):
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Proposition 4.5.5. The functors 0; satisfy the relations

(4.5.7) 0;0; = 0;0; if |1 —j| > 2
(4.5.8) 0;0i110; ® b;41 = 0,110,011 ® 0.

Proof. Tt follows from Lemma that it suffices to check that

(4.5.9) B; ®p B; = B; ®p B; if [i —j] >2
(4.5.10) B; ®p Biy1 ®B B; @ Bi11(2) = Biy1 ®p B; ®p Bi11 @ Bi(2).

This is well-known (see for example [EK09, §2.3]).
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CHAPTER

Subquotient categories of O

We define now the subquotient categories of O which we will use for the categorification. This
chapter is purely Lie theoretical and is the technical heart of this part. We will start with
a quick reminder about Serre quotient categories (§5.1). We will then give two equivalent
definitions of the subquotient categories O} P (nd and describe their properly
stratified structure. Finally, in §5.4] and we introduce and study the functors between
these categories that we will use for categorifying the action of U, and of the intertwining
operators in the next chapter.

5.1 Serre subcategories and Serre quotients

Let A be some abelian category which is equivalent to the category of finitely generated
modules over some finite-dimensional C—-algebra. Let L(A) for A € A be the simple objects
of A up to isomorphism. For all A € A let P(\) be the projective cover of L(\). Let P =
@,ca P(N) be a minimal projective generator and let R = End4(P). Then we have an
equivalence of categories

(5.1.1) A = mod—R

via the functor Homy (P, ). We recall some standard facts about Serre subcategories and
Serre quotient categories of A.

Serre subcategories

A non-empty full subcategory § C A is called a Serre subcategory if it is closed under subob-
jects, quotients and extensions. For each subset I' C A define Sr to be the full subcategory
of A consisting of the modules with all composition factors of type L(v) for v € T'. Then
Sr is obviously a Serre subcategory of A. Let It be the two-sided ideal of R = End4(P)
generated by all endomorphisms which factor through some P(n) for n ¢ I'. Notice that if
we let ey for A € A be the idempotent projecting onto End4(P()\)) C R and ef = 2 ngr €n

then It = Re#R. Then

(512) SF = mod—R/Ir.

49



50 5.1. Serre subcategories and Serre quotients

A complete set of pairwise non-isomorphic simple objects in 8r is given by the L(v)’s for
~v € I" and each of them has a projective cover Ps.(7) in Sr, which is the biggest quotient
of P() which lies in Sr.

Serre quotients

Given a Serre subcategory 8 C A as above one defines the quotient category A/8 to be the
category with the same objects of A and with morphisms

(5.1.3) HomA/S(M,N):H_I}nHomA(M/,N/N')

where the direct limit is taken over all pairs M’ C M, N’ C N such that M/M’' € § and
N’ € 8. The quotient category turns out to be an abelian category, and comes with an exact
quotient functor @: A — A/8 (see [Gah62]).

Also in this case, we have an equivalence of categories
(5.1.4) A/8p = mod— End 4 (Pf),

where Pt = P see for example [AM11l Proposition 33]). The quotient functor
T neA—r 4771

is @ = Homy(Pz,e). In particular, we can deduce from (5.1.4)), the abelian structure of
A/8r. Notice that End (Pi) = e Refr where efr = > eA-T €y

A complete set of pairwise non-isomorphic simple objects in A/8r is given by the L(n)’s for
n € A — T, with projective covers P(n).

Presentable modules

Let € be an additive subcategory of the abelian category A. We define the category of C—
presentable objects to be the full subcategory of A consisting of all objects M € A having a
presentation

(5.1.5) Q1 — Qo —» M

with @Q1,Q2 € C. Now suppose as before A = A—mod for a finite-dimensional algebra A.
Given a projective module P € A—mod we let Add(P) be the full subcategory of A—mod
consisting of all modules which admit a direct sum decomposition with summands being
direct summands of P, and we consider the category Add(P) of P—presentable or Add(P)-
presentable modules. By [Aus74, Proposition 5.3], the category Add(P) is equivalent to
mod— End 4 (P). In particular, if P = P& as in , then we have

(5.1.6) Add(P) = mod— Enda(Pf) = A/Sr.

Notice that this gives an equivalence between the quotient category A/Sr and a full subcat-
egory of A.

REMARK 5.1.1. If M, N € A/8r then by definition M and N are also object of A and we
can consider both the homomorphism spaces Hom 4 (M, N) and Homy /s, (M, N): they are
in general different. But notice that if M and N, as objects of A, are Pf—presentable, then
the two homomorphism spaces coincide by . In the following, we will almost always
consider objects of Serre quotient categories which are also presentable.
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5.2 Subquotient categories of O

Let us fix a positive integer n. Let gl,, be the general Lie algebra of n x n matrices with the
standard Cartan decomposition gl,, =n~ @ hSnt and let b = h®n™ be the standard Borel
subalgebra. We denote by O the BGG category O(gl,,) and by 20 its graded version.

Parabolic category O

Given a standard parabolic subalgebra p C gl, with Levi factor [, let O be the full sub-
category of O consisting of modules that, viewed as U(I)-modules, are direct sums of finite-
dimensional simple [-modules. Let W, C S,, be the standard parabolic subgroup correspond-
ing to p, and let WP be the set of shortest coset representatives for W,\S,,. Then O is also
the full Serre subcategory of O generated by the simple objects L(z - A) for A dominant and
x € WP such that Sy C WP. Let P?(x - \) be the projective cover of L(x - A) in O and
let MP(\) be the corresponding parabolic Verma module. The block decomposition of O
induces a block decomposition 0¥ = @, 05.

Let A € AT with stabilizer Sy, and recall that Oy =2 mod—A,. Let epL € Ay = End(Z()\)) be
the idempotent projecting onto the direct sum of the projective modules P(z-\) for x € S,
such that S, € WP. Then End(Z£*()\)) = AA/AAeﬁ-AA and OF = mod—(AA/AAef;AA).
Since the idempotent ef; is homogeneous, the latter quotient algebra inherits a graded struc-
ture. In particular, there is a graded version 2O = gmod— (A)\/A)\ef;AA).

Generalized parabolic subcategories of O

Let now p,q be two orthogonal standard parabolic subalgebras of gl,, (by orthogonal we
mean that the corresponding subsets Il,, I, of the simple roots II of gl,, are orthogonal; this
is equivalent to imposing that p 4 q is also a parabolic subalgebra of gl,, and pNq = b). Let
Wy, Wy be the corresponding parabolic subgroups of the Weyl group S,,. Note that, since p
and q are orthogonal, W, x W} is also a subgroup of S,,. Consider the general Lie algebras
gl,, g, C gl, with Weyl groups W), and W respectively, so that p = gl, +b and q = gl +b.

Following [MS08a], we let:

e PP be the additive semisimple subcategory of O(glp) generated by the dominant simple
module L(0).

o Py = Add(P(wq - 0)) be the additive subcategory of O(gl,) generated by the anti-
dominant indecomposable projective module P(wq - 0), where wq € Wy is the longest
element;

Let also P, be the category of Pyq—presentable modules (cf. 5.)

REMARK 5.2.1. The category ﬁq is equivalent to the category of finitely generated modules
over the endomorphism algebra of a projective generator of Py (see §5.1)), and therefore is
an abelian category. In particular, if Wy = S, then by Theorem he category Py is
equivalent to the category of finitely generated modules over the algebra of the coinvariants
R/(Ri"'), where R = Clxy,...,2;]. On the other side, the category P* is equivalent to
C—mod.

Let a = apq = (gl, ® gly) + b and define ny,4 by p +q = a © ny, 4. Taking the external
tensor product we obtain a subcategory PP &?Tq of (g[p @ g[q)fmodules. Extending the action
by zero, we can consider this as a category of a—modules. Let fPE be the additive closure of
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the full subcategory of a-modules which have the form £ ® P, where F is a simple finite-
dimensional a-module and P € PP X ?q is a projective object. Finally, let AE = fPE be the
category of Tﬂfpresentable a—modules. In other words, Tg is the additive closure

(5.2.1) (F® (L(0) X P(wq -0)) | Eis a simple finite-dimensional a-module)
and A} = PP,

Definition 5.2.2. We define O{p + q,Ah} to be the full subcategory of gl,,~modules that
are:

(1) finitely generated;
(2) locally nyyq—finite;

(3) direct sum of objects of A§ as a—modules.

The categories O{p + q,.ﬁlg} fall into a more general family of categories that were first
introduced in [FKMO02| (called generalized parabolic subcategories of O) and then generalized
in [Maz04]. Our definition follows [MS08al, and in particular is a special case of [MS08al
Definition 32]. Notice that the category Aj is admissible (in the sense of [MS08al, §6.3]) by
[MS08al, Lemma 33]. However, in [MS08al only the trivial block is studied, while we will be
interested also in singular blocks.

REMARK 5.2.3. Notice that if ¢ = b is trivial then by definition O{p, A}} is the parabolic
category OP.

Lemma 5.2.4. The category O{p + q, AL} is a subcategory of OF.

Proof. Conditions |(2)| and |(3)| together imply that modules of O{p + q, A}} are locally n*-
finite; condition also implies that modules of O{p+q, A} are weight modules for b; hence

O{p+q,A}} is a subcategory of O. By condition |(3), moreover, objects of O{p + q, A%} are
direct sums of finite-dimensional simple gl,~modules. Hence O{p + %AE} is a subcategory
of OF. O

It follows in particular that the block decomposition OF = @, O} induces a direct sum
decomposition

(5.2.2) Ofp+a,A5} = P Ofp +q, AP .
A

Lemma 5.2.5. We have the following inclusions of full subcategories:
(i) if p' Cp then O{p +q, AR} C Ofp' +q,Af };
(ii) if ' C q then O{p +q,A5} C O{p +q', AL }.

We warn the reader, however, that the second inclusion will not be an exact inclusion
of abelian categories (once we will have defined the abelian structure on the categories

O{p + q, A}, see §5.3).

Proof. Let M € O{p + q,A}}. By definition, M is finitely generated and locally n*—finite.
Write M = @, M, as an a,,q-module, with M, € AE. Let P, —» Qo — M, be a fPsf
presentation of M,. Considering this as a sequence of a,/4,—modules (respectively, a,4q—
modules), we see that it is enough to show that
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(i) every object of fPfl decomposes, as an ay/4q—module, into a direct sum of objects of
P
U
(ii) every object of inI decomposes, as an ay4q-module, into a direct sum of objects of
PP,
q

Since|(i)|is straightforward (every object of P} is, as an ay 4 q—module, an object of fPE/), let us
verify For this it is enough to check that, for every dominant integral weight A of gl, the
anti-dominant projective module P(wq-A) € O(gl,) decomposes, as a gly,—module, as direct
sum of objects of type E ® P(wg - p) for some weight p of gly and some finite-dimensional
gly—module E. This follows because O(gly) > P(wy - A) = U(gly) ®@qngr, P(wg - Mg, )
and P(wq - A) can be obtained from P(wq - ) in O(gl,) by tensoring with finite-dimensional
modules. O

5.3 The parabolic category of g-presentable modules

We will give now another definition of the blocks of O{p + q,.A}}. Let A be a dominant
integral weight for gl,, with stabilizer Sy under the dot action. Define

(5.3.1) AN = {x € (Sn/sy) ™"

xSy C we
eSANw W4 @ |

Notice that wqW9 is simply the set of longest coset representatives for Wq\S"~ When we
omit p or q from the notation, we assume them to be the Borel b. If A is regular then in
particular A§(\) = {wqz | @ € WPT9} is the set of elements of S,, that are shortest coset
representatives for WP\S" and longest coset representatives for yy q\Sn. Let

(5.3.2) 'V = @ PN

zeAf(N)

and as in §5|let Add(Z§(\)) be the full subcategory of O consisting of all modules which
admit a direct sum decomposition with summands being direct summands of 22} ().

Definition 5.3.1. We define the category OYIP™ to be the full subcategory of O which
consists of all Add(2§(\))-presentable modules.

As we already spoiled, these categories coincide with the generalized parabolic categories we
defined in the previous section:

Proposition 5.3.2. For all integral dominant weights X\, the categories O{p + C],AE}A and
OP TP coincide.

Proof. First we show the inclusion O™ C O{p + q,.Af} . Consider the indecomposable
projective module PP (wq-A) in O%. Let L(Algr, )WP(wq-Algr,) € O(gl,) denote the (gl, ®glg)-
module obtained as external tensor product of the finite-dimensional simple gl,~module
L(Algt,) € O(gl,) and of the anti-dominant indecomposable projective module P(wq-Algr,) €
O(gl,)- Consider it as an a-module by extending the action to h with the weight A, and then
as a (p + q)-module by letting n, 4 act by zero. By the analogue of the BGG construction
of projective modules in O [BGGTE], we have

(5.3.3) PP(wq - X) = U(gl,,) ®p+q (L()‘|gf,,) X P(wg - )‘lﬂlq))'
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Since U(gl,,) decomposes as direct sum of finite-dimensional modules for the adjoint action of
gl,©gly, it follows that (5.3.3)), as an a-module, decomposes as direct sum of objects of Pi. By
tensoring ((5.3.3) with finite-dimensional gl,,—modules we can obtain all projective modules
PP(z - A) for x € A§()); since Pj is closed under tensor product with finite-dimensional
modules, it follows that each PP(z - A) for z € A§(\) decomposes as direct sum of objects
of P§. Now, if M € OYTP™ then we have a presentation Q1 — Q2 — M with Q1,Q2 €
Add(2](N)). Considering this as a sequence of a-modules, it follows that M decomposes

as a direct sum of objects of A = ?;’ and hence M € O{p + q, Af}\.

Now let us show the other inclusion O{p + q,Aj}\ C OYIP™ Let M € O{p + q, Af}\.
By Lemma we have M € Oi. As an a—module, M is generated by elements of weight
x - A with sz < z for any simple reflection s € Wy (i.e. - A is an anti-dominant weight for
g[q). Of course this is also true as a gl,,~module. Hence the projective cover @) of M in Oi
is an element of Add(Z§()\)). Let K = ker(Q — M) in O, and consider the short exact
sequence K — @ — M as a sequence of a—modules. Since all objects of .AH are finitely
generated, we may assume (taking direct summands) that K < @ — M is a short exact
sequence of finitely generated a—modules, that is, we can suppose M € AE and, by the first
paragraph, @ € fPf,. We can write Q = Qnr ® Q' where Q) is the projective cover of M,
and K = Q' @ ker(Qun — M). Since M € Al, we have a presentation Ppy — Qpr — M
with Ppr, Qnr € fPE, hence we have a surjective map Py — ker(Qu — M) and therefore a
surjective map P’ — K for some P’ € Pj. Since as an a-module P’ is generated by elements
of weight - A\ with sz < x for any simple reflection s € W, the same holds for K. Hence we
can apply the same construction we did for M to K and get a presentation P — @Q — M
with P,Q € Add(2¢(N)). O

In particular, for p = b and A = 0 we get the category OJ™"* of [MS05]. The results of
[MSO05, Section 2] carry over to the case of an arbitrary integral weight A. In particular, we
have:

Proposition 5.3.3. The category O™ is an abelian category with a simple preserving

duality and is equivalent to End(Z4(\))—mod. For x € Aq(X\) the modules P(x - \) are
obviously objects of OJP**. Fach P(z - \) has a unique simple quotient S(z - \) in OJ ",
and the S(x - X) for x € Aq(X) give a full set of pairwise non isomorphic simple objects of
oi—pres'

We want to extend these results to the general case p # b. First, let us recall the definition of
the Zuckermann’s functor 3: O — OP. Given M € O, the object 3M is the biggest quotient of
M that lies in OP. The functor 3 is right exact and 3P(x - \) = PP(z - A) for each A € AP()).

p,q-pres q-pres
O)\ O)\

Lemma 5.3.4. The category coincides with the full subcategory of objects of

that are in Oi.

Proof. Since both are full subcategories of O(gl,,), we need only to prove that they have
the same objects. Let M € OP™ N Of and consider a presentation P — Q — M — 0
with P,Q € Add(Z())). Applying ; yields a presentation 3P — 3Q — M — 0 with
3P, 3Q € Add(22] (V).

The other inclusion follows by Proposition [5.3.2] and Lemma [5.2.5 O

-pres

Lemma 5.3.5. The category OY'%P™ is the Serre subcategory of O3
simple objects S(z - \) for x € A§(N).

generated by the
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Proof. First let us prove that S(z-\) € 037" isin OF if x € AJ()). Let P — Q — S(z - \)
be a presentation of S(x - ) with P,Q € Add(Z;). Applying the Zuckermann’s functor
3 yields a presentation of 35(z - A) with 3P,3Q € Add(Z). Since 3P(z - A) # 0 (because
L(x - \) is a quotient of P(z - \) in O) and S(z - ) is a quotient of P(x - A), it follows that
3S(z - A) # 0. On the other side, 3S(z - ) € 07P™ by Lemma [5.3.4 But 3S(z - \) is a
non-zero quotient in Q%P of the simple module S(x - A), hence 3S(z - A) = S(z - A). It
follows that S(z - A) € O} TP,

On the other side, if € Aq()\) but = ¢ A§()), then clearly S(z-\) ¢ 0. Since 0% is closed
under extensions, it follows that the objects of O™ that are also in OF are exactly the
objects whose composition factors are of type S(z - A) for x € A§(N). O

It follows that the modules S(z - \) for z € A§(\) give a full set of pairwise non-isomorphic
simple objects of OF%P*. Moreover, the projective cover of S(x - A) is PP(z - A).

The graded abelian structure

The category O TP is equivalent to the category of finitely generated (right) modules over
End(22§ (\)):

(5.3.4) O TP = mod— End (2§ (N)).

Via this equivalence we can define on O 7P a natural abelian structure. However, as we

already pointed out, this abelian structure is not induced by the abelian structure of Oy.

The algebra End(Z}()\)) can be obtained from Ay = End(Z?())) in two steps. First, let
ey € End(2())) be the idempotent projecting onto the direct sum of the projective modules
P(x - \) for 2 ¢ AP(X). Then End(2* (X)) = Ax/AxeP Ay. Moreover, let &; € Ax/Axe; Ax
be the idempotent projecting onto the direct sum of the projective modules P?(z - A) for
HASS As(/\) Then End(ﬁg()\)) = Eq(A)\/A)\epLA)\)Eq.

By Lemma the two steps can be done also in the inverse order: let e; € Ay be the
idempotent projecting onto the direct sum of the projective modules P(x - \) for € Aq()).
Then End(Z4()\)) = eqAxeq. Moreover, let f,f‘ € eqAyeq be the idempotent projecting
onto the direct sum of the projective modules P(x - ) for z ¢ A§()\). Then End(22§(\)) =
(eqAreq)/(eqAxeqfy-eqAxeq). It follows that

(5.3.5) (quAeq)/(quAeqf;‘qukeq) = éq(A)\/A,\ef;AA)éq.

As far as we understand, this is not a trivial result, but instead a consequence of Lemmal5.3.5

Recall from that the algebra Ay has a natural grading. Since the idempotents ef; and
e, are homogeneous, this induces a grading on the algebra (5.3.5)). Summarizing, we have:

Proposition 5.3.6. The category O™ is equivalent to the category of finitely generated

right modules over a finite-dimensional positively graded algebra.

We will denote by “O% %P the graded version of O%%P™ that is the category of finitely
generated graded modules over the algebra . We remark that the techniques of [Str03a]
ensure that simple and indecomposable projective modules are gradable, both as objects of
Oy and of OF%P™ (although the grading is different). We take their standard graded lifts
to be determined by requiring that the simple head is concentrated in degree 0.
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The properly stratified structure

The results of [MS05, Section 2] extend to the categories O, Let us briefly sketch them.

As in [MS05, Proposition 2.6], one can define a simple-preserving duality on O%P". Alter-
natively, one can observe that Ay is a symmetric algebra (and this induces the duality on
0) and then prove the following;:

Lemma 5.3.7. The algebra (5.3.5)) is a symmetric algebra; this induces a simple-preserving
duality on O% 7P,

The module PP (z - \) is the projective cover of S(z - A) in O TP, Given two modules M,
N the trace of M in N is defined to be Tras N = {J;. 5, 5 Im f. Then we have S(z - A) =
PP (z - )\)/Trg,g(/\)(rad PP(x - X)) as gl,~modules. Let P?(< x) = @,,_, PP(w - \) and set
Az - X) = PP(x - X)/ Trpp(<q) PP(x - X). As in [MS05, Lemma 2.8], one can show that the
modules A(x - \) satisfy a universal property, and as in [MS05], Proposition 2.9] this can be
used to show that

(5.3.6) Az X) 2 U(gl,) @prq PO (- N),

where P(®) (- )\) is the projective cover in OP7%(a) of the highest weight module with highest
weight x - A. Moreover, one can define

(5.7 Ko X) 2 U(gl,) @prq SO (- A,
where S(®)(z - )) is the simple module in A} with highest weight @ - \.

We recall the definition of a graded properly stratified algebra in the sense of [Maz04] (see
also [FKMO02], [Fri07]).

Definition 5.3.8. Let B be a finite-dimensional associative graded algebra over a field K
with a simple-preserving duality and with equivalence classes of simple modules {L(\)(j) |
X € A,j € Z} where (A, <) is a partially ordered finite set. For each X\ € A let:

(i) P(X) denote the projective cover of L()\),
(ii) A(X) be the mazimal quotient of P(X) such that [A(X) : L(p)] =0 for all pn > A,
(iii) M(N) be the mazimal quotient of A(X\) such that [rad A(N) : L(p)] = 0 for all = .
Then B is properly stratified if the following conditions hold for every A € A:

(PS1) the kernel of the canonical epimorphism P(X) — A(X) has a filtration with subquo-
tients isomorphic to graded shifts of A(u), p = A;

(PS2) the kernel of the canonical epimorphism A(X) — B(X) has a filtration with subquo-
tients isomorphic to graded shifts of A(N);

(PS3) the kernel of the canonical epimorphism A(X) — L()\) has a filtration with subquo-
tient isomorphic to graded shifts of L(u), u < A.

The modules A(i) and A(i) are called standard and proper standard modules respectively.
The same argument of [MS05, Theorem 2.16] gives:

Theorem 5.3.9. The algebra End(2} (X)) with the order induced by the Bruhat order on
A (N) is a graded properly stratified algebra. The modules Az - \) and A(z - X) are the
standard and proper standard modules respectively.

It is easy to show that also the modules A(x-\) and A(z-\) are gradable. Again, we choose
their standard lifts by requiring the simple heads to be concentrated in degree 0.
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5.4 Functors between categories O}

We conclude this section examining the natural functors that can be defined between the
categories we have introduced. In particular, for p’ D p and q' O q we will define functors

3 Q
Zp,q-pres — > Z qp’,q-pres Z «p,q-pres Z\b,q’-pres
O)\ - O)\ and O)\ O)\
j i

Zuckermann’s functors

Suppose p’ is also a standard parabolic subalgebra of gl,, with p’ C p. Let us fix an integral
dominant weight A\. We have then an inclusion functor j: Of\ — Oi. Since the abelian

pres p’,q-pres
— 0 ,

.5l we see that this restricts to an exact functor j: Oi’q'

structure of OF is the restriction of the abelian structure of O’;', this is an exact functor.
Using Lemma

which is just the inclusion functor of the Serre subcategory 07" into O'j\,’q'pres.

The left adjoint of j: OF — O is the Zuckermann’s functor 3 O’;\' — O’;, defined on M € O'j\/
by taking the maximal quotient that lies in O‘;. The functor j3 is right exact, but not exact

in general. Being right exact, 3 sends a presentation P — @ — M with P,Q € Add(Z§ /(/\))
to a presentation 3P — 3Q — 3M of 3M with 3P,3Q € Add(Z}(\)), hence it restricts to a

;
functor 3: OF 9P — O IPTES,

Notice that the definitions of j and 3 make sense in the graded setting too, hence we have
also adjoint functors

3
(5.4.1) Zol}’\/vq—pres C Zotj\yq—pres'

j

Coapproximation functors

Suppose that ¢’ is another standard parabolic subalgebra of gl,, with ¢’ C ¢q and let us fix
an integral dominant weight A. According to Lemma [5.2.5] we have an inclusion functor

i: OpTPres Of\’q/'pres. This is right exact but not left exact in general (cf. [MS05, Example
2.3] for an example).

Its right adjoint Q: O‘;\’q/'pres — OF TP s called coapprozimation, and can be described Lie
theoretically as follows. Take M € O P™ and let p: Q — Tr gp (1) (M) be a projective
cover in O’;\’q"pres (notice that 22§ ()) is a direct summand of 2%, (A) and in particular an

object of Oi’q/_pres). Then define Q(M) = Q/Trgp(y(kerp). It is easy to notice that Q

is just a Serre quotient functor, and hence it is exact; indeed, it corresponds under the

equivalence of categories (5.3.4) to Homop,qr_p,.esL@f]J (M), e). Tts left adjoint i corresponds
A

then to the induction functor e @g,q(mp (r) End(ﬂg, (A). In particular, there are graded
lifts

(5.4.2) i = o @puq(zp () Bnd(ZE, (V) PORTPe — BoRaPres

(543) 0 = HomZOiwq,_pres((@g(/\)’ .): ZO);\JI -pres Zolj\ﬂ'pres.
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To compute the action of Q on proper standard modules, we will need the following easy
fact:

Lemma 5.4.1. Let ¢ C q and let w € Ag,()\). Then there exists a unique x € Wy such that
zw € AF(\) and ((zw) = £(z) + L(w).

Proof. Let Sy be the stabilizer of the weight A. Since p is orthogonal to q, we may assume
p = b. Moreover, since Aq/(A) C (Sn /gA)Short, it is clearly sufficient to prove the result for

w € (Sn /S)\)Short. Then the lemma is simply a statement about double cosets. Let z be
the shortest element in the double coset W wSy. Then all shortest coset representatives for
Sn/gA contained in WywSy can be obtained as yz for y € Wy (and in particular w = y; 2

for y1 € Wy). Let yo € Wy be the shortest element such that yyzSy N (Wq\Sn)long £+ @
(this exists, since this is the unique element such that yozw) is the longest element of the
double coset W,wSy, where wy is the longest element of Sy). Setting « = yoyf1 we get the
claim. O

First, we suppose ¢’ to be the trivial parabolic subalgebra b, and we compute the action of
0 on Verma modules.

Proposition 5.4.2. Consider the coapprozimation functor Q : ZOK — ZOi’q_pres. Let w €
AP(X), and let x € Wy be the element given by Lemma such that zw € A§(N). Then
we have QMP(w - \) = ¢“@A(zw - \).

We will need some preliminary results in the ungraded setting.

Lemma 5.4.3. Suppose w € AP(N), let M (w- ) be a Verma module in Oy and MP(w-)\) be
its parabolic quotient in O. Then for every simple reflection s € Wy such that {(sw) > {(w)
the map MP(sw-\) — MP(w-)\) induced at the quotient by the inclusion M (sw-\) — M (w-\)
18 1njective.

EXAMPLE 5.4.4. Notice that in the statement of the lemma it is essential to assume that the
simple reflection s is orthogonal to the parabolic subalgebra p. As a counterexample when
this is not true, consider the regular block Of(gl;), where p C gl; is the standard parabolic
subalgebra corresponding to the composition (2,1). Then the inclusion M(sq - 0) — M (0)
of Verma modules in O(gl;) induces a map MP(sy - 0) — MP?(0) which is not injective (the
kernel is isomorphic to the simple module L(s2s7 - 0)).

Proof of Lemma[5.4.3 Let vsy, vy be the highest weight vectors of M (sw- ) and M (w - \)
respectively. Then (cf. [HumO08, §1.4]) the inclusion M(sw - ) — M(w - A) is determined
by vsw — fE v, for some k € N, where f,, € n~ is the standard generator of U(gl,)
corresponding to the simple root «,. This indeed defines an injective map because the
Verma modules are free as U(n~)-modules and U(n~) has no zero divisors.

Let gl,, = p®u, . The parabolic Verma modules can be defined through parabolic induction,
hence they are free as U (u,, )-modules (although in general not of rank one). Since the simple
reflection s is orthogonal to the set of reflections Wy, the element f, lies in U(u, ) and the
map on the quotients is again given by multiplication by it. By the same argument as before,
this map has to be injective. O

Lemma 5.4.5. With the same notation as before, coker (MP (sw- ) < MP(w- X)) has only
composition factors of type L(y - \) with sy > y.
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Proof. The inclusion is given by multiplication by ffjs. By the PBW Theorem, it follows
immediately that the cokernel is locally ( f,;“ )ken—finite, hence all its composition factors are

indexed by elements of S,, that are shortest coset representatives for ( s>\Sn. O

Lemma 5.4.6. For everyw € AP()\) and z € Wy such that zw € AP (\) we have ¢“®QMP (zw-}
A)=QMP(w- A).

Proof. Of course, it is sufficient to prove it for a simple reflection s € W,. Then the result
follows from Lemma [5.4.5] if we apply the exact functor Q to the short exact sequence

(5.4.4) qMP(sw - X\) < MP(w-\) - Q. O
Lemma 5.4.7. Let w € Aj(\). Then QMP(w - \) = A(w - \).

Proof. The projective module P?(w - A) has a filtration by parabolic Verma modules in O'f\.
Hence the projective module P¥(w- ) = QPP (w - A) in OF7P" has a filtration by modules
QMP(y- ) fory € AP(N), y S w.

Now the proper standard module A(w-) is defined to be the maximal quotient @Q of PP (w-\)
in O TP gatisfying

(5.4.5) rad@:S(z-A)] =0 for all z < w.

Obviously the quotient QMP(w - A) at the top of PP(w - A) satisfies (5.4.5). Any bigger
quotient contains the simple head of some QM?®(y - \) for y < w. Consider such a y and let
z’ € Wy be the element given by Lemma for y. By Lemma the simple head in
Op-apres of QMP(y - A) is the simple head of QMP(a'y - X), where 2’ € Wy is the element
given by Lemma for y € AP(X); but this is the simple head of QPP (z'y - \), that is
S(z'y- A). Notice that 2’y < w (this follows because y < w and both z'y,w € A§())). Hence
QMP(w - A) is indeed the maximal quotient satisfying (5.4.5)). O

The proof of the proposition follows now easily:

Proof of Proposition[5.4.3. By Lemma we have QMP(w - \) = ¢“®QMP (zw - \) and
by Lemma this is ¢ A(zw - \). O

Using Proposition [5.4.2] it is easy to prove a general result for any standard parabolic sub-
algebra q' with q' C g:

Corollary 5.4.8. Let q' be a standard parabolic subalgebra of gl,, with q' C q and consider
the coapprozimation functor Q: ZO'/’\’C' pres ZO';\’q'pres. Let w € As,(/\) and let x € Wy be
the element given by Lemmal|5.4.1 Then we have QA(w - ) = ¢"@ A(zw - ).

Proof. Let Qg: “0% — ZOi’q/'preS and Qg : 705 — ZOPTP™ he the coapproximation
functors. It follows from the definition that Q o Qg = Q4. By Proposition we have
Qg MP(w-\) = A(w - A) and QuMP(w - \) = ¢“@A(zw - \), and the claim follows. O

Using the coapproximation functor £ we can compute proper standard filtration of standard
modules:
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Proposition 5.4.9. Suppose that q has only one block (that is, Wq = Sy, for some integer k)
and let A be a dominant regular weight. Then for all w € Ag()\) the proper standard filtration
of the standard module A(w - \) € OYIP™ has length k!. In particular, in the Grothendieck

group of “OX TP ye have

k(k—1) -

(5.4.6) [A(w-N)] = ¢ T ;U Aw - N)].

Proof. Since X is regular, w is a longest coset representative for Wq\Sn, hence w = wqw'. It
is well-known that in a Verma flag of the projective module PP(w - A) all Verma modules
MP(zw’ - X) for x € W, appear exactly once. Applying Q, by Proposition we get a
filtration of PP(w-\) in OF¥P™ with A(w- ) appearing exactly k! times. Of course, this is
the part of the filtration that builds the standard module A(w - A). By the Kazhdan-Lusztig
conjecture, in the Grothendieck group of Z©P we have

(647 (PPN = Y IO N+ S aZlg[MP @z ).
zeWy reWy,z2<w’

Applying 9Q and considering only the part of the filtration that builds A(w - \) we get

(5.4.8) [A(w - A\)] = Z D=L EN A (w - M),
zeW,
which is the same as (5.4.6]). O

5.5 Translation functors on Z@Pa-pres

We study now translation functors (cf. Chapter ) restricted to the categories Z@P-a-pres,

Restriction of translation functors
Translation functors preserve the subcategories we have introduced:

Lemma 5.5.1. Giwen two dominant weights A, p, the translation functor T restricts to a
functor T : O'j\’q'pms — OF 3P Moreover, translation functors commute with the functors

jaﬁaiag'

Proof. It follows directly from the definition that tensoring with a finite-dimensional gl,,—
module defines an exact endofunctor of the category O{p + q, Ag}. In particular, the trans-
lation functor T preserves the category O{p + g, AS}

Since j, i are inclusions, it follows that TY commutes with them. By adjunction, it commutes
also with 3, Q. O

Of course we have also the graded version
(551) Tf{ Zo?\,q—pres — Zoz&l‘prcs.

We will need the following easy result to compute the action of translation functors ([5.5.1|)
in the category Z(Opa-pres

Lemma 5.5.2. Let Sy,S, be standard parabolic subgroups of S, with Sy C S,. Then for

every w € (Sn/SA)ShOrt there exist unique elements w' € (Sn/S”)Shm, x € (S;L/S)\)Short such
that w = w'z. Moreover {(w) = L(w') + £(x).
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Proof. The element w determines some coset wS,,, in which there is a unique shortest coset
representative w’. Hence w = w'z for some z € S, with {(w) = ¢(w’) + £(x). Since w €

(Sn/s,)™"" we have £(wt) > £(w) for all t € Sy; but then also £(zt) > £(z) for all t € Sy,
hence z € (Su/g)\)smrt. O

Translation of proper standard modules

Now we compute how translation functors act on proper standard modules.

Translation onto the wall. First, we consider translation onto the wall:

Proposition 5.5.3. Let A\, u be dominant weights with stabilizers Sy, S, respectively, and
suppose Sy C S,,. Let w € A§(N), and write w = w'z as given by Lemma . Then we
have

(5.5.2) TV R(w-A) = g AW - p) if w' € Aj(p),
0 otherwise.

Proof. First, we compute in the usual category O(gl,). It is well-known that translating
a Verma module to the wall gives a Verma module. In fact if we forget the grading then
TAM (w - X) = M(w' - p) (cf. [Hum08, Theorem 7.6]). The graded version can be computed
generalizing [Str03al Theorem 8.1], and is TA M (w - \) = ¢~ @ M (w' - p).

Now since the functors 3 and Q commute with T, using Proposition we have
(5.5.3) THA(w - \) = TAQ3M (w - ) = Q3T M (w - \) = ¢~ “@ QM (w' - p1).
If w' ¢ A§(p) then 3M (w' - p) = 0. Otherwise we get ¢~ “@A(w' - p). O

Translation out of the wall. Now let us compute translation of proper standard modules out
of the wall:

Proposition 5.5.4. Let A\, be dominant weights with stabilizers Sy,S,, respectively, and
suppose Sy C S,,. Then for every w € A} (u) we have

(5.5.4) MhAw-w)= Y, ¢ OHEI R wy - V)],
yG(Su/S/\)aho”

short short

where yo is the longest element of (Su/s,)™™"", and for every y € (Su/s,) the element

xy is the element given by Lemma for wy € AP(N).
Note that w € A§(u) implies that wS, € WP; but as Sy C S,, we have then wySy C W¥,

and in particular wy € AP(X) for all y € (Su /S)\)Short'

Proof. Consider M(w - i) in “O. Then we have
(5.5.5) MM (w-p)] = > ¢ O M(wy - N)].
ve (Su/s,) "

This is well-known in the ungraded setting (see for example [HumO08, Theorem 7.12]); the
graded version follows as in [Str05]. Since the Zuckermann’s functor 3 is exact on modules
that admit a Verma flag, we can apply 3 to both sides of (5.5.5). Hence we get in ZOP:
(5:5.6) MMP (-] = 3 g~ [P (wy - )]

ye (SH/SA)S}MM
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Now we can apply the exact functor Q to both sides. Using Proposition [5.4.2] and the
commutativity of Q with Tf‘t we obtain the claim. O

Translation of projective and simple modules
Now we compute translations of projective modules out of the wall:

Proposition 5.5.5. Let A\, be dominant weights with stabilizers Sy,S,, respectively, and
suppose that Sy C'S,. Then for every w € A§(u) we have in L@p.a-pres.

(5.5.7) TAPP (w - ) = PP(wyo - A)
where yo is the longest element of (SM/SA)ShOYﬂ

Proof. Let P(w - \) € “O. By [Hum08, Theorem 7.11] we have ThP(w - p) = P(wyo - \)
as ungraded modules. By ([5.5.6]), the top Verma module is not shifted under translation,
hence this also holds as graded modules. Applying the Zuckermann’s functor 3 we get
in 0P hence also in Q9P Notice that we get for free that wyy € A5()\) (although it
would be easy to check it directly). O

Using the adjunctions (4.4.8)) we can then compute translations of simple modules onto the
wall:

Proposition 5.5.6. Let A, be dominant weights with stabilizers Sy, S, respectively, and

short

suppose that Sy C S,. Let yo be the longest element of (Su/s,)”". Then for every w €

AE(A) we have in LOP-a-pres

g tWIS(z - ) if w=zyo for some z € Afj(u) €S,
0 otherwise.

(5.5.8) ThS(w - A) = {
Proof. We use the previous result together with the adjunction Tfj B qe(yO)']Tﬁ. For every
projective module P?(z - u) € Z(f)ﬂ’q‘pres we have

(5.5.9) Hom(T)PP(z - 1), S(w - \)) = Hom (PP (z - ), ¢"“) TS (w - A)).

The left hand side is 0 unless w = 2y, in which case it is C, and the claim follows. O



CHAPTER

The categorification

This chapter is devoted to the construction of the categorification of the representations
studied in Chapter We will define the categorification itself in and construct the
action of the intertwining operators in We will prove in that the indecomposable
projective modules categorify the canonical basis. In moreover, we will categorify the
bilinear form . Finally, in §6.5| we will construct the action of the generators of U, on
the categorification.

Notation. For every composition a of some n we fix, once and forever, a dominant integral
weight A for gl,, with stabilizer S, under the dot action. We suppose for future notational
convenience that if n is the regular composition of n then A\, = 0. Fix now a positive
integer n and k € {0,...,n}. If T = {oy,...,an_1} is the set of the simple roots of gl,,, we
let p and q be the standard parabolic subalgebras of gl,, with corresponding sets of simple
roots IIq = {a1,...,ap—1} and I, = {ag,...,an_1}, so that Wy q =Sk xS, CS,,. We
set

(6.0.1) Ar(a) =AP(Na)  and  Qp(a) ="ORTPr,
From now on, for w € Ag(a) we denote by Sg r(w) € Qx(a) the simple module S(w - Aq)
and by Qg x(w) its projective cover PP(w - Ag). We let also Ag k(w) and Ag x(w) be the

corresponding standard and proper standard module. We will sometimes omit the subscripts
k and a when there will be no risk of confusion.

6.1 Categorification of the representation V(a)

In this section we fix a positive integer n and a composition a of n.

Combinatorics of tableaux

Given an integer k with 0 < k < n, a hook partition of shape (n — k, k) is made of a row
of length n — k and a column of length k, arranged as shown in Figure Notice that for
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Figure 6.1: Hook partitions of shape (3,2) and (2,3).

4]

2

Figure 6.2: These are (3,4)-tableaux of type (1,2,2,2). The leftmost tableau is the minimal
one. Notice that only the last one is admissible.

us the box in the corner belongs to the row, but not to the column. If @ = (ay,...,a,) is a
composition of n, a (n — k, k)—tableau of type a is a tableau filled with the integers

(6.1.1) Lo 1,2, 020l L
—— ——
a1 times as times ay times

If we number the boxes of the hook partition of shape (n — k, k) from 1 to n starting with
the column from the bottom to the top and ending with the row from the left to the right,
then the permutation group S,, acts from the left on the set of (n — k, k)-tableaux of type
a permuting the boxes. The stabilizer of this action is Sg.

Define the minimal (n — k, k)-tableau T2 of type a to be the tableau obtained putting
the numbers ([6.1.1]) in order first in the column, from the bottom to the top, then in the
row, from the left to the right (see Figure . Set also

(6.1.2) To(w) = w - T
short and

for each w € S,. Then we can define a bijection w — T,(w) between (Sn/s,)
(n — k, k)—tableaux of type a.

We say that a tableau is admissible if:

(a) the entries in the row are strictly increasing (from left to right),
(b) the entries in the column are non-increasing (from the bottom to the top), | A
as shown in the picture on the right. For an example see Figure [6.2}

Proposition 6.1.1. The bijection

(Sp/Sq)shert &L {(n — k, k)-tableauz of type a}

(6.1.3) s T ()

restricts to a bijection
(6.1.4) Ak (a) PN {admissible (n — k, k)-tableauz of type a}.

Proof. Given w € (Sa /Sa)Shmt, it is enough to observe that the condition is equivalent
to w € WP and the condition @ is equivalent to wSq NwaW1* # @. O
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The Grothendieck group of Q;(a)

Fix an integer 0 < k < n. It follows directly from the Jordan-Hélder Theorem that a basis
of the Grothendieck group K(Qy(a)) as a Z[q, ¢~ *]-module is given by the simple modules
Sa,k(w) for w € Ag(a). Since Qi (a) is properly stratified, the matrix which expresses the
proper standard modules in the basis given by the simple modules is lower triangular (with
respect to the ordering <), with ones on the diagonal. Hence equivalence classes of the proper
standard modules give also a basis. On the other side, the standard modules do not give a
basis over Z[q, ¢'] in general (although they always give a basis of K€(@(Q(a)) over C(q)).

According to Proposition the set Ag(a) is in bijection with the set of admissible
(n — k, k)-tableaux of type a. For w € Ax(a) let v(,) = v € V(a), where

(6.1.5) 0 = {0 if the number ¢ appears in the row of T, (w),

1 otherwise.
We write also v(r, (w)) = V(w).- We can then define an isomorphism

K@ (Q)(a)) — V(a)y

(6.1.6) - 1

[Aayk(w)] — 'U(w).

(V(w)> V(w))a
Notice that if @ = (a1, ..., ar) then for k < n — £ the category Qx(a) is empty. We set
(6.1.7) a)= P ula)

k=n—{
and we get an isomorphism

(6.1.8) K®9(0(a)) = V(a).

6.2 Categorification of the intertwiners

Let OCat be the category whose objects are finite direct sums of the categories Qi (a) for
alln >0, 0 <k <n and for all compositions a of n, and whose morphisms are all functors
between these categories up to natural isomorphism. We define a functor .% : Web — OCat
as follows. If @ = (aq, ..., a) is an object of Web, then we set

(6.2.1) F(a) = 9(a).

If \p, \ey withn =>"b; =>_ b; are the fixed dominant weights of gl,, with stabilizers Sp, Sp/

let us denote TY = Ti‘;’. Then we define # on the elementary webs (3.3.3) and (3.3.4) by

(6.2.2) F(Aai) =T  and  F(Y*')=TE
where a; was defined in (3.3.5).

Lemma 6.2.1. The assignment (6.2.2) defines a functor % : Web — OCat.

Proof. We need to check that translation functors satisfy isotopy invariance and the relations
(3-3.2bH3.3.2€). By Propositions [4.5.4] |4.5.3] [4.5.2] and |4.5.5| respectively, these relations are
satisfied by translation functors on 0. Of course they also hold on the subquotient categories
Qk (a) . O
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The functor .# categorifies the functor .7 (cf. §3.3)):

Theorem 6.2.2. The following diagram commutes:

a

Web OCat

(6.2.3) X MK—C(q)

Rep

Proof. Let a = (ay,...,as) and @’ = a;. We need to show that KC@(T%) = 7 (A, ;) and
K€ (T%,) = T (Yaq,). Of course it is sufficient to check this on the basis of proper standard
modules. Hence it suffices to check that

(6.2.4) [Te Bg e (w)] = 9(&,;)[&,;@(10)],

(625) [’H‘Z,Zazyk(w’)] = ﬂ(Y”’ )[Aagk(w’)]
for all w € Ag(a) and w’ € Ag(a’) (for all possible values of k).

Let us fix k and start with (6.2.4). Fix w € Ag(a) and write w = w’z with w’ € (Sn/ga,)s}wrt7
z € (Sar /ga)smrt as given by Lemma By Proposition we have

(6.2.6) T

o5, ) - [T Basle) 0 € A(@),
e 0 otherwise.

In what follows, we only write the i~th and (i + 1)-th tensor factors of v, and the i-th
tensor factor of vy, since the other ones are clearly the same. Let T, (w) be the (n—k, k)
tableau of type a corresponding to w, and notice that the tableau T,/ (w) can be obtained
from T, (w) by decreasing by one all entries greater or equal to i + 1.

We have four cases (see Figure [6.3)):

(a) If vy = v§" ® vg'*" then Ty (w) has both an entry i and an entry i + 1 in the row.
Then T, (w) has two entries 7 in the row, and is not admissible; of course this also
holds for T,/ (w') since w’ = wxr~1. Hence w’ ¢ Ax(a’) and T2 A, x(w) = 0.

(b) If vy = v5’ ®vy"*" then T, (w) has an entry i but no entry i+ 1 in the row. It is easy
to see that in this case x is a permutation of length a;1 composed with the longest ele-
ment of (Sai+aia-1/5, 1 x S

Q41

(¢) If vey) = v{' ® vg'*" then Ty (w) has an entry i + 1 but no entry i in the row. Then
x is the longest element of (Saitaisi-1/5, x Sam_l)Shm and therefore T% Ag 4 (w) =
q—az‘(aHl—l)Ea, k(w/)-

(d) If v(y) = v§*®vy*"" then all entries i and i+1 of T, (w) are in the column. Then  is the

longest element of (Sa+ai1 /5, x SGM)S}‘O” and hence T% A, (w) = q—aia'i+1za,’k(w/)'l

In cases and the tableau T,/ (w') has one entry ¢ in the row, hence v, = vgi+ai“7
while in case the tableau T,/ (w') has all entries ¢ in the column and hence v, =
o1 Hence in all four cases we have that holds up to a multiple, and we are
only left to check that the coefficients fit. For example in case @ comparing with
we must check that

(6.2.7) g vitrg (@i (U(w)i’ V(w))a =q "t {ai e 1] :

(V(w) V(w'))a! Qi1

)short and therefore ’H‘Z/Za,k(w) = ¢+ q—(ai—l)ai+1za/’k(w/).l
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uz‘i+1‘~“‘ Uz‘z‘
l ]

ﬁ a; — 1 ﬁ a; — 1
i | i |

i+1] i |

ﬁ ai41 —1 ﬁ aiy1 —1
Wl

L mw) U Taw)

Case |(a)f v(w) = V5" @ vy

iyl

] ]

Tl Tl

i i

i+ i

ﬁ a1 —1 ﬁ a1 — 1
| Iy

U ) U Te(w)

Case (c)f v(w) = v]* ® vy
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0 o
_ a; =1 _ a; — 1
K ]
i+ ]
ﬁ Fit1 — Ait1
& o
T . T (w)
Case (b}t v(w) = v’ ® v
[ [
0 o
ﬁ i ﬁ a;
K 0
i+ o
ﬁ Git1 ﬁ Qi1
& o
) ) L Tw)
Case [(d)f vw) = vf" ® vy

Figure 6.3: Here are depicted the tableaux T, (w) and T/ (w) in each of the four cases of the

proof of Theorem
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Using the formula ((3.1.16) for the bilinear form and the notation as in (3.1.10)), we compute
the Lh.s. of (6.2.7):

[B1+ -+ Beo! [Bi)o! - [Br_1]o!

6.2.8 —ait1 ,—(ai—1)ait1
o2 to [Blo! -+~ [Belo! [BL + -+ Bj_1lo!

where if v(,) = vy and v,y = v$ we set §; = B and 8 = 7. Substituting 8 = g; for
J <i, B =Py for j > 1, Bl =a; +ai11 — 1, f; = a; — 1, B; = a; we get exactly the r.h.s.
of . Similarly we can handle cases and @

Now let us consider (6.2.5)). Let w’ € Ay(a’), and consider the corresponding tableau 7' =
Tar(w'"). Suppose first that v(,) = vy = vgi+a”1: then T has exactly one entry ¢ in the row,
and we can apply Lemma below. Note that the tableaux 7" and T’ of Lemma

correspond to v ® v7* and v ® vy respectively. Hence we just need to check that

the coefficients are the right ones. Let us start with the first term of the r.h.s. of ((6.2.15)):
comparing (6.2.15) with (3.1.4), using the isomorphism defined by (6.1.6]), we must show

that
. . -1 , ,
(6.2.9) {“z + a4 ] (o) very)ar
Ai+1 0 (”U(T//), U(T”))a

or equivalently

it aip —1
(6.2.10) {a @i

. ] (W), very)ar = (), v )a-
Qi1 0

Using the formula ((3.1.16)) for the bilinear form and the notation as in (3.1.10]), we compute

the r.h.s. of (6.2.10)):

{ai +ai11 — 1] {5{ + -+ 521] _ [ai + aiv1 — 1o! [B1 + -+ Bp_1]o!
ol BBy 1y laitalolfas — Lot [Bi]o!- -+ [B7_1lo!

(6.2.11)

Qi1

where as before if v(,) = vg and v,y = v we set §; = 5] and B} = B]. Since 5] =
a; + a1 — 1, a1 = Biv1, a; — 1 = i, B; = B; for j < i and 5§:Bj—|—1f0rj>iwesee

that (6.2.11)) is equal to

[B1+ -+ Belo!
[Bilo! - [Be-1]o!

and we are done. Analogously for the second term of the r.h.s. of (6.2.15)) we have that

(6.2.12)

a; + Qi1 — 1
a;

(6.2.13) { ] (vry, vry)ar = (V) V(1) )a-
0

Now suppose instead that v(,) = vir) = 07"+ 1: then T has all entries i in the column, and

we can apply Lemma below. The tableau 7" of Lemma corresponds to v{’ @vy" ",
and we just need to check that

(6.2.14)

{ai + ai+1} (ver), vr)ar =1
0

a; (V@) V(17))a

that follows as before. O

Lemma 6.2.3. Let a,a’ as in the proof of Theorem . Let T be an admissible tableau of
type a’ with exactly one entry i in the row. Construct admissible tableaux T', T" of type a as
follows: first increase of 1 all entries of T greater than i; then substitute the first a; 1 entries
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i with i + 1 (here first means, as always for our hook diagrams, that we first go through the
column from the bottom to the top and then through the row from the left to the right). Call
the result T'. Moreover, let T" = xo - T' where zo is the longest element of (Sqr/Sq)*Mo.
Then we have

o215) A = [T @) g0 w)

where for an admissible tableau Ty(w) we wrote A(Ty(w)) for A(w).

Proof. We just need to translate Proposition[5.5.4] Let T' = T,/ (w) for w € Ag(a’). Consider
the sum on the r.h.s. of (5.5.4). First consider the set {T,(wy) | y € (Sa'/sa)Shm}: this
consists of all tableaux obtained by permuting the entries ¢ and 7 + 1 of 7”. Notice now that
for all y € (Sa//ga)smrt the tableau T, (z,wy) is obtained from T, (wz) permuting the entries
i and ¢+ 1 in the column so that it becomes admissible; in particular £(z,) + {(w) + {(y) =
{(zywy) and the set {To(zywy) | y € (S /s,) """} consists of the two tableaux 7" and T".

Notice also that for each y € (Sa//ga)ShO]rt we have r,wy = wryy for a unique z}, € Sq/ with
() = £(xy); in particular also £(z}) + £(y) = £(zyy). Let

(6.2.16) b= (a17 s @it a1 — 1,1 a0, 'aaf)v
b=(ai,...,a,a;41 —1,1,ai49,...,a0).

) short

Then we have T" = T, (wy(,) and T" = To(wyo) where yj, is the longest element of (St /s,

and o is the longest element of (Sar /Sa)Short. Now we can compute the two coefficients of

(6.2-15):

(6.2.17) S e twHE) = N )2
ye (Sa//Sa)short ye(Sa//Sa)slmn,
T4, Y=Y T3, Y=y
- qf(yo)—f(y{,) Z qQE(y(/J)—QZ(y) — g |:ai + a:ﬂ - 1} ,
yE(Sb’/Sb)Shm T 0
while
(6.2.18) S gttt = N A=)
yE (Sa,/sa)short ye(Sal/Sa)ghort
Ty Y="Yo T, Y=o
= Z qQZ(ZD)_Qe(Z) = |:ai + ai*‘rl - 1:|
Qi1 0

shor
2€(Saitain /8,y x Sa.,,) ort
where we restricted to Sy, 4q,,, (since the permutations act trivially elsewhere) and we
substituted y = 22’ for 2’ = Saita;s1—1"" " Sa;+15q;; the element zq is the longest element of

(Sa1+a¢+1/Sa171 « SaM)Shm. O
Lemma 6.2.4. Let a,a’ as in the proof of Theorem . Let T be an admissible tableau
of type a’ with all entries i in the column. Construct an admissible tableauz T' of type a as
follows: first increase of 1 all entries of T' greater than i; then substitute the first a; 1 entries
i with i + 1 (here first means, as always for our hook diagrams, that we first go through the
column from the bottom to the top and then through the row from the left to the right). Then
we have

(6.2.19) [T%A(T)] =
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where for an admissible tableau Ty(w) we wrote A(T,(w)) for A(w).

Proof. The proof is similar to the previous one, but easier. We just need to compute

(6.2.20) T ) = Y -2 - [ai+ai+1] . 0
5o/ ’

a;
short g

ye(Sa /s,) we )short
Let us consider in particular the regular composition n of n. Let @ = n and for every
i=1,...,n—1 consider a; as defined in (3.3.5)). Define §; = Tg oTg’ as a functor 6;: Q(n) —
Q(n) (this is just the functor ; defined in restricted to Q(n)). As a consequence of
Theorem [6.2.2] we have:

Corollary 6.2.5. The endofunctors 6; on Q(n) categorify the action of the Super Temperley-
Lieb Algebra STL,, (see Definition M)

It follow by Lemma that the functors 6; satisfy the relations

(6.2.21a) 07 = 0;(1) ® 0,(—1),

(6.2.21b) 0;0; = 0;0;,

(6.2.210) 9i9i+19i D 9i+1 = 9i+19i9i+1 ® 0;,

forallé,j =1,...,n—1 with |i — j| > 1. In fact, these relations are the categorical versions

of the relations of the Hecke algebra (3.2.9al{3.2.9¢) and are satisfied by the endofunctors 6; of
Zo (cf. 5} By Corollary 6.2.5|, the relations 13.2.9dH3.2.9e) are satisfied in the Grothendieck
group. We conjecture that their categorical version is satisfied by the functors 6;:

Conjecture 6.2.6. The functors 6; on Q(n) satisfy the relations
0;-10;410:0;-10;11 @ [2]°0;-10,410;

= [2](0i—10i+10:0;—1 ® 0;_10;110:0;11),
0;-10i410:0;_10;11 ® [2]%0,0; 10,1

= [2](0;—-10:6;-16i11 B 0;410:6;-16,11)

(6.2.21d)

(6.2.21e)
foralli=2,...,n—2.

Notice that for a functor F' we denoted [2]F = F(1) ® F(—1) and 2?F = F2)o FO F ®
F{-2).
Although apparently harmful, we believe Conjecture to be quite hard. The difficulty

is due to the lack of a classification of projective functors on the parabolic category OF if p
is not the Borel subalgebra b.

6.3 Canonical basis

Now we give a categorical interpretation of the canonical basis of V(a). First we restrict to
consider the regular composition n. Recall that by Proposition the canonical basis of
(V®™) can be interpreted as a canonical basis for the Hecke algebra action. In this section
we will use the Hecke module structure of the Grothendieck groups of our categories.

Let p,q C gl,, be the parabolic subalgebras defined at the beginning of the section, such that
Qi (n) = ZOB %P Using the notation introduced in Chapter 2} we fix isomorphisms

KC@D%0,) = H, KC@ZOh) — MmP

(6.3.1) (M (w-\)] — Hy, [MP(w - N)] = Ny.
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As well-known, by the Kazhdan-Lusztig conjecture projective modules are sent to the canon-
ical basis elements of H,, and MP by the two isomorphisms.

Composing the isomorphism (6.1.6)) with the isomorphism (3.2.13) we get an isomorphism

Ko(PORTP) — MP

(6.3.2)
[A(wqw - N)] = Ny

for w € WPT9, where wy € Wy is the longest element.

Lemma 6.3.1. The coapprozimation functor 9Q: ZO'; — ZOg’q'pres categorifies the map

Q: MP — Mg (defined in .

Proof. Let w € AP(n). By Proposition we have QMP(w - 0) = ¢"@'A(zw - 0) where
x € Wy is given by Lemma(5.4.1f Now [MP(w-0)] = N,, € MP and [A(zw-0)] = ﬁquxw €
ME. On the other side, by definition QN,, = c;lq*awq)*e(w)qumw. The claim follows since

1 1
=1 —l(wq)+€(z) _ L(x) £(x)
(6.3.3) cq q a [k;]!qf(wq)q [k]olq . O

Lemma 6.3.2. Under the isomorphism (6.1.6) we have [Q(wqw)] — N, for allw € WP+a,

Proof. By Lemma [2.2.3] and the discussion after it, it follows that Q sends the canonical
basis element N to N,,. By Lemma we have

—w q w —w

(6.3.4) [Q(wqw)] = [QP? (wqw - 0)] = Q[P (wqw - 0)] = QN o, = N,p- O

—wqw
Now let us consider a general composition a.

Proposition 6.3.3. Under the isomorphism (6.1.6)) the class of the indecomposable pro-
jective module Q(w) maps to the canonical basis element vgv) € V(a) corresponding to the

standard basis element v ().

Proof. By Lemma [6.3.2] we know the result for the regular composition n. Consider the
standard inclusion V(a) — V®" given by the web diagram ¢ = Y,, ® ---®@ Y, see (3.3.9).
We know that Z () : Qr(a) — Qi(n), that categorifies ¢, sends indecomposable projective
modules to indecomposable projective modules (Proposition . On the other side, it
follows immediately from our diagrammatic calculus that what ¢ sends to a canonical basis

element is a canonical basis element. O [maybe fix?

6.4 The bilinear form

We give now a categorical interpretation of the bilinear form (3.1.9). Given a Z-graded
complex vector space M = @,., M*, let h(M) = ¥, ,(dimec M*)¢" € Z[g,q~'] be its
graded dimension. Now let M, N be objects of Qx(a). Set

(6.4.1) h(Ext(M,N)) =Y (~1)'h(Ext’(M, N)).
i€EZ

Let also ~ be the involution of Z[q, ¢~!] given by g = ¢~ 1.

Fix now a composition a = (ai,...,ar) of n and an integer n — ¢ < k < n, and consider the
category Qi (a).
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Proposition 6.4.1. For M, N € Q(a) we have

(6.4.2) h(Ext(M, N*)) = ([M], [N))a.

Proof. First, note that the L.h.s. of (6.4.2)) defines a bilinear form on the Grothendieck group.
Hence we only need to prove that the two sides coincide on a basis.

By the properties of properly stratified algebras (cf. [Eri07, Lemma 4]) we have

C ifz=wandi=0,

0 otherwise.

(6.4.3) Ext’(A(z), (A(w))*) = {

Hence we are left to prove that

(6.4.4) ([A(z)]—,v(w))a =0, for all w, z € Ag(a)

(V(w)s V(w))a

or equivalently that

(6.4.5) [A(2)] = vizy = (V(2), V(z))aA(2)] for all z € Ag(a).

By the properties of a properly stratified algebra, it suffices for that to prove that the proper

standard module A(z) appears (v(s),v(.))-times in some proper standard filtration of the
indecomposable projective P(z). Since we know which basis the proper standard and the
indecomposable projective modules categorify, this follows. O

By Proposition and since

C ifz=wandi=0,
0 otherwise,

(6.4.6) Ext'(A(2), (A(w))") = {

C ifz=wandi=0,
0 otherwise,

(6.4.7) Bxt!(Q(2). (S(w))") = {
we have:

Theorem 6.4.2. Under the isomorphism (6.1.6) we have the following correspondences:

{standard modules} «— standard basis,
{proper standard modules} «+— dual standard basis,
{indecomposable projective modules} «— canonical basis,

{simple modules} «— dual canonical basis.

We conclude with an example of how the bilinear form can be used to compute combinato-
rially dimensions of homomorphism spaces.

Lemma 6.4.3. Let w,z € Ag(n). Then the dimension of Hom(Qpn k(w), Qni(2)) is k! times
the number of elements © € Ag(n) such that both the canonical basis diagrams C(v&)) and

C(Ug)) have nonzero value when labeled with the standard basis diagram vy (the evaluation
s computed according to the rules in Figure .
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Proof. Since the modules Q(w) and Q(z) are projective, we can compute the dimension of

Hom(Q(w), Q(z)) using Proposition
(6.4.8) dime Hom(Q(w), Q(2)) = ([Q(w)], [Q(=)"Di~",

where (-,-)4=1 is the form (-,-), evaluated at ¢ = 1. By the orthogonality of the standard
basis elements v(,,) for w € Ax(n) we can write

Z ([Q(w)}>v(m))m (U(ﬂﬂ)7 [Q(Z)*])m :

€A (D)

X 1
(6.4.9) ([Qw)}, [Q(=)])y, = ]

Since [Q(z)*] coincides with [Q(2)] after substituting ¢ with ¢! in the Grothendieck group,
we can also write

(6.4.10) ([Qw)), [Q(2)")I~" = ki Z w)e (Ve QDL
€Ay
(6.4.11) ki ; ( Vi) V) )q ! (U(i),vu))i:l.

Let C(’U(w)), C(v,) be the canonical basis diagrams corresponding to V(w) and v(;) respec-
tively. By the definition of the bilinear form, (vgv), U(m))m is equal to [k]! times the evaluation

of the diagram D, obtained by labeling the canonical basis diagram C(v(,)) with A’s and
V’s according to the standard basis diagram of v(,). If one analyzes the evaluation rules
(Figure , one sees immediately that the evaluation of D is a monomial in ¢ if the cor-
responding diagram C(v(,) labeled by z is oriented, or zero otherwise. Hence the claim
follows. O

6.5 Categorification of the action of U,
We want now to define functors that categorify the action of U,.

Functors £ and F

Fix an integer n, a composition @ = (a1, ...,ar) of n and an integer n — ¢ < k < n. Let
A = Aa, and let p,q,p’,q" be the parabolic subalgebras of gl,, such that Qj(a) = ZO% P

and Qx41(a) = ZOil’q/'pres. Notice that p’ C p and q C q’. We have a diagram

Zoi/,q—pres
(65.1) / \&
3 i
Qi (a) Qv1(a)

Let us define £, = Q oj and F, = 3 0i. We get then a pair of adjoint functors Fy, 4 E:

Ex

— " Q%iil(a)

Tk

(6.5.2) % (a)

We can compute explicitly the action of Fx on projective modules and of € on simple
modules:
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Proposition 6.5.1. For w € Agt1(a) we have

Qaip(w) ifw e Ag(a),
0 otherwise.

(6.5.3) FrQak+1(w) = {
Proof. Consider the diagram (6.5.1). Of course Ax(a) = AR(N) C Ag,(/\), and we have

iQa kr1(w) = PP (w-\) € ZO'/J\/’q'pres. By the definition of the Zuckermann’s functor we have
then 3PP (w- \) = PP(w - \) = Qax(w) € Qi(a) if w € A§(N), or 0 otherwise. O

Proposition 6.5.2. For w € Ai(a) we have

(6.5.4) &1.San(w) = {Sa,k+1(w) if w € Apyi(a),

0 otherwise.

Proof. Consider the diagram . By Lemma the simple objects of Qi (a) are the
simple objects S(w - \) of ZOil’q'pres such that w € Ag(a). In particular, jSq i (w) = S(w- A)
for each w € Ag(a). Let Qg : ZO'/’\, — ZOil’q/'pms and Qg: ZO'/J\/ — ZO’/’\,’q'pmS be the
corresponding coapproximation functors. As we already noticed, it follows from the definition
that Qg = Q 0 Q. Since S(w - A) = QqL(w - A), we have QS(w - \) = Qg L(w - A). This is
Sak+1(w) € Qet1(a) if w € Agt1(a), or 0 otherwise. O

Unbounded derived categories

Being the composition of exact functors, the functor € is exact. On the other side, being the
composition of right-exact functors, F is right exact, but not exact in general. Therefore,
Fi does not induce a map between the Grothendieck groups, unless we pass to derived
category. Unfortunately, properly stratified algebras do not have, in general, finite global
dimension (this happens if and only if they are quasi-hereditary). Hence, we shall consider
unbounded derived categories. The main problem with unbounded derived categories is that
their Grothendieck group is trivial (see [Miy06]). A workaround to this problem has been
developed by Achar and Stroppel in [AS13]. We recall briefly their main definitions and
results, adapted to our setting.

Consider a finite-dimensional positively graded C-algebra A = @, , A; with semisimple
Ap, and let A = A—gmod. Each simple object of A is concentrated in one degree. Achar
and Stroppel define a full subcategory DV.A of the unbounded derived category D~A by

(6.5.5) DVA = {X €D A

for each m € Z only finitely many of the H*(X)
contain a composition factor of degree < m '

Recall that the Grothendieck group K(T) of a small triangulated category T is defined
to be the free abelian group on isomorphism classes [X] for X € T modulo the relation
[B] = [A] + [C] whenever there is a distinguished triangle of the form A - B — C' — A[1].
As for abelian categories, if T is graded then K (7) is naturally a Z[q, ¢~ !]-module. Let

(6.5.6) I={z€DV(A) | [B<m|r =0in K(DV(A)) for all m € Z},

where B<,,: DVA — DVA is induced by the exact functor B<,,: A — A defined on the
graded module M = @,.;, M; by f<mM = @,.,, M;. Then K(DVA) = K(DVA)/I is
the topological Grothendieck group of DV.A. The names is motivated by the fact that one
can define on K(DVA) a (g)-adic topology with respect to which K(DVA) is complete. It
follows that K(DV.A) is a Z[[q]][¢~]-module.
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On the other side, let K (A) be the completion of the Z[g, ¢~']-module K (A) with respect to
the (q)-adic topology ([AS13, §2.3]). Then the natural map K(A) — K(DVA) is injective
and induces an isomorphism of Z[[q]][¢~!]-modules

(6.5.7) K(A) = K(DVA).

Moreover, if {L; | i € I'}, with I finite, is a full set of pairwise non-isomorphic simple objects
of A concentrated in degree 0 and P; is the projective cover of L;, then both {L; | i € I}
and {P; | i € I} give a Z[[q]][q~ "] basis for K(A). In particular K(A) = Z[[q]][q™"] ®z(4,4-1]
K(A).

In our setting, we have for each category O™ naturally

Kc(q)(0§’q-pres) ~ (C(q) ®Z[q7q_1] K(oi,q-preS)

(6.5.8) N s
= C(q) ®z[jqyg-1) K (OYT).

The same holds in particular for Qx(a). We define also

(659) KC(q)(DVA) = (C(q) ®Z[[qmq71] K(DVA)

Let A>p, be the full subcategory of A consisting of objects M = @,,,, M;. An additive
functor F': A — A’ is said to be of finite degree amplitude if there exists some v > 0 such that
F(Asm) C AS,,_, for allm € Z. Let F: A — A’ be a right-exact functor that commutes

with the degree shift. If F' has finite degree amplitude, then the left-derived functor LF'
induces a continuous homomorphism of Z[[q]][¢~!]-modules [LF] : K(A) — K(A').

Derived functors £ and F

Let us now go back to our functors &, and F},. Being exact, &, induces a functor & : DV (Qk(a)) —j
DV (Qp41(a)). On the other side, it is immediate to check that the functors i and 3, and there-

fore also Fy, have finite degree amplitude. Hence LFy, restricts to a functor LF: DV (Qx11(a)) —f
DV (Qx(a)). Since € is exact, it follows by standard arguments that we have a pair of adjoint
functors LJFy, 4 Ey:

Ex
/—\}

-_—
LIy

(6.5.10) DV (a) DVQiii(a)

REMARK 6.5.3. Since i sends projective modules to projective modules, it follows from
[Wei94, Comparison Theorem 10.8.2] that LF, = L3 o Li.

Theorem 6.5.4. The functors LFy, and &y categorify F and E' respectively, that is, the
following diagrams commute:

LI Ek

DVQk(a) @va+1(a)

{KC(q) MKC(Q) {K‘C(Q) ‘KC(Q)
/

V(a)r ————— V(a)rs V(a)y ———— V(a)i+1

DVQkH(a) @va(a)
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Proof. We use Proposition [6.5.1] to check that the first diagram commutes on the basis
given by indecomposable projective modules. Let w € Agi1(a) and write v(,,) = vy- Then
in K€9(DVQ, 11 (a)) we have [Qqpi1(w - N)] = v,?“. Now w is in Ag(a) if and only if
it is a shortest coset representative for yy,\Sn. Let T5+!(w) (respectively, Ty (w)) be the
(n —k — 1,k + 1)-tableau (respectively, (n — k, k)-tableau) of type a corresponding to w.
Obviously T (w) can be obtained from T5*!(w) by removing the upper box b of the column
and adding it to the row in the leftmost position. Clearly T¥(w) is admissible if and only if
the entry of this box b is 1. Hence w € Ak( ) if and only if n; = 1, and in this case we have

[Qak(w)] = v5 Gvp2 & - Qupf in K®@(DVQ,(a)). By Proposition , this is the action
of F.

Since € is the adjoint functor of LFy, the commutativity of the second diagram follows from
the adjunction (3.1.20) and Proposition 1| (of course we could also argue as for }Lff x and
check directly the commutativity of the second diagram above using Proposition [6.5.2). [

We define &€ = @) _,, _ zgk and F = @k —o Tk as endofunctors of Q(a). We have:
Lemma 6.5.5. The functors € and F satisfy Eoc &€ =FoF = 0.

Proof. Let S € Q(a) be a simple module. It follows from Proposition [6.5.2| that €25 =
Since € is exact, this implies that & = 0.

On the other side, it follows from that F2 is zero on projective modules. Since J is
right exact and any object of Q(a) has a projective presentation, it follows that F? is the
zero functor. O

Since £ sends projective modules to projective modules, it follows (cf. [Wei94, Corollary
10.8.3]) that LF o LF =L(F o F) = 0.

We summarize the results of this section in the following:

Theorem 6.5.6. Let ¢ be a web defining a morphism V(a) — V(a'). Then the diagram

’DVQ(a)£®VQ( 5
(6.5.11) y((p)] wg((p)
e, L

DVQ(a) —— DV Q(a)

commutes and categorifies (i.e. gives, after applying the completed Grothendieck group KC(‘]))
the diagram

E.F
V(a') — V(a’
(6.5.12) y(@] 7o)
E.F
V(a) V(a)

In particular, for a = n we have two families of endofunctors {&€,1LF} and {C; | i =
1,...,n — 1} of DVQ(n) which commute with each other and which on the Grothendieck
group level give the actions of U, and of the Hecke algebra H,, on V™ respectively.
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CHAPTER

Preliminary notions

In this chapter we collect some general notions which we will need in the following.

First, in we introduce some combinatorics for the shortest coset representatives for the
quotient §, x S, k\Sn of the symmetric group. In particular, we will describe some different
ways of parametrizing such coset; the notation we introduce here will be omnipresent later.
In we compute explicitly some canonical basis elements of the Hecke algebra; these will
be need in Chapter [§] to determine the dimension of the corresponding Soergel modules.

In §7.3| we introduce complete symmetric polynomials and Demazure operators and recall

some formulas for them. In §7.4] we define a class of ideals of a polynomial ring which
are generated by some complete symmetric functions in a subset of the variables, and we
determine homomorphism between the corresponding quotient modules using the machinery
of Groebner basis. The Soergel modules which we will study in the next chapter will turn
out to be of this type. Finally, in we recall the definition of Schubert polynomials, which

will be used later in Chapter [0

7.1 Combinatorics of coset representatives

Let us fix an integer 0 < k < n. If s1,...,s,_1 are the simple reflections in S,,, let Wy, be the
subgroup generated by si,...,s;x—1 and W,ﬁ- be the subgroup generated by sgy1,...,Sp—1.
Notice that S X S,—p = W) x W,ﬁ- C S,. Let wy be the longest element of Wy, and let

D = D, be the set of shortest coset representatives (W, x WkL\Sn)Short.

REMARK 7.1.1. The notation is similar to the one introduced in Indeed, here we are
considering only the particular case Wy = Wy, = (s1,..., 85—1), Wy = Wi = (841, -, 8n—1) ]
Accordingly, we have wy, = wq and D = WPT4,

The set D is in natural bijection with AV—sequences consisting of £ A’s and n — k V’s, by
mapping the identity e € S,, to the sequence

(7.1.1) e=A---AV---V
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and letting S,, act by permutation of positions; in order to obtain a bijection with right coset
representatives we regard this as a right action. From now on, we identify an element z € D
with the corresponding AV-sequence.

There are a few ways to encode an element z € D, that we are now going to explain.

The position sequences. In an AV—-sequence z € D, we number the A’s (resp. the V’s) from
1 to k (resp. from 1 to n — k) from the left to the right. Moreover, we number the positions
of an AV-sequence from 1 to n from the left to the right. We let A7 be the position of the
i~th A and V3 be the position of the j—th V in z. For example, in the sequence

z = AVVAVAA

we have A = 4 and V§ = 2. Notice that both the sequences (A}, ..., A}) and (V5,...,VZ_,)
uniquely determine z.

The N—distance sequence. We set

(7.1.2) 2N =Nf—i fori=1,...,k,
so that
(7.1.3) (A, A = L+ 20,k +2p).

In other words, z/* measures how many steps the i—th A of the initial sequence e has been
moved to the right by the permutation z. This defines a bijection z — 2" between D and
the set

(7.1.4) {2 =0, 20) | 0< 20 < <z <n—k}
Define the permutation
(715) tﬁ[ = 8;Si4+1 """ Si+4—1

forall i = 1,...,n —1and £ = 1,...,n — i (and set t};; = e). Then we have a reduced
expression for z:

(7.1.6) Z =t

The V—distance sequence. Analogously, set

(7.1.7) 2] =i—Vi_, fori=k+1,...,n

so that

(7.1.8) Vi, o Vi) =(k+1—z/q,....n—2z]_.).

In other words, 2 measures how many steps the (i — k)—th V of e has been moved to the
left by the permutation z. This defines a bijection z — 2V between D and the set

(7.1.9) {2¥ =l z) | k>20 > >2] >0}

Define

(7.1.10) Elyit = Shio1Sk4iz2 * Shit

fori=1,...,n—kand £ =1,...,k (and set t,\€/+i70 = ¢). Then we have another reduced

expression for z:

(7.1.11) 2=t ety

v 2
k+1,zy n,2y
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The b—sequence. Finally we want to assign to the element z € D its b—sequence b*. Let

(7.1.12) %Z{b=(b1,...,bn)eNn == }

bi§b1'+1+1fOI‘aHZ‘:L...,’H,*l
and define b* € &# by
(7.1.13) b =#{j | Af > i+ 1.

In other words, b7 — 1 is the number of A’s on the right of position ¢. It is clear that b*
uniquely determines the element z € D. In fact, this defines a bijection between D and Z.

ExAMPLE 7.1.2. Let n = 8, kK = 4 and consider the element z = s4s55683 € D. The
corresponding AV—sequence and the b—sequences are:

e also have z" = (0,0,1,3) and 2" = (2,1,1,0).
We also h A 0,0,1,3 dzV 2,1,1,0

7.2 Canonical basis elements

As we anticipated, in this section we will compute some canonical basis elements of the
Hecke algebra (for the definition of which we refer to .

Applying Lemma, to the parabolic subgroup Wy C S,, we get

l(wg)—L(z
(7.2.1) H, = Y ot
zeWy

In the next proposition we will generalize ([7.2.1)) and give explicit formulas for the canonical
basis elements H for z € D. But first we introduce the following notation: we set

2wz
(a) " (q) i

(7.2.2) Y fw)= Y a7 fw) and Y T gli) =) g 'g(0)

w’ ESk w’' €Sy, =0 =0
for whatever functions f defined on S; and ¢ defined on {0,...,h}.
Proposition 7.2.1. Let z € D, with z =t/ v -ty . Then

Fk41 "*n
(@) Z’ZH(Q) n (@)
— . £(wyz) v v
(7'2‘3) ﬂwkz - Z Z Z "t Hw'tk+1,ik+1“'tn,in'
w’ €Sk ik+1=0 i =0

Proof. First, we note that all words w’tg+17ik+l .. 'tvvw‘n that appear in the expression on the
right are actually reduced words. This is clear if we look at the action of this permutation
on the string

(7.2.4) At ARVist - Vo

from the right: the length of the permutation is the cardinality of the set X of the couples
of symbols of this string that have been inverted. To X belong £(w’) couples consisting
of two A’s; moreover, every Vi, appears in X exactly i, times coupled with some A or
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some Vi4p for B < . Hence the length of the permutation wlt}V/+17ik+1 ooty is exactly

l(w') 4+ ig+1 + - -+ +in, and therefore this is a reduced expression.

Now, in the r.h.s. of (7.2.3)) the coefficient of H,, . is one, while the coefficient of every other

basis element H,, /tk+1 ..tv_ is divisible by ¢g. Hence the only thing we have to prove is
i1 i

that the r.h.s of is bar invariant.

We proceed by induction on the length of z, the case z = 0 being given by (7.2.1]). Let h
be the greatest index such that z)/ # 0. Hence we have z = tY -ty . First suppose
»Zh

k+1, z
that 2/ > 2. Set 2’ =1, v 2 ~~tX’Z’Y71 and j = h — z)/ so that z = z’sj. We compute:
(a) zk“ g (q
(7'2'5) ﬂwkz'ﬂj - Z Z Z s /tk+1 ikl t;—f,ih (Hj + Q)
w’ €Sy lk+1—0 ip=
Zk+1 Zhn_1

B (9) 1wz =5 1
(7.2.6) = Z Z Y T e Yy

w' €Sy ik+1=0 ip—1=0

) Eg A
(7.2.7) § E § LR : | H;

kt+l,ipqq Chiip

w’ €Sy Z)C+1—O 1, =0

(@ ’““ z“_lq>
(7.2.8) +> § R R AR ARy : S gy
k+l,ipiq Chiip

w’ €Sy ig1=0 ip,=0

The element H,, . H; is obviously bar-invariant. Moreover, the sum of and -
gives exactly the r.h.s. of (| - ) for H,,, Z, hence we only need to prove that is bar
1nvar1ant But it is easy to check that in (7.2.7)) the term H; on the right acts as q_1 hence

/I 4V A\ 3
is equal to the r.h.s. of (7.2.3) for Hwkz ;o where 2 =, ot v 5, and this
is bar-invariant by induction.

Now suppose instead that z; = 1. Set 2/ =t so that z = 2'sp_1, and

oY
k+1, zk_*_1 h—1,z)_,
compute:

@ R@ <=
_ (wiz)
(7'2'9) ﬂwkl'ﬂh—l - Z Z Z FHy, ity ikl RSP -,

' €Sk ik+1:0 ih—1=0

k+1

(q) (q) (q) g(w 2")
(7.2.10) Z Z Z Y H, ltZ+1zk+1 b1,y Sh1
w’ €Sk tk+1=0 ip—1=0
Eha z) 1

(q) (q) (@ plwp2')+1
(7.2.11) Z Z Z q g H lt;€/+1 ikl “txflv":h—l.

w’' €Sy ir41=0 ip—1=0

This is exactly the r.h.s. of (| - ) for H hence this is also bar invariant. O

wkz7

We will need some other canonical basis elements that we now compute.

Proposition 7.2.2. Let z € D, with 2 =t t) . Suppose that for some index j

k+1z '“n,
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VoLV
we have z{ = z/ 4. Then HS w2 18 equal to
Zk‘,+
(9) (9) (9) (9)
7 2. 12 Z wkz)Hs w’tY LYY . A
2 : z : z : 2 : 2 : J ktlyig g i it iy Pnin
w’ €Sy tk4+1=0 ZJ—O 7,J+1 =0 in=0
Vv A\
k41 Fi
(9) (q) (9)
+ E E E E E é(wkz)—HH w'tY et Y Y
ktlyig gy i tit i Unin
w' €Sy ik4+1=0 ij=0 1;41=0 1, =0

Proof. We prove the claim by induction on the length of z, using Proposition [7.2.1] for the
expression of H,, .. In the following computation, we do not write the sums over w' € S
and over the indices 45, for h # 7,5 + 1.

(7213) ﬁAiwkz j Z (9) Z(Q) e(wkz)H ’. ]l t]v+11
1;=0 ij41=0 "
@ D sy
(7.2.14) =H; > Y " ey v,
;=0 1;41=0
(@) SR,
wgz)
(7.2.15) +EJZ Z q o Hyr. tJvi 1, i+

15=014j11=1;+1

Permutations w’ - - - t;-/’ij i . -+ occurring in ([7.2.14) become longer when multiplied on
the left with s;. Hence (7.2.14) becomes

(9)
(7.2.16) E E Llonz) b Voo
Hy -ty ijlittig

;=0 i;41=0
RPN
g D p(wrz)+1
+Z Z " Hypr.. it
ij:O ij+1:0
This is exactly (7.2.12). Hence we are left to show that ([7.2.15)) is bar invariant.

For the permutations occurring in (|7.2.15)) we have

i\ v _ /. Vv %
(7.2.17) Wt = s

Hence ([7.2.15)) is equal to

(q) (‘I) [(w z)—1
(7.2.18) Z Z PO ety

ij=01d;41=1;+1

J+1

@ wes
Zq Z Z( k )H ‘. t]vlj+1 ltJVJr“n..

15=04j41=i;+1

Note that for i; = z]v the second sum runs over an empty set of indices. We can rewrite
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(17.2.18)) as

PN
q q —
(7219) Z Z qZ(UJkZ) 2Hsjwl"'tjvﬁij+1t7v+1ﬁijm+
ij:() ij+1:ij
\%

j+1

L

Y q q _

2: qé(wkz) 1Hw’-~~tfv e
sij41 d+1.i5

;=0 ij41=0;

or, renaming the indices and swapping the sums,

zY —1 i
(@D @D g
(7.2.20) ) > gt QHSjw,.,‘txijt +

;=0 ij41=0

Vo ..
J+1lij4q

v
J

(a) (a) L(wrz)—1
Z Z q k lemtﬂvvijt;/+1w’ij+1“”
ij:() i]‘+1:O
Let 2/ € D be determined by 2, = 2/ for h # j,j + 1 while 2/ = 2/, = 2/ — 1. By
induction (7.2.20) is H, ,,, ./, hence it is bar invariant. O

We will not need the explicit expression (|7.2.12)), but only the following

Corollary 7.2.3. Let z € D, with z =t/ v -tY . Suppose that for some index j we
a1 %n

have z]v = Z;/+1' Then the canonical basis element H ., . is a sum of

(7.2.21) Rz + 1) (2 + D + 2 +1) - (2 + 1)

standard basis elements with monomial coefficients in q.

7.3 Complete symmetric polynomials

Let R = C[zy,...,x,) be a polynomial ring. The complete symmetric polynomials are defined
as

(731) hj(Il,...,ﬂin) = Z Tiq l‘z]

1<iy <--<ij<n

for every j > 1 so that for example ho (71, 72) = 23 + 2129 +23. We set also ho(xy,...,7,) =
1, while if n = 0 (i.e., we have zero variables), we let h;() = 0 for every ¢ > 1. The symmetric
group S,, acts on R permuting the variables, and the polynomials h;(z1, ..., ,) are invariant
under this action; in fact, they generate the whole algebra R°" of invariant polynomials (see
[Ful97, Section 6]).

We will consider complete symmetric polynomials in some subset of the variables of R. The
following formula helps us to decompose a complete symmetric polynomial in k variables as

complete symmetric polynomials in ¢ and k& — ¢ variables, for every £ =1,...,k — 1:
J
(7.3.2) Byt o) = 3 b,z (e, 7):
n=0

Another formula allows us to express a complete symmetric polynomials in k — 1 variables
in terms of complete symmetric polynomials in k variables:

(733) hj(!L‘l, . ,LL‘]@,1) = hj(.%‘l, N 7=Tk) — xkhj,1($17 ey l’k).
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Both (7.3.2) and (7.3.3) can be checked easily by comparing which monomials appear on
both sides.

Demazure operators. For 1 < i <n—1let R be the subring of R consisting of polynomials
invariant under the simple transposition s;. We recall from [Dem73| the definition of the
classical Demazure operator 9;: R — R (2), given by

(7.3.4) b, fry 15U

Ly — Tit+1

The operator 0; is linear, vanishes on R and satisfies

(7.3.5) 0i(fg) = f0ig whenever f € R%.

Let also P;: R — R be defined by P;(f) = f — x;0;(f). It is easy to show that P; has also
values in R®'. The following commutation rules hold:

(736) [Pi, .Tz'+1] = —X;S4, [81',.731'} = S;.

The operators 0; and P; can be used to define the decomposition R = R% & x;R% as a
Rfi—module, by

(7.3.7) [ Pif®xof.

Demazure operators have the nice property of sending complete symmetric polynomials to
other complete symmetric polynomials:

Lemma 7.3.1. For all j > 1 we have
(7.3.8) 8khj(331, ‘e ,xk.) = hj_l(l‘l, Loy ... ,xk+1).

Proof. We have

8khj(a:1, e ,xk)

J
Ok < Z hj—e(x1,... 7$k—1)$£)
=0

J
=Y hje(@r, .. we1)Ok(ah)

=0
(7.3.9) J 2l gt
= Z hj,g(xl, e ,Z'kfl)w
— Tk — Tk+1
J
= hje(@r, o we1)he 1 (wr, Thia)
=1
= hj—l(xlaan s axk-‘rl)'
Notice that in the first and last equalities we used ([7.3.2]). O

7.4 Ideals generated by complete symmetric polynomi-
als

We are going to study quotients rings of R generated by some of the h;’s. Let

(741) B = {b = (bl, .. ,bn) e N" | b; > bl‘+1 >b;, — 1}
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In other words, %’ is the set of weakly decreasing sequences of positive numbers such that
the difference between two consecutive items is at most one. For every sequence b € %’ let
Iy C R be the ideal generated by

(742) hb1 (l‘l), hb2 (1‘1,:1;‘2), ey hbn ({,E1, . ,LL'n).

Set also Rp = R/Ip.

We recall shortly the definition of Groebner basis, which are a useful tool for studying
ideals in polynomial rings; for a complete reference see [CLOQ7, Chapter 2]. Let us fix a
lexicographic monomial order on R with

(7.4.3) Ty > Ty > 00 > T1.

With respect to this ordering, each polynomial p € R has a leading term LT(p). Given an
ideal I C R, let LT(I) = {LT(p) | p € I} be the set of leading terms of elements of I and let
(LT(I)) be the ideal they generate. We recall that a finite subset {p1,...,p,} of an ideal T
of R is called a Groebner basis if the leading terms of the py,...,p, generate (LT(I)). Then
we have:

Lemma 7.4.1. The polynomials (7.4.2) are a Groebner basis for I, with respect to the order
(7.4.3).

Proof. By [CLOQT, Theorem 2.9.3 and Proposition 2.9.4] it is enough to check that the
leading monomials of the polynomials ([7.4.2)) are pairwise relatively prime. This is obvious.
O

Proposition 7.4.2. Let b € $'. The quotient ring Ry = R/Iy has dimension by ---b,, and
a C-basis is given by

(7.4.4) {ad =] adn | 0<j; <D}

Proof. By the theory of Groebner bases (cf. [CLOOT, Proposition 2.6.1]), any f € R can be
written uniquely as f = g+ r, with g € I and r such that no term of r is divisible by any
of the leading terms of the Groebner basis ; that is, r is a linear combination of the
monomials . This means exactly that the monomials ((7.4.4) are a basis of Rp. O

EXAMPLE 7.4.3. Let b = (1, ceey 1) Then z; = hl(l’l, - ,Ii) — hl(l’l, Ce ,Ii_l) lies in I
for each i, hence I, = (x1,...,x,) and Rp = C is one dimensional.

EXAMPLE 7.44. Let b= (n,n—1,...,1). Then it is easy to show that the ideal I is the
ideal generated by the symmetric polynomials in n variables with zero constant term, and Ry
is the ring of the coinvariants R/ (Rsﬁ), isomorphic to the cohomology of the full flag variety
of C™ (see [Ful97, §10.2, Proposition 3]). As given by Proposition it has dimension n!
and it is well-known that a monomial basis is given by

(7.4.5) {1:]11 .- x%

0<j; <n—i}.

Morphisms between quotient rings

Next, we are going to determine all R—module homomorphisms between rings Rp. This
section will be devoted to the proof of the following proposition:
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Proposition 7.4.5. Let b,b’ € %', and let ¢; = max{b, — b;,0}. Then a C-basis of
Hompg(Ry, Ry) is given by

(7.4.6) (1ol x| e <ji < b}
The proof consists of several lemmas.
Lemma 7.4.6. Let b€ B'. Then hy(x1,...,x;) € Iy for every a > b;.

Proof. We prove by induction on ¢ > 0 that hy,e(z1,...,2;) € Iy for every ¢ = 1,...,n.
For ¢ = 0 the statement follows from the definition. For the inductive step, choose an index
i and pick j < ¢ maximal such that b; = b; + 1 (or let j = 0 if such an index does not exist)
and write using iteratively :

hyve(wa, .y m5) = hipye(2n, .o 25) 21 hee—1(T1, . Tj41)+
+ o i hy o1 (@, i) + Tl o1 (T, @),
Since b; + ¢ = b; + £ — 1, the terms on the right all lie in I by the inductive hypothesis. [
Lemma 7.4.7. Let b= (by,...,b,) € B and
(747) b= (bl,...,bi_l,bi—F1,bi+1,...,bn)
for some i. Suppose that also b’ € B'. Then Iy C I, while x;I, C Iy .
Proof. Tt follows directly from Lemma that Iy C Ip. For the other assertion, since

hy,(z1,...,2;) € Iy for every j # i, we only need to prove that x;hy, (z1,...,2;) € Iyy. By
(17.3.3) we have

(748) xihbi ({,E1, N ,LL'Z') = hbi+1($17 PN ,{,131‘) — hbi+1(l‘17 PN ,",Ci,l).
Since we suppose b’ € %', it follows that b;_1 = b; + 1, hence the r.h.s. of (7.4.8) lies in
Iy . O

We will call two sequences b, b’ € %’ that satisfy the hypothesis of Lemma (without
regarding the order) near each other.

Lemma 7.4.8. Let b,b' € &' and set ¢; = max{b — b;,0}. Then x7* - a5 I, C Iy

Proof. We can find a sequence b = b (1) . bV) = b with b*) € %’ for each k and
= >, |bi — ¥}| such that b and b(*+!) are near each other. Then the claim follows
applying iteratively Lemma [7.4.7] O

Lemma 7.4.9. Letb, b’ € #'. Let ¢; = max{b;,—b;,0}. Suppose p € R is such that pIy C Iy .
Then x7*---x& | p.

Proof. We prove the claim by induction on the leading term of p, using the lexicographic
order . Let p’ be the leading term of p and pick an index 1 < ¢ < n. By assumption,
phy, (:cl, . xl) E Iy . By the theory of Groebner basis, the leadlng term of phy, (x1,...,2;)

is divisible by xl . xz , and this leading term is just p’z;?. It follows immediately that
xft--xl | p'. By Lemmamwe then know that p'I, C Ib/, hence also (p — p')Ip C I
By induction7 we may assume that z'--- a5 | (p — p'), and we are done. O

Proof of Proposition[7.4.5 It follows from Lemma that the elements of (7.4.6)) indeed
define morphisms Rp — Rp/. By Proposition they are linearly independent, and by
Lemma they are a set of generators. O
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Duality

The category of finite-dimensional R—modules has a duality, given by

(7.4.9) M* = Hom¢ (M, C).

In fact, the vector space M* is endowed with an R-action by setting (r - f)(m) = f(r - m)
for all f € M*, m € M, r € R (since R is commutative).

We will consider R as a graded ring, with the variables x; in degree 2. If the module M is
graded, the dual inherits a grading declaring (M*); = (M_;)*.

Now consider some b € %’. The monomial basis (7.4.4) of Rp has a unique element of
maximal degree b = 2(b; + - - - + b, —n), namely £®~! where 1 = (1,...,1) and b — 1 is the
sequence (by —1,...,b, — 1). We define a symmetric bilinear form (-, -) on Ry by letting

.y 1 ifj34+3'=b-1
(7.4.10) (@ 2y =4 "IHI ’
0 otherwise

on the monomial basis (7.4.4]), where sequences are added termwise. In other words, (p, q)
is the coefficient of £~ in the expression of pg € Rp as a linear combination of elements of
the basis ((7.4.4). Since this form is clearly non-degenerate, we get an isomorphism of graded
R-modules

(7.4.11) Ry = Ri(—b) for every b € #'.

The degree shift comes out because the bilinear form pairs the degree ¢ component of Rp
with its component of degree b — i.

By the properties of a duality, we have
(7.4.12) Homp(Rp, Ry ) = Homp (R, Ry) = HOmR(Rb/,Rb)a)/ —b)
for any b, b’ € %'. It is not difficult to see that the composite isomorphism is given explicitly

by

iL‘b_l
(7.4.13) O: (1 p)r— (1 = a;b’lp) :

7.5 Schubert polynomials

We recall some basic facts about Schubert polynomials, referring to [Mac91] for more details.
Let w € S,, be a permutation; then the operator d,, = 0;, ---0;,., where w = s;, ---s;,. is
some reduced expression, does not depend on the particular chosen reduced expression and
is hence well-defined. Let w,, € S,, be the longest element. Then one defines the Schubert
polynomial

(7.5.1) GCuw(z1,...,x,) = 8w_1wnx’f71x372-~-xn,1

for each w € S,,. The Schubert polynomials give a basis of R/ (Ri") It follows from the
definition that deg &, (x1,...,z,) = 20(w).

For our purposes, it will be more convenient to have a monomial basis of R/ (Ri”), indexed
by permutations w € S,,.

Definition 7.5.1. For each w € S,, we define &! (x1,...,x,) to be the leading term of
Sy(x1,...,xy) in the lexicographic order (7.4.3)).



Chapter 7. Preliminary notions 89

Being the leading terms of a basis of R/ (Ri"), it follows by the theory of Groebner bases
(see §7.4) that also the monomials &/ (1, ..., z,) give a basis.

REMARK 7.5.2. We already noticed in Example that R/(Ri") >~ Ry for b = (n,n —
1,...,1). Hence we already have a monomial basis of R/ (Ri”) given by Proposition
In fact, this basis coincides with the basis {&) (z1,...,2,) | w € S,}; the advantage of
using Schubert polynomials is that they give us a way to index these basis elements through
permutations.

There is an easy way to construct the monomials &, (z1,...,z,) (cf. [BIS93]): let ¢, =
#{j <i | w(j) >w(i)}; then & (z1,...,2,) =2 -+ 2. .

ExXAMPLE 7.5.3. The following table contains the Schubert polynomials and the polynomials
&/, in the case n = 3.

weE Sy Gy <
e 1 1
S I xI1
t T+ o T2
st T1X2 T1T2
ts x? x?
ws I%ZEQ I%IQ







CHAPTER

Soergel modules

In this chapter we will describe some Soergel modules as quotient rings Rp (defined in
. The strategy is the following: given a Soergel module M, we prove that the ideal
Iy, is contained in the annihilator of M; we use then a dimension argument comparing the
dimension of Ry (Proposition with the dimension of M (given by the corresponding
canonical basis element computed in .

In the homomorphism spaces between these Soergel modules we will define #llicit mor-
phisms, which are the morphisms which factor through some “wrong” Soergel modules. We
will determine explicitly the homomorphism spaces between Soergel modules modulo illicit
morphisms (; we anticipate that taking the quotient by illicit morphisms corresponds,
in the Lie-theoretical setting, to considering a parabolic subcategory of the category O.

8.1 Soergel modules

Fix a positive integer n and let R = C[zy,...,x,] be the polynomial ring in n variables.
For 0 < ¢ < n let J; be the ideal generated by the non-constant symmetric polynomials
in ¢ variables x1, ..., 2. Let moreover B = Clzy,...,z,]/Jn = R/(Ri) be the ring of the
coinvariants. For a simple reflection s; € S,,, let B** denote the invariants under s;, that is

(811) B = (C[xl, ey Lj—1,T5 + Lid1, LiLi41y Lj42, - - ,I’n]/(Rin)

In the following, we will abbreviate ® gs; by ®; while ® will be simply ®p. We let also
B;=B®,;B.

We define now Soergel modules for the symmetric group S,, by recursion on the Bruhat
ordering. First we set C, = C. Let then w € S,, be a permutation and choose some reduced
expression w = s;, - - - s;, where s;,,...,8;. €S, are simple reflections. We have:

Theorem 8.1.1 ([Soe90]). The B—-module B;, ® ---® B;, ® C has a unique indecomposable
direct summand C,, which is not isomorphic to some C, for w' < w. This is the unique
indecomposable summand containing 1 ® --- ® 1. Up to isomorphism, C,, does not depend
on the particular reduced expression chosen for w.

We call the C,’s for w € S,, Soergel modules.

91
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ExAMPLE 8.1.2. Consider a simple reflection s; € S,,. According to the theorem, the inde-
composable object C; = C;, is a summand of B; ® C. But it is immediate to check that the
two dimensional B—module B; ® C is indecomposable, hence C; = B; ® C. This module is
in fact isomorphic to R/(1,...,Ti—1,%; + Tit1, Tit2, .-, Tn).

Notice that since B is a quotient of R we have
(8.1.2) Homp(M,N) =2 Hompr(M, N)

for all M, N € B—mod. In other words, the category of B—modules embeds as a full sub-
category into the category of R—modules. Hence, it is harmful to consider B—modules as
R-modules.

To compute Soergel modules we will need to know their dimension. This is given by Propo-
sition [9.6.2] which we postpone because we will need to use Lie theory and the Kazhdan-
Lusztig conjecture for the proof.

8.2 Some Soergel modules

We determine now explicitly some modules C,,. In the following, we use the notation intro-
duced in We recall the following well-known fact:

Lemma 8.2.1. As a C-vector space, a basis of B®;, B®---®,,_, B®,, C is given by
(8.2.1) {ofl @ @27 @1 | g5 € {0,1}}.

Proof. The claim follows since each polynomial f € R can be written uniquely as f =

Py(f) + i0;(f), with P;(f),8;(f) € R*, cf. (7.37). O

A key-tool to determine the Soergel modules C,, . is given by the next proposition; it is
based on a lemma which uses facts about the BGG category O, and that we hence postpone
to Section

Proposition 8.2.2. For all z € D the module Cy, » is cyclic. In particular, we have

(8.2.2) Cupz 2 R/ Anng Cyy, , = B/ Anng Cyy, ..

Proof. By Proposition H, appears exactly once with coefficient ¢“(*#2) in the canonical
basis element H,, .. By Lemma @ this implies that C,, . is cyclic. O

Lemma 8.2.3. For every z € D the dimension of C,, . over C is given by
(8.2.3) dimg Cppx = k(2041 +1) -+ (2 + 1) = b7 -+ b

Proof. The first equality follows directly from Proposition [9.6.2] and Proposition [7.2.1] We
want to show the second equality. As in Example [7.1.2] we imagine the b-sequence written
on top of the AV—sequence for z. Over the A’s we have the numbers between 1 and k, each
appearing once: hence their contribute is k!. Over the j—th V, we have a number measuring
how many A’s are on its right, plus one: this coincides with how many times this V has been
moved to the left plus one, that is, 2,/ ; + 1. The claim follows immediately. O

Lemma 8.2.4. The module Cy, is isomorphic to R/(Jg, Tk41, .-, %n)-
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Proof. Let J' = (Jg,Tk+t1,--.,%,). By Proposition the module C,, is cyclic over
B. Choose any reduced expression s;, ---s;, for wy and build the corresponding module
B, = Biy®---®B;, ®C. Since all polynomials of J" are symmetric in the first k variables, we
have J' C Anng B, C Anng C,,, , hence C,,, is a quotient of R/.J’. Notice that J' = Ipe for
e € S, the identity element. By Lemma and Proposition dim¢ Cy,, = dim¢ R/.J’,
hence C,,, = R/J'. O

As we said, we will use the same notation introduced in For t}, see (7.1.5), let
(824) Btf\z = Bi+£—1 X BH_g_Q (SR Bl
— A R A
and for z = toep " tap let
(8.2.5) Bl=By  ® @By .
It 2z

AN
k

Moreover, for t/,, see (7.1.10), let

(826) BtiV,Z = Bifz & Bi7€+1 Q- ® Bi,1
and for z =t , 2y ety let
Z 41 Zn
N— B, c. v
(827) Bz - Btn,z?\z/ ® ® Btk+1,z}\c/+1

From Soergel Theorem and Proposition it follows that C,, , is isomorphic both
to the B-submodule of B ® C,, generated by 1 =1® ---® 1 and to the B-submodule of
BY ® Cy,, generated by 1=1® - ® 1.

The following lemma is the crucial step to determine the annihilator of C,, ..

Lemma 8.2.5. Let z € D, and let m be the number of nonzero z*’s. Then
(8.2.8) h@(l‘l, R ,mk_m_,_zﬁierl) € Ann kaz

for all £ > m.

Proof. Let us prove the assertion by induction on the sum N of the z/’s (that is, up to
a shift, the length of z). If N = 0 then also m = 0, and h¢(z1,...,2x) € AnnC,, =

(Jky Tkt1, - - -, Tp) for every £ > 1 by Lemma

For the inductive step, let i = k—m-+z_, ., write z = 2’s; and compute in B®; (B, ®Cy, ):

hprl(:b‘l, R ,C(:i) . (1 ® 1)
(8.2.9) = (Pi(hega(@r, .y 20) + 2:0i(hega (21, 20))) - 1@ 1
=1® (Pi(hg+1(.’1,'1, e 71'1)) . ].) +z;&® (ai(hlJrl(xla oo 7xz)) ' 1)

Since Cy, » is a summand of B ®; (BY, ® Cy,.), it is sufficient to show that (8.2.9) is zero.
In fact, we prove that both terms P;(hgt1(z1,...,z;)) and 9;(hey1(x1,...,2;)) act as 0 on
B).

Let us start considering the second term. Let y € D be determined by y/ = z/* for i #
k—m+1,k—m+2, while yp_,. ., = 0and y;_,, .o = 2,_,,,,. Notice that our chosen
reduced expression for z splits as 2z’ = yz”, so that

(8210) B = B;_1B;_o--- Bip_m+1 Bij,l - Biyo BZ//\ = BZ//B;\

z
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for j = k —m + 14 2_,,,,, where we omitted the tensor product signs. By (7.3.8),
Oi(heg1(z1,...,x;)) = he(x1,...,x;41); being symmetric in the variables z, for a # 7,7 + 1,
this steps over B, and acts on B, ® Cy, . By induction, this action is zero.

Now let us consider the action of the term P;(hgt1(z1,...,x;)). Write
Pi(hg+1(l‘1, e ,J}i)) = h¢+1 ($1, e ,.Ti) — xiaihg+1(x1, e ,l‘i)
(8.2.11)
= hop1(x1, .o, 25) — 2he(z, .o 2ig1).

Of these two summands, the second acts as zero exactly as before. For the first one, write
y'six1 = y so that Bzf = B ®11 Bé\,. Then hyy1(z1,...,x;) steps over the first tensor
product, and by induction acts as zero on B;\,. O

Proposition 8.2.6. Let z € D with corresponding b—sequence b*. Then the complete sym-
metric polynomial hy:(z1,. .., ;) lies in AnnCy, » for alli=1,... ,n.

Proof. We divide the indices ¢ € {1,...,n} corresponding to the positions in the AV—
sequence of z in three subsets: we call an index ¢ such that 2 = 0 initial, we call an
index ¢ for which b7 =1 final, and we call all other indices in between in the middle:

A AVX oo XAV -V
—— ——

wnitial middle final

where a x stands for a A or a V. Notice that it can happen that an index 4 is both initial
and final if and only if there are no V’s, that is k = n. Since in this case we already know
the claim, we can exclude it.

If 7 is final, then wiz € S; C S, (where S; is the subgroup generated by the first 7 — 1 simple
transpositions) and obviously hq(z1,..., ;) annihilates C,, ..

If z is not the identity (in which case there are no indexes in the middle), then i =
k—h+z;_; . is in the middle, and the statement of Lemma is that hp: (21,...,2;) €
AnnC,, .. For the other indexes in the middle, we can use Lemma [8.2.5] after letting

hyz (21, ..., ;) step over some initial tensor symbols of B2,

If 4 is 4nitial, then z is a permutation in the subgroup of S, generated by s;+1,...,5,-1,
hence hy: (21, . ..,2;), when acting on B ® C,,, can step over B.', and we only need to
prove that hy:(z1,...,2;) € AnnC,,. In fact, renaming the indexes this follows from the
following general statement: hy(z1,...,2¢) € Ji for every 1 < ¢ < k and a > k — £. This
well-known fact can easily be proved by (reversed) induction on h: if h = k the claim is
obvious; for the inductive step, just use . [

We now identify the Soergel modules with the rings Ry = R/Ip defined in

Theorem 8.2.7. Let z € D with corresponding b—sequence b*. Then AnnC,, . = Ip- and
Cuwpz = Rp=. A basis of Rp- is given by

(8.2.12) {f a1 0< ¢ <bi}.

Proof. Let b = b*. By Proposition Iy € AnnC,, ., so we have a surjective map
R/I, - R/(AnnC,, ). By Proposition and Lemma their dimension agree, hence
Iy = Ann C,,, .. The basis of R}, is given by Proposition O

Translating Proposition we can determine the homomorphism spaces between the
Soergel modules C,, »:
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Corollary 8.2.8. Let z,2/ € D with b-sequences b*,b* . Let ¢; = max{bf' — bZ,0} for
i=1,...,n—1. Then a C-basis of Homp(Cy, 2, Cu,2’) 5 given by
(8.2.13) Tzl ol | e <ji < b}

n—1

We will need in the following some other Soergel modules, corresponding to elements w’ € S,,
which differ from some wgz only by a simple reflection, as in the following proposition:

Proposition 8.2.9. Let z € D with corresponding b—sequence b*. Suppose ZJV = ZJ\-/H for
some index j. Let £ = j — z}/, so0 that sjz = zsg. Then Cs,y, . s the quotient of R modulo

the ideal generated by the complete symmetric polynomials

(8.2.14) ha, (X1, ..., 2;) fori=1,....,n,

where a; = b; for i # { while ap = by .

Notice that the sequence a = (aq,...,a,) is not an element of %', since a; = ap—1 + 1.

Proof. The proof is analogous to the proof of Theorem [8.2.7] By Corollary [7.2.3] the module
Csjwkz is cyclic. In particular, it is the submodule generated by 1 inside B ®; C,, ». First,
let us prove that the polynomials lie in Ann Cy 4, -, or equivalently that they vanish
on B ®g Cy, .. This is clear for i # ¢: in this case, these polynomials can step over the first
tensor product, and then they vanish because they lie in Ann C,, . by Theorem [8:2.7] For
the remaining case, we have

(8.2.15) ha, (z1,... ,$g> . (1 X 1)
=1® (Pg(hae (mh . ,xz)) . 1) + 2y ® (8g(ha[(x1, R ,xg)) . 1).

By (7.3.8) all terms contain hg, (z1,. .., 2¢) or he,—1(x1, ..., Tet1), which both lie in Ann C,,, ]
and we are done.

It remains to prove that the polynomials are a set of generators. Let I be the
ideal generated by them. We know that C ., - is a quotient of R/I. As for Lemma
the polynomials are a basis of I. As for Proposition the quotient R/I has
dimension aj - - - a,,. By Corollary[7.2.3]and an argument similar to the proof of Lemma|[8.2.3]
this coincides with the dimension of C, 4, -, and we are done. O

8.3 Morphisms between Soergel modules

In each basis set there is exactly one morphism of minimal degree, which we
call the minimal degree morphism C,,, — Cu,». For each z € D, the vector space
Homp(Cy, », Cw, ) is a ring that is naturally isomorphic to C,,, .. Moreover, for z, 2z’ € D the
vector space Hompg(Cy, 2, Cu,2r) is naturally a (Cy, .7, Co,z)—bimodule. It follows directly
from Corollary that this bimodule is cyclic (even more, it is cyclic both as a left and as
a right module), generated by the minimal degree morphism. In what follows, we will often
refer to this fact saying that the minimal degree morphisms divides all other morphisms.

We let D’ be the set of shortest coset representatives for W;-\S,. In particular, for every

z € D we have z,wz € D’.

Definition 8.3.1. For z,2’ € D we say that a morphism Cy, » — Cu, . is illicit if it factors
through some C,,, where y is a longest coset representative for Wi\S,, with y ¢ D’.
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We let W, ./ be the vector subspace of Homp(Cy,,», Cuy»v) consisting of all illicit morphisms.
Since it is a (Cy, 27, Cuw,»z)—submodule, we can define the quotient bimodule

(831) Zz,z’ - HomR(kazv kaZ’)/W%Z/’

We are going to determine all the subspaces W, ./, and consequently the quotients Z, ..

Lemma 8.3.2. Let 2,2’ € D, and suppose that for some index j we have

(8:32) Z/v{zHl fori=j.j+1.

! z) otherwise.
In particular 2 = zsysp1q ford = j— z]V —1, and the corresponding NV —sequence in positions

0,0+ 1,0+2 are

(8.3.3) Z=":AVV--- and 2=+ VVA---.
Then
(834) Wz,z’ = HomR(kaz, Cskz’) and Wz/7z = HomR(kaz/, Cskz)-

Proof. It is enough to show that ¢ € Hompg(Cy, 2, Cuy2r), 92 1 — 241 and ¢ € Hompg(Cy, 27, Coyoz) i
¥: 1+ 1 are illicit, since they divide all other morphisms. First of all, note that by con-
struction

535) bz,_{b§+1 for i = 0,041,

b? otherwise.

Let y = sjz = zs4y1, and note that y ¢ D’. We know C,,, by Proposition Since
Ann(Cy,.) C Ann(Cy, ) C Ann(C,,.), the morphism ¢ can be written as the composition
of the natural quotient maps

(836) kaz’ ;) kay # kaz;

hence it is illicit.

On the other side, z441 Ann(C,, ;) € Ann(C,,,) because by (7.3.3)

(8.3.7) a)‘g+1hbz

po (@ men) = hey (@, Teg) = ez, (@ T

and hyz y1(21,...,2¢) € Ann(Cy,y) by the arguments of the proof of Lemma 7.4.6| More-
over, o Ann(Cy,,) € Ann(C,, /) because by (7.3.3) we have

(8.3.8) xehbg (.Tl, PN ,.’L‘e) = hb§+1(-7317 ey xg) — hb§+1<331, ce ,a:g,l)
and this is in Ann(C,, ./) by Lemma [7.4.6] Hence ¢ can be written as the composition
(8.3.9) Cupz —5 Coy —5 Cor

and therefore is illicit. O

Lemma 8.3.3. Let z € D and suppose 2} = z{,, for some index j. Let £ = j — z, so that
sjz = z5¢. Then the endomorphism 1 +— x¢ of Cy,, is illicit.
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Proof. Let y = sjwiz ¢ D'. We claim that 2, Ann(C,,.) € Ann(C,) and hence that 1 — z;

defines a morphism C,, , = C,. By Theorem and Proposition the only thing to
check is that z¢hy; (1,...,2,) € Ann(C,). By (7.3.3) we have

(8.3.10) l‘ghbz (331, - ,xz) = hb§+1($1, . ,a?g) — hb§+1(x17 . ,mgfl) S Ann(Cy).

On the other side, again by Theorem and Proposition it is clear that 1 — 1
defines a morphism C, — C,,, .. Hence the endomorphism 1 — x, of C,, . factors through
C, and is therefore illicit. O

More generally we have:

Lemma 8.3.4. Let z € D. For every j between k+ 1 and n — 1 the morphism
(8.3.11) 1v— zpzpqq - -z,

where £ = j — zjv and ¢ = (j+1)— z;/+1 — 1, is dllicit.

Proof. Let y € D be defined by y; = 2;/ for i # j, while yy = 2/ ;. From Corollarywe
have that 1+ 1 and 1 — yx¢41 - - - T¢r—1 define morphisms C,,, ; — Cy,y and Cypy — Copz
respectively. By Lemma[8.3.3|the endomorphism 1 — x4 of Cy,, is illicit, and so is (8.3.11),
since it can be expressed as composition of these three morphism. O

Theorem 8.3.5. For all 2,2’ € D define a subbimodule V~Vz’z, of the homomorphism space
Hompg(Cy, 2, Cuyzr) as follows:

(i) if for some index 1 < j <n—k—1 we have \/JZ- > v§'+1 or V;f/ > \/]Z-_H, then we set
Wz,z’ = Hom(kaz, kaz’);

(ii) otherwise we define VNVZ’Z, to be the subbimodule generated by the morphisms

(8.3.12) L= (zvzmvzin - ap0)) (e coexpt ) for1<j<n—k,

n—1

where ¢; = max{b? — b?,0} and

(8.3.13) 8(j) = min{Vz,,, V¥ } =1 ifj<n—Fk,
n ifj=n—k.

Then we have W ;» =W, /.

ExXAMPLE 8.3.6. Let us consider the following example:

1 2 34 5 67 9 10 11 12 13 14
b* 10 10 9 8 7 6 4 3 2 2 1
2 A[VIA A A A AV VaI A A ATV A
A
3

5
A

2oV AN AV A A A A Vs A A (V!
6 5 4

b* 11 10 9 8 8 7 3 2 1 1
- - - -
ToX3Ty T9T10L11L12

For convenience we have written the subscripts of the V’s, indicating their progressive num-
ber. We are in case m, and the generating morphisms (8.3.12)) of W, . are
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‘ morphism

J

1 11— (.232333374)(331375336337)

2 1— ($8)(I1I5I61‘7)

3 1 +— (zoz10211712)(T1T5T627)
4 1+— (z13)(z125T627)

In the picture, the case j = 1 is highlighted in solid and the case j = 3 is highlighted in
dashed.

Proof of Theorem . First, we assume that V3 > \/]Z_|r1 for some index 1 < j < n — k.

Pick j minimal with this property. Notice that by the minimality of j we have V;_; < \/jl
(if > 1), and hence on the left of the j—th V of z there is an A (this remains true also if
j = 1, since in this case Vi > Vi > V{ >1). Let a = V3 and ¢ = VZ,; — V%, and define

]?
2 and 2@ as )

(8.3.14) 2 AVA - AV
(8.3.15) 2 = 280 l—18atb—2 " Sat1 AVV - AA
(8.3.16) 22 = Ws, s VVA - AA

where on the right we pictured the corresponding AV-sequences between positions o —1 and
a+ ¢ (and we included z for clarity). The composition

(8317) kaz —> kaz(l) M) kaz(z)

is illicit by Lemma Composing with the minimal degree morphism C,, .2y — Cy 2
we obtain the minimal degree morphism C,, » — C,, >/, which is therefore illicit. It follows
that HomR(kaz, kaz’) = Wz,z/-

A straightforward dual argument (cf. §7.4) proves that Hompg(Cy, 2, Cu,z) = Wy 5. Swap-
ping z and 2’ it follows that Homp(Cy, -, Cs,2r) = W, o if Vi >Vig

Now assume we are in case and fix an 1ndex 7. First, let us con51der the case V% +1 <Viin
so that 8(j) = j+1 Let y= V3,0 = j+1’ £ = Vi, . Define 21 22 and 2(3) by

(8.3.18) z VA AN AV
(8.3.19) 2V = 25 5,41 851 A-os AVA - AV
(8.3.20) 2 = 2Mg 5. g 8541 Ao AVVA -+ A
(8.3.21) 2 = 2@ g5 155 A VVAA--- A

where on the right we pictured the corresponding AV-sequences between positions v and €.
The composition
(8.3.22) Cur > Cop oy 2220, RN

wy,z(2) wp,z(3)

is illicit by Lemma By construction, the composition of (8.3.22)) with the minimal
degree morphism C,,, ) — Cy, 2 equals the morphism (8.3.12) from C,, . to C, ./, that is
therefore illicit.

Let us now consider the other case Vi ; < \/j?;_l. By Lemma the endomorphism of
Cuw, > defined by

(8.3.23) L= oyzmyegr - 2yz |

is illicit. This morphism divides the morphism (8.3.12]), which is therefore illicit.
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To conclude the proof we are left to check that in case m W, . C V~\/Z,Z/. Unfortunately
we cannot check this directly. Instead, by Lemma in the next section we have that the
dimensions of the quotients of Homp(Cy, 2, C,,27) by W, o and W, ., agree. This implies
that W, . = W, . O

Grading

In order to keep the computations more transparent, we decided to postpone the introduction
of the grading until now. The ring R is graded with degxz; = 2. Since the ideal J,, is
homogeneous, B is also graded, and the graded definition of the module B; is B; = B ®;
B(—1). By Soergel theorems all C,, for w € S,, are graded. In the graded version of the
module C,,, . the cyclic generator is in degree —¢(wyz). Then has the following graded
version:

(8.3.24) grdime C, = ¢~ Y " Py (g?).

w' <z

The spaces W, .- are homogeneous submodules, and the quotients Z. ., are then graded
modules.

By our discussion in and with the opportune degree shifting we put on the modules
Cuw,z, it follows that all modules C,, , are graded self-dual. In particular

(8325) HOYHR(kam kazl) —t HomR(kaz/, kaz)

as graded vector spaces for all z, 2’ € D. An explicit isomorphism was described in ([7.4.13]).






CHAPTER

The diagram algebra

We want now to define diagram algebras A, j over C, which are isomorphic to the endomor-
phism rings of the minimal projective generators of the categories Q(n). They are analogous
to the generalized Khovanov algebras defined in [BST1], which instead are isomorphic to the
endomorphism rings of the minimal projective generators of the maximal parabolic cate-
gories O used for categorifying representations of sly. We will use some diagrams which
represents morphisms between the Soergel modules we studied in the previous section. We
remark that the diagrams will remind of the graphical calculus of Chapter [3] exactly as the
diagrams of [BSTI] reminds of the graphical calculus [FK97].

We point out that the major difficulty is the definition of the multiplication of two basis
diagrams, which is not simply stacking one on the top of the other (as in many other
diagram algebras), but instead a quite involved process. In [BS11], Brundan and Stroppel
use Khovanov’s TQFT to define this multiplication. Since there is not an analogous of such
a TQFT in our case, we construct the multiplication in an indirect way using composition of
morphisms between Soergel modules. A drawback of our definition of the multiplication is
that it is not clear how one can define diagrammatically bimodules for the diagram algebra,
as in [BS10].

We will introduce the diagrams in and we will define the algebras A, ; in §9.2] Using
the same techniques of [BS11] we will describe explicitly the graded cellular and properly
stratified structure (§9.3]). In we determine we study indecomposable projective injective
modules using a bilinear form on our diagram algebras. In §9.5| we define diagrammatic

versions of the functors € and J from §77.

Finally, in we explain the connection between Part [[ and Part [[TI] by establishing an
equivalence of categories between Qj(n) and A, r—gmod. As a consequence, we will be able
to determine the endomorphism rings of the functors £; and JFj, proving that they are
indecomposable.

9.1 Diagrams

We start introducing the diagrams on which our algebras will be build. We will redefine some
keywords that are commonly used in Lie theory (such as weight and block) in a diagrammatic

101
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sense.

Weights and blocks

Weights. A number line L is a horizontal line containing a finite number of vertices indexed
by a set of consecutive integers in increasing order from left to right. Given a number line,
a weight is obtained by labeling each of the vertices by A or V.

On the set of weights there is the partial order called Bruhat order, generated by AV = VA.
For weights A, i declare A\ ~ u if u can be obtained from A by permuting A’s and V’s.

Blocks. A block T' is a ~—equivalence class of weights. From now on, let us fix a block I'. Let
also k be the number of A’s and n — k be the number of V’s of any weight of I'. The weights
of I' can be identified with AV—sequences in the sense of and hence with elements of
D, ;. For a weight )\, we can then define as in the position sequences (A}, ...,A}) and
(V3,...,V2 ) and the b-sequence b*.

Enhanced weights. An enhanced weight \° is a weight A together with a bijection o between
the vertices labeled A in A and the set {1,...,k}. By numbering the A’s from the left to
the right we may view o as en element in S; and call it the underlying permutation. We
call A\ the underlying weight. We will also say that we obtain the enhanced weight A\? by
enhancing the weight A with the permutation o. Notice that there are exactly k! enhanced
weights with the same underlying weight.

We define a partial order on the set of enhanced weights by the following rule:

(9.1.1) A =um <= A< por (A=pand (o) <L(1)).

Fork diagrams

Forks. An m—fork is a tree with a unique branching point (the root) of valency m; the other
m vertices of the tree are called the leaves. A 1-fork will be also called a ray. This is an
example of a 5—fork:

leaves

—_——

N

root

Lower fork diagrams. Let V be the set of vertices of the number line L, and let H_ (resp.
H. ) be the half-plane below (resp. above) L. A lower fork diagram is a diagram made by
the number line L together with some forks contained in H_, such that the leaves of each
m—fork are m distinct consecutive vertices in V; we require each vertex of V to be a leaf
of some fork. The forks and rays of a lover fork diagram will be also called lower forks and
lower rays.

Upper rays, upper forks and upper fork diagrams are defined in an analogous way. If ¢ is
a lower fork diagram, the mirror image ¢* through the horizontal number line is an upper
fork diagram, and vice versa. The following are examples of a lower fork diagram c and its
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mirror image c*:

Oriented diagrams

If ¢ is a lower fork diagram and X is a weight with the same underlying number line, we can
glue them to obtain a diagram c\. We call cA an unenhanced oriented lower fork diagram if:

e ecach m—fork for m > 1 is labeled with exactly one V and m — 1 A’s;

e the diagram begins at the left with a (possibly empty) sequence of rays labeled A, and
there are no other rays labeled A in c.

Notice that by definition each A and V of A labels some fork of c¢. Analogously, we call
pd an unenhanced oriented upper fork diagram if d*u is an unenhanced oriented lower fork
diagram. The orientation of an unenhanced oriented lower (or upper) fork diagram is the
corresponding weight.

An (enhanced) oriented lower fork diagram ¢\’ is an unenhanced oriented lower fork diagram
cA together with a permutation o € Si such that A7 is an enhanced weight. Similarly we
define an (enhanced) oriented upper fork diagram. If not explicitly specified, our oriented
lower /upper fork diagrams will always be enhanced.

For m > 1 and 1 < i < m we define A\(m, i) to be the weight formed by one V and m —1 A’s,
where the V is at the i—th place. Note that a lower fork diagram c consisting of only a lower
m—fork admits exactly m! orientations, and they are exactly the A(m,:)? for i € {1,...,m},
(S Sm—l-

By a fork diagram we mean a diagram of the form ab obtained by gluing a lower fork diagram
a underneath an upper fork diagram b, assuming that they have the same underlying number
lines. An unenhanced oriented fork diagram is a fork diagram aAb obtained by gluing an
oriented lower fork diagram aX and an oriented upper fork diagram Ab, as in the picture:

An (enhanced) oriented fork diagram is obtained by additionally enhancing the correspond-
ing weight.

Degrees

Define the degree of an unenhanced oriented lower (or upper) m—fork by setting deg(cA(m, 1)) =Jj
deg(A(m,i)c*) = (i — 1). Define then the degree of an unenhanced oriented lower (resp. up-
per) fork diagram to be the sum of the degrees of all the lower (resp. upper) forks. Finally,



104 9.1. Diagrams

the degree of an unenhanced oriented fork diagram aMb is

(9.1.2) deg(aAb) = deg(a) + deg(\b).

Moreover, define the degree of a permutation o as deg(o) = 2¢(0). Then we define the degree
of enhanced oriented diagrams by

(9.1.3) deg(aX?) = deg(aX) + deg(o),
(9.1.4) deg(A7b) = deg(Ab) + deg(o),
(9.1.5) deg(aAr?b) = deg(aAb) 4+ deg(o) = deg(aX) + deg(Ab) + deg(o)

In particular, enhancing with the neutral element e € Si preserves the degree.

ExXAMPLE 9.1.1. Consider the fork diagram aAb given by:

We have deg(a)) = 1 and deg(Ab) = 2+ 3 = 5, so that deg(aA\b) = 6. We can enhance the
diagram with any permutation o € S5, and then deg(aA?b) = 6 + 2¢(0).

The lower fork diagram associated to a weight

There is a natural way to associate a lower fork diagram to a weight A:

Lemma 9.1.2. For each weight \ there is a unique lower fork diagram, denoted )\, such
that A\ is an oriented lower fork diagram of degree 0.

Proof. Suppose that some oriented lower fork diagram cA® of degree 0 exists. Recall that,
by the definition of orientation, each fork of c¢ is labeled by at most one V of A; by the
assumption on the degree, this V has to be the leftmost label of the corresponding fork. As
a consequence, each m—fork of ¢, with the only exception of some initial rays labeled by A,
has to be labeled by the weight A(m, 1). In other words, the lower fork diagram c is obtained
in the following way: examine the weight A from the left to the right and find all maximal
subsequences consisting of a V followed by some (eventually empty) set of A’s; draw a lower
fork under each of these subsequences, and then draw lower rays under the remaining A’s
which are at the beginning of A. Hence c¢ exists and is uniquely determined. O

Analogously we let A = (A)* be the unique upper fork diagram such that A°) is an oriented
upper fork diagram of degree 0.

ExAMPLE 9.1.3. As an example, let us illustrate the procedure of constructing A for A =
AAVANAVVAV. First, we circle all maximal subsequences consisting of a V followed by A’s:

N A A A NDE )
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Then we draw a lower fork under each of such subsequences, and lower rays under the
remaining A’s at the beginning of .

The resulting lower fork diagram is then

SNl

For weights p and A, we use the notation 4 C A to indicate that p ~ A and pA® is an oriented
lower fork diagram.

Lemma 9.1.4. Let A, ji be two weights in the same block I'. If A = p then X = p. If pX is
oriented then p = X\ in the Bruhat order.

Proof. Being in the same block, the weights A and g have the same number of A’s and
V’s; let h be the number of V’s. Consider the h rightmost forks of A and let aq,...,ap be
their initial positions; then A is uniquely determined by the condition of having V’s in the
positions ai,...,a, and A’s elsewhere. Hence the first claim follows.

Now, given the lower fork diagram pu, let F},..., Fy denote its h rightmost forks. Let also
[, ={\eT | p\is oriented}. Then X\ € T, if and only if each V of A labels exactly one of
the Fj’s. Since p is the weight of I',, with the V’s in the leftmost positions, it follows that u
is the minimal element in I', with respect to the Bruhat order. O

In particular, given our fixed block T, it follows that every lower fork diagram a (such that
ap is oriented for some p € T') determines a unique weight A with A = a. In what follows,
we will sometime interchange a and A in the notation: for example, we will write V§ for \/?‘

or b® for b* and so on.

We collect now some lemmas that we will need later.
Lemma 9.1.5. Let A\, pu be two weights in the same block T.
(i) The lower fork diagram A is oriented if and only if

(9.1.6) V<V < VA, foralli€l,...,n—Fk—1.

(i) There exists an oriented fork diagram Ang for some n € T if and only if
(9.1.7) VI<VEL and VE <V, foralli€l,...n—k—1.

Proof. 1t is clear that follows from so let us prove It is easy to see that the lower
fork diagram Ap is oriented if and only if each lower fork of A is labeled by exactly one V:

this is exactly the same as (9.1.6)). O
Lemma 9.1.6. Consider weights \, u € T' with the corresponding b—sequences b, b*.

(a) If p = X\, then b < b} for alli=1,...,n.

(b) If A is oriented, then b} — bl <1 for alli=1,...,n.
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¢) If \p°Ti is oriented (for some weight n € T'), then |b} — | <1 foralli=1,..., n.
nu n 7 %

Proof. If ;1 > X then the i—th V of p is not on the right of the i—th V of A, and the first
claim follows.

Let Ap be oriented. By Lemma we have V) < V& < V2 ;. This means that for every
vertex v € V there is at most one A more to the right of v in A than in p. This is exactly

[

The last claim follows from the second: if An?7 is oriented (for some weight 7 with b-sequence
b"), then b} — b = b} — b +b] —b' € {1 -1,1+0,0— 1,0+ 0}. O

Since we have identified T" with D,, 1, we can define the length ¢(\) of any weight A € I' to
be the length of the corresponding permutation in D, j.

Lemma 9.1.7. Consider weights A,n in the same block I'. Then
(9.1.8) deg(An?) = £(N\) — £(n) + 2£(0).

Proof. Since An is oriented, the weight 7 is obtained from A permuting the A’s and V’s on
each lower fork of A\. The degree of \n is the sum of how much each V of A\ has been moved
to the right to reach the corresponding V of n; hence it is just the length of this permutation.
In other words, if we let z, 2’ € D,, j, be the permutations corresponding to A, 7 respectively,
then we have z = 2’y for some y € S,, with £(z') = £(z) + £(y), and deg(An) = £(y). O

9.2 The algebra structure

We connect now our diagrams with the commutative algebra from Chapter [8] Let us fix a
block I with k A’s and n — k V’s.

Relations with polynomial rings

We associate to the weight A the ring Ry = Ry» = R/Ip» (defined in §7.4)), and we want to
describe Z, ./ from (8.3.1)) diagrammatically.

Given an oriented lower fork diagram An?, we define the polynomial

n—=k
(9.2.1) Pane = G;(x/\?, e TAT) H TATyA41 - Tynoy € R.
j=1

with &4 (zn,...,z7) as defined in §7.50 Notice that the terms on the right always make

sense because, since A is oriented, v/ > V7 for all indices j (cf. Lemma [9.1.5). Often we
will consider py.- as a polynomial in the quotient Ry, but it will be convenient to have a
chosen lift in R. Notice that we have

(92.2) deg(pan) = 2(¢(0) + £(A) — £(n)).

Proposition 9.2.1. Let A\, € T’ be weights, and let z, 2" be the corresponding elements of
D. Let Z, x be the graded vector space with homogeneous basis

(9.2.3) {un°X | pn”X is an oriented fork diagram}.



Chapter 9. The diagram algebra 107

With VNVZVZ/ as defined in Theorem we have an isomorphism of graded vector spaces

(924) v Zf:i — HomR(kaZa Cﬁykz/)/\f/\\//zyz/
A — (1 pﬁna) +W, ..

Proof. First, note that p,e = pﬁnerj (m,\?, e ,x/\z). By definition we have pj,e = xft e atn
with ¢; = b} — b]. By Lemma b? > b] for every j, hence g; > b — b;‘. By Corol-
lary (8.2.8} the map 1+ p,,- induces a well-defined morphism in Hompg(Cy, 2, Cu,. ), hence

also in the quotient.

Let us show that (9.2.4)) is homogeneous of degree 0. The degree of the morphism 1 — pjo
in Homp(Cuy 2y Cuy») 18 deg(pune ) —(wrz") +€(wy 2), that is the same as deg(pyne) —€(2") +
(z) = deg(puys) — (1) +£(N). By (9.2.2)) this is £(X) +£(p) —2¢(n) +2¢(0). By Lemma

this is the same as deg(un°X).

Next, we want to see that p,,- is always a monomial of the basis (8.2.13)). For that, note that
by definition €; = 1 exactly when b/ = b;’ + 1. Moreover, the monomial & (zan,...,z\n) =

xzf .-l is by construction in the basis of R,, that means that i; < b;’ for every j. It follows
that i; +¢; < b;‘, hence p,,- is a monomial of the basis (8.2.13).

We claim now that none of the p,,,- is in \/~Vz7zf. Note that by construction the indeterminate
. - A Ui n A
Ty does not appear in py,-. By Lemma we have Vi < V; and both Vj < V7, and

V7 < V4. This means that both Tyr - wyr g and zya - zye g do not divide ppye.

To conclude the proof, we need to construct an inverse of W. Take a basis monomial
m = zi'---2]" € Homp(Cy, 2, Cy,») that does not lie in W, /. For every J, let £; be
the maximum such that TynTybgy T divide m. As m does not lie in W, .-, it should
be {; < \/?‘Jrl and £; < \/ﬁq_l. Form a weight n in the same block of A and p with the V’s in

positions /1, ..., ¢, _;. By Lemma the diagram an is oriented. Let m’ be the quotient
of m by pyye. By construction, b} = 07 if x; does not appear in py;c, and b = b} +1if x; ap-

pears (with coefficient 1) in py;c. Hence, it is clear that m’ is a monomial &, (zx, ..., zAn).
By construction, it follows that in this way we get an inverse of the map (9.2.4), that is
hence an isomorphism. O

As a consequence we obtain the following result, that completes the proof of Theorem [8:3.5}

Lemma 9.2.2. For all 2,2’ € D we have

(9.2.5) dime Homg(Cyp, 2, Copy 2/ ) /W o = dimg Z, 0.

Proof. By Proposition the dimension of HomR(kaz,kaz/)/VT/z,zz is the same as
dim¢ Z,, », where A\, u € I' are the weights corresponding to z,z’. This dimension is sim-
ply k! times the number of unenhanced weights n such that un\ is oriented. By Lemma
this is the same as dimZ,, /. N

O
Being I' and D, \, identified, we will often write Cy for Cy, ., where z € D,, ;. is the element

corresponding to . If ¢ = A and b = X we will even write C, or C, instead of Cy. We will
do similarly for W, ., and Z, .
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The algebra structure

Thanks to Proposition we can define a graded algebra A = Ar over C. As a graded
vector space, a homogeneous basis is given by

(9.2.6) {(@X\?B) | for all @, A, B € T, o € Sy, such that a« D A C 3}
that is the same as

(9.2.7) {(aAb) | for all oriented fork diagrams aAb with A € T'}.

The degree on this basis is given by the degrees on fork diagrams. For A € I we write ey for
(AM). Note that the vectors ey give a basis for the degree 0 component of A.

EXAMPLE 9.2.3. Let us consider a block I" of weights with 2 A’s and 1 V, that is
(9.2.8) [ ={\ = AAV, dg = AVA, A3 = VAA}

Then the basis {ey, } of the degree 0 component is given by

(929) ex, = s €r, = <>\a €Ny = @\

From Proposition [9.2.1]| we get the following:

Corollary 9.2.4. There is an isomorphism of graded vector spaces

(9.2.10) Az P Hom(Cy,z, Cuyzr) /W .

z,2'€eD

This defines a graded algebra structure on A.

The product of two basis vectors of A can be computed explicitly using the isomorphism
(19.2.10) as explained in details in the following Remark Unfortunately, we are not able
to describe the multiplication in the algebra A purely in terms of diagrams. Nevertheless,
the diagrammatic description proves useful to find other properties of the algebra A, as we
will explain in the following.

REMARK 9.2.5. Explicitly, the multiplication of the basis vectors (aA7b) and (cu® d) can be
computed in the following way. First, if b* # ¢ then set it to be zero. Now suppose b = c*.
Then take p,,o- and pere in R and multiply them. By construction, the result gives a well
defined morphism of the corresponding Soergel modules: write it as a linear combination of
the basis @ and translate it in the diagrammatic algebra A using the isomorphism of

Proposition [9.2.1]

EXAMPLE 9.2.6. Let

alb = --
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Let also 0 = s1 € S3, 7 = e € S3. We want to compute the product (aA?b)(cu™d). First
notice that b* = ¢ (otherwise the product would be trivially zero). By (9.2.1)) we have

(9211) Pare = X1+ XT1X4
(9.2.12) Pepira =121

(for the computation of the polynomials &/ and & we refer to Example|7.5.3)). The product
iS parepepr = T3z The b-sequence of a is (4,3,2,1,1), hence 3z, is not an element of the
monomial basis (8.2.13)) of R,. We need to do some computations in the ring R,: using the

relations x1 + o + 23 + x4 = 0 and x‘f = 0 we have
(9.2.13) 3ry = —a] — adry — aduy = —adry — 2dus.

This is now a linear combination of monomials of the basis (8.2.13)). The monomial —z3x5,
although not zero in R,, is of type , hence defines an illicit morphism and is zero in the
quotient. We are left only with the monomial m = x3x3. This is an element of and,
according to Theorem[8.3.5] does not define an illicit morphism. We need to translate it into a
diagram via Proposition[0.2.1} The AV-sequence corresponding to a is VAAAV; in particular,
the indices of the V’s are 1,5. Now, x5 does not divide m, and the biggest index i such that
x12Tg---x; | mis 1. Hence the monomial m corresponds to a diagram an™d where n has V’s
in positions 2,5. Moreover, the permutation 7 is determined by &’ (z1,x3,74) = z%x3. By
Example 7 is the longest element of S3. Hence (a\“b)(cu™d) = —(an™d), where

By construction, paye = 1 for any A € I'. Under the isomorphism of Proposition
the element ey is sent to idc € Endr(Cs, ), where z € D corresponds to A; hence the
elements ey satisfy

Wz

ap’h if a = X,

0 otherwise,

ap’b if b=,

0 otherwise

(9.2.14) eA(a,u”b) = { (a'uab)e)\ = {

for any basis element au®b € A. That is, the vectors {ex | A € I'} are mutually orthogonal
idempotents whose sum is the identity 1 € A. The decomposition ((9.2.10f) can be written as

(9.2.15) A= P erde,.
Apel

A basis of the summand ey Ae,, is

(9.2.16) {MWn°m | forallnpeTl,o €S such that A D n C u}.

Duality

Recall from that for every z,2’ € D we have an isomorphism

O: Homp(Cy, 2, Cuw,zr) — Homp(Cy,2ry Coyz),

(9210 (1= p) — (1 2¥p),

where b and b’ are the b-sequences of z and 2/, respectively, b — b’ = (by — b),...,b, — 1))

and the notation is as in ((7.4.13)).
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Lemma 9.2.7. Let A\,pu € ' and let z, 2" be the corresponding elements of Dy, . We have
O(W, ) = W, .. Therefore the isomorphism © descends to an isomorphism ©: Z, ,» —
Z, . that fits with the duality on diagrams:

(9.2.18) O(¥(unA)) = V(A7)
for every enhanced weight n° such that Hn"x s oriented.

Proof. Let b, b’ be the b—sequences of A and p, respectively. Note that

b—1
x b—b’ -1 ~1
(9.2.19) e = H (mv; ---1‘\/;,1) H (va? ---xvﬁil)
Vi<Vl vi<vy
as an element in C[z', ..., 2], If (1 — m) is a monomial morphism of the basis (8.2.13)

of Hompg(Cy, 2, Cuw,z), it follows immediately that (1 — m) € W, , if and only if (1 —
a:bl_bm) € W, ./, hence O(W, ,) =W, ..

Moreover, it follows from equation (9.2.1) for the polynomials py,s and pyy,e that pu,- =
22=¥ py,e, hence O(¥ (un° X)) = ¥(An7R). O
As a corollary, we have that the linear map x : A — A defined by

(9.2.20) (a\b)* = (b*Aa™)

is an algebra anti-isomorphism.

As follows from the definition, the algebra A only depends on the number of A’s and V’s in
the block T.

Definition 9.2.8. We define A, = Ar for some block I" with k AN’s and n — k V’s.

9.3 Cellular and properly stratified structure

This section is devoted to prove that the algebras A, , are graded cellular and properly
stratified, by constructing explicitly standard and proper standard modules. As before, we
fix n and k and we let A = A,, ;. The following is inspired by [BS1I].

Graded cellular structure

The key-step for proving that A is graded cellular is the following result:

Proposition 9.3.1. Let (a\b) and (cud) be basis vectors of A. Then the product (aA°b)(cu”™d)|}
s equal to:

0 if b+ c*,

(o) o e and
) S e a0 s

(1) otherwise,

where:
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(i) the scalars t'(r(;/\ac) (u7) are independent of d;

(i) (1) denotes a linear combination of basis vectors of A of the form (avXd) with v > p;

Proof. If b # ¢* the claim is obvious, so let us suppose b = ¢*. Suppose moreover that there
is some weight v such that avd is oriented (or equivalently that Z4 , is not trivial) otherwise
the claim is also obvious.

Of course we have

(9.3.2) (aX7b)(cp”d) = Z C(vX) (avXd).

vel,xeSk

for some coefficients C'(vX) € C. Let us first prove that only terms with vX > p” occur in
the sum, i.e. if C(vX) # 0 then vX > pu”.

Before continuing, let us stress the subtlety in the argument. We want to understand which
element of A corresponds to the morphism 1+ pyxepeyr: in general this morphism is not a
monomial morphism of the basis (8.2.13]), and we have to use the relations defining R, to
rewrite it as a linear combination of the monomial morphisms .

Let us fix some vX such that C(vX) # 0. First, let us prove that v > u. By definition, v = u
is equivalent to Vi > V4 for all j = 1,...,n — k. Fix an index j. If V§ > V/, then also
V% > V¥ by Lemma Hence suppose V§ < V4. By construction, the monomial

(933) ((E\/§L£L’\/§+1 ce xv?fl)(m\,;xvjc_ﬂ cee x\/;_l)

divides pg e peyr - In particular, since \/3\ > \/;’- = V§,also Tye@yetr  Tyk_y divides poxo pepr -
Hence, if por-pey- 1s @ monomial of the basis (8.2.13)), we can conclude that Vi > \/5. Oth-
erwise, we get the same conclusion using the technical Lemma [9.3.2] below.

Now to check that vX = ™ we have to show that in the case v = p we have £(x) > ¢(7). So
let us suppose v = pu. Since the multiplication is graded, we must have

(9.3.4) deg(aAb) + deg(cu™d) = deg(apXd).

If a = p we write £(a) for ¢(p), and similarly for b, ¢,d. Then, using Lemma we get
from (9.3.4)

(9.3.5) 20(x) = 20(r) + 20(c) + 20(b) — 20(N).

Since A?b is oriented, by Lemma the diagram b corresponds to some weight that is
smaller or equal than X in the Bruhat order. This implies that £(\) < £(b) (notice that under
the identification of I' with D,, i, the Bruhat order on weights corresponds to the opposite of
the usual Bruhat order on permutations). It follows that ¢(x) > ¢(7). Hence we have shown
that

(9.3.6) (@A7b)(ep™d) = Y Cu ) (ap”d)+ Y CWY)(avXd).

L(T")>L(T) v, X ESk,

Now suppose that C(u¢) # 0 for some & € Sy, with £(&) = £(7). If we substitute in (9.3.5)
X = & we get 20(c) + 2£(b) — 2¢()\) = 0. Since £(b) > £(\), we must have {(o) = 0 and
£(b) = £()\). This implies 0 = e and b = A. It is easy to see that in this case the morphism

1 = parxePeur 18 an element of the monomial basis (8.2.13), and hence we have exactly
(aA?b)(cu™d) = (au™d). This shows the second case of (9.3.1) and also that if either b # A

or o # e then we can rewrite as
(9.3.7) (@A7b)(ep™d) = > Cu ) (ap”d)+ Y. CWY)(arXd).

L(r")>¢€(T) v, X €Sk,
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Since C(u™) is automatically zero unless ajud is oriented, this concludes the proof of (9.3.1)
and

We are left to show In order to determine the coefficients of (9.3.2)), consider the expres-
sion of the polynomial p,xpc,- in the basis (8.2.12)) of R,:

(9.3.8) Pare Pepr = Z ajx’.

jeJ
Define J” C J to be the subset of tuples j such that the morphism (1 +— x7) € Homg(Cy4, C,)
dies in the quotient Z4 4, since it is divided by some morphism of the type of Theorem
Let also J' = J\ J”. Fix some j € J'; by Proposition the basis morphism
(1~ ad) € Zy, corresponds to a diagram avXd: then we have C(vX) = a;. Notice that the
unique dependence on d is in determining the subset J” C J.

Now suppose aud is oriented, fix some 7/ € Sy, and let (1 — a9) € Z4,, be the morphism
of the basis corresponding to the diagram a/f/d. By the definition of orientation, for
all i we have V¢ < V! < vé | and V¢ < VI < V% . Since @? € Clzps, ..., zpu], neither
Lyalydyy s Tyd,  NOT Tydlyayy - Tye  can divide a7. Hence for all d such that aud is
oriented we have (1 — a7) ¢ W, , and with the notation of the preceding paragraph j € J'.
Hence C’(uT') is independent of d, proving O

Lemma 9.3.2. Fiz some b € B and let m be an index such that b,,_1 = b,,. Suppose that
TmTmi1 - Tmae divides some polynomial p € R. Write p = ) . c;a* in Ry, where x* are
monomials of the basis (8.2.13)). Then x;Xmy1 -+ Tinye divides all monomials x* for which
Cq 75 0.

Proof. We will use the relations defining the ideal I} to write the expression of p as a linear
combination of basis monomials. Of course, it is sufficient to examine the case in which
p = a7 is a monomial.

Consider the maximum r for which j. > b,: if there is no such r, then p is a monomial
of the basis and we are done. If < m or r > m + £ then using the relation
he, (21, ..., 2,) we can rewrite p as a linear combination of monomials xd’ with Jl < jr and
T Tomt1 " Tl | xd’: so by an induction argument we may suppose m < r < m + £. If
¢ > 1 we can write

Je—1
(9.3.9) Tr1x) = xp_1hj (T1,...,20) — Z To—1xphy, —s(x1, ... Tro1).
s=0

Since h;, (z1,...,2,) € Iy because j, > by, and also z,_1h;, (z1,...,2,-1) € Iy by (7.3.3),
the expression (9.3.9) gives in Ry

=1
(9.3.10) Y A— Z r_1phj, —s(z1,...,2,—1) mod Ip.
s=1
In the special case £ = 0, r = m, we write instead

Jm—1

(9.3.11) wlr = hy, (@1, ) = Y @y, (@1, Tm),
s=0

that in Ry is

Jm—1

(9.3.12) rim = — Z ol —s(T1, ..., Tm—1) mod Ip,
s=1
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since jy, > bym—1, by Both in (9.3.10) and (9.3.12), on the r.h.s. we have a sum of monomials
2?7 with 1 < j/ < j: by an induction argument on j,, the claim follows. O

The main result of this subsection is the graded cellular algebra structure of A in the sense
of [GLI6], [HMIQ]. A graded cellular algebra is an associative unital algebra H together with
a cell datum (X, I,C,deg) such that:

(GC1) X is a finite partially ordered set;
(GC2) I()) is a finite set for each A € X;

(GC3) C: U/\€XI()\) xI(\) = H, (i,7) — Ci):j is an injective map whose image is a basis
of H;

(GC4) the map H — H, C}; — C3; is an algebra anti-automorphism;
(GC5) if A € X and 4,5 € I(\) then for any « € H we have that

(9.3.13) 2Cy= Y ra(i,4)C); (mod Hy),
irel(N)

where the scalar r,,(¢, 7) is independent of j and H- ) is the subspace of H spanned
by {C}, | p>Xand k,l € I(p)};

(GC6) deg: U)\Exf()\) —Z, i degf‘ is a function such that the Z-grading on H defined
by declaring deg Ci):j = deg;\ + deg;‘ makes H into a graded algebra.

We have:
Proposition 9.3.3. The algebra A is a graded cellular algebra with cell datum ((I' x S, <
),I,C,deg) where:

(a) IN?)={a el | aCA};

(b) C is defined by setting Cé‘:fﬁ = (a\?p);

(¢) degd” = deg(aX”) — (o).

Proof. Conditions (G{1H3)) and (Gq@ are direct consequences of the definitions. Condition
(G4 follows from Lemma Condition (G(p)) follows from Proposition [9.3.1] O

Properly stratified structure

As before, let us fix a block I" and let A = Apr. We construct now explicitly a properly
stratified structure on A. The construction is similar to the one of [BS11].

An A-module will always be a finite-dimensional graded left A—module. Let A—gmod be
the category of such modules. If M = @ M; is a graded A—module then we will write M (j)
for the same module structure but with new grading defined by (M {(j)); = M,;—,;. If M, N
are graded A-modules then Hom 4 (M, N) is a graded vector space.

Irreducible and projective A-modules

As we already noticed, the algebra A is unital with 1 =, ex. Let A~ be the sum of all
components of A of strictly positive degree. Then

(9.3.14) AJAs = @Q(Ce)\ o @(C

A Ael
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is a split semisimple algebra, with a basis given by the images of the idempotents ey. The
image of ey spans a one-dimensional A/A<p—modules, and hence also a one dimensional
A-module which we denote L()). Thus L()) is a copy of the field concentrated in degree 0,

and (ap’b) € A acts on it as 1 if (au”b) = (AA°A) and as 0 otherwise. The modules
(9.3.15) {LA){G) | NeT,j€Z}
give a complete set of isomorphism classes of irreducible graded A-modules.

For any finite-dimensional graded A-module M, let M* denote its graded dual. That is,
(M*); = Hom¢(M_;,C) and o € A acts on f € M* by xzf(m) = f(z*m). As e} = e) we
have that

(9.3.16) LIV = L))

for each A € I'.

For each A € T let also P(\) = Aey. This is a graded A-module with basis
(9.3.17) {(wpN) | for all v, u € T and o € S, with v C u D A}.

The module P()) is a projective module; in fact, it is the projective cover of L()) in A—gmod.
The modules

(9.3.18) {PON{) | xeT,jez}

give a complete set of isomorphism classes of indecomposable projective A—modules.

Cell modules and standard modules

We introduce now standard modules. The terminology will be motivated at the end of the
section. For p € T, define A(u) to be the vector space with basis

(9.3.19) {QQu™| | for all A € ', 7 € S, such that A\ C u}
or, equivalently,
(9.3.20) {(cp™| | for all oriented lower fork diagrams cp” }.

We put a grading on A(u) by defining the degree of (cu™| to be deg(cu™), and we make it
into an A—module through

(9.3.21) (@Xb)(cu| = > s, t(Tl;X,b) () (ap™ | if b= c* and (ap) is oriented,
0 otherwise,

where ta; A7b) (17) is the scalar defined by Proposition Note that t{; A7b) (1) was defined

only for 7/ =7 or for £(7') > {(7); otherwise we set 7 ., (u") = 0.

Proposition 9.3.4. For A\ € T’ enumerate the distinct elements of the set {u € T' | u D A}
as fi, 2, .- -, fhm = A S0 that if p; < p; then i > j. Set M(0) = {0} and fori=1,...,m
define M (i) to be the subspace of P(X\) generated by M (i — 1) and the vectors

(9.3.22) {(cuIN) | for all oriented lower fork diagrams cul}.
Then

(9.3.23) {0} =M(O0)Cc M(1)C---C M(m)=P()\)

is a filtration of P(\) as an A-module such that

(9.3.24) M(i)/M(i — 1) = A(){deg :3)

foreachi=1,...,m.



Chapter 9. The diagram algebra 115

Proof. Tt follows from Proposition that M (4) is indeed a submodule of P(\). The map

(9.3.25) fir A(p){deg pid) — M(i)jM(i _ .1)
(cpl| — (cpf \) + M (i — 1)

gives an isomorphism of graded vector spaces. This map is of degree zero because
(9.3.26) deg(cuj A) = deg(cp]) + deg(pi).

Through this vector space isomorphism we can transport the A-module structure of M (i)/M (i—|}
1) to A(u;). Using Proposition we see that the module structure we get on A(y;) is

given by (9.3.21)). Hence (9.3.21)) defines indeed an A—module structure on A(u;) and (9.3.25)

is an isomerism of A-modules. Since any weight u arises as p; for some A as in the statement
of the theorem (take for example A = u, i = m), we conclude also that (9.3.21)) defines an
A-module structure for every pu. O

Let us now define cell modules. Let u™ € T' x S, be an enhanced weight and define V(u™) to
be the vector space with basis

(9.3.27) {QQu"] | for all A € T" such that A C u}
or, equivalently,

(9.3.28) {(cps™| | for all oriented lower fork diagrams cu’}.

We remark that the difference with (9.3.19) and (9.3.20)) is that now the permutation 7 is
fixed. As before, we put a grading on V(u™) by defining the degree of (cu™| to be deg(cu”),
and we make it into an A—module through

(9.3.20) (A7) (ep” | = tlanepy(u7) - (au™] if b= c" and (ap) is oriented,
o 0 otherwise.

From Proposition we have that 7, (1") does not depend on 7. Hence (9.3.29) is the
same as

(apu™] ifb=c* =\, o =eand (au) is oriented,

(9.3.30) (aXb)(cu” | = {

0 otherwise.

It will follow from Proposition that this indeed defines an A-module structure. It is
clear from that all cell modules V(u™) for a fixed p are isomorphic (up to a degree
shift). Explicitly we have V(u™) = V(u®)(deg(7)). We recall that deg(7) = 2¢(7). Therefore
for a weight 1 € T we define the proper standard module A(u) to be the vector space with
basis

(9.3.31) {(A] | for all A € T" such that A C u}

or, equivalently,

(9.3.32) {(cps] | for all unenhanced oriented lower fork diagrams cu}.

We put a grading on A(u) by defining the degree of (cu] to be deg(cu), and we make it into

an A—module through

(9.3.33)

- ap] ifb=c* =X\ o0=ecand (ap) is oriented,
(@A7b)(cps) = { . (ar)
0 otherwise.

Of course we have an isomorphism A(u) =2V (u¢).
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Proposition 9.3.5. Let u € I'. Enumerate the elements of Sy, as 01,09,...,05 = € in such
a way that if £(o;) > L(o;) then i < j. Let N(0) = {0} and fori=1,...,k! define N(i) to
be the subspace of A(u) generated by N (i — 1) and the vectors

(9.3.34) {(ep®| | for all oriented lower fork diagrams cu®'}.
Then
(9.3.35) {0} =N(0)Cc N1)C---CN(!)=A(p)

is a filtration of A(p) as an A-module such that
(9.3.36) N(@i) /N —1) = A(u)(20(0;)).
Proof. Tt follows from Proposition that N(7) is indeed a submodule of A(u). The map

fir A(p)(2l(07)) — N(i)/N(i 1)
—

(9.3.37) (cp] (cp”i |+ N(i—1)

gives an isomorphism of graded vector spaces. The degree shift comes from
(9.3.38) deg(eu) = deg(cp) + 2¢(o;).

Through f; we can transport the module structure of N(i)/N(i — 1) to A(u). The module
structure on N (i)/N (i — 1) is described by (9.3:21)). It follows that A(u)(2¢(0;)) is endowed
with the module structure of V(u%%) described by ; this shows in particular that
defines indeed an A-module structure. We have already argued that this is the
same as the module structure described by on A(p). O

Proposition 9.3.6. For u € T, let Q(j) be the submodule of A(p) spanned by all homoge-
neous vectors of degree > j. Then

(9.3.39) A = Q) 2Q(1) 2Q(2) 2+

is a (finite) filtration of A(u) as an A-module such that

(9.3.40) QN/RG+1= @ LG
ACp with
deg(Ap)=j

for all 7 > 0.

Proof. Since A is positively graded, it is clear that each Q(j) is a submodule. The quotient
Q(7)/Q(j + 1) has basis

(9.3.41) {Qu] + Q@ +1) | for all A € T such that A C p and deg(Ap) = j}.

We need to show that for each A which occurs the one-dimensional subspace Q'(X) of
Q(7)/Q(j + 1) spanned by (Ap] + Q(j + 1) is an A—module isomorphic to L(\)(j). It is
clear where the degree shift comes from. If z € A has deg(x) > 0 then obviously x vanishes
on Q(5)/Q(5 + 1). So let us consider e, € A. It follows from that

(Ap] ifv=A,
0 otherwise.

(9.3.42) ey - (Au] = {

Hence @Q'()) is isomorphic to L(\) after the opportune degree shift. O
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The Grothendieck group

The Grothendieck group K(A—gmod) of A—gmod is a free Z-module with basis given by
equivalence classes of simple modules. The group K(A—gmod) becomes a Z[q, ¢~ *]-module
if we set ¢[M] = [M(1)] for all graded A-modules M. It is also free as a Z[q, ¢~ !]-module,
with basis {[L(A)] | A €T}

For A\, u € T', define

deg(Am) if A
(9.3.43) dy,. = {q rACH

0 otherwise.

By Propositions [9.3.4], [0.3.6] and [9.3.5] respectively we have that

(9.3.44) [PV = dru[Aw)],
pel’

(9.3.45) [A(p)] = dr L],
el

(9.3.46) [A()] = [K]o! - [A()),

Since dy » = 1, the matrix (d) ,) is upper triangular with determinant 1, hence it is invertible
over Z[q,q~']. In particular, the proper standard modules give also a Z[q,q ']-basis of
[A—gmod]. On the other side, notice that the matrix [k]o!Id is not invertible over Z[q, ¢ }]
unless k£ = 0,1. In particular, standard and projective modules do not give a basis of the
Grothendieck group in general.

Recall the Definition [5.3.8 of a graded properly stratified algebra.

Theorem 9.3.7. For every block T' the algebra Ar is a graded properly stratified algebra.
The partially ordered set indexing the simple modules is (T, <). The modules A(u) and A(p)
are the standard and proper standard modules respectively. Moreover, the diagonal matriz
of the multiplicity numbers of the proper standard modules in the filtrations of the standard
modules is a multiple of the identity.

Proof. We already noticed that A = Ar is a finite-dimensional associative unital graded
algebra over C with a duality with respect to which the simple modules are self-dual. For
A€ T let L(\) = L()\) and define P()), A(\) and A()) as in Definition [5.3.8][(i)}
By the uniqueness of the projective cover we have P(\) = P(A). From (9.3.46) and (9.3.45)
we have that A()) is a quotient of P(\) such that [A(X) : L(u)] = 0 for every p > A; from
Proposition it follows that it is maximal with this property, hence A(\) = A(X). By
the same argument using and Proposition we get that A(\) = A(M). Hence
we need to show that properties (P are satisfied. But this follows immediately from

Propositions [9.9.4] [0.3.5] and [9.3.6] O

9.4 A bilinear form and self-dual projective modules

We define a bilinear form on A and we determine which projective modules are self-dual.

Defect

Let A be a weight in some block I'. We say that an A of A is initial if it has no V’s on its
left. Let us define the defect of A to be

(9.4.1) def()\) = #{non initial A’s of A}.



118 9.4. A bilinear form and self-dual projective modules

We have the following elementary result:

Lemma 9.4.1. The mazimal degree of eyAey is k(k — 1) + 2def(\) and the homogeneous
subspace of mazimal degree of ey Aey is one dimensional.

Proof. Tt is straightforward to notice that the homogeneous subspace of maximal degree of
exAe, is one dimensional: the diagram of maximal degree is An”\, where 1 orients every
fork of A with maximal degree (that is, each V is at the rightmost position) and o is the
longest element of Si. By definition, the degree of this diagram is obtained by adding 2¢(o)
to the sum of 2(m — 1) for every m—fork of A. Hence, this degree is 2¢(o) plus twice the
number of non-initial A’s of A. O

Lemma 9.4.2. Consider A\, u € I' and suppose that exAe,, is not trivial. Then the homoge-
neous subspaces of minimal and mazimal degree of exAe,, are one dimensional. The minimal
degree s

n—k
(9.4.2) > v = v
i=1
and the mazimal degree is
n—k
(9.4.3) K(k—1)+ > ViR — 1=V} + Vil —1— v
i=1
where we set V"™ = min{V}, V{} and V)_, ., =n+1.

If def(X\) > def(u) then the sum of (9.4.2) and (9.4.3) is equal to the mazimal degree of
6)\A6)\,

Proof. We use the condition (9.1.6) to determine if a diagram is oriented. The minimal
degree diagram is A\n°u where VI = max{V}, V/'}. The maximal degree diagram is An"*u
where wy, € Sy is the longest element and Vi = min{V} ;,V, } — 1. Computing their
degrees we obtain exactly (9.4.2)) and (9.4.3).

Let us now check the last assertion. The sum of (9.4.2) and (9.4.3)) is

n—k

(9.4.4) k(k—1)+ 2 (Vi — 1 — vy
1=1

This is the maximal degree of e, Ae,, where n € I is the weight with V] = V. Of course
def(n) = max{def(\), def(x)}, and by Lemma the maximal degrees of ey Aey and e, Ae,,
are the same. O

Notice that a weight A is of maximal defect if and only if it starts with a V. If A is not of
maximal defect, let A be obtained from A by swapping the first V and the first A. Otherwise,
let A = A. In particular, A is always of maximal defect.

Lemma 9.4.3. For every A € I the socle of P()\) contains a degree shift of L(\).

In facts, the socle of P(A) is simple, hence it is isomorphic to a degree shift of L(\), but we
will not need this in what follows.

Proof. 1t is straightforward to check that the diagram of maximal degree in Ae, is of type
An?A. The claim follows. O
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A bilinear form

For every A € I' of maximal defect, let us choose a non-zero element £y'** € eyAey of
maximal degree (for example, we can choose it to be the diagram An°\ of the previous
proof). For every element z € A write eyxzey = &0 + terms of lower degree, and set
©x(z) = t. Moreover, define

(9.4.5) O()= Y. 62

def(\) max

Finally, define a bilinear form 6: A x A — C by setting 0(y, z) = ©(yz). Obviously, this
form is associative in the sense that 6(y, zw) = 6(yz, w) for every y, z,w € A.

Lemma 9.4.4. For every \, the form 6 restricted to ey Aey is symmetric and non-degenerate. ]

Proof. Let A correspond to z € D. Up to a degree shift, exAey = Z, . Since Z, , is com-
mutative, note that § is symmetric on ey Aey. Consider the monomial basis {1 + x*} that
consists of the elements of that are not divided by . It is clear that for
every element ¢ in that basis there exists exactly one element ¢’ in the same basis with
0(p, ) # 0. This proves that the form is non-degenerate. O

Let €def = Zdef()\) max XA+

Lemma 9.4.5. The form 0 restricted to eqef A X Aeget 18 non-degenerate; that is, if 0(y,t) =
0 for every y € eqetA, then t =0 and vice versa.

Proof. We may take t € e, Aey for some A of maximal defect and suppose 6(y,t) = 0 for
every y € exAe,. Let yo be a generator of the minimal-degree subspace of eyAe, (which
by Lemma is one dimensional). In particular, 0(y’, yot) = 0(y'yo,t) = 0 for every
Yy € eyAey. By Lemma this implies that yot = 0. From the following Lemma it
follows then that ¢ = 0.

The vice versa follows because 6(y,t) = 0(t*, y*). O

Lemma 9.4.6. Suppose A is of mazimal defect and let 0 # t € e, Aex. Let also 0 # yo €
exAe,, be of minimal degree. Then yot # 0.

Proof. First, let 0 # ¢y € e, Aey be of minimal degree, and let us prove that yoto # 0. By
definition, yoto: 1 — x, where h; = ‘bf‘ — bﬂ € {0, 1}. First let us suppose that 1+ " is
an element of the basis , that is h; < b} for every i. It is quite easy to argue that
for every i there exist an index j with vV} < j < V3, and b} = b; in fact it is sufficient to
choose j = V& if Vi > V2 or j = V) otherwise. This means that 1 — x" is not illicit (cf.
Theorem , hence it is not zero.

We should now consider the case in which 1 — ® is not an element of the basis .
This happens if h; = 1 for some i with b} = 1 and b = 2. Let j be such that V3 is the
rightmost V in a position \/ﬁ‘ <i. It is easy to argue that for e, Aey to be non-trivial we must
actually have V} < i. Let also 7/ = V** = max{V}, V¥} < i. Then we have b} = bf; > 2.
Using the relation hj(z1,...,2;) = 0 to write £ in our fixed monomial basis we get in
particular a term divided by x;;. Applying the technique of the previous paragraph to this
term we get that yotg # 0: the only thing to notice is that TyATyA4q 0o Tyy g MEVer divides

a monomial basis element, since bi\/* ., =1L
1

Now, it follows from the proof of Lemma that there is some element u € R such
that yotou generates the maximal degree subspace of ey Aey. In particular yotou # 0. By
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Lemma [9.4.2] tou is of maximal degree in e, Aey. It is then clear by our characterization of
e, Aey that there exists an element v’ € R such that v't = tou. Now yotu' = you't = yolou #
0 implies that yot # 0. O

Self-dual projective modules
Finally, we can determine which indecomposable projective modules are self-dual.

Lemma 9.4.7. Let A be of mazimal defect. Then P(X\) is self-dual up to a degree shift. In
particular, it is an injective module.

Proof. By Lemma [9.4.5] the map
(9.4.6) yr— 0y,

defines an isomorphism between P()\) and its dual up to a degree shift. O

Theorem 9.4.8. Let A € T'. Then P(\) is an injective module if and only if X is of mazimal
defect.

Proof. By Lemma if A is of maximal defect then P(\) is injective. On the other side,
suppose P()) is injective. Then P(A) is a tilting module, and by standard theory it is self
dual (as an ungraded module). In particular, the socle of P(A) is L(A). By Lemma[9.4.3] A
has to be of maximal defect. O

REMARK 9.4.9. Let w® be the longest element of D. The weights A of maximal defect are
exactly the ones that correspond to permutations wyz, 2 € D which are in the same right
Kazhdan-Lusztig cell of wiw. This can be easily checked using the equivalence between
Kazhdan-Lusztig cells and Knuth equivalence (see [KL79, §5]), and either applying directly
the definition of Knuth equivalence or using its description through the Robinson-Schensted
correspondence (cf. [Knu73), §5.1.4] and also [Du05]). This gives another proof of a particular
case of [MS08bl Theorem 5.1] (for the relation with the category O see below).

9.5 Diagrammatic functors E; and F}

The goal of this section is to construct functors

Fk: X e
—
(9.5.1) A, r—gmod Ay p+1—gmod,
\/

E.®e

which will turn out to be the diagrammatic version of the functors F; and &j defined in
(see below).

Let us fix an integer n. For all k = 0,...,n let us set in this section Ay = A, . Let T}
be the subset of weights of '), of maximal defect, and let I'yy = I'y, — T')/. Notice that given

A € T'), we have X € T') if and only if the leftmost symbol of X is a V, and conversely A € I')
if and only if the leftmost symbol of A is an A. Let also

(9.5.2) ey = Z e, ep = Z €.

AeTy AeTp
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In the notation of the previous section, ex = €def-

Consider now P = Age), that is the sum of all indecomposable projective-injective Aj—
modules. We want to describe a right A1 action on it.

For any A € T') let A € '), ; be the weight obtained from A by substituting the leftmost
symbol, which by assumption is a Vv, with an A. Conversely, given u € I'y) L let pv) e ry
be the weight obtained from pu after substituting the leftmost symbol, which by assumption
is an A, with a V. Clearly the map A + A("") defines a bijection I'} — 'y, with inverse
s M),

Lemma 9.5.1. Let A\, € Ay, ;. Then we have a natural R-modules isomorphism
(9.5.3) HOmR(CA,CM) = HOmR(C/\(v),CH(v))
that induces a surjective map

(9.5.4) euAk+1€A — eﬂ(v)AkB)\(\/).

Proof. Since the b-sequences of A and \(V) are the same, the first claim follows. By The-
orem W the bimodule W) ) is generated by W, , together with the morphism
1= 2,...,2; where j = min{V3, V4'}. Hence e, Agexe is a quotient of e, Apyien. O

Corollary 9.5.2. We have a surjective algebra homomorphism

(9.5.5) U e Arriepy — ef Agey.

Proposition 9.5.3. We have a well-defined surjective algebra homomorphism

(9 5 6) Ak+1/Ak+1€;€/+1Ak+1 — €>€/Ak6>€/
- [7] — P(ep 1€k 1)

for x € Apy1, where U is the homomorphism (9.5.5)).

Proof. We need to show that (9.5.6)) does not depend on the particular representative x
chosen, or equivalently that W(ep,  zep, ) = 0 for all z € Apyief Apyy. By linearity,
it suffices to consider the case x € Agii1e,Ax+1 for v € I‘}QH. Pick such an z and fix
A € I'p, 4. Choose some morphism f € Hompg(Cy,C,) which corresponds to e, zey in
the quotient Hompg(Cy, C,)/Wa . Since @ € Apiie,Apy1, we can write f as a composition
fao fi with fi € Hompg(Cy,C,) and fo € Hom,(C,,C,). By Corollary [8.2.8] f is divisible
by -2y, hence also f is. By Theorem (cf. also the proof of Lemma above)
we have f € Wyw) ,o), and hence U(e,zey) = 0. Since X and p were chosen arbitrarily in
I'2,, it follows that W(ep,  zep ) = 0.

The surjectivity of (9.5.6)) is a direct consequence of the surjectivity of (9.5.5)). O

The functor F,

Let us now define Fy, to be the (Ay, Agt1)-bimodule Py, where the right Aj4;-—structure
is induced by the quotient map Apy1 — Agy1/Ari1e), Ary1 composed with (9.5.6). The
bimodule F} defines a right-exact functor

Fr®a;
(9.5.7) Ag41—gmod ———— Ap—gmod.

For each indecomposable projective module P(u) = Aj1e, we have

Ake)\ if )\(/\) =l for some \ € Fk,
.5.8 F A —
(9 ) k ®Ak+1 ( k+leu) {O 1 ise.
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The functor E;

The usual hom-tensor adjunction gives a natural isomorphism
(959) HomAk (Fk DAt M, N) = I{OI’IlAk+1 (M, HomAk (Fk7 N))

for all M € Agi1—gmod, N € Ap—gmod. Notice that we have a natural isomorphism
Homy, (Fi, N) =2 Homy, (Fi, Ax)®a4, N, where Homy, (Fy, Ay) is regarded as a (Agy1, Ag)—
bimodule. Let us therefore define Ej, to be the (Ag11, Ax)-bimodule Hom 4, (Fy, A), so that
the functor

Er®a,-
(9.5.10) Ap—gmod ——25 Ay, —emod.
is right adjoint to F. Since Fj is a projective Ap—module, this functor is exact.

REMARK 9.5.4. Since Fj, = Ape! as a left Ay—module, we have Homa, (Fy, Ax) = e Ay
as a right Ax—module. Hence Ey, is the (A4, Ax)-bimodule obtained from Fj by turning
the left Ap—action (resp. the right Agyi—action) into a right (resp. left) one using the anti-
isomorphism x of Ay, (resp. Ajy1). Specifically, the left action of « € A1 ony € Ey
is given by « -y = ya* and the right action of 5 € Ay is given by y - 8 = f*y.

9.6 Diagram algebra and category O

The goal of this final section is to prove that the diagram algebra A, j is isomorphic to
the endomorphism ring of a minimal projective generator of the category Qx(n) defined in
Chapter [} We will need the notation introduced in Part [[I}

Soergel modules and category O

Fix a positive integer n. The following result of Soergel connects category O with Soergel
modules:

Theorem 9.6.1 ([Soe90] Zerlegungssatz 1 and Theorem 4]). For each z € S,, the B-module
VP(z-0) is isomorphic to the Soergel module C. defined in §8.1]

We prove now two results which we used in Chapter |8} We postponed the proofs until now
because we need the connection with category O.

Proposition 9.6.2. For all w € S,, we have

(9.6.1) dime Cpy = Y Pur (1),
w!' jw
where the Py 4 ’s are the Kazhdan-Lusztig polynomials (2.1.5)).

Proof. By Theorems and we have C,, & Homp(B, Cy) = Homg (P(wq - 0), P(w -
0)). Hence

(9.6.2) dim¢ Cy, = dime Home (P(wp - 0), P(w - 0)) = [P(w - 0) : L(wg - 0)],

where the latter denotes the multiplicity of the simple module L(wyp-0) in some composition
series of P(w-0). Since P(w-0) has a Verma filtration, and since [M (z-0) : L(wg-0)] = 1 for all
Verma modules M (z-0), we have further that [P(w-0) : L(wo-0)] = Y, c5 (P(w-0) : M(2-0)),
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where (P(w - 0) : M(z-0)) denotes the multiplicity of M (z - 0) in some Verma filtration of
P(w - 0). The Kazhdan-Lusztig conjecture [KL79] (see [EW12] for a proof) states precisely
that (P(w-0) : M(z-0)) = P, (1), and this concludes the proof (notice that P, (1) =0
unless z < w). O

Lemma 9.6.3. The module C, is cyclic (generated by 1®---®1) if and only if Pe. = ¢"*),
i.e. if and only if H. appears exactly once with coefficient ¢**) in the expression of the
canonical basis element H .

Proof. Let P, . be the Kazhdan-Lusztig polynomial which gives the coefficient of H, in the
expression of H, in the standard basis. Let (P(z-0) : M(0)) denote the multiplicity of the
dominant Verma module M (0) in some Verma flag of the indecomposable projective module
P(z - 0) in the category O(gl,). By the Kazhdan-Lusztig conjecture we have P .|[q=1 =
(P(z-0): M(0)). By [Str03bl Lemma 7.3], (P(z-0) : M(0)) is the cardinality of a minimal
system of generators for C,. O

The algebra A, ; and the category Q(n)

Fix two integers n > 0 and 0 < k < n. Let Wy, W,j- be the parabolic subgroups of S,, defined
in Let q,p C gl,, be the standard parabolic subalgebras with W, = W}, and W, = W,ﬁ-
so that Wq x Wy, =Si x Sp—p CS,,.

As in let D be the set of shortest coset representatives for s, x's, ,\Sr, that is D =

W9 N WP = WPF. Recall that 22} (0) is a minimal projective generator of OF 1P and
recall the Definition of illicit morphisms.

Proposition 9.6.4. We have an isomorphism of graded algebras

(9.6.3) End (95(0)) =~ End (@ kaz)/{illicit morphisms}.

zeD

Proof. By (5.3.5) we have End(22}(0)) 2 Endo (£4(0))/I,, where 22, = @wequﬂ P(w-0)
and I, is the ideal of all morphisms which factor through some P(y - 0) for y ¢ WP¥. Since
Endo(%4) = @, .c0,ws Hom(P(w - 0), P(z - 0)) and any morphisms with source or target

some P(y-0) for y ¢ WP lies in the ideal I,, we have

(9.6.4) End (2 (0)) = Endg ( D P(wqw)) /Tp.

weD

After applying the isomorphism (4.3.2)), the ideal jp becomes exactly the ideal generated by
illicit morphisms. Hence the claim follows from Theorem [4.3.2 O

It follows also that
(9.6.5) Hom(Q(wgz), Q(wkz')) = Homp(Cuyzs Cugzr ) /Wa o = Z o0

for all z,2’ € D. We deduce then:

Lemma 9.6.5. Let z,2" € D, and let A\, u € T be the corresponding weights. The dimension
of Z. . is k! times the number of unenhanced weights n such that unX is oriented.
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Proof. We computed the dimension of the homomorphism space in Lemma in
terms of evaluation of canonical basis diagrams labeled by standard basis diagrams. This
translates immediately in terms of oriented fork diagrams (notice that a canonical basis
diagram is the same as a lower fork diagram and a standard basis diagram is the same as
an unenhanced weight). O

Theorem 9.6.6. We have an isomorphism of graded algebras
(966) An,k = Enko(m)(ﬂg (0))
In particular we have an equivalence of categories

(9.6.7) gmod—A,, j, = Qy(n).

Proof. We just need to identify the quotient of the endomorphism algebra appearing in the
r.hs. of (9.6.3) with A, . This follows from Corollary O

In the previous sections we focused on left A, y—modules, but the whole section could be
rewritten for right modules. Alternatively, since the algebra A, j has an anti-automorphism
* 7 the categories of right and left graded A,, z—modules are equivalent. Hence we
actually have an equivalence

(968) Amk—gmod = Qk(m)

Although perhaps the equivalence (9.6.7)) is conceptually the right one, we personally prefer
to work with left A,, y—modules.

The functors F, and &,

We want now to relate the diagrammatic functors Fy and Ej defined in with their Lie
theoretical versions from

Proposition 9.6.7. Under the equivalence of categories (9.6.8)) the functor Fy @4, , ®
corresponds to the functor Fy.

Proof. Let p,q C gl,,, be the parabolic subalgebras corresponding to k and p’,q" C gl,, be
the parabolic subalgebras corresponding to k + 1. Recall that the functor JF is defined as
the composition of the inclusion i : 208 P _y ZOP"9Pres anq the Zuckermann’s functor
X ZOS/’q'pres — LOBIPTS et H = Endo(,@é’/ (0)). Let also fy € H be the idempotent
projecting onto the direct sum of the projective modules PP’ (2-0) for x € wq/Wq/ NW* and
fpl € H be the idempotent projecting onto the direct sum of the indecomposable projective

modules P¥ (- 0) € ZOS,’q'pres for & € wy W9 NW?* but = ¢ w,W9. Then we have (using
the transitive property of taking parabolic subcategories and presentable quotient categories
discussed in Chapter |5

(9.6.9) A = H/HffH  and  App = foHfy.

Moreover, the inclusion functor i corresponds to H® ForHfy® while the Zuckermann’s functor
corresponds to (H/H f;-H) @ . Hence the functor Fj, corresponds to

(9.6.10) M v— (H/Hfy H) ®; 15, M,
that is the same as

(9.6.11) M — (H/Hfy H)fy ®; 15, M,
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where ?q, is the image of fq/ in H/Hf,f-H. Obviously (H/Hf;-H)fq, = P as a left Ay~
module. It is easy to notice that also the right Aji;—module structure is the same, since in
both cases it is the natural structure induced by the bigger algebra Ende(£2(0)), where P
is a minimal projective generator of 20y. O

By the uniqueness of the adjoint functor we get:

Proposition 9.6.8. Under the equivalence of categories (9.6.8)) the functor Ex ® e corre-
sponds to the functor E.

Using our diagrammatic descriptions of the functors £, and Fy together with their Lie
theoretical interpretation we can compute their endomorphism rings:

Theorem 9.6.9. We have End(€x) = End(Fy) = Clzy, ..., z,]/Ik where I}, is the ideal
generated by the complete symmetric functions

hit1(Tiys .o ymi,,)  for all 1<m<n-—k,

9.6.12
( ) ho—mi1(@iyy oo oyxi,) forall n—k+1<m<n.

In particular, & and Fy, are indecomposable functors.

Proof. Let us first compute End(JFy). By Proposition we have End(Fy) = Endy,gacn, (Fk)l
Since the structure of right Agy;—module is induced by the surjective map , this is
the same as Enda, g(ey a,ey)or (Fi), that is the center of ey Axey/. This algebra is the en-
domorphism algebra of the indecomposable projective-injective modules of Of 77" where
as before p, q C gl,, are the parabolic subalgebras corresponding to k. Since the projective-
injective modules of OF %P are the same as the projective-injective modules of O}, it is
also the endomorphism algebra of the indecomposable projective-injective modules of (98.
By a standard argument using the parabolic version of Soergel’s functor V (see [StrO3bl Sec-
tion 10]) it follows that this endomorphism algebra is isomorphic to the center of Of. Brundan
[Bru08l, Main Theorem] showed that this center is canonically isomorphic to Clzy, ..., s/ Ik,
where [ is the ideal generated by

he(xgyy ... 2, ) for all 1<m<n—-k r>k

(9.6.13)
he(xiyy ..o xy,) forall n—k+1<m<n, r>n—m.

Notice that this result builds on a conjecture of Khovanov [Kho04, Conjecture 3] (proved
in [Bru08, Main Theorem], [Str09, Theorem 1]), that the center of O} agrees with the coho-
mology ring of a Springer fiber. Under this identification, the presentation can be
deduced from Tanisaki presentation [Tan82] of the cohomology of the Springer fiber. Using

(7.3.3) one can easily prove that the polynomials (9.6.13)) generate the same ideal as ((9.6.12)).

For &, by Proposition we have End(€x) = Endy, | g0 (Eg). By Remark 77, it follows
that

(9614) End(&k) = EndAk+1®AZ" (Ek) = EndAk@AZil (Fk) = End(?k)

The middle isomorphism can be explained as follows: E; and Fj have the same underlying
vector space V; since the action of A1 ® A} on Ey is just the action of A, ® A%, on
F), twisted (see Remark [9.5.4)), a C-linear endomorphism of V' is Ay41 ® A —equivariant
(i-e. it is an endomorphism of Ej as a (A1, Ax)-bimodule) exactly when it is Ay @ A%~
equivariant (i.e. it is an endomorphism of Fy, as a (A, Axy1)-bimodule).

The fact that the functors £, and Fj, are indecomposable follows since End(&€y) = End(Fy)
is a graded local ring. O
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APPENDIX

The Alexander polynomial

One of the main motivation for us for studying the problem of categorification of representa-
tions of U,(gl(1]1)) was the aim of constructing a representation-theoretical categorification
of the Alexander polynomial. Relations between the representation theory of U,(gl(1]1)), or
more generally U,(gl(n|n)), and the Alexander polynomial have been noticed, studied and
generalized by lots of authors (see for example [Deg89), [Sal90], [KS91], [GLZ96], [DWILO5],
[GPMO7], [GPM10], [Vir06]). The purpose of this appendix is to provide, from a purely rep-
resentation theoretical point of view, a short but complete and self-contained explanation
of how the Alexander polynomial arises as quantum invariant corresponding to the vector
representation of U, (gl(1|1).

A.1 Introduction

The Alexander polynomial is a classical invariant of links in the three-dimensional space,
defined first in the 1920s by Alexander [Ale28]. Constructed originally in combinatorial
terms, it can be defined also in modern language using the homology of a cyclic covering of
the link complement (see for example [Lic97]).

The Alexander polynomial can also be defined using the Burau representation of the braid
group (see for example [KTO8, Chapter 3]). As well-known to experts, this representation
can be constructed using a solution of the Yang-Baxter equation, which comes from the
action of the R-matrix of U,(gl(1]1)) [KS91] (or alternatively of U,(slz) for ¢ a root of
unity; see [Vir06] for the parallel between gl(1|1) and sls).

In other words, the key-point of the construction is the braided structure of the monoidal
category of finite dimensional representations of U,(gl(1]1)), that is, there is an action of
an R-matrix satisfying the braid relation. This can obviously be used to construct repre-
sentations of the braid group. Considering tensor powers of the vector representation of
Uq(gl(1]1)), one obtains in this way the Burau representation of the braid group. Given a
representation of the braid group, one can extend it to an invariant of links considered as
closures of braids by defining a Markov trace.

Here we exploit this construction a bit further, proving that the category of finite-dimensional
U, (gl(1]1))—representations is not only braided, but actually ribbon. A ribbon category is
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exactly what one needs to use the Reshetikhin-Turaev construction [RT90] to get invariants
of oriented framed tangles. The advantage of the ribbon structure is that one can consider
arbitrary diagrams of links, and not just braid diagrams.

To construct a ribbon structure on the category of modules over some algebra, a possible
strategy is to prove that the algebra is actually a ribbon Hopf algebra. Unfortunately, sim-
ilarly to the case of a classical semisimple Lie algebra, the Hopf algebra U,(gl(1]1)) is not
ribbon. We consider hence another version of the quantum enveloping algebra, which we call
Ur(gl(1|1)), and which is a topological algebra over C[[A]]. The price of working with power
series pays off, since Uy (gl(1|1)) is in fact a ribbon Hopf algebra. By a standard argument,
we see that the R—matrix and the ribbon element of Uy (gl(1|1)) act on finite-dimensional
representations of U,(gl(1|1)) and deduce hence the ribbon structure of this category.

Given an oriented framed tangle T" and a labeling £ of the strands of T by finite-dimensional
irreducible U, (gl(1|1))-representations, we get then an invariant Q*(T), which is some
Uq(gl(1]1))—equivariant map. In particular, restricting to oriented framed links (viewed as
special cases of tangles), we obtain a C(g)—valued invariant.

If we label all the strands by the vector representation of U,(gl(1|1)), an easy calculation
shows that the corresponding invariant of oriented framed tangles is actually independent
of the framing and hence is an invariant of oriented tangles (as is well-known, the same
happens for the ordinary sl,,—invariant).

Unfortunately, when considering invariants of closed links, there is a little problem we have
to take care of. Namely, it follows from the fact that the category of finite-dimensional
U, (gl(1]1))—modules is not semisimple (this is true even in the non-quantized case and
well-known, see for example [BS12] where the blocks of the category of finite-dimensional
gl(m|n)-representations are studied in detail) that the invariant Q¢(L) is zero for all closed
links L (see Proposition . The work-around to this problem is to choose a strand of
the link L, cut it and consider the invariant of the framed 1-tangle that is obtained in this
way (Theorem . The resulting invariant will be an element of the endomorphism ring
of an irreducible representation (the one that labels the strand being cut); since this ring
can be naturally identified with C(q), the invariant that we obtain in this way is actually
a rational function. The construction does not depend on the strand we cut, but rather
on the representation labeling the strand. In particular for a constant labeling £ of all the
components of L we get a true invariant of framed links.

Applying this construction to the constant labeling by the vector representation, one obtains
as before an invariant of links. In fact, it is easy to prove that this coincides with the
Alexander polynomial (see Theorem [A.3.10)).

A.2 The h-version of the quantum enveloping superal-
gebra

Our goal is to construct a ribbon category of representations of Uy, so that we can define
link invariants. The main ingredient is the R-matrix. Unfortunately, as usual, it is not pos-
sible to construct a universal R-matrix for U,; instead, we need to consider the h-version
of the quantum enveloping superalgebra, which we will denote by Uy, and which is a C[[A]]-
superalgebra completed with respect to the Ai—adic topology. We will prove that Uy is a
ribbon algebra. Then, using a standard argument of Tanisaki [Tan92], we obtain a ribbon
structure on the category of finite-dimensional U, representations. For details about topo-
logical C|[[h]]-algebras we refer to [Kas95, Chapter XVI]. We will denote by the symbol
the completed tensor product of topological C[[h]]-algebras.
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Throughout the section we will use some standard facts about super Hopf. The analogous
statements in the non-super setting can be found for example in [CP94], [Kas95], [Oht02].
The proofs carry over directly to the super case.

The super Hopf algebra Uy

We define Uy = Ux(gl(1]1)) to be the unital C[[A]]-algebra topologically generated by the
elements F, F, Hy, Hy in degrees |H,| = |Hz| =0, |E| = |F| = 1 subject to the relations
H\H> = HyHy,
HiE - EHz = <Hi,0¢>E, HZF - Fﬂ]{Z = —<]‘Ii,()é>F’7
eMHi+Hz) _ o—h(H1+Hz)
h

(A.2.1)

EF + FE = 2= F? =,

el — el ’

Note that although e” —e~" is not invertible, it is the product of i and an invertible element

of C][h]], hence the fourth relation makes sense.

Although the relation between U, and Uy, is technically not easy to formalize (see [CP94]
for details), one should keep in mind the following picture:
q el

(A.2.2) S o

This also explains why we use the symbols " as generators for U,. In the following, we set

q = €" as an element of C[[1]] and K = e"1+H2) a5 an element of Up,.

As for Uy, we define a comultiplication A: Uy, — Uy ® Uy, a counit u: Uy — C[[A]] and an
antipode S: Up — Uy by setting on the generators

AE)=E@K '+1®E, A(F)=F®1+K®F,
_ _ -1
(A.2.3) S(B) = -EK, S(F)=-K"'F,
A(H))=H;®1+1®H;, S(H;)=—H;,
u(E) =u(F) =0, u(H;) =0,

and extending A and u to algebra homomorphisms and S to an algebra anti-homomorphism.
We have then:

Proposition A.2.1. The maps A, u and S turn Uy into a super Hopf algebra.

The proof requires precisely the same calculations as the proof of Proposition [1.1.2
As for Uy, we define a bar involution on Uy by setting:
(A.2.4) E—EB, F-—F  H—H, TF--h

Again, A = (T® ) o Ao~ defines another comultiplication on Uy, and by definition A(Z) =
A(z) for all z € Up,.

The braided structure

We are going to recall the braided super Hopf algebra structure (cf. [Zha02], [Oht02]) of
Up. The main ingredient is the universal R-matrix, which has been explicitly computed by
Khoroshkin and Tolstoy (cf. [KT91]). We adapt their definition to our notationﬂ

LOur comultiplication is the opposite of [KT91], hence we have to take the opposite R-matrix, cf. also
[Kas95, Chapter 8.
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We define R = OY € Uy, & Uy, where

(A.2.5) T = MH1®H ~Ha®H)

(A.2.6) O=1+(q—q¢ ) FRE.

Notice that the expression for T makes sense as an element of the completed tensor product
Up @ Up. Recall that a vector w in some representation W of Uy, is said to be a weight vector
of weight p if Hw = (H;, p)w for i = 1,2. The element Y is then characterized by the

property that it acts on a weight vector w; ® wq by g#1#2) = eMr1:12) if 4, and w, have
weights 1 and po respectively.

The element © is called the quasi R-matriz; it is easy to check that it satisfies
(A.2.7) PO =00=131.

It follows in particular that R is invertible with inverse R~! = Y~10@~! = Y~'0.

Recall that a bialgebra B is called quasi-cocommutative ([Kas95, Definition VIII.2.1]) if there
exists an invertible element R € B® B such that for all z € B we have A°P(z) = RA(z)R™ !,
where AP is the opposite comultiplication AP = g o A with o(a ® b) = (—1)!*Pl(b® a).

Lemma A.2.2. For all x € Uy, we have
(A.2.8) RA(z) = A°P(z)R.

Hence the Hopf algebra Uy, is quasi-cocommutative.

Proof. Using Lemma below we compute

RA(z) = OTA(z) = OA™ (2)T = A°P(2)OY = A°(z)R. O

Lemma A.2.3. The following properties hold for all x € Uy:

(A.2.9) OA"(z) = A°P(2)©
(A.2.10) TA(z) = A% ().

Proof. Tt is enough to check (A.2.9) and (A.2.10) on the generators. We have

OA"(E)=0(K®E+E®1)
=KQE+E®1+(q-¢HFK®E*—(q—¢ YFE®E
=K®F+FE®1+(q—¢ YEF®RFE—-(K-K Y)®F
=K '@E+E®1+(¢q—q¢ Y EF®E
=(K'®E+E®1)0 = A®(E)©

and

——op

OAT (F)=0(1@ F+F® K1)
—1@F+FK '4+(q—q¢ YWFQ®EF—(q—q¢ YF?® EK!
=1@F+FK'-(¢g—¢ YFRFE+F®(K-K")
=1@F+F®K-(q—-q¢ ) F®FE
— (1@ F+F®K)® =A(F)O
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and for i = 1,2

OA"(H) =01 ® H, + H;®1)
=10H+H®1+(q-¢ YFRFEH;+(q—q¢ " )FH;® E
=1QH;+H;®1-(q—q¢ ) Hi,)FRE+(q—q )F @ HiE+
+(q—q WH,a)FRE+ (- ¢ YHFQE
=10H+Ho1+(q-¢ YFIHE+(q—q¢ YVH,F®E
=(1®H;+ H; ®1)0 = A°’(H;)0.

Moreover, we have

TA(E) = M eHi—Hhel) (po K1 41 E)
(E ® K71)€h((H1+1)®H1—(H271)®H2) + (

1@ E)eMr@(Hi+1)— Ha@(H2 1)
= (E@ 1+ K @ E)eNeh-1oH) _ X (g)y
and

TA(F) = U @Hi-Hot) (P e+ K@ F)
h((Hi—1)®@H:1—(H2+1)®@H2) h(H1®@(H1—1)—H2®(H2+1))
(F®1le + (K ® F)e

= (Fo K~ + 1@ F)Meh-HaH) _ X ()Y,

Finally, for i = 1,2 we have YA(H;) = A(H;)Y since the elements H;, Hy commute with
cach other. Since A”(H;) = A(H;) we get YA(H;) = A (H;)Y and we are done. O

A quasi-cocommutative Hopf algebra is called braided or quasi-triangular if the following
quasi-triangular identities hold:

In this case, the element R is called universal R-matriz.
Proposition A.2.4. The super Hopf algebra Uy, is braided.

Proof. Since
(A ®id)(T) = M1 @1OH1H1QH:@H) ~Hy@10H; ~1®H2®Ha) — 1|, T,,
we can compute using Lemma [A2F below
(A®id)(R) = (A®id)(0) - (A ®id)(Y) = 013713023 13! T13To3 = Ri3Ras.
Similarly we get (id ® A)(R) = Ri3R12. O
Lemma A.2.5. In Uy the following identities hold:
(A.2.12) (A ®id)(0) = 013130237 15,

(A.2.13) (id ® A)(O) = 0137130123

Proof. The two computations are similar, so let us check (A.2.12) and leave (A.2.13]) to the
reader. The Lh.s. is simply

(A.2.14) (A®id)(O)=1+(¢g—q) ' FR1E+(q-¢ HK®F®E.
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We will now compute the r.h.s. First we have

Tlg(l X F [ E)Tl_31 = Tlg(l X F X E)B_E(Hl®1®H1)€h(H2®1®H2)
_ Tlge_h(Hl®1®(Hl_1))(1 ® F ® E)eh(H2®1®H2)

(A.2.15)
— T1367E(H1®1®(H171))eﬁ(H2®1®(H2+1))(1 ® F ® E)
=KQFQLFE.
Therefore
(A216) @13T13@23T;31 = (1 + (q — q)_lF ®R1® E)(l + (q — q)_lK RF® E)
coincides with (A.2.14)) since E? = 0. O

As an easy consequence of the braided structure, the following Yang-Baxter equation holds
(see [Kas95, Theorem VIII.2.4] or [CP94, Proposition 4.2.7]):

(A.2.17) Ri2R13R23 = RazRi3Rio.

The ribbon structure
Write R =), a, ® b, and define

(A.2.18) u = Z(_U\arllbrls(br)a, € Up.

T

Then (cf. [CP94] Proposition 4.2.3]) w is invertible and we have
(A.2.19) S%(z) = uau™! for all x € Up,.

In our case, in particular, since S2 = id, the element u is central. By an easy explicit
computation, we have

(A.2.20) u= (14 (q— q—l)EKF)eh(Hg—Hf)
and
(A-2.21) S(u) = "D (g - g7 Y FKTE).

We recall that a braided super Hopf algebra A is called ribbon (cf. [Oht02, Chapter 4] or
[CP94l §4.2.C]) if there is an even central element v € A such that

v? = uS(u), u(v) =1, S(v) =,

(A.2.22) -
A(v) = (Ra1R12)” (v @0).

In Uy let

(A223) V= K_lu = uK_l — (K_l + (q _ q_l)EF)eh(Hg_le),

Then we have:

Proposition A.2.6. With v as above, Uy is a ribbon super Hopf algebra.
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Proof. Since both u and K~1 are central, so is v. Let us check that S(u) = uK 2. Indeed
we have

u=(1+(qg— g ") BFK)MH 1)

= "H-H) (1 4 (g — ¢ EFK)

= MHE-HD(1 4 (K = K~Y)K — (¢ — ¢ ) FEK)
MY (K2 — (¢ — ") FEK) = S(u)K*.

(A.2.24)

It follows then immediately that v? = u? K =2 = uS(u) and S(v) = S(u)K = uK~! = v.

The relations A(v) = (Ra1R12) (v ®v) and u(v) = 1 follow from analogous relations for u,
that hold for every quasi-triangular super Hopf algebra (see [Oht02, Proposition 4.3]). O

A.3 Invariants of links

In this section we define the ribbon structure on the category of representations of U, and
derive the corresponding invariants of oriented framed tangles and links.

Recall that if W is an n—dimensional complex super vector space the evaluation maps are
defined by

eviy: W@ W — C(q), vy W W* — Clg),

(A.3.1)
PR W p(w), w @ @ — (—1)FMlp(w),

and the coevalutaion maps are defined by

coevyy : Clq) — W @ W™, coevy: Clq) — W*@ W,
A3.2 - -
( ) 1,_>Zwi®w;‘, 1'_>Z(_1)Iwi|w;‘k®wi;
i=1 i=1

where w; is a basis of W and w} is the corresponding dual basis of W*. Note that if oy w
denotes the map

UV7in®W—)W®V

(A.3.3)
v@w— (=)l @ v,

then évyy = evyy o ow+ w and Coevy = ow,w+ o coevyy.

Ribbon structure on U,-representations

Following the arguments of Tanisaki [Tan92] (see also [CP94l §10.1.D]), we can construct
a ribbon structure on the category of U,—representations using the ribbon superalgebra
structure on Uy. We indicate now the main steps of those arguments.

The key observation is that, although T does not make sense as an element of U, ® Uy,
it acts on every tensor product V ® W of two finite-dimensional U;—modules. In other
words, there is a well-defined operator Yy, € Endg(q)(V ® W) determined by setting

Tvw(va@w,) = g (vA®wy,) if vy and w,, have weights A and p respectively. Note however

that YTy, is not U, equivariant, since Y satisfies TA(z) = A”" ()T (see Lemma [A.2.3)). [

check references |
here
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On the other hand, notice that the definition (A.2.6]) of © makes sense also in U,, and (A.2.9)
holds in U,. Moreover, one has the following counterpart of equations (A.2.12)) and (A.2.13):

(A.3.4) (A®id)(©) = 913(TV,Z)13@23(T§,12
(A.3.5) (id® A)(O) = @13(TV,Z)13@12(T\7,1Z

)13

)13-

This is now an equality of linear endomorphisms of V ® W ® Z for all finite-dimensional
Ug—representations V, W, Z. Setting

(A.3.6) Ryw =0Ty w € EndC(q)(V ® W)

one gets an operator which satisfies the Yang-Baxter equation. Note that Ry y is invertible,
since © and Yy, both are. Because of , if we define RV,W = o0 o Ryw, where
o: VW — WaV is defined by o(v@w) = (—1)I**lw® v, then we get an U,~equivariant
isomorphism RV7W € Endy, (Vo W).

Analogously, although the elements u and v do not make sense in Uy, they act on each finite-
dimensional U,-representation V' as operators uy, vy € Endy, (V) (they are U,—equivariant
because u, v are central in Uy,). In the following, we will forget the subscripts of the operators
R, u and v.

For convenience, we give explicit formulas for the (inverse of the) operator Ry ) () for
A\ p € P

B 1w @ ult) = (=1)IANHFDURD g=(rmar=a) it g 1 A

R0 @ oft) = (—1)AHDI] (g (er=e) bt @ )
(A.3.7) (Dl (gl @ o)

R (v ® vh) = (_1)\)\I(IMIH)qf(ufa,)\)vg % v)

R_l(vi\ @) = (_1)\/\Ilulq—(u,)\)v;li ® Ui"

Invariant of tangles

Let D be an oriented framed tangle diagram. We will not draw the framing because we will
always suppose that it is the blackboard framing. (Recall that a framing is a trivialization of
the normal bundle: since the tangle is oriented, such a trivialization is uniquely determined
by a section of the normal bundle; the blackboard framing is the trivialization determined
by the unit vector orthogonal to the plane — or to the blackboard — pointing outwards.)

We assume D C Rx [0, 1] and we let s(D) = DN(Rx0) = {sP, ... sP} withsP < ... < 5P
be the source points of D and £(D) = DN (R x 1) = {tP, ..., tP} with tP < --- <t be the
target points of D. Let also £ be a labeling of the strands of D by simple two-dimensional
representations of U, (that is, a map from the set of strands of D to P’). We indicate by

$,..., L5 the labeling of the strands at the source points of D and by ¢4,..., ¢} the labeling
at the target points. Moreover, we let 75,...,7¢ and ~%,...,~} be the signs corresponding
to the orientations of the strands at the source and target points (where 41 corresponds to
a strand oriented upwards and —1 to a strand oriented downwards).

Given this data, one can define a Uj—equivariant map
(A.3.8) QYD): L @ -+ @ L(£5) % — LIE @ -+ @ L(£L)%,

where L(A\)~! = L(\)*, by decomposing D into elementary pieces as shown below and
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assigning the corresponding morphisms as displayed.

1% v
(1) (1)
1% v
WeV /‘ WeV
Q = UV,WR] Q \ = R_lav,W]
v \W Vew V/ v Veaw
C C
Q (ﬂ) - eAvo(uv_1®id)‘ Q (Q) — ey
VeV a=0%
VEeV Vev:
Q (O) = (id®vu_1)ocﬁe\v] Q (U) = coev
C C

As we already mentioned, although U, itself is not a ribbon superalgebra, its representation
category is a ribbon category. As in [Oht02] Theorem 4.7] one can prove the following result:

Theorem A.3.1. The map Q*(D) just defined is an isotopy invariant of oriented framed
tangles.

The proof, for which we refer to [Oht02, Theorem 4.7], is a direct check of the Reidemeister
moves (or, more precisely, of the analogues of the Reidemeister moves for framed tangles).
In fact, the axioms of a ribbon category are equivalent to the validity of these moves.

If all strands are labeled by the same simple representation L(\) (i.e. £ is the constant map
with value \), then we write Q*(D) instead of Q*(D).

\

Let us indicate a full 41 twist by the symbol

(A.3.9) =

Then we have (cf. [Oht02], §4.2])

14
of |-+

14
14

Lemma A.3.2. The element v acts by the identity on the vector representation L(e1) and
on its dual L(e1)*.
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Proof. Recall that we denote by v{*, vg' the standard basis of L(e1). We have

vt = (K7 (g — g ) EF)q () O
(ASlO) = (K_l + (q _ q_l)EF)q_<h1+h2’€1)<h1_h2’51>1}§1
=@ ' +q—q¢ !

vt =it
Since L(e1) is irreducible and v acts in an U,—equivariant way, it follows that v acts by the
identity on L(eq). Since S(v) = v, the element v acts by the identity also on L(eq1)*. O

As a consequence, if we label all strands of our tangles by the vector representation then we
need not worry about the framing any more:

Corollary A.3.3. The assignment D — Q' (D) is an invariant of oriented tangles.

Invariants of links

Since links are in particular tangles, we obtain from Q¢ an invariant of oriented framed links;
unfortunately, this invariant is always zero:

Proposition A.3.4. Let L be a closed link diagram and £ a labeling of its strands. Then
QH(L) = 0.

Proof. The invariant associated to L is some endomorphism ¢ of the trivial representation
C(q). Up to isotopy, we can assume that there is some level at which the link diagram L
has only two strands, one oriented upwards and the other one downwards, labeled by the
same weight \. Without loss of generality suppose that the leftmost is oriented upwards.
Slice the diagram at this level, so that we can write ¢ as the composition 3 o p; of two
Ug—equivariant maps ¢1: C(g) = L(A) @ L(A)* and p2: L(A) @ L(A)* — C(q). If ¢ = p20¢1
is not zero, then we have an inclusion ¢; of C(gq) inside L(\) ® L(\)* and a projection ¢o of
the latter onto C(g), so that C(g) would be a direct summand of L(A) ® L(A)*. But this is
not possible, since L(A) ® L(\)* is indecomposable (by Lemma [1.2.3)); hence ¢ = 0. 0O

To get invariants of closed links we need to cut the links, as we are going to explain now.
First, we need the following result:

Proposition A.3.5. Let D be an oriented tangle diagram with two source points and two
target points. Let £ be a labeling of the strands of D such that (5 = €5 = (% = (4. Then

(A.3.11) Q* =qQ*

Proof. Let £5 = X. Then Q¢(D) = ¢ where ¢: L(\) ® L(\) — L(\) ® L()\). By Lemma
the representation L(\) ® L(A) is isomorphic to the direct sum L(2)\) ® L(2A — «). Let eq, eq
be the two orthogonal idempotents corresponding to this decomposition.

We consider formal C(g)-linear combinations of tangle diagrams, and we extend Q¥ to them.
Since Endy, (L(A\) ® L())) is a two-dimensional C(g)-vector space and Ry  is not a multiple
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of the identity by (A.3.7)), there are some C(g)-linear combinations of tangle diagrams E;
and F, such that Q¢(E;) = e; and Q¢(E>) = es. Hence we can write

(A.3.12) Q* +Qf =Q*

Now we have

Q" =qQ* l:J
/k-\
(A.3.13) =qQ* m
K/ K/
=Q* D +Q° LD =Q*

The second equality here follows because we must have
(A.3.14) Re; = e1R = aje; and Res = eaR = ases

for some a1, az € C(g), since e; and e; project onto one-dimensional subspaces of Endy, (L(\) &
L(A)). The penultimate equality follows by isotopy invariance. O

Let now D be an oriented framed link diagram, £ a labeling of its strands and A € P’ some
weight which labels some strand of D. By cutting one of the strands labeled by A, we can
suppose that D is the closure of a tangle D with one source and one target point, as in the
picture

(A.3.15) D|=|D| e

Then we define Q¢*(D) = ¢ € C(q) where

LX)
(A.3.16) Q| b =c-idpy
We have:

Theorem A.3.6. The assignment D — QAZV\(D) € C(q) is an invariant of oriented framed
links.
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Proof. Since Q%(D) is an invariant of oriented framed tangles, we need only to show that
Q%* is independent of how we cut D to get D. If D’ is obtained by some different cutting,
but always along some strand labeled by A, then after some isotopy we must have

- EG -0

for some tangle D(?). By Prop051t10n A 3.5| we have then QZ O

If £ is the constant labeling by the weight A, we write Q* instead of Q4. For A = &1 we
write simply Q As a consequence of Corollary n and Theorem 6| we obtain:

Corollary A.3.7. The assignment D — Q(D) € C(q) is an invariant of oriented links.

Recovering the Alexander polynomial

If we compute the action of the R-matrix on L(e1)® L(e1) we get by (A.3.7), setting vg = vg*
and vy = vi':

(A.3.18) R™Y (v @) = —quo @ vg, R (vg®@w1) =01 ©vg+ (¢ — q)vo © vy
o R Y (v ®@wo) = vo @0y R Y v ®@v)=q¢ vy @0y,

On can easily check that

(A.3.19) (R =(¢ 'R +1d.
and hence

(A.3.20) R=R'4q-q"

It follows:

Proposition A.3.8. The invariant of links Q satisfies the following skein relation

(A3.21) Q X -Q X ~-0-Q ><

where the pictures represent three links that differ only inside a small neighborhood of a
Crossing.

We recall one of the equivalent definitions of the Alexander-Conway polynomial ([Ale2§],
[ConT0]):

Definition A.3.9. The Alexander-Conway polynomial is the value of the assignment

(A.3.22) A: Links — Z[t7, ¢ 7]

)

defined by the following skein relations:

(A.3.23) A (O) —1,
(A.3.24) A (/{) -A </ 3‘;) =(t2 —t7 %) A <”}<) .
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Notice that obviously Q(O) = 1 since Q! (T) = Id. As a consequence, we have that @ is
essentially the Alexander-Conway polynomial:

Theorem A.3.10. For all oriented links L in R3 we have

(A.3.25) A(L) = Q(L)|

1-
q=t2

In particular, Q(L) € Z|q,q '] is a Laurent polynomial in q.






APPENDIX

Cohomology of the Springer
fiber

In this appendix we prove that the endomorphism rings of the indecomposable projective
modules Aey over the diagrammatic algebra A, ; defined in §9.2| are isomorphic to the
cohomology rings of some subvarieties of the Springer fiber. Conjecturally, it should be
possible to describe the whole algebra A,, , using a convolution product on the direct sum
of cohomologies. This would be the counterpart for gl(1|1) of the result of Stroppel and
Webster [SW12] for sls.

We warn the reader that in this appendix we will use an ad hoc notation, which differs
sometimes from the one used in the rest of the thesis.

B.1 The Springer fiber of hook type

Let us fix a positive integer n and an integer 0 < £ < n. Let G = GL(n) be the general linear
group of invertible n x n matrices, B the Borel subgroup of upper triangular matrices, T
the torus of invertible diagonal matrices. Let N be the standard nilpotent matrix of Jordan
type (£,1"74). If {e1,...,es, f1,..., fn_¢} is the standard basis of C", then Ne; = e;_; for
i=2,...,0,and Ne; = Nf; = 0. Let Zn = (G/B)" be the Springer fiber consisting of all
flags fixed by Id + V.

To keep the connection with the notation of Part we think ¢ = n — k. In Chapter
we described the Soergel modules for the parabolic category Of, where p was of type
(1,...,1,n—k). But dealing with the Springer fiber, we prefer to follow the standard conven-
tion and to “reorder variables, indices and positions” so that the composition (1,...,1,n—k)
becomes a partition (n — k,1,...,1). This is the reason why in this appendix we are using
a somehow ‘dual’ notation.
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4

4]

Figure B.1: These are tableaux of shape (3,4). The second one is row-strict, the third one
is row-strict-column-strict and the fourth one is standard.

Tableaux of hook shape

We consider a Young diagram of hook shape (£, 1"~*). This shape is formed by a row with
£ boxes and a column with n — £ boxes; according to our convention, the box in the corner
belongs to the row and not to the column: note that this makes a difference between the
hook shape (1,1"~!) and the hook shape (0,1"). A tableaux of shape (£,1"~*) is obtained
by filling the row with numbers r4,...,7r; from the left to the right and the column with

numbers ¢, ..., ¢,—¢ from the top to the bottom, such that {r;,c;} ={1,...,n}:
T e r1
c1
(B.1.1)
Cn—¢

Definition B.1.1. We say that a tableau of shape (¢,1"7%) is
e row-strict if rg > rp_q1 > - > 71y,
e row-strict-column-strict if moreover ¢; < co < -+ < ¢n_y,
e standard if moreover rp = n.

We denote by Rs(n,£), RsCs(n,£), St(n, ) respectively the sets of row-strict, row-strict-
column-strict and standard tableauz of shape (£,1"7%).

Note that this is not the usual definition (although there is a straightforward correspondence
with the usual definition).

Irreducible components of the Springer fiber

Let 7 € St(n, ¢). Define Y, to be the subset of Zx consisting of all flags F, such that

Im N C F, CkerN,

Im N*~2 C F,, C ker N?,
(B.1.2)

ImN'CF,., . Cker N 1.

2—1

Then (cf. [Fun03, Theorem 2.1]) Y, is a locally closed subset of &y whose closure is an
irreducible component.
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For future convenience, we rewrite the conditions (B.1.2)) in the following equivalent way:

(e1) € Fy, C(e1) +Q,
<€1,€2> g FTQ g <61762> + Q7
(B.1.3)
<€15 .. 'a6€—1> g Frg,l g <€1,. . .,6(_1> +Qa
(e1,...,e0) CTF., Cler,...,e0) +Q
where Q = (f1,..., fn—¢). Of course, the last condition is unnecessary since for a standard

tableau we have F,, = F,, = C".

B.2 Fixed points and attracting varieties

Let S C T C GL(n) be the centralizer of N in T'. One can easily see that Sisa (n—£¢+1)-
dimensional torus and consists of all invertible diagonal matrices whose first ¢ elements are
all equal. The action of 7' on G/B induces an action of .S on Ay .

Lemma B.2.1. We have a bijection 7 +— F¢(7) between Rs(n, £) and the set of fized points
for the action of S on By, given by

(B.2.1) F(r)=(ep [ p< Ri)+ (fg | cg <)
where R; is the number of elements r; in the row of T that are smaller than or equal to i.

Proof. Tt is clear that if Fy € %y is fixed by S then each F; is generated by some of the
standard basis vectors. Conversely, every flag generated by basis vectors is obviously fixed
by S. Such a flag is in By if and only if whenever e; € F; then also e;_1 € Fj. O

Fix the cocharacter
c* — S
(B.2.2) t—s diag(t™", ..., 7" 82, 0.
¢

This determines an action of the one-dimensional torus C* on By. For 7 € Rs(n, ¢) let us
define the attracting variety

(B.2.3) Y2 ={F. € Zy | limt-F, = Fu(r)}

and let Y, = 9; be its closure.

We connect now the combinatorics of tableaux with the diagrammatic weights from §9.1]
We number the first n vertices on the number line from n to 1 from the left to the right.
Then we have obviously:

Lemma B.2.2. There is a bijection between RsCs(n,f) and a block T',_y consisting of
weights with n — € N’s and £ V'’s, given by putting the \V’s in positions r1,72,...,7¢ and the
A’s in positions c1,Co, ..., Cpn_g.

Recall that in we defined for every weight A\ a weight X of maximal defect. This as-
signment together with the lemma above gives for every row-strict-column-strict tableau 7
a standard tableau 7.
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Proposition B.2.3. Let 7 € RsCs(n, £). The set Y, is the set of flags Fo € BN such that

T

F1 g <el> +Qa
Fr2 g <61762> +Q>

(B.2.4)

(e1,...,er—1) CFpr, , Cler,...,e0-1) +Q,
(e1y...,e0) CTF,, Cler,...,e0) +Q

where Q = (f1,..., fa—e). In particular Y, C Yz and if T is a standard tableau then Y, =Y.

Proof. First observe that since P = (eq, ..., e;) has minimal weight for the action of C*, no
vector not in P is attracted to P as t — co. Hence we have

(B.2.5) dim lim (¢ - F;) N P < dim F; N P
— 00

for all 7.

Now let Fy € #n and suppose (e1,...,e;) € F,, for some i. Then dim F,., N P < i. By
(B.2.5)) this also holds for the limit. Hence ¢ - Fy # Fo(7). On the other side, it is clear that
if (B.2.4) holds then generically ¢ - Fy — Fo(T). O

B.3 The cohomology rings

In the following we will denote by H* the cohomology with complex coefficients. Our next
goal is to compute the cohomology rings H*(Y,) for all 7 € RsCs(n, £).

Dimension

In [Fun03, Theorem 3.2] the dimension of H*(Y,) for 7 a standard tableau is computed. We
generalize it now to 7 € RsCs(n, £). We will need the following lemma:

Lemma B.3.1. For every 7 € RsCs(n, ¢) we have a fibration
(B.3.1) Yo — Yy — G(n — £, (g, 1777T1))

where o is the standard tableau obtained from T after removing all boxes containing entries
i > 1y, while G(n — £, (rg, 1"777¢)) is the partial flag variety of C"~¢ consisting of flags

(B.3.2) Fo: {0}=FyCF, CFr4;1C-CFp_y=0C""

Proof. The fibration Y, — G(n — ¢, (g, 1"7¢77¢)) is defined by

(B.3.3) Fo—{0}=FyCF,/PCF,/PC---CF,_y=C"/P=C""

where as before P = {(eq,...,¢ep). O

Proposition B.3.2. For all 7 € RsCs(n, £) we have

(B.3.4) dimH*(Y,)=(n =0 -ri(ra —r1) - (re —1o—1)-
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Proof. For T € St(n,{), since Y, = Y., this is just [Fun03, Theorem 3.2]. If 7 is not standard,
we use the fibration . Since we are dealing with complex varieties, the dimension of
the cohomology of the total space is just the product of the dimensions of the fiber and of
the base space. Notice that the tableau o is standard (o € St(r¢,£)), hence we know already
that

(B.3.5) dm H*(Yo) = (re = O - r1(ra —71) - (re — 1o—1).
Since the dimension of the cohomology of §(n — £, (ry, 1"~*77¢)) is
(B.3.6) m=0On—L—=1)---(re—C+1),

the claim follows. O

Surjectivity

We want now to find a set of generators. The following argument is inspired by [DCP8I].

Let 7 € RsCs(n, ¢). Let p: Y, — P(ker N) be the projection Fy — F;. We fix the following
complete flag of ker N:

Wo = {0}
W1 = <61>
Wa = (e1, f1)

(B.3.7)

anf = <617f17 LR fn7€71>
Wn_g+1 = ker N.

We let AJ = P(W;) — P(W;_1); this is of course an open affine cell of P(ker V), isomorphic
to C/~1. Let moreover V7 = p~*(P(W;)).

Given a tableau 7 and an entry a of 7, we define 7® to be the tableau obtained from 7 by
removing the box containing a and then subtracting 1 to all entries bigger than a. Note that
if 7 € RsCs(n, ¢) then 7% is also a row-strict-column-strict tableau.

Lemma B.3.3. The set VJ — VI=1 is cither empty or isomorphic to AV x Yz for j > 1
and to AJ x Yzry for j =1.

Proof. Let U = P(ker N)—P(W;) and U’ = P(W7), so that UUU’ = P(ker N). Notice that p
is surjective onto P(ker V) if and only if 1 is not in the row of 7, that is r; # 1; otherwise p is
onto P(W7). Now pl|,-1(y) is a locally trivial fibration with fiber isomorphic to Yz (in this
specific case, the base space is even a point), while p[,-1 (¢ is a locally trivial fibration with
fiber isomorphic to Y;: (if non-empty). In particular, for every j the projection p restricted
to VJ — VI~1is a locally trivial fibration; since the base space is isomorphic to C/~1, the
fibration has to be trivial, hence isomorphic (if non-empty) to the product of A7 and the
fiber. O

Thanks to Lemma[B.3.3] we have a recursive construction of a cell decomposition of Y, with
even dimensional cells.

Proposition B.3.4. For every T € RsCs(n, ) the inclusion Y, — G/B of Y, into the full
flag variety induces a surjective homomorphism H*(G/B) — H*(Y;) in cohomology.
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Proof. We prove by induction on n that it is possible to construct a cell decomposition of
G /B with even dimensional cells such that Y,, with the CW-structure that we have defined,
is a subcomplex of it. For n = 0 there is nothing to prove, so let us consider n > 0. Notice
that G/B = Y, where o is the unique element of RsCs(n,0). Complete the flag W, of
for 7 to a full flag of C*. Then by Lemma VI —VIi=t =2 AJ x Yz, where
5! € RsCs(n — 1,0), while V7 — V7~ is either isomorphic to A7 x Y.a; for some a; or
empty. By induction, we can suppose that Y;a; is a subcomplex of Ys1; then the claim for
Y. follows.

Since the cells are even dimensional, they give a basis of the cohomology as a vector space.
It follows that the homomorphism H*(G/B) — H*(Y.) in cohomology is surjective. O

The isomorphism with Z, .

For 7 € RsCs(n,{) let us define an ideal I, of R = Clz1,...,z,] as follows. Let b be the
b-sequence of the weight corresponding to 7. Let

(B38) 17/_ = (hbl (In, e 7581‘))2‘:”,“.71
and
(B.3.9) I = (X, @1 Ty +1)ieh,. 1

where rg = 0. Set
(B.3.10) IL.=I.+1I.

Finally, set

(B.3.11) R, =Clzy,...,x,)/I,.
Note that according to Theorems and and Corollary we have
(B.3.12) R, =27,.= e,\Amn_ge,\

where z € Dy, ,—¢ and A € I',_, are the permutation and the weight corresponding to the
tableau 7. Since we work in the dual pictures (with reordered indices), the isomorphism is
given by x; — x,_;.

We recall that the elementary symmetric polynomials are defined as

(B313) ej(xl,...,xn) = Z Ty IZ]
1<ip < <ij<n

for 0 < j < mn.

We are now ready to state the main theorem of this appendix.

Theorem B.3.5. For every T € RsCs(n, £) the cohomology ring of Y. is isomorphic to R;.
The Chern class of the canonical bundle F;/F;_1 over Y, is sent to the class of x; under
this isomorphism.

The proof will consist of several reduction steps. Let us remark that by Proposition we
know that the cohomology ring is generated by the Chern classes of its canonical line bundles
F;/F;_; (since this holds for the full flag variety). Moreover, by Proposition we already
know that the dimensions agree. Hence it suffices to prove that for every 7 € RsCs(n, £) the
Chern classes of the canonical bundles F;/F;_1 on Y, satisfy the relations of the ideal I,.
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Lemma B.3.6. Let 7 be the row-strict-column-strict tableau of shape (1™). Then Theo-
rem holds for Y.

Proof. In this case, R, is the cohomology ring of the full flag variety. But Y, is the full flag
variety, since conditions (B.2.4)) are void for it (the row of 7 is empty). O

Lemma B.3.7. Suppose X\ € T')_, is a weight starting with a V, and let AN as defined

mn . Let 7,0 be the tableauz corresponding to A and NN respectively. If Theorem
holds for o, then it holds for T.

Proof. For notation convenience, let a = rp_1. We have I, = I, + (5, -+ 2q41). A flag
F, € Y. obviously satisfies the relations also for o. Moreover, if it is invariant for
the nilpotent N, of shape (h,1"7%), it is a fortiori invariant for the nilpotent N, of shape
(£ —1,1"=**1) Hence we have an inclusion map Y, <+ Y,, and the relations that 1, ..., z,
satisfy in H*(Y,) are also satisfied in H*(Y,).

We are left to prove that the relation x,, - - - 2441 holds on H*(Y,). By for T, we know
that F,, C K = (e1,...,es—1) + Q. Let us work in K-theory for bundles over Y, and write
[C"/F,] = [C"/K] + [K/F,]. Since the bundle C"/K is a one dimensional trivial bundle,
the (n — a)-th Chern class of C"/F, is trivial. But this class is equal to the elementary
symmetric function e,_,(Tpn,...,Tat1) = Tn + -+ Ta4+1 by the Whitney sum formula, and we
are done. O]

Lemma B.3.8. Suppose 7 is a row-strict-column-strict tableau that is not standard. If The-
orem holds for the standard tableau 7 (defined in , then it also holds for T.

Proof. Remember that 7 is obtained permuting the leftmost A with the leftmost V of the
AV-sequence corresponding to 7. As before, since Y, C Yz, all relations of H*(Y5) also hold
in H*(Y,). Hence we need to prove that in H*(Y,) the relations hy, (zn, ..., x;) for i > ry
hold.

The variety Y, consists of all flags F, in Y+ that satisfy also P C F;,. Let a > r,. We argue
as in the previous proof: we have [F,] = [F,/P] + [P]; since P is a trivial bundle, by the
Whitney sum formula we have

(B.3.14) ei(zqy...,21) =0 for all i > a —¢.

Note that a — ¢ is equal to the number of A’s that are on the right of position a, that is
be — 1. Let us consider the following identity of symmetric functions:

(B315> ha,g+1(xm e ,l‘a+1)
a—~{

_ (—1)”“( (1) hs(ms s Fap)eati11 (s -y 21)
1=0

- ea—i—&-l(xaa cee 7551))'

It follows that hg—gr1(Zn, ..., Zay1) = 0. O

Proof of Theorem[B.3.5 Let 7 € RsCs. Applying repeatedly Lemmas and we

can restrict to the case in which 7 is a sequence with A’s only. Then the theorem holds by
Lemma [B.3.6l O
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We conjecture that, as in [SW12], it is possible to define a convolution product on the direct
sum

(B.3.16) b HU.NY)

7,7 €RsCs(n,£)

such that the resulting algebra is isomorphic to the algebra A,, ,_, from This would
give a geometric realization of the endomorphism algebras coming from Lie theory and of
their diagrammatic versions (9.2.10)).



APPENDIX

Categorification of
representations of gl(m|n)

The construction we presented in Part [IT for U,(gl(1|1)) can be extended to the case of
Uy(gl(mIn)) for m,n > 1. However, as we have seen, the combinatorics for U,(gl(1]1))
is already quite involved; developing the analogous combinatorics for general Ugy(gl(m|n))
would make this work unreadable.

Nevertheless, in order to be concrete, we want to present in this appendix a categorification
result for gl(m|n). In order to do that, we make the following simplifications:

e we consider the classical (non-quantum) version;

e we consider only tensor powers of the vector representation (and not their subrepresen-
tations);

e we categorify only the action of the intertwining operators (and not of U, (gl(m|n)).

We derive the categorification from super skew Howe duality instead that from Schur-Weyl
duality, although the two approaches are equivalent.

C.1 Super skew Howe duality

Let I, = {1,...,m + n} with a parity function |-| : I,,,,, = Z/27Z defined by

0 ifi<
(C11) =3 ="
1 ifi>m

for each i € I,,),. Let also C™" be a (m + n)—dimensional super vector space with basis
{ei | i € Iy)n} such that |e;| = [i], where as usual |v| denotes the degree of an homogeneous
element v € C™". Then the Lie superalgebra gl(m|n) is the super vector space of matrices
End(C™™) equipped with the Lie super bracket

(C.1.2) [x,y] = 2y — (—1)‘””y|yx.

151
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In particular note that gl(m|0) = gl(0lm) = gl,,. The Lie superalgebra gl(m|n) acts by
matrix multiplication on C™!™: this is the vector representation of gl(m/|n).

If V is a super vector space, we define an action of the symmetric group Sy on the tensor
power @" V by setting

(C_1.3) Sy - (:1;1 R ® xN) = (71)|$£||1?£+1\z1 R RITy1 QTR QN

for every simple reflection s, € Sy. Let 75, 7/ € C[S,] be the idempotents projecting onto
the trivial and sign representations respectively. We set then

(C.1.4) S"V=r® (@ V) and A"V=aA(Q"V).

In particular, notice that if V' is a vector space (i.e. it is concentrated in zero degree) then
this definitions coincide with the usual symmetric and exterior powers of V.

REMARK C.1.1. Notice that S (C™I") = /\N((C"|m). It follows in particular that, in contrast
to the classical case, /\N V' can be non-zero also for N > 0.

If v1,..., v, is a basis of V', then a basis of /\N V is given by

(C.1.5) Vi, A Avy =N (0, @ - Quiy)

for all sequences (i1, ...,iy) of indices iy € {1,...,7} such that i1 < iy < --- < iy and if
i¢ = i¢+1 then |v;,| = 1. Moreover a basis of SYV is given by

(C.1.6) Viy @ Oy =T (0, @ @ ;)

for all sequences (i1, ...,iy) of indices iy € {1,...,7} such that i1 < iy < --- < iy and if

¢ = ig41 then |v;,| = 0.

We have the following result (cf. [CWO01], [CW10]):

Proposition C.1.2 (Super skew Howe duality). Let p,m, N € Z~q be positive integers and
g,n € Z>o. The natural actions of gl(p|q) and gl(m|n) on AN (crle @ C™ImY commute with

each other and generate each other’s centralizer. As a gl(m|n)-module, \" (CPl4 @ C™Im)
decomposes as the direct sum

(C.1.7) B Acihe.epATCrrgsTH NG .. @St Cmin,

i1t Fippg=N

Note that inverting the roles of p|¢g and m|n we have a similar decomposition (C.1.7)) as a
gl(p|g)—module.

Proof. The first part is [CWO0I], Theorem 3.3 and Corollary 3.2]. We check the decomposition
(IC.1.7).

Let {e1,...,ep1q} and {fi,..., fmin} be the standard bases of CP! and C™" respectively.
We fix the following ordered basis of CPl7 @ C™I":
(C18) e1 ® fl» cee, €1 X fm+n; <y Eptg X fl, <y Eptg X fm+n~

We get then a basis of /\N((Cp'q ®C™") as in (C.L5). Let M be equal to (C.1.7). We define
an isomorphism ¥ from A" (CPI7 @ C™I") to M in the following way. Given a basis vector
w= (e, ®fj, )N N(eiy @ fjn) of /\N(Cﬂq@(cm‘"), define functions a,b: {1,...,p+q} —
{e,1,...,N} by a(h) = min{l | iy = h} and b(h) = max{l | i, = h} or a(h) = b(h) = e if
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this set is empty. Set also ¢(h) = b(h) — a(h) + 1, with the convention e — e = —1. Then we
define

(C.1.9) \Il(w) c /\C(l) (len R ® /\C(P) (len ® Sc(p+1) Q- ® Sc(q) (len

to be the element

(CllO) (fja(l) ARERNA fjb(l)) @B (fja(m) ARERNA fjb(m))
® (fja<m+1) ©---0 fjb(m+1)) - (fja(m,+n) ©-0 fjb(m,+71))’

It is straightforward to check that this is indeed an element of the basis, and that ¥ is
bijective and gl(m|n)-equivariant. O

REMARK C.1.3. Another kind of duality, called super Schur-Weyl duality, relates gl(m|n)
and the symmetric group Sy: the natural action of C[Sy] on V&Y is gl(m|n)-equivariant;
moreover, the map C[Sy] — Endgl(mm)(V@N) is always surjective, and it is injective if and
only if N < (m 4 1)(n+ 1) (see [BR8T], [Sex84]).

C.2 Categorification of gl(m|n)

Set now V = C™". Our goal is to construct a categorification of V&Y for N > 0.

Set p = N and ¢ = 0 in Proposition We have then that /\N((CN ® V') decomposes as
a gl(m|n)-module as

(C.2.1) &y AN'Ve o A\NVV

i1+ +in=N

and as a gly—module as

(C22) @ /\.71 (CN ® . ® /\Jm (CN ® S-j"’”+1 (CN ® . ® Sj7n+n (CN
it gman=N

Notice that one summand of (C.2.1)) is in particular V®¥. A categorification of the gly—
module (C.2.2)), although not written in the literature, is in principle known to experts, and
is what we are going to use to categorify the gl(m|n)-module (C.2.1)).

In order to state the categorification theorem, we need some notation. Let us fix the standard
basis {v1,...,Umin} of V = C™" with

(C.2.3) |'Ui:{0 forz.fl,...,m,

1 fori=m-+1,...,n.
Let h C gl(m|n) be the subalgebra of diagonal matrices. Then V®N decomposes as direct
sum of weight spaces for the action of . Let A be the set of compositions A = (A1, ..., Apin)
of N with at most m +n parts (that is, we allow \; = 0 for some indices 7). Then the weight
spaces of V&N are indexed by A, and the correspondence is given by

(C.24) (VEN)x = span{vy(ay) @ @ U5(ay) | 0 € Sn},
where
(C.2.5) a=(1,...,1,2,...,2,...,m=+mn,...,m+n).
—— ——
)\1 )\2 >\m+n

We can now state our main result:
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Theorem C.2.1. Given A € A, let qx C gly be the standard parabolic subalgebra corre-
sponding to the composition (A1,...,Am,1,...,1) and px C gly be the standard parabolic

subalgebra corresponding to the composition (1,...,1, A1, ... Amtn). Then there is an
isomorphism
(C.2.6) C ®z K(OF P (gly)) — (VEN),

sending equivalence classes of standard modules to standard basis vectors.

For each index i =1,..., N — 1 choose a singular weight \; for gl whose stabilizer under
the dot action is generated by the simple reflection s;. Then defining 6; = ']I‘E{i o TS"" we get
a categorical action of the generators s; + 1 of C[Sy], which intertwines the gl(m|n)-action
at the level of the Grothendieck group.

We refer to Chapter |5 for the definitions of the categories appearing in (C.2.6|) and of the
translation functors ']I‘E{i and Tj".

Proof. The first claim follows from the definition of the categories OF* *P* (gl ) (cf. §5.3).
The second claim can be proved generalizing the proof of Theorem [6.2.2 O

REMARK C.2.2. Combining Zuckermann’s/coapproximation functors and their adjoints (see
for the definitions) one can define functors £;, &F; for j = 1,...,m + n — 1 between
some opportune unbounded derived categories, as in These functors commute with the
functors 6; and give an action of gl(m|n) at the level of the Grothendieck groups.

We remark that for n = 0 Theorem gives exactly the categorification of (C™)®N
developed in [MS09].
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