TWO-BLOCK SPRINGER FIBERS OF TYPES C AND D:
A DIAGRAMMATIC APPROACH TO SPRINGER THEORY

CATHARINA STROPPEL AND ARIK WILBERT

ABSTRACT. We explain an elementary, topological construction of the Springer representation
on the homology of (topological) Springer fibers of types C' and D in the case of nilpotent
endomorphisms with two Jordan blocks. The Weyl group and component group actions admit a
diagrammatic description in terms of cup diagrams which appear in the definition of arc algebras
of types B and D. We determine the decomposition of the representations into irreducibles and
relate our construction to classical Springer theory. As an application we obtain presentations
of the cohomology rings of all two-block Springer fibers of types C and D. Moreover, we deduce
explicit isomorphisms between the Kazhdan-Lusztig cell modules attached to the induced trivial
module and the irreducible Specht modules in types C' and D.
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1. INTRODUCTION

1.1. Background and summary. Let G be a complex, connected, reductive, algebraic group
with Lie algebra g. Given a nilpotent element x € g, the associated (algebraic) Springer fiber B
is defined as the variety of all Borel subgroups of G whose Lie algebra contains x. Let A% be the
component group associated with z, i.e. the quotient of the centralizer of x in G by its identity
component. In seminal work [Spr76], [Spr78], Springer constructed a grading-preserving action of
the Weyl group Wg associated with G and a commuting action of AZ on the (complex) cohomology
H*(BZ) of the Springer fiber. According to the Springer correspondence [Spr76, Theorem 6.10]
the isotypic subspaces of the A%-module H*P(B%) are irreducible Wg-modules and all irreducible
Wea-modules can be constructed in this way. This yields thus a geometric construction of the
irreducible representations of Wg.

This article connects classical Springer theory for types C and D with the cup diagram combina-
torics of arc algebras of types B and D. The latter provide combinatorial descriptions of interesting
categories arising in the study of the representation theory of orthogonal Lie algebras [ES16b], non-
semisimple Brauer algebras [ES16¢], [CDVMO09] and orthosymplectic Lie superalgebras [ES16d],
[CH17]. In type A, such a description was established in work of Russell and Tymoczko, [RT11],
[Rus11], for nilpotent endomorphisms with two Jordan blocks. In this article we generalize their
construction to all classical types (i.e. C and D) and reconstruct the Springer representation on
the homology of so-called topological Springer fibers with the advantage that the construction only
uses elementary algebraic topology, and the Weyl group action as well as the component group
action both admit a combinatorial description accessible for explicit computations (which appears
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to be difficult using Springer’s original theory). This does not only provide a new, combinato-
rial perspective on the Springer representation but also presentations of the cohomology rings for
all two-block Springer fibers of types C' and D and explicit isomorphisms relating the cup dia-
gram basis of the Kazhdan-Lusztig cell modules attached to the induced trivial module and the
bipolytabloid basis of irreducible Specht modules in types C and D.

The surprising fact that two-block Springer theory in types C' and D admits a concrete descrip-
tion using the combinatorics of arc algebras of types B and D should be interpreted as a form of
Langlands duality between perverse sheaves on isotropic Grassmannians and coherent sheaves on
compactified resolutions of Slodowy slices supported on the Springer fiber, see Subsection 1.6.

1.2. Topological Springer fibers and cup diagrams. We begin by recalling the notion of
a cup diagram from [LS13], [ES16b] as well as the definition of the topological Springer fiber
from [ES16a], [Will8] based on earlier work [Kho04], [Rusl1] in type A. Cup diagrams are the key
diagrammatic tool throughout this article.

Fix a rectangle in the plane together with m vertices evenly spread along the upper horizontal
edge of the rectangle. A cup diagram is a non-intersecting arrangement of cups and rays inside
the rectangle. A cup is defined as a line segment connecting two distinct vertices and a ray is a
line segment connecting a vertex with a point on the lower horizontal edge of the rectangle. Every
vertex has to be joined with exactly one endpoint of a cup or ray. Additionally, any cup or ray
which is accessible from the left side of the rectangle, meaning that there exists a path inside the
rectangle connecting this cup or ray to the left vertical edge of the rectangle without intersecting
any other part of the diagram, is allowed to be marked with one single marker (a black box).
Diagrams related by a planar isotopy fixing the boundary are considered to be the same.

Let Ck1,(m) be the set of all cup diagrams on m vertices such that the number of marked rays
plus the number of unmarked cups is even.! Here are all cup diagrams contained in Ckr,(3):

i

(1.1)

)

Usually we neither draw the rectangle nor display the numbering of the vertices.

Throughout this article let (2m -k, k), 1 < k < m, be a partition of 2m labeling a nilpotent orbit
in §09,,, i.e. k is odd or m = k by the classification of nilpotent orbits for s0a,,, see e.g. [Wil37],
[Ger61].

Let Bfg_k’k denote the subset of Ckr,(m) consisting of all cup diagrams with exactly [g]
cups. Consider the standard unit sphere S? ¢ R® on which we fix the points p = (0,0,1) and

=(1,0,0). Given a cup diagram a € Bi”ﬁ_k’k, define S, as the subset of (Sz)m consisting of all
(T1,.. o, Tm) € (82)m which satisfy the coordinate relations

o x; = —x; (resp. x; = x;) if the vertices ¢ and j are connected by an unmarked cup (resp.
marked cup), and

e 1; = p if the vertex i is connected to a marked ray and x; = —p (resp. z; = ¢) if 7 is connected
to an unmarked ray which is the leftmost ray in a (resp. not the leftmost ray).

2
T k:k i then defined as the union

Sﬁ’“ﬂ"“”“ = U Sac(s?)"

2m—k,k
eBL T

The topological Springer fiber Sy

The importance of the topologial Springer fiber is based on the following crucial remark.

Remark 1. There exists a homeomorphism 82m kok o Bzm %} under which the manifolds S, are

mapped to the irreducible components of the Sprmger ﬁber [W1118 Theorem A]. Moreover, there
2m—k-1,k-1 2m k.k .
= By between two-row Springer fibers

sz(m 1)
2m kk 2m—k-1,k-1
SP2(m-1)

exists an isomorphism of algebraic varieties B

of type C and type D, [Will8, Theorem B]. Thus, we have a homeomorphism SK

2m k,k

which allows us to use Sy as a topological model for types C and D.

IThe subscript “KL” comes from the fact that these cup diagrams can be used to give a diagrammatic description
of the Kazhdan-Lusztig basis of a parabolic Hecke module of type D with maximal parabolic of type A, [LS13].
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1.3. An elementary construction of the Weyl group and component group action. In
this subsection we sketch the ideas behind our construction of the Springer representation and
state the explicit combinatorial description.

Recall that by classical Springer theory the centralizer Zg(z) acts on BE (from the left) and
thus on H*(BE). Since the identity component of Zg(x) acts trivially on H*(BE) we obtain
an induced left action of the component group AE on H*(BE). Unlike the component group
action, the Wg-action on H*(B¢) is not induced from a geometric action on the Springer fiber.
Instead, the construction requires more sophisticated machinery such as perverse sheaves, Fourier
transform, correspondences or monodromy, see e.g. [Yunl6, §1.5] for a survey. As a consequence,
the Springer action becomes notoriously difficult to understand explicitly. Guided by the abstract
theory and inspired by [RT11], [Rusl1], we present an elementary approach to define these actions
based on the following result (cf. also Proposition 21).

Proposition 2. The map 'ygm,k’k:H*(ngfk’k) - H,.((S*)™) induced by the natural inclusion
SQm—k,k

KL c (S%)™ in homology is injective.

The idea is to explicitly define commuting actions of the groups Wg and Af on the space
(S?)™ which induce commuting actions on H, ((S*)™). By the injectivity of the map 2, from
Proposition 2, we can identify H*(ngj_k’k) with its image under Yo, & in H,((S*)™). This
turns out to be a stable subspace of H, ((S?)™) with respect to both actions.

In Section 2 we construct a distinguished homology basis of H, (ngﬁfkk) using a cell decom-
position of the S, which naturally arises from the cup diagram combinatorics. This yields the
following diagrammatic description of the vector space H, (ngjfk’k) (cf. again Proposition 21).

Proposition 3. The cup diagrams in Cxr,(m) with precisely | cups form a basis of Hgl(Sf(T_k’k).

Via this diagrammatic basis, the action of the Weyl group and of the component group can be
described combinatorially.

The Weyl group action. The Weyl group Wp,, = Wso0,,, is a Coxeter group with Coxeter generators
50,81, -+,8m-1, see Section 3. There is a right action of Wp, on (S*)™, where s; permutes the
coordinates ¢ and 7+ 1 and sy permutes the first two coordinates and additionally takes their
antipodes. Following the construction outlined above we obtain the first main result.

Theorem A. Setting a.s := 7277;_k7k(72m—k,k(a)~3); where s € Wp, and a is a cup diagram (viewed
as a basis element of homology via Proposition 3), yields a well-defined, grading-preserving right
action of the Weyl group Wp,, on H, (ngf_k’k) which can be described using a skein calculus.
Diagrammatically, we represent the generators as follows:

1 2 1 141

50;:}< “ 5= ‘X‘ e fl,. m-1}.

For a cup diagram a and s € Wp,, with a reduced expression s = s;, s;,---s;, we obtain a.s by first
stacking the pictures corresponding to the generators s;,,...,s;, on top of a and then resolving

crossings according to the rule . . .
>< _ \_/ . ) (

l

using the following local relations

together with the rule that we kill all diagrams with a connected component where both endpoints
are at the bottom of the diagram. We obtain a.s, a linear combination of cup diagrams.

2m—k,k ., p2m-k-1,k-1

By Remark 1 we have Si| 2Bsp, According to Springer theory we therefore expect

an interesting action of the Weyl group We,, ., = Wsp,,,_,, of type C on H*(Sirﬁ_k’k). The
Weyl group We can be identified with the subgroup of Wp_ generated by sgs; and s;, i €

m-1 m

{2,...,m-1}. In particular, we obtain an action of the Weyl group of type C on H, (ng}j_k’k) by
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restricting the action of Wp_ . This action turns out to be the Springer action for type C. Note
that Theorem A automatically yields an explicit description of this restricted action.

The component group action. In the case of classical groups Spaltenstein, see [Spa82, 1.2.9], showed
that the component group AZ is isomorphic to a finite product of copies of Z/2Z. Moreover, AZ,
depends (up to isomorphism) only on the Jordan type A of & which allows us to use the notation
Ag. In the two-block case we have isomorphisms (see also Section 3.3 for more details),

{e} if m =k is even, (e it )
1 =
AZPRIE L2 b7, ifm=kisodd, and AZgREa dYT R TTEE (g )
2(m-1) 222y ifm ek m Z[2Z ifm+k,

In type D the action of the component group turns out to be trivial (even though the group
itself is not trivial if m # k). Thus, we only consider the type C case and construct an action
of A”S”p2<m_1> on (S?)™ by setting a.(z1,T2,...,Tm) = (=21,22,...,2,), where a € A’S”p2(m_1> is a
generator corresponding to a copy of Z/2Z in A

xr
SP2(m-1)"

2m—k-1,k-1

Theorem B. Setting c.a =5, ;1 (y2m-kk(a)), where o e Agpr

and a is a cup diagram,

yields a well-defined grading-preserving left action of the component group on H*(ngj_k’k). A
Zmok=Lh=L corresponding to a copy of ZJ2Z in AZmFTLEL
SP2(m71) P 9 Py Sp2(7n—1)

a if a has a ray connected to the first vertex. Otherwise it creates (resp. kills) a marker on the cup
connected to the first vertex if it is unmarked (resp. marked) and at the same time creates (resp.

kills) a marker on the leftmost ray.

generator o € A acts as the identity on

Here is an example, where the leftmost ray is connected to vertex j. Note that if Aég;kj;k_l

is not trivial there always exists a (leftmost) ray.

Lo J

1.4. Connection to Springer theory. To compare our results to classical Springer theory we
determine the decomposition of our representations into irreducibles in each homological degree.

act by a Cy e
AVAVAVAV, +

Case 1: Two Jordan blocks of equal size: Consider the generic Hecke algebra H(Wp, ) attached to
Wp,, with its standard basis H,,, w € Wp, asa L = C[g,q ']-module. Inside H(Wp,, ) we have the
subalgebra H(S,,) attached to the maximal parabolic subgroup in Wp,_, generated by s1,...,$m-1.
Letting Hy,, i € {1,...,m -1} act as ¢* turns £ into an H(S,,)-module. The parabolic Hecke
module Mp,  is obtained by tensoring £ over H(S,,) with H(Wp, ). By specializing ¢ =1, Mp_
is isomorphic to the induced trivial module.

In [LS13, Theorem 5.17] the authors identified M p,, with the free £-module whose basis is given
by all cup diagrams in Cky,(m). Via this identification a cup diagram corresponds to a Kazhdan-
Lusztig basis vector and the right action of #(Wp,,) on Mp,, admits a diagrammatic description
similar to the one of Theorem A (cf. Propositions 48). In Section 5.3 we generalize this con-
struction by providing a similar diagrammatic description of Mg, (o) (cf. Proposition 49). The
diagrammatic description of the parabolic Hecke modules is used to prove the following theorem.

Theorem C. The right Wp,,-module H*(S;;y™) constructed in Theorem A is isomorphic to
the induced trivial module C ®c(s,,] C[Wp,,]. Similarly, we have an isomorphism H,(Sgy™) =

Cecrs,, 1] CWe,,._,] of We,,_, -modules, where the right We,,_, -action on H,(S;i™) is obtained
by restricting the Wp,, -action.

m-1

Remark 4. In contrast to the related work [RT11] in type A we identify the entire homology as an
induced representation. This approach has the following advantages:

(1) Since the Springer representation H*(Sgy™) (in Lusztig’s version, [Lus81]) is isomorphic
to the induced trivial module, see [Lus04, Theorem 1.3], Theorem C immediately implies
that Theorem A indeed reconstructs the Springer representation (similarly for type C).
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(2) Since the decomposition of the induced trivial module into irreducibles is known and multi-
plicity free, see e.g. [ES16a, Lemma 5.19], we can easily match each of the representations
Hy(Sgy™), 1 €40,...,[ %]}, with exactly one irreducible of the induced trivial module
in type D, see Subsection 6.1 for details. Since the Wc, ,-action is the restriction of
the Wp,,-action (for which we have determined the irreducibles) we obtain the desired
decomposition by applying results of [Tok84].

Case 2: Two Jordan blocks of different size: For the case of two not necessarily equally-sized
Jordan blocks, we can identify H*(ng}j_k’k) = Hop(Sgp™) as graded Wp, -module (and thus also
as We,,_,-module). In fact, this is evident from the diagrammatic description in Theorem A and
reduces the general two-block case to Case 1 above.

The Springer correspondence was described for the classical groups in work of Shoji, [Sho83],
[Sho79]. Given an irreducible Wg-module, Shoji gives an algorithm which determines the Jordan
type of a nilpotent element x € g as well as the irreducible character ¢ of Af for which V =z
H;OP(BE) in the Springer correspondence, see [Sho79, Theorem 3.3]. Here, H;Op(Bg) denotes the

¢-isotypic subspace in H*P(BE). In Section 6.4 we recall this algorithm and use it to check that
our construction yields the same results as classical Springer theory.

1.5. Applications of our construction. We provide two applications of our construction of the
Springer representation in this article.

Cohomology rings of two-block Springer fibers in types C and D. By [HS77, Theorem 1.1], the
image of the canonical map H*(B¢) - H*(B%) induced by the inclusion of the Springer fiber into
the flag variety Bg associated with G is given by the AZ-invariants in H.(BE). In particular,
the canonical map is surjective if and only if the Af-action is trivial. In type A the component
groups are themselves trivial, [CG97, Lemma 3.6.3], and the canonical map can be used to provide
presentations of H*(Bgy, ) as a quotient of H*(BgL, ), see [DCP81], [Tan82].

Outside of type A the cohomology rings of the Springer fibers are much harder to study. In
fact, even the Euler characteristic of Springer fibers was only recently computed in [Kim16] (an
independent proof for all two-block Springer fibers using completely different methods is included
in the Appendix to this article). In [KP12] the cohomology ring of Springer fibers was described
as an affine coordinate ring for all cases in which the canonical map is surjective and the nilpotent
operator is of standard Levi type. In [ES16a, Theorem B]| this description was used to obtain
a presentation of the ring H*(Bgp, ), where x € 503, has Jordan type (m,m). In the general
two-block case the methods of [KP12] are not applicable because the nilpotent operator is not
of standard Levi type. In type C even the surjectivity of the canonical map fails. However, by
dualizing Proposition 2, our topological approach enables us to realize the cohomology ring of
Sif_k’k as a quotient of H*((S?)™) which yields the following result:

Theorem D. If m + k, then we have an isomorphism of graded algebras
H* (812(7}41—16,/6) ~ (C[Xh . ,Xﬂb] /(XE,X]

where X1 = [Lier Xi- In particular, in combination with [ES16a, Theorem B] and Remark 1 this
yields a description of the cohomology rings of all two-block Springer fibers of types C' and D.

1<i<m,
Tc{l,...om},|I|=51+1

)

Relating cup diagram and bipolytabloid bases of Specht modules. The parabolic Hecke module Mp,
has a filtration

{0} c MELJ c...cMh c..c MY =Mp,
by Kazhdan-Lusztig cells, see Section 5.3. From the diagrammatic description of Mp, it follows
that Mle has a basis given by all cup diagrams with ! or more cups. The associated graded with

respect to this filtration (specialized at ¢ = 1) gives the Wp, -module H*(ngj*k’k) from Theorem A,

i.e. we have isomorphisms of Wp,_ -modules between the Kazhdan-Lusztig cell module ./\/lle /le;}n

and Hy (ngfkk) In particular, the cup diagram basis of H, (ngjfkk) is not the Kazhdan-Lusztig
basis (except in top degree) which disproves the type D analog of [RT11, Conjecture 4.4] (in fact,
this argument shows that this conjecture does not hold in type A either).

In type D the cell modules are irreducible and in Theorem 52 we write down an explicit isomor-

phism between the cup diagram basis of Hgl(ngI’j_k’k) and the bipolytabloid basis of the Specht
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module. In type C the W¢,, ,-module Hzl(ngﬁfk’k) is not irreducible anymore (which can be
seen geometrically from the nontrivial component group action). In Proposition 53 we explicitly
determine the decomposition of H21(8§7£_k’k) into irreducible summands by providing a basis in
terms of sums of cup diagrams. As in type D we obtain an explicit isomorphism between each
irreducible summand and the corresponding Specht module, see Theorem 54. This generalizes

results for type A, see [Nar89], to types C and D and answers a question in [ES16a, Remark 5.21].

1.6. An instance of Langlands duality. We finish the introductory part of this article by
discussing the reason for the appearance of the cup diagrams in our construction of the Springer
representation from a higher, categorical point of view. We also explain a (conjectural) reason
for the surprising fact that the Springer representations in types C and D both admit a neat
description in terms of the same cup diagram combinatorics.

In [ES16b], the authors defined an algebra D,,, whose underlying vector space has a basis given
by oriented circle diagrams (these are obtained by putting a cup diagram upside down on top
of another cup diagram and adding an orientation to the connected components of the resulting
diagram). The construction of this so-called arc algebra of type D was inspired by the arc algebras
of type A defined in [Kho02], [CK14], [BS11]).

Let T2 denote the isotropic Grassmannian of m-dimensional isotropic subspaces in C>™ and let
Perv (T,?L) be the associated category of perverse sheaves (constructible with respect to the Schu-
bert stratification). Using results of Braden [Bra02] one can establish an equivalence of categories
D,,-mod ~ Perv (Tf,)l), see [ES16b, Theorem 9.1], which shows that the cup diagram combinatorics
is intricately connected to the geometry of perverse sheaves.

In [SW12] it was shown that the category of finite-dimensional modules over the arc algebra of
type A is equivalent to the heart of an exotic ¢-structure (in the sense of [Bez03]) on the bounded
derived category D?(Coh(Y,2)) of coherent sheaves on a certain compactification Y;4 of a resolution
of a Slodowy slice of type A. We also expect such an equivalence between the category Perv(Y2)
and the core of an exotic ¢t-structure on the derived category of coherent sheaves (supported on
the (m,m) Springer fiber) on a compactification of a resolution of a Slowdowy slice Y2 of type
D. In particular, this equivalence relates the cup diagram combinatorics with the geometry of
the Springer fiber and thus explains the appearance of the cup diagrams in our description of the
Springer representation. As in type A, see [AS16], [KS02], we also expect a direct connection to a
Fukaya category related to Y,2 or to Kleinian singularities of type D.

The constructions in [SW12] show that the equivalence between perverse sheaves on the Grass-
mannian and the core of the exotic ¢-structure of D®(Coh(Y;2)) can be interpreted as an incar-
nation of Koszul duality which by [BGS96] suggests that one should actually replace Yn‘? by its
Langlands dual Y,fv. This is subtly hidden in the arguments since type A (as well as type D) are
Langlands self-dual. However, we expect an equivalence of categories between perverse sheaves on
the isotropic Grassmannian of type B and a core of an exotic ¢-structure on a derived category of
coherent sheaves on a resolution of a Slodowy slice of type C.

By [BP99] (see also [ES16b, §9.7]) there exists an equivalence Perv(YZ ;) = Perv(TL) of
categories induced by an isomorphism (compatible with the Schubert stratification) between the
respective isotropic Grassmannians. The combinatorics of these categories can be described in
terms of the same cup diagrams. On the Langlands dual side, which is related to the Springer
fibers, this then corresponds to an equivalence D®(Coh(Y,S_;)) = D*(Coh(Y;?)) induced by the
isomorphism Y,¢ ;| ~ YD between (compactified) resolutions of Slodowy slices recently discovered
in [Li18, §8.4]. This gives a conceptual explanation of the surprising fact that the Springer rep-
resentations in types C' and D both admit a neat description in terms of the same combinatorics
underlying the arc algebra D,,.

Notation and conventions. In this article the term “vector space” means “complex vector
space” and a “graded vector space” is a Z-graded complex vector space. Given a finite set S
and a commutative ring R, we write R[S] to denote the free R-module with basis S. If X is a
topological space, we write H,(X) and H*(X) to denote its singular homology and cohomology
with complex coefficients, i.e. H,(X) = H.(X,C) and H*(X) = H*(X,C). Since we work over
the complex numbers, homology and cohomology are dual, i.e. the universal coefficient theorem
provides natural isomorphisms H*(X) 2 Homc(H,. (X)) of graded vector spaces, which enable us
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to transfer results obtained for cohomology to homology and vice versa. Throughout this article
we view Z/27 = {1,-1} € C* as a subgroup of the multiplicative group.

Acknowledgements. The authors thank Michael Ehrig and Daniel Tubbenhauer for many help-
ful comments and interesting discussions and Daniel Juteau and Martina Lanini for raising the
question how to make the action of the component group explicit in our construction. Parts of
this article appeared in the second author’s PhD thesis under the supervision of the first author.

2. A DIAGRAMMATIC HOMOLOGY BASIS AND THE PROOF OF THEOREM D

Recall the set Bfgj_k’k of cup diagrams from the introduction. Given a € Bfgﬁ_k’k, let ¢ga:Sa <
ngj_k’k, Ya: Sa = (S?)™ be the inclusions. We obtain a commutative diagram

Yoam—k,k

P2m—k,k 2m—k,k\V2m—k.k

/\
&) H,(Sa) HH*(SKL ) —= H*((SQ)"L) ) (2.1)

2m—k,k
aeB T

where ¢opm—k 1 (resp. Yom-k k) is the direct sum of the maps induced by ¢a (resp. ¥a) and Yom—k k
is induced by the inclusion Sf{’f_k’k > (SQ)m. The goal of this section is to understand the dia-
gram (2.1) from an explicit combinatorial point of view. In particular, this includes the construction

of a diagrammatic basis of H, (Sf(?*k’k). At the end of this section we will prove Theorem D.

2.1. Homology bases via cell decompositions. We begin by defining cell decompositions of
the manifolds (82)m and Sy, ac€ Bi’f_k’k, which are used to obtain a diagrammatic description of
the homology of the respective spaces. Recall the notion of a line diagram, [RT11, Definition 3.1]:

Definition 5. A line diagram on m vertices is obtained by attaching vertical rays, each possibly
decorated with a single white dot, to m vertices on a horizontal line. Given U ¢ {1,...,m}, let
ly be the unique line diagram with white dots precisely on the lines connected to vertices not
contained in U (vertices are counted from left to right). We write £,,, to denote the set of all line
diagrams on m vertices.

Ezample 6. Here is a complete list of all line diagrams in £o:

lg=++ ; Iy = + ; l{2}=+‘ , 5{1,2}=‘ ‘

The two-sphere has a cell decomposition S? = (SQ N {p}) U {p} consisting of a point and a
two-cell. In the following we fix this CW-structure and equip (S?)™ with the Cartesian product
CW-structure. Then we obtain a one-to-one correspondence between £,, and the cells of the CW-
complex (S?)™ by sending a line diagram iy to the cell C;,,, where C},, is defined by choosing the
0-cell (resp. 2-cell) for the ith sphere in (S?)™ if there is a dot (resp. no dot) on the ith line of
ly. Since H,((S*)™) has a basis given by the homology classes [C},,] of the cells, we obtain an
isomorphism of vector spaces

Clem] > H. ((SH™), Iy = [Ciy - (2.2)

Henceforth, we will view a line diagram as a basis element of H. ((SQ)m) via the identification
(2.2). Note that its homological degree is given by twice the number of lines without a dot.

Example 7. The cells of S? x S? corresponding to the line diagrams in Example 6 (in the same
order) are given by

{(p.)}, {(z,p) |z eS*~{p}}, {(p,2) |zeS*{p}}, {(2,y)|z,yeS*~{p}}.

Next we will construct a basis of H,(Sa) labeled by enriched cup diagrams.

Definition 8. An enriched cup diagram is a cup diagram (as defined in the introduction) in which
some of the cups and all of the rays are decorated with a white dot. We allow at most one dot per
component and we do not impose any accessibility condition as for the markers. If a cup (resp.
ray) is marked with a marker and a dot we place the marker to the left of (resp. above) the dot.
Let @f("ﬁfk’k be the set of all enriched cup diagrams on m vertices with [gJ cups such that the
number of marked rays plus unmarked cups is even.
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Ezample 9. The enriched cup diagrams corresponding to the cup diagrams in Ef{i are given by

AR EE A A R £

Given a € Efgjfk’k, let i1 <ig < -+ < i[%J denote the left endpoints of the cups in a. Then we
have a homeomorphism

ga:Sa i (52)l ! 3 (xh cee 7mm) = (Z/l»« . 7yl§J)7 (23)

where y; = x;,, if i; is an endpoint of an unmarked cup, and y; = —z;; if i; is an endpoint of a

E
2

marked cup, 1 <j < [gJ

We equip S, with the structure of a CW-complex, where the cells are obtained as the preimages
of the cells of (S?)!2] under the homeomorphism (2.3). We obtain a one-to-one correspondence
between Ef{”fkk and the cells of S, by sending an enriched cup diagram M to the cell C);, where
a cup with a dot (resp. a cup without a dot) means that we have chosen the O-cell (resp. 2-cell)
for the corresponding sphere via (2.3). Since the basis elements of the homology H.(Sa) are in
one-to-one correspondence with the homology classes of the cells of S, we obtain an isomorphism
of vector spaces

CIBYL ™" S Ho(Sa), M = [Ci]. (2.4)
The homological degree of an enriched cup diagram is given as twice the number of cups without
a dot.

Remark 10. The white dots in this article play exactly the same role as the black dots on the cup
diagrams in the related work in type A, [RT11], [Rusll]. In order to distinguish them from the
black markers (which do not appear in type A) we chose to color them white.

2.2. A combinatorial description of v, 1 ;. The next step is to explicitly describe the map
Yam—k,k in (2.1) in terms of the diagrammatic bases we have chosen in the previous subsection.

Definition 11. Given an enriched cup diagram M ¢ EimL_k’k, we define the associated line diagram
sum as
L]w = z (—1)AM(U)ZU eH, ((82)m),
Uelnr
where Uy is the set of all subsets U ¢ {1,...,m} containing precisely one endpoint of every cup

without a dot and Ap/(U) counts the total number of all endpoints of cups with a marker and no
dot, plus the number of right endpoints of cups in U with neither a marker nor a dot.

Similar line diagram sums (for type A) appear in [RT11, Definition 3.11]. Their significance lies
in the following result.

Proposition 12. Via identifications (2.2) and (2.4), the map (1a)«: Hy(Sa) = H.((S*)™) induced
by the natural inclusion 1y Sq = (S?)™ is explicitly given by the assignment M ~ Ly;.

Ezample 13. If m = 1 the maps induced on homology by the natural inclusion Sy = S? respectively
by the inclusion S < S? are given by

$ > (i) respectively (1) > ci)

since the first map sends p to the 0O-cell of S?, and the second is clearly homotopic to the map
S — S%, —p + p, respecting the O-skeleta. More generally, the map induced by S, = (S*)™, where a
consists of m subsequent rays, sends the generator corresponding to the point S, to the line diagram
consisting of m subsequent rays with a dot. Furthermore, by arguing similarly as in [RT11, Lemma
3.2], one can show that the maps induced by the inclusions Sy, - S? x §? respectively Sy < (S?)?
are given by

hd'—mi) + \./»—>—| +—+ | respectively \e/r—>+ + Ur—>| +—+(125)
which shows that Proposition 12 is true for all cup diagrams with one connected component.

Before we prove Proposition 12 in general, we note the following useful combinatorial fact whose
(straightforward) proof is omitted (cf. [RT11, Lemma 3.11] for a similar statement).
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Lemma 14. Suppose that the enriched cup diagram M' is obtained Jrom M by deleting a cup
connecting vertices i and j, i < j. For U elUpr and S € {i,j} we define Us €{1,...,m} as

Us=Su{zeUl|z<iju{z+1l|zeU andi<z<jlu{z+2|xzeU andj<x}.

Then we can write Lys = ZUGMM,(—l)AM’(U)Z%, if the cup connecting vertices i and j has a dot.
If the cup does not have a dot, then we have

Ly =(-1)7 Y (_]_)AJM’(U)Z,U;_ » (_1)AJ\/1’(U)ZD\;7
Ueldp,r Ueld s

where o =1, if the cup has a marker, and o =0, if it has neither a marker nor a dot.

Proof of Proposition 12. We begin by using the small examples above in order to deduce the claim
for the cup diagram a which consists of [g] subsequent cups connecting neighboring vertices with
(possibly) an additional collection of subsequent rays to the right of the cups. Assume that the
cup connecting the first two vertices is unmarked and identify S, with S\ x Sar and the inclusion
Sa = (S*)™ with ¥ x 1a. Here a’ is the cup diagram obtained by removing the leftmost cup.
Via the Kiinneth isomorphism, the map induced by ¢y x 14 is the tensor product ()« ® (Yar)«-
Hence, if the cup connecting the two leftmost vertices in M has a dot, we compute

(1)« (¥) ® (V) (M) = Iz ® ( > (—1)AM’(U)IU) = Y ()M ely,
Ueldp,r Ueldy,r
where the first equality follows by induction and the small cases above. Here M’ denotes the
enriched cup diagram obtained by removing the leftmost cup. Applying the Kiinneth isomorphism
to the above equation yields the claim.
On the other hand, if the leftmost cup in M does not have a dot, we compute

(wU)*(U) ® (wa')*(M,) = (l{l} - Z{Q}) ® ( Z (_I)AM’(U)ZU)

UEZ/{]\/II

= Z (—I)AM'(U)Z{1}®ZU— Z (—I)AM’(U)Z{Q}(Z)ZU.
Ueld ;1 Ueldy,r

If the leftmost cup has a marker we argue similarly.

For the general case let a be a cup diagram and ag the cup diagram obtained by rearranging
the cups in such a way that the diagram is completely unnested. Let 74 be the permutation of
the vertices which realizes the change of passing from a to a’. This induces a homeomorphism
Ta: (S%)™ — (S?)™ which permutes the coordinates accordingly and hence restricts to a homeo-
morphism S, = Sa,. The inclusion S, < (S%)™ can be written as the composition 7, 01a, 0T, 1| S.-
Let My be the cup diagram obtained from ag whose ith component has a dot if and only if the ith
component of M has a dot. Then the claim follows from

Ta(l/)ao (T;1|Sa(M))) = Ta(¢ao(M0)) = Ta( Z (—1)AM°(U)ZU) = Z (—1)AM(U)IU. O
Ueldpr, Ueldnr

2.3. A linearly independent set of line diagram sums. In this subsection we introduce a
subset of Bf{ﬁ_k ok having the property that the images of the elements in this set under o, i
are linearly independent. This will be an important technical tool in obtaining a diagrammatic

basis of H, (Sféf_k’k) in the next subsection.

Definition 15. A standard enriched cup diagram, or shorter standard cup diagram, is an enriched
cup diagram in which all cups marked with a dot can be connected to the right side of the rectangle
by a path which does neither intersect the rest of the diagram nor any given path connecting a
marker with the left side. The set of all standard cup diagrams on m vertices with [gJ cups such

that the number of marked rays plus unmarked cups is even is denoted by s@fgj’_k’k.

Ezample 16. Here are the standard cup diagrams contained in sz?i)’{i

bYoY Y Y
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k
Let C’f([fj(m) denote the subset of Ckr,(m) consisting of all cup diagrams with at most [gJ
cups. If m = k we have C’IS(LL%J(m) = CkL(m).

We define a map C2"kk: sB2mMk C’IS([L%J(m), called cutting, which takes a standard cup
diagram M e s@fgﬁ_k’k and replaces each dotted cup by two unmarked rays (this can be thought
of as cutting the cup along the dot). Furthermore, the dots on the rays of M are deleted (again,
the reader might think of this as cutting along the dots and throw away the resulting line segment
which is not connected to the vertex). If the number of marked rays plus the number of unmarked
cups is not even in the resulting diagram we additionally either delete or put a marker on the

leftmost ray.
k ~
The map G>m -k CIS(lL’“J(m) - stQik’k, called gluing, is defined as follows: given a cup diagram

ac C’f{léj(m) we replace the two rightmost rays by a cup with a dot (this can be thought of as
gluing the two endpoints of the rays resulting in a cup in which the gluing point is decorated with
a dot). The resulting cup has a marker if and only if one of the rays from which it resulted had a
marker. Take the new diagram and repeat the procedure until it contains exactly || cups.

Example 17. The standard cup diagrams in Example 16 are obtained by applying G2 to the
diagrams in (1.1) from the introduction (in the same order).

Lemma 18. The assignments G*™ %% and C*™ %k define mutually inverse maps between

sﬁfgﬁ%’k and Cf(lL%J (m).

Proof. This is evident from the definitions. |

Proposition 19. The line diagram sums Ly, i.e. the images of M under 1y, n,, where M varies

over all standard cup diagrams in sBy;™, are linearly independent in H,((S*)™).

For the proof of this proposition we use the following technical lemma.

Lemma 20. Let M € s@?ﬁm be standard cup diagram without markers. Then the line diagram
m,m

sums Ly, where M wvaries over all standard cup diagrams in SEKL which can be obtained by
decorating M with markers, are linearly independent.

Proof. We prove the statement by induction on the total number of components of M which
can be marked with a marker. If there is precisely one decorable component in M, then there
exists precisely one cup diagram with the claimed properties and the claim follows. In case that
M consists of a single cup without a dot we note that all the possible decorations with markers
(without fixing the parity) are linearly independent.

So suppose there is more than one component in M which is allowed to have a marker. In
particular, since M is standard, there exists a cup in M without a dot which may be marked with a
marker. In the following we fix such a cup connecting ¢ and j. Let M = My, Ny, My, Ns,..., M,, N,
be the standard cup diagrams obtained from all the possible decorations of M with markers and
a fixed parity of markers. The diagrams are listed in such a way that M; and N; are the same
except that M; does not have a marker on the fixed cup, but a marker on the leftmost component
with a dot. On the other hand, IV; has a marker on the fixed cup but no marker on the leftmost
component with a dot. In case that M has no dots we simply consider all standard cup diagrams
My, Ny,..., M., N, (not only the ones with a fixed parity of markers) and drop the condition on the
leftmost component with a dot. Let My, N{,..., M/, N/ be the cup diagrams obtained by deleting
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the cup connecting ¢ and j. We compute

T

0= Z AL, + Z,UJZLNz
=1 =1

:Z)‘l _ Z (—1)AM{(U)ZU-7T+ Z (—1)AM{(U)ZU1'
=

UEZ/{Ml/ ’ UEZ/{M{

+Z,U/l _ Z (—1)AN{(U)ZU']T— Z (—I)ANZ(U)Z’UT

=1 UeLlN{ ’ UEZ/{NL’

> (Zwl — M) (-t (‘”) g+ Y (Z(—m + ) (=)™ “”) I
Ueldyyr \i=1 T Uy, \i=1
Since the family of vectors lﬁialﬁj is linearly independent if U varies over all elements in Uy, we
deduce the equations '

" Ay (U " Ay (U
Y- A DM P =00 and Y (M) (D)M =0 (2.6)
=1 =1

for all U € Upsr. Using the left equation in (2.6) we compute

= ) (Z( =) (=1) M'(U))ZU Z( p — Al)( > (‘UAML'(U)ZU),

UeZ/{M, =1 Ueldy,r

which equals ¥7_; (=1 = \t) Ly and thus implies A = —p for all [ € {1,...,r} because the Ly are
linearly independent by induction. Similarly we obtain A; = y; by repeating the calculation with
the right equation in (2.6). Hence, we deduce that \; = 5y =0 for all [ € {1,...,7}. O

Proof ( Pmposztzon 19). Tt suffices to prove that the elements Ly, where M varies over all standard
cup diagrams in sIB%KL | with precisely [ cups without a dot, are linearly independent in Hoy ((S?)™),
0 <1 <m. We define a total order on the subsets of {1,...,m} of cardinality I:

{iy <<y <{i] <<y} Iriip <iland Gpp1 =G0, q,. .., 0 = 1) (2.7)

which induces a total order on the line diagrams Iy, where U ¢ {1,...,m}, |U| =1, i.e. an order on
our basis of Hoi((S?)™). Define f: sIB‘SKL”} - sIB%unmarl as the map which forgets all markers.

Given a standard cup diagram M, we write Uy; € Ups to denote the set containing all right
endpoints of the cups without a dot. Note that Uy, is maximal in Uy, with respect to the order
(2.7). Assume that, for some Ays € C,

0= > AuLu= Z > AmLu. (2.8)

MesBi™ NesBiyima, MesBy™
f(M)= N

Fix Npax such that Uy, is maximal amongst all N e sB”™. . Since the cup diagrams without
markers are determined by the right endpoints of cups there is a unique such N.

Note that the basis vector li;,, occurs (with non-zero coefficient) in each line diagram sum L
with f(M') = M but it does not occur in any Ly, where f(M') # M because these Ly only
contain basis vectors which are strictly smaller with respect to the total order (this follows from
our maximality assumption on M and the fact that Ups is maximal in Uy for every M).

Hence, equation (2.8) decouples into two independent equations

>, AmLm=0 and 3 S AwmLa=0.
MGSE’"L e M eSBS;r’:‘:r MESB"L m
F(M)= M:nax M'+M! . f(M)= Ve

By iterating the above argument we obtain equations ., .gm.m AprLar = 0, for all N € sB%Qar
KL
f(M)=N

Hence, Proposition 19 follows from Lemma 20. O
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2.4. An explicit homology basis. In this subsection we use the results obtained so far to con-

struct a basis of the homology of Sf{’f_k’k and give an explicit description of the map Yo — k-

k
Proposition 21. The elements ¢opm1 1 (G*™**(a)), where a € C’f([fj(m), form a basis of the
2m—k,k
homology H,(Sg] 7).
Moreover, we have a commutative diagram

Hy, (S;?I’Jm)
anlk"klg Ym,m
H, (SZm Rkt ((s?ym)
FQm—k,k

where is the isomorphism of vector spaces sending a basis element ¢y, m (G2m—k,k(a)) of
H<k(SIT(nﬁm) to ¢2m—k,k(G2m_k’k(a)) € H, (SIszn_kvk)

k
Remark 22. According to Proposition 21 above, we can identify (C[Cf([LzJ(m)] with H, (ngj_k’k)
via the following isomorphism of vector spaces,

3 = m—k, m—
ClC2 m)]) 5 HA(SZPR) | ars dop i (G FH(a)), (2.9)
thereby obtaining a diagrammatic basis of the homology. Under this identification the cup diagrams

with [ cups form a basis of Hgl(SiT_k’k), 0<i<|E]

Lemma 23. The map Yim,m: He(Spy™) = H.((S*)™) induced by the inclusion Spy™ = (S*)™ is
injective.

Proof. By considering the commutative diagram (2.1) we deduce im (Y m) = im (¥, m ), because
Gm,m 1s surjective (cf. [ES16a, p. 23]). Since dim (im (¢,)) > [sB;™| = 2™ (the inequality follows
from Proposition 19 and the equality by combining Lemma 18 with the fact that |Cky,(m)| = 2™}
which will be shown in Subsection 5.3) we deduce that dim (im (Vpm.m)) = dim (im (Ym,m)) >
2m-1 Hence, since dim H, (S = 2m-1 by Remark 69, the rank nullity theorem implies
dim (im (Ym.m)) = 2™ and ker(yy,.m) = {0}. O

Lemma 24. The set ¢ (G™™(a)), where a € Cxr(m), is a basis of Ho(Sgy™).
Proof. The commutative diagram (2.1) combined with Lemma 23 gives a commutative diagram

Vm,m

D H*(Sa)m H, (S;(nﬁm) 4ﬂﬁ’ﬁ(¢m,m) S H*((SQ)m)7 (210)

m,m =
aeB

which allows us to write ¢ (G™™(a)) = 7, (¥m.m (G™™(a))) for all cup diagrams a on m
vertices. Since we have {G™"(a) | a € Cky,(m)} = sBy;™, it follows from Proposition 19 that
the collection of elements v, ., (G™™(a)) € H.((S*)™), where a varies over all cup diagrams in
Ck1.(m), is linearly independent. This remains true after applying the linear isomorphism fy;nlﬂn.

As [{G™™(a) |ae Ckr(m)}| = 2™ = dim H,(Sgy™) we indeed have a basis of H.(Sgy™). O

Proof (Proposition 21). From the appendix we deduce that the dimension of H *(ngj_k’k) (and

hence also of its homology by duality) is given by counting the number of all cup diagrams in
k
Cf([ﬁj(m). Thus, in order to check that the elements ¢om_r x(G*™ ¥ (a)) form a basis, where

a varies over all cup diagrams in CIS(LL%J(m), it suffices to see that they are linearly indepen-
dent. Under the assumption that they are not linearly independent, it follows that the vectors
Yom—k k (¢2m_k,k(G2m_k7k(a)) = wgm_k,k(sz_k7k(a)) are not linearly independent either. But
Proposition 12 directly implies that 12,1 1 (G>™ % (a)) = Y. m (G™™(a)) and the 1, . (G™™(a))
are linearly independent (as a subset of the linearly independent vectors in Proposition 19), a con-
tradiction. In particular, the map I'?™%* defines an isomorphism.

The commutativity of the diagram follows from o, x(G>™**(a)) = ¥y,.m(G™™(a)). Since
Ym,m i injective by Lemma 23, the same is true for vp,_ 1 by the commutativity of (2.10). O
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The next proposition (which is an immediate consequence of Proposition 12 and the commutative
diagram (2.1)) provides a combinatorial description of the map Yo,—k k-

Proposition 25. The isomorphism 'ygm_k’k:H*(S}Qg}j_k’k) 5 im(Yom-k.x) € He ((S*)™) is given by
ar— L, = Z (—I)Aa(U)lU,
Ueldy

where Uy 1s the set of all subsets U € {1,...,m} containing precisely one endpoint of every cup of
a, and Aay(U) is the number of right endpoints of unmarked cups plus the number of endpoints of
marked cups in U.

Ezxample 26. If m = 3 we obtain the diagrammatic homology basis

med- | ) men-(4Y VA

) )

v‘)’

and according to Proposition 25 the map <, , is given by

[ HT= 9t MRS RN AR
e SRS I IR I E R B

2.5. Proof of Theorem D. Using the results obtained so far we can provide a presentation of
the cohomology ring of ngf_k’k. We assume that m # k.

Firstly, the natural inclusion ngj_k’k c (S?)™ induces a surjective homomorphism of algebras
H*((S*)™) » H* (ngsz’k). The surjectivity follows directly from dualizing Proposition 21, where
we proved that the induced map in homology H., (Sg7 ") < H,((S?)™) is injective.

Secondly, the complex dimension of the algebraic variety Bég;f’k is known to be %, see
e.g. [ES16a, Theorem 6.5], and thus Hl(SIngkk) x Hl(ngL;fk) =0 for all i > 2- % =k-1.

In particular, the graded ideal H>*((S*)™) = @;5xH'((S*)™) is contained in the kernel of our
surjection and we obtain an induced surjective homomorphism of algebras

H((8)7) [k ((s2ymy » HY (S0, (2.11)
which we claim to be an isomorphism. We prove this by comparing their dimensions. Recall that

H((8*)™) = ClX1 - Xn] [(x2 |1 < < m) (2.12)

with deg(X;) = 2. Thus, the dimension of H*'((S?)™) is given by counting all monomials of degree
i with pairwise different factors, i.e. dim(H?/(S*)™)) = (T) It follows that the dimension of the

quotient in (2.11) is Z:?Ol (T) which equals dim H* (ngj_k’k) by Proposition 68.

Hence, the surjection (2.11) is in fact an isomorphism which we can translate (using the isomor-
phism (2.12) and the fact that the ideal H>*((S?)™) is generated by all monomials of degree k)
into the description of H *(ngjfk’k) given in Theorem D from the introduction.

3. DIAGRAMMATIC DESCRIPTION OF THE ACTIONS AND THE PROOF OF THEOREMS A AND B

In this section we prove Theorem A and Theorem B from the introduction.

3.1. Weyl group actions on homology. Assume m >4 and let Wp, be the Weyl group of type

D
: . . ags
Dy, i.e. the Coxeter group with generators s, sP ... s2_| subject to (siDS;-D) ’ = e where
1
1 ifi=y
D e S . . 2 3 m-1
a;; =43 if i—j are connected in I'p, I'p,, : e —e

ij
2 else.
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The Weyl group We,, of type C,, (which is isomorphic to the Weyl group of type B,,) is the
C

o

Coxeter group with generators s§,...,s$_; and relations (s?s]c) = e, where
1 ifi=jg,
3 if i—7 are connected in I’ 0 1 2 m-1
af = o ‘] oo Ig,: &e—s—o— - —o
4 if i=j are connected in I';_,
2 else.
Remark 27. One easily checks, see also [Tok84, §2.1], that the maps
D.D r» C .C.C g
Sy S if 1 =0, sy sysy ifi=0
WC'm—l i WDTVL ? Sf = OD ! . . WDTVL i Wc'm ’ S’LD = %’ Lo . . ’
sy ifi#0, s; ifi+0,

define embeddings of groups.

The group Wp,, (and thus by Remark 27 also the subgroup W¢, ) acts from the right on
(SQ)m according to the following rules:

(21,22, %3, ..., Tp).58 = (29, —T1, 23, ..., Tm),
(Z1s e @iy ity ey T )82 = (T1, o Tig1s Ty oo ), ie{l,...,m-1}.
Givenie {1,...,m—-1},let 7;: {1,...,m} - {1,...,m} be the involution of sets which exchanges
i and i +1 and fixes all other elements. Given a subset U € {1,...,m}, we define ;U as the subset
of {1,...,m} containing the images of the elements of U under the map ;.
By standard algebraic topology we can then describe the induced action by the formulas
ly.s? =)Dy lysP=l,0,ie{l,...;m-1}, (3.1)

where x(U) is the cardinality of the set {1,2} nU.

3.2. Proof of Theorem A.
Proposition 28. Given a cup diagram a € H, (Sf(?f*kk) and a generator sP e Wp_ i€ {0,...,m-
1}, we claim that
a.s; = 727711—k,k (Vszk,k(a)ﬁ?)
yields a well-defined right action of Wp,, on H*(ng_k’k) which is given by Table 1 and Table 2.

Theorem A is now a consequence of Proposition 28: A straightforward case-by-case analysis
shows that the Wp, -action from Tables 1 and 2 coincides with that from the skein calculus.

Proof (Proposition 28). Throughout the proof we fix a generator s” € Wp_,i€{0,...,m-1}. We
distinguish between four different cases depending on what the cup diagram a locally looks like at
the vertices ¢ and 7 + 1.

Case 1: Vertices © and i+1 are both connected to a ray.
If 7 and i + 1 are both connected to rays in a, then we have ;U = U for all U € U, and

Las? = > (1) = 3 (1) = L, (3.2)
Uelda Uelda
if i € {1,...,m -1}. Now the claim follows from applying the inverse of the isomorphism of

Proposition 25 to (3.2). Since xy = 0 for all U € U, calculation (3.2) also proves that s& acts as
indicated in Table 2.

Case 2: Vertices i and i+1 are connected by a cup.
We decompose Un = Uy j Ula iv1, Where Uy ; (resp. U ;1) consists of all sets U € U, containing
i (resp. i+ 1). Then we have

La= Y (-1 = S (-2 5 (-1)2 Oy,
Ueldn Uelda,; Uelda,iv1

In the following we abbreviate L, ; = ZUeua7i(—1)Aa(U)lU and La i1 = Luas, .1 (-1)Ayy,
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o

| a.sP | a |

o

—
—x
—-—x || P
—

—a—x
—

A EErAL
(<
C
C

CRCHE R
(

C
C

TABLE 1. The action of a generator siD eWp,,,i€{l,...,m-1}, on a cup diagram
(crosses indicate vertices ¢ and i + 1).

D D
a a.sg a a.sg

{

)
RANASAEN RIS

O I 7R

TABLE 2. The action of the generator s) € Wp, on a cup diagram (crosses
indicate vertices 1 and 2).

—
—
—a—x
—

G
-
<

C
C

Firstly, note that 7;:Ua,; = Ua,i+1 is a self-inverse bijection. Secondly, for all U € U, we have
equalities (=1)2a(V) = (—1)Aa(U)=1 (regp, (~1)Aa(V) = (—1)2a)) if j and i + 1 are connected by
an unmarked cup (resp. marked cup). Now we compute

LassP= Y (D)MW = 3 (1),

Ueldy ; Uelda,is1
_ ZUeLla,iH (_1)Aa(U)71lU = _La¢i+1 if Z7(2 + 1)7
| Svat s (12Dl = Ly i if iw(i+1).

Analogously, we obtain La,i+1-SiD = —La,; (resp. La7i+1.slp = L, ;) if the cup connecting ¢ and ¢ + 1
is unmarked (resp. marked). Hence, we compute

~La ifi—(i+1),

LasP =La;.sP +Laq.sP =
ati At TEarl P AL i e (i + 1),
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Note that lU.soD = -l v for all U e U,. Modifying the above calculation with the additional sign
yields the claim for the s’-action.

Case 3: Vertices i and i+1 are incident with one cup and one ray.

Assume that ¢ and j, j < 4, are connected by an unmarked cup (if i + 1 and j, i + 1 < j, are
connected by a cup we only need to switch ¢ and i+1 in the proof below). Decompose Uy = Ua ;LU ;
and La = La; + Laj as in Case 2 above. Let b be the cup diagram different from a appearing in
the sum a.siD and decompose Uy, = U, ; Ulhp ;11 as well as Ly, = Ly, ; + Lp ;1. Since 7;U = U for all
U €Uy, j, we compute Ly j.s” = L, ; as in (3.2).

Moreover, we see that the assignment U +~ ;U defines an involution Uy ; = Uy ;41 and we have
Aa(;U) = Ap(U) for all U € Uy, j+1. Thus, we can compute

Lai-sf = ZUeua,i(—l)A“(U)an = ZUeub,M(—l)Aa(”U)lU = ZUeub,M(—l)Ab(U)lU = Lpis1,

where the second equation is a simple change of the summation index using the bijection .
We see that Us ; = Up ; and Aa(U) = Ap(U) — 1 for all U € Uy ,; which implies La; = —Lp; and

D D D
La.si = LaJ.si + La,i-si = La,j + Lb7i+1 = La,j + Lb)i+1 + La,i - La,i

= Layj + Lb,i+1 + LaJ' + Lb,i = La + Lb.

If the cup connecting ¢ and j is marked, we argue similarly. We omit to justify that sOD acts as
claimed in Table 2.

Case 4: Vertices i and i+1 are incident with two different cups.

Let 7 and j as well as ¢ + 1 and k be connected by a cup. We decompose Uy = Uaq ji+1 U Ua j 1 U
Uaiiv1 UUa gk and similarly Uy = Uy 55 U U 5 Ul 41,5 U Up 311k, Where b is the cup diagram
different from a appearing in the sum a.s”. Note that Titla gk = Ua ik and 75:Uq i 501 = Uai i
are identities. Thus, we deduce

La,j)k.SiD = Z (—1)Aa(U)ZTiU = Z (—1)A3(U)ZU ILa_’jyk
Ueua,j,k UEUa,jyk

and analogously La7i,i+1.slp = Lgji+1. Since (—1)X(U) =1 in the above cases, these equations are
also true if we act with s’

It is easy to check (by going through the different cases in the table) that Ay(7;U) = Ap(U) for
all U eUp j; UUp 1 if we act with s;, 1 <i<k-1. If we act with so, then we have A,(1U) =
Ap(U) £ 1. Moreover, Titla,j,i+1 = Up j,i and T;:Ua i = Up i+1,1 are self-inverse bijections. Hence,
we compute
LajisisP= Y (D) p= 3 (1) = 3 (1) Oy = Ly, .

Uela, j,i+1 Ueldy, j,; Ueldy, ;.5
If we act with s, then the additional factor of (~1) is killed by (-1)X(!) = 1. Similarly, one
checks that Lamk.s? = Ly it1,k-

Next, we note the equalities of sets Ua i = Upb,ik and U jir1 = Up, ji+1. Furthermore, we have
Aa(U) =Ap(U) 1 for all U € Un ;1 UUa,ji+1- Again, this follows directly by looking at the table.
Putting these two facts together we obtain Ly ; ; = =Lax and Ly ji+1 = =La j+1. Thus,

D D D D D
a.s; = La,j,i+1-57; +La,j,k-5i +La,i,i+1~51' +La7¢,k.si

= Ly ji+Lajk+Laiivt + Lbick

= Lpji+Lajr+Laiiet + Lbis1,k + Lask — Lagk + Laji+1 — Lajiv1

= Lpji+Lajr+Lasie1 + Lbscik + Lagk + Lok + La i1 + Lbjie1 = La+ Ly, O

3.3. Proof of Theorem B. Let x be a nilpotent element of Jordan type A contained in sp,,, (C)
(resp. §02,,(C)). Then the corresponding component group Ag, ~(resp. A5, ) is isomorphic to
(Z)27)t, where t is the number of distinct odd (resp. even) parts of the partition ), see [Spa82,

1.2.9]. Moreover, we identify Agg;:k c Aé”;;k’k as the subgroup generated by products of an even

number of generators of Ag:;k’k, see [Sho83]. This immediately yields the isomorphisms (1.2)
from the introduction.
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Let a be a generator corresponding to a copy of Z/2Z in (Z/2Z)". We have a left Agg;k’lkal_
action on (S?)™, where a acts as the antipode on the first component, i.e. a.(z1,22...,2m) =
(21,22 ...,%m). Thus, in homology we have

Iy if1¢U,
OL.ZU = .
—lU if1eU.

Note that the special orthogonal component group acts trivially, although it is not always trivial.
The following proposition is just a slight reformulation of Theorem B from the introduction.

Proposition 29. Given a cup diagram a € H, (ngj_k’k) and a generator o € Aég_k_17k_1 corre-
sponding to a copy of Z/27 in Aggl_k_l’k_l, we claim that

a.ac= ’)’2_71;—k,k (ay2m-k,k(a))

yields a well-defined right action of the component group on H, (Sf(’;j*k’k) giwen as follows::
a a.a a a.a

Proof. If there is a ray connected to the first vertex there is nothing to show. So suppose there

is a cup connecting the first vertex with some vertex i > 1. We decompose U, = Uy 1 U, ;, where
Ua1 (resp. Ua ;) consists of all sets U € U, containing 1 (resp. ¢). Then we have

La= Y (-1 = 3 (1)@ 4 3 (~1)2Oyy
Ueldn Uelda,1 Uelda,;

and acting by a generator a yields a.La = Yy, , (~1)Aa@)+1, 4 Zng,{ayi(_l)Aa(U)lU = La- which
proves the claim, i.e. the geometric action can be described combinatorially as asserted. ([l

4. A GEOMETRIC CONSTRUCTION OF TYPE B/C SPECHT MODULES FOR ONE-ROW
BIPARTITIONS

In this section we recall the notion of irreducible Specht modules for types B/C and D and
provide a geometric construction of all Specht modules corresponding to pairs of 1-row biparti-
tions on H,((S?)™). This geometric construction will be the key ingredient in determining the
decomposition of the Weyl group representation on H, (ngjfkk) into irreducibles in Section 6.

4.1. Basic recollections on Specht modules. In this subsection we recall the definition and
basic properties of irreducible Specht modules for Weyl groups of types B/C and D. Our exposition
follows and summarizes [Can96].

A partition X = (A1,...,A;) of k is a sequence of | weakly decreasing positive integers A; > Ay >
... > A; >0 which sum up to k. We write |A| = k if X is a partition of k. Additionally, we also allow
the empty partition @. We may depict the partition A as a Young diagram, i.e. a collection of [
left-aligned rows of square boxes, where the ith row has \; boxes.

Definition 30. A bipartition of m is an ordered pair (A, 1) of partitions such that |\ + |u| = m.
For the rest of this section we fix a bipartition (A, u) of m.

Definition 31. A bitableau of shape (A, i) is a filling of the boxes of the pair of Young diagrams
with the numbers 1,...,m such that each number appears exactly once. Additionally, each of the
numbers comes equipped with a sign (a choice of either + or — for each number). A standard
bitableau has only positive entries (no minus signs) and both underlying tableaux are standard
tableaux in the usual sense, i.e. the entries of the boxes increase along rows and columns.
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The group We,, acts (from the right) on the set of bitableaux of shape (A, p). By definition
the generator s&, i # 0, acts by substituting i + 1 in place of i at the position of +i (the respective
sign remains unchanged) and substitutes ¢ in place of i + 1 at the position of £(i + 1) (again, the
sign remains untouched). The generator s§ changes the sign in front of 1. Note that the action of

We,, does not stabilize the subset of standard bitableaux.

Definition 32. Let T be a bitableau of shape (X, ). A row-permutation (resp. column-permutation)
of T is an element w € W¢,, which permutes the symbols in each row (resp. column) of T' and
multiplies an arbitrary number of symbols in the first (resp. second) tableau of T with —1. The
row stabilizer Ry (resp. column stabilizer Cr) of T is defined as the group of row-permutations

(resp. column permutations).

Definition 33. Two bitableaux T,T" of shape (A, 1) are row equivalent if there exists a row
permutation w of T such that T’ = T.w. The equivalence class containing a bitableau T is denoted
by [T'] and called a bitabloid of shape (A, ).

Let My ,) be the C-vector space with basis given by the bitabloids of shape (A, u). There is
a well-defined action of W¢,, on My ), where s{, i # 0, acts by setting [T].s{’ = [T.s{'] and s§’
acts as [T].s§ = [T.s5] if 1 appears in the first tableau and [T].s§ = —[T.sS] if 1 appears in the
second tableau, see e.g. [Can96, Section 1].

Since We,, is isomorphic to the semidirect product S, x (Z/2Z)™, we can associate a unique
pair (o, ), where o € S,,, and « € (Z/2Z)™, to any element w € Wc,,. We define sgn(w) := sgn(o),

where sgn(o) is the usual signum of an element of the symmetric group. Moreover, we define f(w)
as the number of (-1)’s in the m-tuple a.

Definition 34. Given a bitableau T, we set kp = ZwecT(—l)f(w)sgn(w)w. The bipolytabloid er
associated with the tableau T is defined as ep = [T].k7.

Definition 35. Let A be a bipartition of m. The Specht module V{y ,y is the submodule of M, )
spanned by all bipolytabloids ep.

The importance of the Specht modules is justified by the following proposition, see e.g. [Mac95],
[Ser77, §8.2], [MS16, Proposition 3].

Proposition 36 ([Can96, Theorem 3.21]). The Specht modules V5 .y, where (X, 1) varies over
all bipartitions of m, form a complete set of pairwise non-isomorphic irreducible We,, -modules.

We fix an irreducible representation V{, ,) corresponding to (X, uz). The restriction of Vi, ) to
Wh,, decomposes into two non-isomorphic irreducible Wp, -modules of the same dimension which
we denote by Vi and Vy . If X\ # u the restriction of V{, ,) to Wp, remains irreducible and the
restrictions of V(, ,) and V(, 1)y to Wp,, are isomorphic. We denote this irreducible module by
Viauy- Then we have, see [May75], or [MS16, Theorem 17] for a modern treatment:

Proposition 37. The Wp, -representations Viy .y, where |\ +|u| = m, together with V7 and Vy,
where || = g, form a complete set of pairwise non-isomorphic irreducible Wp,, -representations.

We are ready to introduce an important basis of the Specht modules.
Proposition 38 ([Can96, Theorem 4.2]). The bipolytabloids er, where T varies over all standard
bitableaux of shape (A, ), form a C-basis of V(y ).

4.2. A geometric construction of some Specht modules. The following fact is evident.

Lemma 39. There is a bijection between the set of line diagrams on m vertices with | undotted
rays and the set of standard 1-row bitableaux of shape ((m —1),(1)). This bijection is given by
sending a line diagram ly to the unique standard bitableau Ty whose second tableaw is filled with
the numbers in U.

The group We,, acts (from the right) on (S?)™ according to the following rules:

m
(JU17I27 s 7x7n)'sg = (_1"171"27' . 'amﬂl)?

(xl,...,aci,m”l,...,xm).sic =(T1, ey Titls Tiye v Ton)s ie{l,...,m—-1}.
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The induced action on homology is then given by

ZU.SO = ZU.SiCZZTiU, ie{l,...,m—l}.

¢ Jw it1em,

-ly iflel.

The following proposition gives an elementary geometric construction of all W¢, -modules (and

thus also of all Wp,_ -modules by restriction) corresponding to pairs of 1-row partitions. It explicitly

identifies the bipolytabloid basis from Proposition 38 as the natural homology basis arising from
the Cartesian product cell decomposition of (S?)™.

Proposition 40. The linear map Ha ((S*)™) = Vi(m-1).q)) defined by sending a line diagram ly
to er, is an isomorphism of We,, -modules.

m

For the proof of Proposition 40 we first need the following technical lemma.
Lemma 41. If T and T' are row equivalent 1-row bitableauz, then er = eq:.

Proof. By assumption we have T’ = Tw for some row permutation w of T. Let v be any column
permutation of T'. Note that since T" is a one-row bitableau, the column permutation v only changes
some signs of the numbers contained in the second tableau and leaves the first tableau invariant.
Furthermore, w permutes the symbols in the second tableau (without any sign changes) and
permutes as well as changes some signs in the first tableau. Thus, evidently, we have Tvw = Twv.

By the faithfulness of the action of W¢,, on the set of bitableaux we deduce that vw = wv for
all o € Cp. In particular, we have Cr = w™'Crw = Cry,, where the second equality is even true for
an arbitrary element w of W, . We obtain that

pr= Y (D Osen()o= ¥ (-1)Psgu(o)o = rr,

veCr veCry

and thus er = [T].k7 = [T].k1w = [Tw].kTw = 1w, where the second last equality follows from
the well-definedness of the action on row-equivalence classes. O

Proof of Proposition 40. By Proposition 38 and Lemma 39 the map sends a basis to a basis. Thus,
it suffices to check the W¢,, -equivariance.

Let i # 0. If i and 4 + 1 are both dotted or both undotted in a given line diagram Iy, then s{
acts as the identity. On the other hand, the numbers ¢ and i + 1 are either both contained in the
left or in the right tableau of Ty;. Thus, sZC acts as a row permutation on Ty and TUsiC and Ty are
row equivalent. In particular, we get ey, sic = €750 = €Ty, where the first equality follows from
[Can96, Lemma 3.2 (ii)] and the second one from Lemma 41.

If exactly one of the rays i and i+1 is dotted, then s¢ moves a dot from i to i+1 or the other way
around. The action of siC swaps the numbers ¢ and i+ 1 which appear in two different constituents.
After applying a row permutation to TUsiC we obtain the standard tableau with the same filling
as Ty except that precisely ¢ and 7 + 1 have changed the respective tableau.

If the first line is dotted in Iy, i.e. if 1 ¢ U, then the generator sg acts on [y as the identity. In
this case, the number 1 is contained in the first tableau of Ty and we have er, s§ = e, because
we have er, s§ = (=1)"ter, if 1 occurs in the ith tableau of Ty, i € {1,2}, see [Can96, Lemma
3.16]. Secondly, if 1 € U, i.e. the first line is undotted in Iy, then sg acts as the identity with an
additional minus sign in front of the diagram. In this case, the number 1 is in the second tableau
of Ty and thus eq,s§ = —er, by [Can96, Lemma 3.16] as above. This finishes the proof of the
Woe,, -equivariance and the proposition follows. O

5. DIAGRAMMATIC DESCRIPTION OF THE PARABOLIC HECKE MODULE IN TYPES B/C & D

In this section we recall the definition of the parabolic Hecke module in types B/C and D and
provide a diagrammatic description. This generalizes results obtained in [LS13] for type D to types
B/C. In Section 6 we compare the diagrammatic construction of the parabolic Hecke module and
the Springer representation to prove Theorem C.
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5.1. Some Weyl group combinatorics. Let A™ be the set of all ordered sequences of length
m consisting of symbols from the alphabet {A,v} and let Al be the subset consisting of all
sequences in which the symbol A occurs an even number of times. The Weyl group Wp,, of type
D,, acts transitively on A™_ from the right, where s, i€ {1 -1}, permutes the symbols
at positions 7 and i + 1 (counted from left to right) and s{’ exchanges a pair of symbols vv at
positions 1 and 2 for the pair AA (and vice versa) and acts as the identity otherwise. The parabolic

subgroup Pp, of Wp, generated by s ... s | stabilizes the sequence A" € A™_ consisting of
m successive v’s. This yields a bijection
PH™ S AL, wie AT w, (5.1)

m
between AL,

which consists of all we Wp_, satisfying Ip,, (sPw) > ip, (w) for all i e {1,...,m~1}. Here, Ip,,
is the length function of the Coxeter group Wp, , see [BB05], [Hum92] for details.

and the set Pm‘“ of smallest representatives for the right cosets in Pp, ~ Wp

m

Remark 42. Given w € 73’“”‘ we have ws? € Pmm if and only if the action of sP on the Av-sequence
associated with w changes the sequence. If thls is the case, we have Ip, (wsP) > Ip, (w) if and
only if the action of sP on the sequence associated with w either changes a pair AV to VA or vv
changes to AA, see [ES16b, Lemma 2.5].

Similarly7 the Weyl group W¢,, _, of type C),_1 acts transitively on A™! from the right, where

m-—1
s ie{l,...,m -2}, permutes the symbols at positions i and i + 1 and s§ exchanges a A for a v
and vice versa at the first position. The parabolic subgroup Pc,, , generated by slc, .. .,STC,;,Q of
We,,_, stabilizes the sequence A1 € A™~1 which yields a bijection
PER, S AT we AT, (5.2)

where Pmm denotes the set of smallest representatives for the right cosets in Pc,, , N We

m-1"

Remark 43. Given w € 73“"“ ,» we have wsS € Pm"“l if and only if the action of s changes the
sequence associated with w in which case we have Ic,,_, (ws{) > lo, _, (w) if and only if either Av
changes to VA or v changes to A.

The map (.)":A™! - A" given by

i vw if w contains an even number of A'’s,
wew' = ) ) ,
Aw  if w contains an odd number of A’s,

is clearly a bijection which corresponds to a bijection between the sets of smallest coset represen-
tatives Pmm and Pmm via (5.1) and (5.2), see also [ES16b, §9.7].

-1

5.2. The parabolic Hecke module with distinguished bases. We continue by recalling some
facts from [KL79],[S0e97]. Let Hp, be the Hecke algebra for Wp_, over the ring of formal Laurent
polynomials £ = C[q,q"']. It has an L-basis H, indexed by the elements of the Weyl group
w € Wp, which satisfy the algebra relations H,H,, = Hw, ifip, (v)+lp, (w)=Ip,, (vw) and the
quadratic relations H2 =H.+(¢'-q)H, D, i€ {0,.. —-1}. As L-algebra, Hp, is generated
by the Kazhdan—Lusztlg generators Cop = Hop = ¢~ H87 i€{0,...,m—-1}.

Let Hp, , € Hw), be the bubalgebra generated by C,p D, i€ {1 ...,m~1}. The algebra Hp,,
acts on £ from the right by setting 1,.Hs = ¢ 11, which allows us to define the tensor product
Mp, =L ®OHp,, Hwp,, which is naturally a right Hyy,, -module.

Definition 44. This right Hyy,, -module has a standard basis consisting of elements M,, = 1® H,,,
where w € ’Pm“‘ and by [Soe97, §3] the Hyy,, -action on Mp, is given by

My.,p—q M, wse Pmm and Ip,, (wsZD) >Ip, (w),

My.Cop ={ M, .0 — qM, ws e PR and Ip,, (wsP) <Ip,, (w), (5.3)
0 ws ¢ Pg‘f.

Definition 45. The C-linear involution (.): Hwp,, = Hwp,,,» H =~ H, given by ¢ = ¢! and
H, ~ H_!, induces an involution on Mp,, . For all w € PBH™ there exists precisely one element
M, € Mp,, such that M, =M, and M,, = My +¥,s ¢ Z[q ' ]M,. The set {M,, | we PR} is
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the Kazhdan-Lusztig basis of Mp, (see [Soe97, Theorem 3.5]). The Kazhdan-Lusztig polynomials
My € Z[q,q '] are defined implicitly by M, = ¥, My.wM,.

Remark 46. In [LS13, Theorem 2.10] the parabolic Kazhdan-Lusztig polynomials were explic-
itly computed for the parabolic type (D, Apm-1). Moreover, by [ES16b, §9.7], for any given
v, W € ’Pg‘iil we have mfiw = mﬁ wis 1-€. the parabolic Kazhdan-Lusztig polynomials of type

(Cn-1, Am—2) are determined by the Kazhdan-Lusztig polynomials of type (Dy,-1, Am-1)-

Lemma 47. Let (.): Mg, _, - Mp,, be the linear isomorphism sending M,, to M,;:. Then
the linear isomorphism (.)": Mc, , = Mp, sends a Kazhdan-Lusztig basis element M, to the

Kazhdan-Lusztig element M, ; and we have for i € {1,...,m -2}, commutative diagrams
) ()
Mec,,.. —=>Mbp,, Mec,,.. —=>Mbp,,
'CsCl l-(CsngD) ‘Cscl l'CSD
0 0 1 i i+1
) ()
Me,, , —4—Mbp,, Me,, . ——> Mbp,,

where the vertical maps are the actions with the indicated element of the respective Hecke algebra.

Proof. The first part follows directly from the definition of the Kazhdan-Lusztig polynomials and
Remark 46. We only prove the commutativity of the right square and omit the left one. We check
the commutativity on standard basis vectors. Using (5.3) one easily checks that the composition
g o)
Mcm—l __1—) Mcnl—l - MDm
is given by
M syt = ¢ My ws§ e Pain - and H(wsE) > I(w),
My —> { M50yt = qMyt ws§ e Pain and H(wsf) < I(w),
0 wsC ¢ P
for i € {1,...,m -2}, and the composition
(~)Jr .Cbpﬂ
Me,, ., — Mp,, —— Mp,,
is given by
Motz =q" My wisEy € PR and i(ws2,) > Lw),
My — \Myip —qMy: wisfh e Pp, and l(wsP,) <l(w),
0 wlsi, ¢ PR

By comparing the two results using the combinatorial description, the claim follows. O

5.3. Diagrammatical reformulation. Henceforth, we identify Mp_ with MS™P = £[Cky,(m)]
(as L-module) by sending M, to the the cup diagram a, associated with w € PB“S which is
constructed as follows: Firstly, connect all neighbored vA symbols by an unmarked cup successively,
thereby ignoring all pairs which are already connected. Secondly, connect the remaining neighbored
A pairwise by a marked cup starting from the left. Finally, attach rays to the symbols which are
not yet connected to a cup, where a ray is marked if and only if it is connected to a A. The

assignment w — a,, defines a bijection between AL, and Ckr(m), see [LS13, Section 5.2].

Proposition 48 (Type D). The right action of the Hecke algebra Hp,, of type D on Mp,, can
be described via the identification Mp, = M™ as follows: Representing the Kazhdan-Lusztig

generators Cyp, Cyp € Hp,,, where i€ {1,....,m -1} pictorially as
1 2 1 i4+1
\o/ U
ng,;:{.\ . Cyp i= A

then we can compute a.Cip, where a € Cky,(m) is a cup diagram, by putting the picture corre-
sponding to the generator C,p on top of a and applying the relations

(5.4)
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[\ » /.\ . 65

which yields a new cup diagram in Ckr,(m) equal to a.Cyp.

The relations in (5.5) only hold for connected components with both endpoints at the bottom
of the diagram. The second relation hereby means that we can simply remove such a component
if it is marked, whereas the first relation always kills the entire diagram.

Proposition 49 (Type C). The right action of the Hecke algebra He,,_, of type Cpo1 on Mc
can be described via the identification M¢,, | = ME™ as follows: Given a cup diagram a € Cxy,(m)

m-1 =

and a generator Cyc € Ho which we represent pictorially as

m—1

b? 1\.j2 i+U—/—2
Cig = X ‘ +{,\‘ ‘ Cye = ‘f\‘ with i€ {1,...,m-2},

then a.C| c can be computed by putting the picture corresponding to the generator C, c on top of a
and szmplzfyzng the resulting pictures using the relations (5.4) and (5.5) again.

Proof of Propositions 48 and 49. Proposition 48 is the analog of [LS13, Theorem 4.17] for the
induced trivial module and can be proven by closely following the argument for the induced sign
module. Proposition 49 follows then together with Lemma 47. O

Lemma 50. There exists a filtration
{0y e Mt e e M e e Mt = M (5.6)

of both right Hp,, - and He,,_, -modules, where Mcomb is the L-span of all cup diagrams in Ckr,(m)
with [ or more cups, 0 <1< [ 2]

Proof. Tt follows from Propositions 48 and 49 that acting with a Kazhdan-Lusztig generator on
a cup diagram with [ cups always yields a cup diagram with [ or more cups (the number of cups
changes if and only if we use the second relation from (5.5)). In particular, the filtration (5.6) of
L-modules is actually a filtration of right Hp, - and H¢,, ,-modules. O

Remark 51. The filtration (5.6) can be identified with the respective filtrations of M p , and Mg

m m-1

by Kazhdan-Lusztig cells with subquotients M%‘;fnb//\/l%’,’“_l the Kazhdan-Lusztig cell modules.

6. CONNECTION TO CLASSICAL SPRINGER THEORY AND THE PROOF OF THEOREM C

In this section we identify our representations in each homology degree for every two-row
Springer fiber by providing an explicit decomposition into irreducible Specht modules. We use
the results from Section 5 but specialized at ¢ = 1 in which case the Hecke algebra becomes the
group algebra and the parabolic Hecke module becomes the induced trivial representation.

6.1. Proof of Theorem C. By [ES16a, Lemma 5.19], the induced trivial representation of type
D decomposes as multiplicity free sum of irreducibles labeled by pairs of one-row partitions. If m
is odd, it follows that all of these simples must occur in the induced trivial representation in order
for the dimension to add up to 2™~! (which is the dimension of the induced trivial module because

the {AV}-sequences in ATl  label a basis). Thus, we have a decomposition

m=1
2

1 COWVp,,, ] = g% Vim-0,0)} (6.1)

(cf. [ES16a, Lemma 5.19] and [ES16a, Remark 5.21]).
If m is even, a similar argument shows that all simples must occur exactly once, except one of
the modules V(Jrﬂ) or V(’ﬂ) is missing (which one depends on the two possible choices of maximal
2 2

Cocrs

parabolic subgroups of Wp_ ) which yields a decomposition

m_]

Ce®crs, CWp,, ]2 Vin) ® @ Vim-1,(0} (6.2)
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In particular, it follows that the filtration (5.6) is already a composition series, i.e. a filtration
which cannot be refined. Hence, the subquotients Mff;"}”b / M%’Tﬂ are irreducible and isomorphic to

the summands in the decompositions (6.1) and (6.2). Note that the subquotients M‘;‘jj}lb/Mf,ff{‘f’l
of this filtration are isomorphic to the representations Hy;(Sgy"™) constructed in Theorem A. This

follows easily by using the relation H,p = Cp + ¢ *H, and comparing the local relations for ¢ = 1.
In particular, H, (Sng) is isomorphic to the induced trivial module because both have the same
irreducible constituents. This proves Theorem C for type D.

For the type C case, note that by Proposition 49 (specialized at ¢ = 1) the W, _, -representation
MEmb g isomorphic to Cecrs,,.11C[Wa,,_, 1. Thus, it suffices to check that MEemb g isomorphic
to H.(Sgy™) as We,, ,-module. Since MS™P is isomorphic to H,(Sgy™) as Wp, -module by
Theorem 52, it suffices to check that the Wg, _ -action on M is obtained by restricting the
Wh,,-action to the subgroup generated by s&'s” s ... sP . But this is clear from Proposi-
tions 48 and 49.

6.2. Explicit identifications in type D. In the following we abbreviate M = {1,...,m}. If m is
even, the Specht module T/((%%(%)) decomposes as a direct sum of two non-isomorphic irreducible
Wp, -modules. In order to describe this decomposition note that the group Z/27Z acts on the line
diagram basis of H,,((S*)™) by sending Iy to Iy p. Let Ry, be a set of representatives of the
orbits under this action. Then one of the irreducible summands of the Wp, -module H,,((S*)™)
has a basis given by all sums Iy + a7 v, U € Ry, and the second one has a basis given by all sums
ly —lyu, U € Ry, We write V(J'%) (resp. V(_%)) to denote these irreducible modules.

Theorem 52. We have the following isomorphisms of Wp,, -modules:
(1) If k is odd, then we have, for all 1 €{0,...,| 5]}, isomorphisms
2m—k,k\
Hay (SKL ) = Viem-1).a))
(2) If k is even (which implies k =m), then we have, for all 1 €{0,..., % — 1}, isomorphisms
Hin(Sgy™) 2 Viay  and  Hay (Sgy™) 2 Vigm-n,a))-
The isomorphisms in (1) and (2) are explicitly given by

ar > (-1)@eq, . (6.3)
Ueld,

Proof. If k is odd, then the injection

Ho (S %) > Ha((SH)™) = Viim-1).1)) (6.4)
obtained by composing the maps of Wp, -modules from Proposition 25 and 40 is given by
armLy= Y (-1)Oy o 3 (-1 @eq, . (6.5)
Uelda Uela
This is an isomorphism for all I € {0,...,|%|} because Hgl(S%:’_hk) # 0 and hence the image of

the Wp,, -equivariant injection (6.4) must be equal to the irreducible module V{1, «y)-
If k is even, the same argument is true except for the top non-vanishing homology. Then,
analogous to (6.4), we have an injection

Ho(Sgi™) = Hu((8%)™) = Vi) @ Vg, (6.6)
given by the same assignment as in (6.5).
It remains to prove that the image of this map is contained in V{m). Let a be a cup diagram
2
viewed as a basis vector of H,,(Syy™). Since m is even, a consists of cups only. Given U € U,

then M \ U is also contained in U,. In fact, in comparison to U, M \ U corresponds to choosing
exactly the opposite endpoints of all cups in a. Thus, we can write

La= ¥ (DM Oly = 3 (<)Mt + ()00 ) = 5 ()M U+l
Uela Uel} Uel}
where U! € U, consists of all subsets which are also contained in R,,. The condition that the
number of marked rays plus unmarked cups must be even implies that we have an even number
of unmarked cups. Note that (—1)A3(U) = (—l)Aa(M\U) because opposite endpoints of unmarked
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cups contribute different signs to the respective exponent. Thus, the injective map (6.6) has its
image in the irreducible module V(Jrﬂ). O
2

6.3. Explicit identifications in type C. If m # k or m = k is odd, then there is a non-trivial
component group action on H, (ngj_k’k). This action on H*(ng]’j_k’k) restricts to an action on the

set CIS(ngJ (m). Each orbit consists of one or two elements. Let R be a chosen set of representatives
of the orbits and let Ry (resp. R2) denote the set of representatives contained in a one-element
orbit (resp. two-element orbit). We thus have a decomposition R = Rq UR2. Given a cup diagram
a € Ry, we write a~ to denote the second element in its orbit.

An irreducible character ¢ of (Z/2Z)" is completely determined by the values ¢(c;) € {1},
where «; is the generator of the jth copy of Z/2Z. This yields a bijection between the set of
irreducible characters of (Z/2Z)" and the set of all ordered {+,-}-sequences of length t. We write
C. to denote the irreducible module for e. Let Hy (ngjfk’k) be the isotypic subspace of H., (ngf*k’k)
corresponding to the irreducible representation C. of (Z/2Z)! labeled by the tuple e.

The following result describes the decomposition of the homology into irreducibles with respect

to the component group action including an explicit basis of each isotypic subspace.

Proposition 53. We have the following decompositions into isotypic components:
(1) If m is odd, we have for alll € {0,...,| 5|} isomorphisms of Z|2Z-modules

HQZ(SITI:m) = (C(l) S...0 (C(l) EB(C(_l) d...0 (C(_l) .

(ml_l) copies (T’:ll) copies
(2) If m # k, we have for all 1 € {0,..., %} isomorphisms of (Z/2Z)*-modules
Hgl(Sf{T_k’k) x (C(l,l) ®...0 (C(l,l) @ (C(—l,—l) ®...® C(—l,—l)-

Moreover, the isotypic subspace H,El)(SIT(nI’Jm) (resp. Hil’l)(Sf{T_k’k)) has a basis consisting of all
cup diagrams a € Ry together with all elements b+ b~, where b varies over all Ro. The subspace
Hifl)(S{{nﬁm) (resp. Hifl’fl)(Sf(T_k’k)) has a basis consisting of all elements b —b~, where again
b wvaries over all Ro.

Proof. We only argue for S;" and omit the other case. Note that the collection of vectors
aeRy, b+b ,b-b", beR,
is clearly a basis of H,(Sgy™). Moreover, by Theorem B, a € Ry and b+b~, b € Ry, are fixed

points under the action of the component group and thus contained in H xEl)(é’;(nl’j"). Since the
generators of the component group act by exchanging b and b~, it follows that the vectors b—b~,
b € Ra, are contained in Hi_l)(S}Tﬁm).

Firstly, since the elements of R; all have a ray at the first vertex, the cardinality of Ry equals
the cardinality of the set of all undecorated cup diagrams on m—1 vertices with [ cups. By [SW12,
Proposition 3] the set of all such cup diagrams is in bijection with the set of standard Young
tableaux of size m — 1 and shape (m —1-1,1). By the hook-length formula there are exactly

(ml_ 1) - (’l"__ll) such tableaux which equals the cardinality of Ry. Secondly, we have an equality

l -1

which yields [Rg| = ("5!). Thus, dim HS D (SE™) = (7!) and dim HS? (Sgp™) = (™7Y). O

m . m,m m-l mel
(l ):dlmng(SK]: ) = 2|Ra2| +[Ra] = 2|R2| +( )_( )

Theorem 54. We have the following isomorphisms of We,, , -modules:
(1) If m is odd, then we have, for alll€{0,...,[% |}, isomorphisms

1 m,my -1 m,my
H{ (Si™) 2 Vign-inan - and HGV(SE™) 2 Vg, one)s (6.7)
where the left isomorphism in (6.7) is given by
a+a ~2 Z (—1)/\*‘([])671(H (aeRs), a— Z (—1)/\*‘(U)6TLH (aeRy). (6.8)
Ueldy Uela

1¢Ua
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and the right isomorphism in (6.7) is given by

a-a 2 ) (-1)Aa<U>eT(M\U)71 (aeRy). (6.9)

(2) If m £k, then we have, for alll€{0,..., %}, 1somorphisms
1,1) { o2m—kkY “1,-1) ; @2m—k,ky
HG D (SETH) 2 Vinan.apy and - HG (SIS = Vi oo,

where the left isomorphism is given by the same formulas as in (6.8) and the right isomor-
phism is given by (6.9).
(8) If m =k is even, then we have isomorphisms
Hm(S;(nI:m) = Vv((%_l)v(%)) , a Z (—1)Aa(U)6TU71. (610)

Uelda
1éUa

and for allle{O,...,%—l}
S = S = ) (55 D (s34

= Vim-1-1).0) @ V((@-1).(m-1))
which again can be described explicitly via (6.8) and (6.9).

Proof. In order to relate the W¢,, _,-module H,((S?*)™ ') from Proposition 40 (with the bipoly-
tabloid basis) to the W¢,, _,-module H,((S*)™) from Section 3 (which contains the Springer rep-
resentation as a subrepresentation) we define the following W¢,,_,-equivariant injections:
e If 21 < m we define v: Hy ((S?)™ 1) - Ho;((S*)™) to be the map given by Iy + li7,1, where
U +1 is obtained from U by adding 1 to all elements in U, i.e. li;1 is obtained by adding
a dotted line to the left of ;.
o If 21 > m we define k: Hy((S*)™ ') » Ha(m-y((S*)™) to be the map ly = Ly (1),
i.e. Iy (u+1) is obtained from Iy by first adding a dotted line to the left of Iy and then
exchanging all dotted lines by undotted lines and vice versa.
o If 21 = m we define x: Hy ((S*)™') > Hz((S*)™) to be the map ly = lys1 + Ly u+1)-

In order to prove the first isomorphism in (6.7) we claim that we have a well-defined composition
H (Sg™) < im(e) S Ha((S1)™™) S Vigm-r-1),09)»

i.e. we claim that im (7,,) €im (¢). Note that the image of ¢ has a basis given by all line diagrams
on m vertices with [ undotted lines, where the line connected to the first vertex is dotted. If a € R,
we obviously have L, € im(¢). If a € Ry, then we can simplify

Lat+La-= Y (-1)2; 4 3 (<1)2 Oy

UEZ/{a UEZ/laf
= Z (—1)A3(U)ZU+ Z (—].)Aa(U)lU+ Z (—].)A"r(U)lU-ﬁ- Z (—1)A£‘7(U)ZU
Ueldy Ueld, Ueld,,- Ueld,-
leln 1¢Uq leld,- 1¢U,-
=2 Y (-1,
Ueldn
1¢Ua

because in the second row the first and third summand cancel each other and the second and
fourth summand are equal which shows that L, + La- € im(¢). For a € Ry the composition is then
explicitly given by
arLo= Y (-1)"1y e 3 (DO s 3 (<)% Deyy,
Ueldy Ueldy Ueldy
and for a € Ry we have
a+a o La+La-=2 Y (-1)*jp 2 S (1) m2 3 (-1)eq,
Uelda Uelda Uelda
1¢Ua 1¢Ua 1¢Ux

For the second isomorphism in (6.7) we consider the composition

HQ([”(S?L””) > im(k) > Ho(m-y ((S*)™71) . Vi-1y,(m-1))-
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The image of x has a basis given by all line diagrams on m vertices with m — [ undotted lines,
where the first line is undotted. A similar calculation as for L, + L,- shows that we have

La-La-=2 Y (-1)*py
Ueldy
lely

for a € Ry which shows that Ly — La- € im(x). The composition is then given by
a-a = Ly-Ly =2 Z (_I)Aa(U)lU > 2 Z (_1)Aa(U)l(M\U)—1 2 Z (_1)A3(U)6T(M\U)_1-
Ueld, Ueldn Ueld
leln lelq lela

Since the We,,_,-equivariant injections above map to an irreducible target space we see that they
are actually isomorphisms.
For the isomorphism in (6.10) we consider the composition

Hin(Sii") = im(x) = Ha (8™ = Vieg-1.04))-
Let a € H,,(Siy™). Then we have

La= ¥ (-1 = 3 ()" 1y + 1),
Ueldy Uelt}

as in the proof of Theorem 52. From this description we deduce that L, is contained in the image
of x and the composition is given by

acLa= ) (D) (y+iyw) = 3 (DDl 3 (1) Der,, O
Ueld], Ueld, Uelda
1¢U, 1¢Ua

6.4. Recovering the Springer correspondence. Given a bipartition 7 = (\, ) such that |\ +
|ul = m -1, we can use the Shoji algorithm [Sho79], [Sho83] to compute the Jordan type of
the nilpotent endomorphism for which the representation V{, ,) appears in the top degree of the
homology of the corresponding Springer fiber of type C. The type D case is similar and omitted
due to the trivial component group action. We first recall the algorithm in our special case.
Given a pair of partitions 7 = (\, 1), define a pair (d$1)7a$”), where d") = (algl),dél)7 ) eZN
and e = ({1 M) e {21}V, as
M-,

i

déizl = ZA’L" déi) = 2,“1'7 €
Assuming that (d(Tj),sgj)) is constructed, we define a new pair (dgjﬂ), 59+1)) by the rules

d9 =P 11,910 =dD 1 it dY) =dP + 2,
d9 = q9) 2. 49 = gD 42 it q9) > a9 + 2,

dgjﬂ) = dgj) else,

and

s(ﬁl) = —s('j) 5(j+1) = —51(1)1 if dz(i)l > dgj) +2,
else.

7 i 0T+l
1 !
62(4 ) _ EZQ)

This is a well-defined algorithm which stabilizes, i.e. there exists an integer ¢ > 0 such that
(dS—Q)7E7(—Q)) = (dﬁ“”,sﬁ“”) = ---. We denote the stable pair by (d,,e;). d, is a partition la-
beling a nilpotent orbit of type C. Moreover, e, can be used to define a character of the associated
component group by setting ¢, (aq,) = &; for all even parts d; of the partition d. We have d; = d;
if and only if €; = €; which makes this a well-defined assignment.

Lemma 55. Let 7= ((\),(n)) be a pair of one-row partitions, i.e. A\, u € Zso. Then we have

A= (2A+ 1,20+ 1,0,...), & = (1,...) Fu=A+1,
dy= (20 -2,20+2,0,...), ;= (-1,~1,1,...) if u>A+1,
d, =(2\,20,0,...), e =(1,...) if p<A,

where the non displayed entries of the sequences are all 0 or 1.

Proof. This follows directly from the Shoji algorithm above. ]
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Proposition 56. The Springer representation in top degree cohomology of the (m —1,m —1)
algebraic Springer fiber of type Cy,—1 is (in Luszlig’s normalization) isomorphic to the irreducible
labeled by (g — 1,753 ) if m is even. If m is odd, then the top degree representation decomposes
as the direct sum of ("5t -1, + 1) and ("L, 1), where the first irreducible is the isotypic
component corresponding to the sign representatzon of ZJ2Z. If (n-k-1,k-1) with m # k,
we have the irreducibles (k = k“) and (”‘Tk_l, %), where the first corresponds to the isotypic

component associated with the character (-1,-1) of (ZJ2Z)* (and the other one to (1,1)).

Remark 57. By comparing the above proposition with Theorem 54 we see that we have constructed
(up to isomorphism) the original Springer representation.

APPENDIX A. DIMENSION OF COHOMOLOGY

We construct a cell partition of the topological Springer fiber ngj_k’k generalizing a construction
in [ES16a], see also [Kho04], [Rusll] for similar cell partitions for topological Springer fibers of
type A. By counting the cells we will obtain an explicit dimension formula for the cohomology in
Proposition 68. The Betti numbers of the two-row Springer fibers were independently computed
in [Kim16]. His method uses restrictions of Springer representations. Our approach uses an explicit
cell partition and thus sheds some additional light on the geometry of the Springer fiber.

A.1. A cell decomposition compatible with intersections. Given cup diagrams a,b € Bfgf_k’k

we write a - b if one of the following conditions is satisfied:

)

e The diagrams a and b are identical except at four not necessarily consecutive vertices

a<fB<y<de{l,...,m}, where they differ by one of the following local moves:
1 abB s abBvs 1) abB s aB s
U U—\Y) V) — W W
(A.1)
abB s abBrs abB s abBrs

I11) N N
N

e The diagrams a and b are identical except at three not necessarily consecutive vertices
a<fB<vye{l,...,m}, where they differ by one of the following local moves:
1) a B a B ) a B a B
=Y [ YT
(A.2)
HI,)a57 a B V) a By a By
=Y N

We use these loval moves to define a partial order on Bfgj_k’k by setting a < b if there exists a
finite chain of arrows a - ¢; - --- > ¢, —» b.

Remark 58. The local moves (A.1) and (A.2) defined in an ad hoc manner above have a natu-
ral geometric interpretation in the context of perverse sheaves (constructible with respect to the
Schubert stratification) on isotropic Grassmannians, see [Bra02] and [ES16b].

Let a€ Bfgj_k’k and let i1 <ig <+ <13 ng be the left endpoints of cups in a.

Definition 59. Given a vertex r € {1,...,m}, we say that a cup connecting vertices i < j or a
ray connected to vertex i is to the right of r if r < 4. Let o(r) be the number of marked cups and
marked rays to the right of r.

We have the following homeomorphism

k:

ga : Sa - (82) 5

A3
(xla"wxm) — (ylvaylgj) ( )
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where y, = (=1)*70) g, and 1<r < |%].
We define the homeomorphism ¢:S? — S? as the restriction of the linear endomorphism (z,y, z) -

(z,y,2) of R? to S? ¢ R?. Note that t(p) = ¢. Consider the involutive homeomorphism
Dy (s?)ls! — (S?)le) (A4
(y1a7y[§J) — (y17'-'aysat(ys-f-l)a-"at(ylgj)) .

where s is the number of cups which are not to the right of the second leftmost ray (if m =k, in
which case there is no second ray, the map (A.4) is the identity).
In the following, the composition of the maps in (A.3) and (A.4) will play a crucial role.

Lemma 60. The map V,:S, - (SQ)ng defined as the composition ®4 0 &, is a homeomorphism.

Example 61. The preimage of (p,p,p,p) € (S?)* under ¥,, where
\ | YU
as N

is given by (p,-p,p, -0, p,p, P, 1, ~¢,q)-

In order to define a cell decomposition of S, for a € Bfgj_k’k , we proceed as in [ES16a, §4.5] and
associate a graph I'y = (V(['y), E(Ta)) with each cup diagram a € Bfgj_k’k as follows:
o The vertices V(I'y) of I'y are given by the cups (4,7) in a.
e Two vertices (i1,71), (i2,72) € V(T'a) are connected by an edge (i1,71) — (i2,72) € £(T'a) in

I’y if and only if there exists some b € Bfgj_k’k with b — a such that a is obtained from b

by a local move of type I)-IV) at the vertices i1, 2, j1, j2-

As in [ES16a], the graph I', is a forest whose roots R(T',) are precisely the outer cups of a, i.e.
the cups which are not nested in any other cup and do not contain any marked cup to their right.

We assign to each subset J ¢ R(I'a) U&(T'a) the subset C’; of (82)ng given by all elements
(y1,--- W[%J) € (SQ)lgj which satisfy the following relations:

(C1) If (iq,jq) € R(Ta) N J then y, = p,
(C2) if (iq,7q) € R(Ta) but (iq,j,) ¢ J then y, # p,
(C3) %f (Z:qJ:q) - (Z:q’ajq') € E(I'a) nJ then y, =y,
(C4) if (iq,Jq) = (igr, Jgr) # E(Ta) N J then yq # yg.
Lemma 62. There is a decomposition

sHE= o (A.5)
JER(Ta)UE(Ta)

into disjoint cells C'; homeomorphic to R2(L51-17D Moreover, pushing forward along (A.3) gives a
cell decomposition

Sa = |_| Cy, (A.6)
JER(Da)UE(Ta)

where Cy = (Vo) 1(CY).
Proof. The proof of (A.5) is the same as in the equal-row case [ES16a, Lemma 4.17] because the
additional rays do not play any role in the construction of the C’, and (A.5) implies (A.6). |

The reason for choosing the homeomorphism ¥, in the construction of the cell decomposition
(A.6) of S, is that the resulting decompositions are compatible with pairwise intersections in the
sense of the next lemma which extends [ES16a, Proposition 4.24] to the general two-block case.
Lemma 63. Leta,be Bfgﬁ_k’k such that b — a.

(1) If b > a is of type I)-IV), then

Sa n Sb = U CJ,
JER(Ta)UE(Ta),ecd

where e € E(T,) is the edge of Ty determined by the move b — a.
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(2) If b > a is of type I’)-IV’), then there is a unique cup « € cups(a) such that « ¢ cups(b).
Moreover, a € R(Ta) and

Sa n Sb = U OJ.
JER(Ta)uE(Ta),ae]

Proof. This is a straightforward case-by-case analysis. (Il

A.2. A cell partition of the topological Springer fiber. Given a cup diagram a € Bfgz_k’k,

define its extension & € ]B%fgfkﬂm*k as the unique cup diagram obtained by connecting the loose
endpoints of the m — k rightmost rays to m — k newly added vertices to the right of a via an
unmarked cup such that the resulting diagram is crossingless (see [Rusll, Definition 3.11] and

[ES16D, §5.3] for a similar but different extension). Let B;:Z:Z’im_k denote the cup diagrams in

Bfgj_k’gm_k which are obtained as an extension of some diagram in ]Bf(”ﬁ_k’k, i.e. the set of all cup
diagrams in Bf(?_kgm_k whose m — k rightmost vertices are right endpoints of unmarked cups. If

m = k, then the extension procedure returns the same diagram. Note that the leftmost ray is never
replaced by a cup.

Example 64. Here is an example showing the extension of a cup diagram:

GNPV e W)Y

For illustrative purposes the components of the diagrams which change during extension are drawn
in dashed font.

Inspired by the combinatorial completion procedure we define an embedding (see also [Rusll1,
Section 5] for a similar map in type A)of topological Springer fibers

2m—k,k 2m—k,2m—k
n2m—k,k:8K7]zl QSKT " 3 (1‘1,.--,$m)'—>(1‘1,.--,$m,—q,--.,—q)-
Note that 2m—k.k(5a) € 5.
Given a,b ¢ Bfgﬁ*k’k, one easily verifies that b — a if and only if b - @ Thus, we have an

isomorphism of posets Bfgﬁ_k ko @?gj_kﬂm_k. We equip Efgﬁ‘kam_k with the induced total order
from some fixed total order (which extends the partial order < from before) on Bfgf_kam_k. We
pull this total order over to ]B%fgﬁfk’k via the isomorphism of posets.

Let S<a = Ub<a Sb.

2m—
Lemma 65. For any a € B} "R we have

ScanSa = |J(SbnSa). (A7)
b—a
Proof. In case m = k the claimed equality was proven in [ES16a, Lemma 4.23].

Since — implies <, the left side is contained in the right side.

So, assume there exists b < a ¢ Bf{“ﬁ_k’k and x € S, N Sp such that x ¢ Up_a Spb N Sa. Then
Nom—k,k(x) € Sg NSz (note that b <@ since b < a and by definition of the total order < on Bfgﬁ_k’k).
Hence,

U SbﬁSg{: U SbﬁS§= U SbﬂS§

S o e
2m-k,2m— 2m-k,2m-— wm2m—-k,2m-k
beB2mk2m beBZm-k.2m beZm-k-2m
and therefore
2m—k,k 2m—-k,k
Nom—-k,k(Sgp )0 U Sb N Sz = Mom-kk (S )N U Sp N Sz

b<a bo&
2m—k,2m—k ~2m—k,2m—k
beB T beB

= Nom-k.k ( U Sbn Sa) .

b—a

Since Nam-k k() is contained in the leftmost set above, it is also contained in the rightmost set.
By the injectivity of 92—k, we deduce that x € Up_, Sp N Sa, a contradiction. |
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Fix a cup diagram a € Bf{?%’k. A cup in a is called special if there exists some b € ]B%fgﬁfk’k
such that b - a, where a and b are related by a local move of type I’)-IV?), and this cup is the
unique cup which changes under the move a - b. Let R(I's)®P be the set of special cups in a. In
particular, we have R(T'5)*P = @ if k = m is even, i.e. if there are no rays in a.

Remark 66. Asin [ES16a, Remark 4.25], the moves I’)-IV?) imply that all outer cups (in the sense
as defined above) of a given cup diagram a € Bf(m{k’k are special if the leftmost ray in a is marked,
whereas only outer cups to the right of the leftmost ray are special if the ray is unmarked.

2m-k,k

Corollary 67. Given aeBy | ™", then
S<a N Sa = U CJ.
JER([Ta)u&(Ta)
JN(ET)UR((TL)P) +
Proof. This follows directly from the previous two lemmas. ]

In order to argue inductively in the proof of the following proposition, we introduce the notion
of a partial/one-step extension. This is defined as the ordinary extension introduced above, except
that we only replace the rightmost ray with a cup.

Proposition 68. If k+ m, then we have the following dimension formula:
k-1
5

dim H* (82mkky = y° (m)

i=0 \

m—1

Remark 69. In the special case m = k we have dim H*(ngj_k’k) =Y. (T) =2™"1 as proven in
[ES16a, Prop. 4.28].

Proof. We have a disjoint union ngj_k’k = S<a N Sa. We thus obtain a cell partition of S}i”ﬁ_k’k
by using the cell partition from Corollary 67 for each of the S.o N S;. Hence, the dimension of
H*(ngj_k’k) can be calculated by counting the cells contained in S, \ S<, for all a e Bfgf_k’k and
taking their sum. By Corollary 67 the cells contained in S, \ S<a correspond bijectively to the
outer cups in a which are not special. This yields

dm B (ST - Y aREORE (A8)
ae]BngE_k‘k

It remains to show that the right hand side of (A.8) equals Z:?Ol (2”) We prove this claim
by induction on m - k, i.e. by induction on the number of rays in the cup diagrams contained
in Biﬁ_k’k. Note that the base m — k = 0 of the induction (i.e. no ray or one ray; depending on
whether m is even or odd) is true by Remark 69.

Thus, we consider a partition (2m -k, k), m — k > 1. Firstly, note that we have
G RIMNR(T)™| _ o R(Ma)NR(T)™| (A.9)

forallae ]B%fgfk’k, where a € Bi’ffk’kw denotes the one-step extension of a (note that the completed

cup is always special). Secondly, the elements a € B "F*2 (B2 M2 are precisely the cup
diagrams with an unmarked ray connected to the rightmost vertex m+ 1. Deleting this ray induces
a bijection between ]B%fgf_k’kﬁ N Bfgﬁ‘k’kﬂ and Bféﬁnfl)*k’kﬁ and we have

9IR(Ta)\R(Ta)P| _ gIR(Ty)NR(T) ™| (A.10)

where b is the diagram obtained from a by deleting the rightmost ray. By using (A.9) in the first
and (A.10) in the third equality we compute

T REDRCDTIL§ RO
ae]Bfgfk’k éeﬁfg}f*k’k*z
= Z 9IR(Ta)NR(Ta)™| _ Z 9IR(Ta) R(T'a)*|
acB2m—k k2 acB2m k2 (Jam-k k42
= 2\R(Fa)\R(Fa)Sp| _ Z 2\R(Fa)\R(Fa)Sp|_

2m—k,k+2 2(m-1)-k,k+2
aeBy aeBy, '
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By (A.8) the two terms in the above difference equal the respective dimension of cohomology
which we know by induction. Thus, the above chain of equalities equals

Ead
-
Ead
el

+ +1 + +1 -1

2202 ()-()-207)-2 ()

K2

M
‘x
I M ‘F
|
|

K2

which proves the claim. O
REFERENCES
[AS16] M. Abouzaid and I. Smith, The symplectic arc algebra is formal, Duke Math. J. 165 (2016), no. 6,
985-1060.
[BBO5] A. Bjorner and F. Brenti, Combinatorics of Cozeter Groups, Graduate Texts in Mathematics, vol. 231,
Springer, 2005.
[Bez03] R. Bezrukavnikov, Quasi-exceptional sets and equivariant coherent sheaves on the nilpotent cone, Rep-

resent. Theory 7 (2003), 1-18.

[BGS96] A. Beilinson, V. Ginzburg, and W. Soergel, Koszul duality patterns in representation theory, J. Amer.
Math. Soc. 9 (1996), no. 2, 473-527.

[BP99] M. Brion and P. Polo, Generic singularities of certain Schubert varieties, Math. Z. 231 (1999), 301-324.

[Bra02] T. Braden, Perverse sheaves on Grassmannians, Canadian J. Math. 54 (2002), no. 3, 493-532.

[BS11] J. Brundan and C. Stroppel, Highest weight categories arising from Khovanov’s diagram algebra I:
Cellularity, Mosc. Math. J. 11 (2011), no. 4, 685-722.

[Can96] H. Can, Representations of the Generalized Symmetric Groups, Beitrage Algebra Geom. 37 (1996),
no. 2, 289-307.

[CDVMO09] A. Cox, M. De Visscher, and P. Martin, A geometric characterisation of the blocks of the Brauer algebra,
J. Lond. Math. Soc. (2) 80 (2009), no. 2, 471-494.

[CG97] N. Chriss and V. Ginzburg, Representation theory and complex geometry, Birkhauser, 1997.

[CH1T] J. Comes and T. Heidersdorf, Thick ideals in Deligne’s category Rep(Ogs), J. Algebra 480 (2017),

237-265.

[CK14] Y. Chen and M. Khovanov, An invariant of tangle cobordisms via subquotients of arc rings, Fund. Math.
225 (2014), no. 1, 23-44.

[DCP81]  C. De Concini and C. Procesi, Symmetric functions, conjugacy classes and the flag variety, Invent.

Math. 64 (1981), 203-219.
[ES16a] M. Ehrig and C. Stroppel, 2-row Springer fibres and Khovanov diagram algebras for type D, Canadian
J. Math. 68 (2016), no. 6, 1285-1333.

[ES16D)] , Diagrammatic description for the categories of perverse sheaves on isotropic Grassmannians,
Selecta Math. (N.S.) 22 (2016), no. 3, 1455-1536.

[ES16¢] , Koszul Gradings on Brauer algebras, Int. Math. Res. Not. 2016 (2016), no. 13, 3970-4011.

[ES16d] , On the category of finite-dimensional representations of OSp(r|2n): Part I, Representation

theory - current trends and perspectives, EMS Series of Congress Reports, European Mathematical
Society (EMS), 2016.

[Ger61] M. Gerstenhaber, Dominance over the classical groups, Ann. of Math. 74 (1961), no. 3, 532-569.
[HS77] R. Hotta and T. A. Springer, A specialization theorem for certain Weyl group representations and an
application to the Green polynomials of unitary groups, Invent. Math. 41 (1977), 113-127.

[Hum92] J. E. Humphreys, Reflection Groups and Cozeter Groups, Cambridge Studies in Adv. Math., vol. 29,
Cambridge University Press, 1992.

[Kho02] M. Khovanov, A functor-valued invariant of tangles, Alg. Geom. Top. 2 (2002), 665—741.

[KhoO4] , Crossingless matchings and the (n,n) Springer varieties, Communications in Contemporary
Math. 6 (2004), 561-577.

[Kim16] D. Kim, Euler Characteristic of Springer fibers, arXiv:1511.01961, 2016, to appear in Transform. Groups.

[KL79] D. Kazhdan and G. Lusztig, Representations of Coxeter groups and Hecke algebras, Invent. Math. 53
(1979), no. 2, 165-184.

[KP12] S. Kumar and C. Procesi, An algebro-geometric realization of equivariant cohomology of some Springer
fibers, J. Algebra 368 (2012), 70-74.

[KS02] M. Khovanov and P. Seidel, Quivers, Floer cohomology, and braid group actions, J. Amer. Math. Soc.
15 (2002), no. 1, 203-271.

[Li18] Y. Li, Quiver varieties and symmetric pairs, arXiv:1801.06071, 2018.

[LS13] T. Lejczyk and C. Stroppel, A graphical description of (Dn, An-1) Kazhdan-Lusztig polynomials, Glas-

gow Math. J. 55 (2013), no. 2, 313-340.

[Lus81] G. Lusztig, Green polynomials and singularities of unipotent classes, Adv. in Math. 42 (1981), 169-173.

[Lus04] , An induction theorem for Springer’s representations, Representation Theory of Algebraic
Groups and Quantum Groups, Adv. Stud. in Pure Math., vol. 40, Math. Soc. Japan, Tokyo, 2004,
pp- 253-259.

[Mac95] I. G. Macdonald, Symmetric functions and Hall polynomials, Oxford Mathematical Monographs, Oxford
University Press, 1995.

[May75] S. J. Mayer, On the characters of the Weyl group of type D, Math. Proc. Cambridge Philos. Soc. 77
(1975), 259-264.




32

[MS16]
[Nar89]
[RT11]
[Rus11]
[Ser77]
[Sho79]

[Sho83)]
[S0e97]

[Spa82]
[Spr76]

[Spr78]
[SW12]

[Tan82]
[Tok84]
[Wil37]
[Wil18]

[Yun16]

CATHARINA STROPPEL AND ARIK WILBERT

V. Mazorchuk and C. Stroppel, G(l, k,d)-modules via groupoids, J. Algebraic Combin. 43 (2016), no. 1,
11-32.

H. Naruse, On an isomorphism between Specht modules and left cell of Sn, Tokyo J. Math. 12 (1989),
no. 2, 247-267.

H.M. Russell and J. Tymoczko, Springer representations on the Khovanov Springer varieties, Math.
Proc. Cambridge Philos. Soc. 151 (2011), 59-81.

H.M. Russell, A topological construction for all two-row Springer varieties, Pacific J. Math. 253 (2011),
221-255.

J.-P. Serre, Linear representations of finite groups, Graduate Texts in Mathematics, vol. 42, Springer-
Verlag, 1977.

T. Shoji, On the Springer representations of the Weyl groups of classical algebraic groups, Comm. in
Algebra 7 (1979), 1713-1745.

, On the Green polynomials of classical groups, Invent. Math. 74 (1983), 239-267.

W. Soergel, Kazhdan-Lusztig-Polynome und eine Kombinatorik fir Kipp-Moduln, Rep. Theory 1 (1997),
37-68.

N. Spaltenstein, Classes Unipotentes et Sous-groupes de Borel, Lecture Notes in Mathematics, vol. 946,
Springer-Verlag, 1982.

T. A. Springer, Trigonometric sums, Green functions of finite groups and representations of Weyl
groups, Invent. Math. 36 (1976), 173-207.

, A construction of representations of Weyl groups, Invent. Math. 44 (1978), 279-293.

C. Stroppel and B. Webster, 2-block Springer fibers: convolution algebras and coherent sheaves, Com-
ment. Math. Helv. 87 (2012), 477-520.

T. Tanisaki, Defining ideals of the closures of the conjugacy classes and representations of the Weyl
groups, Tohoku Math. J. 34 (1982), 575-585.

T. Tokuyama, A Theorem on the Representations of the Weyl Groups of Type Dy, and B,—1, J. Algebra
90 (1984), 430-434.

J. Williamson, The Conjunctive Equivalence of Pencils of Hermitian and Anti-Hermitian Matrices,
Amer. J. Math. 59 (1937), no. 2, 399-413.

A. Wilbert, Topology of two-row Springer fibers for the even orthogonal and symplectic group, Trans.
Amer. Math. Soc. 370 (2018), no. 4, 2707-2737.

Z. Yun, Lectures on Springer theories and orbital integrals, arXiv:1602.01451, 2016, to appear in the
PCMI proceedings.

C.S.: MATHEMATICAL INSTITUTE, UNIVERSITY OF BONN, ENDENICHER ALLEE 60, 53115 BONN, GERMANY
E-mail address: stroppel@math.uni-bonn.de

A.W.: SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY OF MELBOURNE, PARKVILLE VIC 3010, PETER
HALL, AUSTRALIA
E-mail address: arik.wilbert@unimelb.edu.au



