GRADINGS ON WALLED BRAUER ALGEBRAS AND
KHOVANOV’S ARC ALGEBRA
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ABSTRACT. We introduce some Z-graded versions of the walled Brauer al-
gebra B, s(d), working over a field of characteristic zero. This allows us to
prove that B;(d) is Morita equivalent to an idempotent truncation of a
certain infinite dimensional version of Khovanov’s arc algebra. We deduce
that the walled Brauer algebra is Koszul whenever § # 0.
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1. INTRODUCTION AND WEIGHT DICTIONARY

Let 6 € C be a fixed parameter. The walled Brauer algebra By 5(§) is a subal-
gebra of the classical Brauer algebra B, 4(6); see §2 for the precise definition. It
was introduced independently by Turaev [T] and Koike [Ko] in the late 1980s
motivated in part by a Schur-Weyl duality between B, ((m) and the general
linear group G L,,(C) arising from mutually commuting actions on the “mixed”
tensor space V& @ W®* where V is the natural representation of G'L,,(C) and
W := V™, see also [BCHLLS].

If § ¢ Z then the algebra B, s(d) is semisimple, and its representation theory
can be described using character-theoretic methods analogous to ones used in
the study of the complex representation theory of the symmetric group; see e.g.
[H], [N]. In this article we are mainly interested in the non-semisimple cases,
when the representation theory is still surprisingly tractable. For example, it
is known that B, 4(0) is a quasi-hereditary algebra if 6 # 0, and in these cases
explicit closed formulae for the composition multiplicities of standard modules
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and the corresponding Kazhdan-Lusztig polynomials have been worked out by
Cox and De Visscher; see [CD, Theorem 4.10] and [CD, Corollary 9.3].

Assuming § € Z, the work just mentioned reveals some striking combinatorial
coincidences between the representation theory of B, 4(0) and a certain infinite
dimensional generalisation K (§) of Khovanov’s arc algebra. The latter algebra
was introduced originally in a special case in [Kh] where it plays a role in
Khovanov’s categorification of the Jones polynomial. Khovanov’s definition was
extended in [BS1] to include various infinite dimensional algebras like K (9).

The main goal of this article is to explain these combinatorial coincidences by
proving that B, ¢(d) is Morita equivalent to an idempotent truncation of K (J).
This adds a new twist to the results of [BS3], [BS4] which construct equivalences
between other generalisations of Khovanov’s arc algebra from [BS1] and vari-
ous naturally occuring algebras and categories including level two cyclotomic
Hecke algebras and Khovanov-Lauda-Rouquier algebras, perverse sheaves on
Grassmannians, and rational representations of the supergroup G'L,,,,(C).

To formulate our results in more detail, and to make the definition of the alge-
bra K (§) precise, we must recall the key combinatorial observation from [CD,
§4]. This gives a “weight dictionary” between the bipartitions which appear
when studying the representation theory of B, () and the weight diagrams of
[BS1] which appear in the definition of the algebra K (4). Recall a bipartition
means a pair A = (A", AR) of partitions. Let A be the set of all bipartitions and

Ars:={NeA] AL =7 —t and [A\R| =5 — ¢ for 0 <t < min(r, s)}, (1.1)

i ._{AT,S ifd#Qorr#sorr=s=0, (1.2)

[ A \{(2,2)} ifod=0andr=1s5>0. '
For each A € A, 4, there is a cell module C, s(\) for B, 4(0); see §2 below.
Moreover C; 4(A) has irreducible head denoted D, s(\) whenever \ € AT,S, and
the modules { D, s(\) | A € A5} give a complete set of pairwise non-isomorphic
irreducible B, 4()-modules.

On the other hand a weight diagram in the sense of [BS1] is a horizontal
“number line” with vertices at all integers labelled by one of the symbols o, A, v
and x; we require moreover that it is impossible to find a vertex labelled v to
the left of a vertex labelled A outside of some finite subset of the vertices. To
identify bipartitions with certain weight diagrams, take A € A and let

I =D —10 -2}, (1.3)

L) :={1-0-A2-6-2}3-6-2% ...}, (1.4)
where A\ > A\l > ... are the parts of A\ and AR > AR} > ... are the parts of
AR, Then we identify A with the weight diagram whose ith vertex is labelled

o if ¢ does not belong to either I, (\) or In(A),
A if i belongs to I(A) but not to Iy (A),

v if i belongs to I, (A) but not to (),

x if 7 belongs to both I\, (\) and IA(X),

(1.5)



WALLED BRAUER ALGEBRAS 3

for each ¢ € Z. Of course this depends implicitly on the fixed parameter § € Z.

For example, if § = —2 then
0 1-6

(@’@):

((227 1)’ (37 2)) =
(where all the omitted vertices on the left are labelled A and the ones on the
right are labelled v). In this way, the set A of bipartitions is identified with
a set of weight diagrams in the sense of [BS1]. Now the general construction
from [BS1, §4] attaches a positively graded, locally unital algebra K () to this
set A of weight diagrams; see §§3—4 below. Finally for each A € A there are
some standard modules V' (\) for K(6), each of which has one-dimensional head
denoted L(A). The modules {L(A) | A € A} give a complete set of pairwise
non-isomorphic irreducible K(§)-modules.

The main result of the article can now be formulated as follows.

Theorem 1.1. There exists a Morita equivalence between the walled Brauer
algebra By 4(0) and the finite dimensional algebra K, s(0) := e, sK(9)e, s, where

ersi= Y ey €K(0). (1.6)

AEA,

The equivalence can be chosen so that the cell module C, 4(\) corresponds to
the K, s(6)-module V. s(X\) := e sV(A) for each X € A, 5. Hence the irreducible
module D, s(\) corresponds to Ly s(\) := ep sL(\) for each X € A, 5.

The set A, s is an upper set in A with respect to the natural Bruhat ordering.
Combined with known properties of K (¢) from [BS2], it follows that the idem-
potent truncation K, 4(0) is a standard Koszul algebra when A, = AT’S, ie. it
is both graded quasi-hereditary and Koszul; see Theorem 4.4. So we obtain the
following corollary.

Corollary 1.2. If A, s = Ar,s then By s(0) admits a Koszul grading. In partic-
ular, By (9) is standard Koszul when § # 0.

The Koszul grading on B, 5(J) is only unique up to automorphism (see [BGS,
§2.5]), and we don’t expect that there is any distinguished way to realise it ex-
plicitly. Instead, we construct some graded algebras Br(¢d), which we call graded
walled Brauver algebras, indexed by elements R of the set %, s of sequences con-
sisting of r E’s and s F’s. We show that Bgr(d) is graded Morita equivalent
to K, (9) in a canonical way; see Theorem 6.2. Moreover we show that Bp(J)
is isomorphic (though not canonically) to B, s(d) as an ungraded algebra; see
Corollary 8.2. Putting these two things together, we obtain a family of equiva-
lences of categories

gr : K, s(0)-mod — B, 4(6)-mod, (1.7)

one for each R € %, ,, each of which satisfies the hypotheses of Theorem 1.1;
see Theorem 8.10.

To give a little more idea about the definition of Br(d), recall for the walled
Brauer algebra that there are two basic branching rules, one from B, ¢(J)
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to By_1,5(d) (“E-restriction”) and the other from B, () to By s—1(d) (“F-
restriction”). The sequences R € %, s also parametrise the (Tis) different ways
to restrict from B, 4(6) all the way down to the trivial subalgebra By o(d) by
iterating these basic branching rules, e.g. E"F?® and F*E" encode

Br,s((s) \L Br,s—l(é) ~L to ~L BT,O((S) \L Br—l,O(d) \l/ to \l/ BO,O(é)u
Br,s(é) \lx Br—l,s((s) \L to \L BO,S(é) \L BO,5—1(5) \l/ to \l/ BO,O(é)u

respectively. The graded walled Brauer algebra Br(d) has a distinguished basis
indexed by certain paths in the Bratelli diagram which describes the branch-
ing of cell modules with respect to the sequence R; see §6 for some examples.
Multiplication is defined by representing the basis elements diagrammatically
then applying an explicit combinatorial procedure similar in spirit to the multi-
plication in Khovanov’s arc algebra; this diagrammatics is quite different from
the sort that appears in the definition of B, 4(6). We also construct a graded
cellular basis for each Bpr(¢d), hence defining graded cell modules Cr(\); see
Theorem 6.4 and Corollary 8.11. Moreover we compute the graded dimensions
of the irreducible representations; see Theorem 6.7.

Once the algebras Bgr(d) have been constructed, the main problem is to
prove that B, ¢(6) = Bgr(d). We do this by exploiting the super analogue of
the mixed Schur-Weyl duality mentioned at the beginning of the introduction.
Assume for this that § = m —n for integers m,n > 0. Let G denote the general
linear supergroup GL,y,,,(C) with natural module V' and dual natural module
W. There is a natural right action of B, s(d) on V®" @ W& by G-module
endomorphisms. We first show that the induced homomorphism

U™ 2 Bys(8) = Endg(VE" @ W®#)oP (1.8)
is surjective; see Theorem 7.8. Moreover it is an isomorphism if and only if
r+s<(m+1)(n+1). (1.9)

Then we apply the results of [BS4] to describe Endg(V®" @ W®%)°P in purely
diagrammatic terms. Assuming (1.9) holds, we get exactly the algebra Bgr(d),
hence obtain the desired isomorphism B, 4(d) = Bgr(d). We expect that this
isomorphism is independent of the particular choice of m and n, but are unable
to prove this at present; see Remark 8.3 for further discussion of this issue.

Our approach has several other consequences. First, if either m = 0 or
n =0, i.e. G is just the general linear group not the general linear supergroup,
we are able to give an explicit description of ker ¥,";", showing it is generated
by an idempotent; see Theorem 8.15. This result is an analogue for the walled
Brauer algebra of a result about Brauer algebras obtained recently by Lehrer
and Zhang [LZ]. For m,n > 0, the ideal ker ¥;";" need not be generated by an
idempotent; see Remark 6.17.

We also determine the irreducible representations of the quotient algebra
B, 5(8)/ ker ¥;5", showing up to isomorphism that they are modules D, 4())
for \ € Ar,s such that A is an (m,n)-cross bipartition in the sense of Comes
and Wilson [CW]; see Theorem 8.17. This allows us to recover the classifica-
tion of indecomposable summands of V®" @ W®$ obtained originally in [CW]
by a different approach; see Theorem 8.19. Our approach gives a little more
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information about these interesting modules, e.g. we compute their irreducible
socles and heads explicitly.

The work of Comes and Wilson is motivated by the study of Deligne’s ten-
sor category Rep(GLs); see also [D], [Kn]. For § € Z, we conjecture that
Deligne’s category is equivalent (on forgetting the tensor structure) to the cate-
gory Proj(K (9)) of (locally unital) finitely generated projective K (J)-modules.
The main obstacle preventing us from proving this conjecture using the tech-
niques of the article is related to the question of independence of m and n
mentioned earlier.

Acknowledgements. The results in this article were obtained during the program
“On the Interaction of Representation Theory with Geometry and Combina-
torics” at the Hausdorff Institute for Mathematics in Bonn in January, 2011,
and written up in part during a visit by the first author to the University of
Sydney in March—May, 2011. We thank J. Comes for some helpful discussions
about Rep(GLs) and for the proof of Lemma 8.16.

2. REFINED BRANCHING RULES FOR THE WALLED BRAUER ALGEBRA

In this preliminary section, we fix r,s > 0 and § € C. We are going to recall
the definition of the walled Brauer algebra B, ((J) and establish some basic
facts about its representation theory. In particular, we will define some refined
induction and restriction functors and describe their effect on cell modules.

The walled Brauer algebra. As a C-vector space, B, s(0) has a basis con-
sisting of isotopy classes of walled Brauer diagrams. These are certain diagrams
drawn in a rectangle with (r4s) vertices on its top and bottom edges, numbered
1,...,7 4+ s in order from left to right. Each vertex must be connected to ex-
actly one other vertex by a smooth curve drawn in the interior of the rectangle;
curves can cross transversally, no triple intersections. We refer to the curves
whose endpoints are on different edges of the rectangle as vertical strands, and
the curves whose endpoints are on the same edge of the rectangle are horizontal
strands. In addition, there is a vertical wall separating vertices 1,...,r from
vertices 7 + 1,...,r + s. We require that the endpoints of each vertical strand
are on the same side of the wall and the endpoints of each horizontal strand are
on opposite sides of the wall. For example here are two basis vectors in By 2(9):
1 2 3 4 1 2 3 4

Multiplication is by the following concatenation procedure: o7 is obtained by
putting o under T, removing internal circles, then multiplying the resulting basis
vector by §' where ¢ is the number of internal circles removed. For example,
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for 0 and 7 as above, we have:
1 2 3 4 1 2 3 4

oT = : TO = 0-

AR 1

It is useful to compare B, () with the group algebra CX, s of the sym-
metric group. Of course the latter can also be viewed diagrammatically if we
identify o € ¥, ¢ with its permutation diagram, the diagram drawn in the same
rectangle as before with a vertical strand connecting the ath vertex on the top
to the o(a)th vertex on the bottom for each 1 < a < r + s. It is clear from the
definitions that there is vector space isomorphism

flip, , : C¥, 15 = By s(6) (2.1)

mapping a permutation diagram to the walled Brauer diagram obtained by
adding a wall between the rth and (r + 1)th vertices, then flipping the part of
the diagram that is to the right of the wall in its horizontal axis without discon-
necting any strands. For example the walled Brauer diagrams ¢ and 7 above
arise by applying flip 5 to the following permutation diagrams, respectively:

1 2 3 4 1 2 3 4

(123) = (1342) =

It follows in particular that
dim B, 4(0) = dimCY, 5 = (r + s). (2.2)

Generators, relations, and the central element z, ;. The algebra CX,
is generated by the basic transpositions o, := (aa+1) fora=1,...,r+s—1,
subject only to the usual Coxeter relations. Let 7, := flip, ((04) € Brs(d). So
for a # r the diagram 7, is just the same as o, (with the addition of the wall),
while 7, is the diagram

1 r—1 r 7r4+1 r42 r+s
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It is an exercise to see that B, 4(d) is generated by the elements 7,..., Tprys—1
and that the following relations hold whenever they make sense:
2=1 (a#r), TaTh = ThTa (la —b] > 1), (2.3)
72 = 07, TaToTa = ToTaTy (la — bl =1,a # 1 #0b), (2.4)
Tr = TrTr—1Tr, T Tr A Tr 1T = Tr— 1T 1 Tr Tr—1Tr 4171 (2.5)
Tr = TrTr41Tr, T Tr A Tr41Tr = TrTr— 1T 1Tr Tr—1Tr 41 (2.6)

Although never needed in the present article, it is known moreover that this is
a full set of relations for the algebra B, 4(0); see [H, Corollary 4.5] for a special
case or [N, Theorem 4.1] in general.

More generally, for 1 < a,b < r + s with a # b, we introduce the following
“transpositions” in B, 4():

flip, s((a b)) if a and b are on the same side of the wall,
—Mflip, ;((a b)) if a and b are on opposite sides of the wall.

(ab) =

We stress the presence of the sign in the second case; it means that 7, = (a a+1)

for a # r but 7, = —(r r+1). Then let

Zrs 1= Z (a b). (2.7)

1<a<b<r+s

Lemma 2.1. The element z s belongs to the center of By s(9).

Proof. 1t suffices to show that z,, commutes with the generators of B 4(d),
which is a routine exercise.

Cell modules. Recall the set A, ; of bipartitions from (1.1). For each X € A, 4,
there is a corresponding B, 4(d)-module C, s()), which is a cell module in the
sense of [GL| arising from a certain cellular algebra structure on B, 4(d) dis-
cussed in [CDDM, §2]. We won’t recall the definition of this cellular algebra
structure here, as it is enough for our purposes to work with the explicit con-
struction of C, 4(\) given in [CDDM, §3].

Let J} , be the two-sided ideal of B, () spanned by the walled Brauer dia-
grams with at least ¢ horizontal strands at the top and bottom, giving a chain

By s(8) = J0, D JE D - D Jmin(e) 5 o,

The images of the walled Brauer diagrams with exactly ¢ horizontal strands at
the top and bottom give a basis for the quotient .J. ,/ JEL

Now take A € A, and let ¢ := 7 — [A¥| = s — [AR|. Let If be the subspace
of Jf}s / Jﬁfgl spanned by the images of the diagrams with exactly ¢ horizontal
strands at the top connecting the (r+ 1 — k)th vertex to the (r+ k)th vertex for
each k =1,...,t. Identify C(X,_; x ¥5_;) with the subalgebra of B, 4(d) gener-
ated by 71, ..., Tr—t—1, Tr4t+1, - - - , Tr+s—1 in the obvious way. Then Iﬁ’s is invari-
ant under left multiplication by elements of B, 4(¢) and right multiplication by
elements of C(X,_ X X,_), hence it is a (B, 5(0), C(X,_¢ x Xs_¢))-bimodule.
Let S(AY) be the irreducible X,_s-module parametrised by A and S(A\R) be
the irreducible ¥, ;-module parametrised by AR. Let S()) denote their outer
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tensor product S(AY) & S(AR), which is an irreducible ¥,_; x ¥4 _;-module.
Then we have by definition that

Crs(N) =1}, ®ces,_,xs. ) SO). (2.8)
The bimodule It

% is free as a right C(X,_; x ¥s_¢)-module, with basis X} |
given by images of the walled Brauer diagrams with exactly ¢ horizontal strands
at the top connecting the (r + 1 — k)th vertex to the (r + k)th vertex for

k = 1,...,t in which no two vertical strands cross. So as a vector space we
have that
Crs(N) = P 7@ 50). (2.9)
TEXE o

In particular, this implies that

Ig!
o= t)’;;(‘s — gy dim S(AL) dim S(AR). (2.10)
To compute the action of a walled Brauer diagram o € B, 4(J) on a vector
7@ for 7 € X}, and v € S(X) we proceed as follows. If o has more than ¢
horizontal strands then o(7 ® v) = 0; otherwise o(7 ® v) = 7/ ® (co’v) where
or = cr'o’ for c € C, 7’ € X}f’s and 0/ € ¥, x Xs_4. It follows easily from
this that C). 5(\) is a cyclic By 5(d)-module generated by any vector of the form
T@uvfor 7€ X! and 0 # v e S(N).

Lemma 2.2. For any A € A, 5 we have that Endp,_ (5)(Crs(\))

dim C4(\) =

1

C.

Proof. Set t := r—|A\"| = s—|AR|. Let 7 be the unique walled Brauer diagram in
X, with horizontal strands connecting the (r+1—k)th vertex to the (r+ k)th
vertex for k =1,...,t at both the top and the bottom.

We first treat the case that t < r. Let 0 := 77_¢ -+ Tr—27r—1. On drawing
the diagrams, it is easy to check that o7 = 7, and that 0¢C, 4(\) = 7® S(A) in
the decomposition (2.9). It follows for any f € Endp, (5)(Crs(A)) and v € S(A)
that f(r®v) = f(c7®v) = of(T®v) = 7® f(v) for a unique f(v) € S()\). In
other words, f induces a linear map f : S(\) — S(\), which is easily seen to
be a ¥,_; x Xs_s-module homomorphism. Hence f (v) = cv for a unique scalar
¢ € C by Schur’s lemma, i.e. f(7®wv) = ¢(T®v). Since T @ v generates Cy. s(N),
we deduce that f = c-id.

The case that ¢ < s is similar.

It remains to treat the case that ¢ = r = s. This is trivial if £ = 0, so assume
moreover that ¢ > 0. Let 0 := 7/71 - - - 7,_1 where 7/ is the unique walled Brauer
diagram in X/! with horizontal strands connecting the (r+ 1 — k)th vertex to
the (r + k)th vertex for k =1,...,t — 1 at both the top and the bottom. Then
again we have that o7 = 7 and ¢C) 4(\) = 7 ® S(A). Now the proof can be
completed as before. O

Action of z, s on cell modules. We draw the Young diagram of a partition
A in the usual English way, and let [A] denote its set of boxes. For A € [A], its
content cont(A) is the integer (j—1) if A is in row ¢ and column j. For example,
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here is the Young diagram of the partition A = (5,4,4) with boxes labelled by
their contents:

0l1]2]3]4]
-1]0
2|-1]0]1

—_

For A € A4, let

Zrs(A) = D cont(A)+ > cont(A) —t5 € C,
A€[AL] A€AR]

where ¢ :=r — [A\F| = 5 — |AR].

Lemma 2.3. For A\ € A, the central element z,, € By () acts on the cell
module Cy. s(X\) by multiplication by the scalar z,4(X).

Proof. Lett :==r— |\ =s—|AR|, T :={1,...,r—t}, J:={r+t+1,...,r+s},
and K := {r—t+1,...,r}. Fora € K, let @ := 2r+1—a. Recalling (2.8), let 7 be
the image in Ifqy ; of the walled Brauer diagram with a vertical strand connecting
the ath vertex at the top to the ath vertex at the bottom for each a € T U J,
and a horizontal strand connecting a to a both at the top and the bottom for
each a € K. Also pick any non-zero vector v € S(A). As C,. 4(A) is generated
by 7 ® v and z, 4 is central, it suffices to show that z, (7 ® v) = 2, s(A) (T ® v).
We have that z,s = 25 + 25 + 2K + 2 + 2% + 217 + 21k + 27K Where

z] = Z mﬂ R1J = va

a,bel acl

a<b beJ

2= Y (ab), aci= Y ((@d) + (b)),
e bk

=3 (@), =y (@0 + (ab)),

dei= Y (@b)+ (b)), do= > (@H+@bh).
e o

Now we observe that

217(T1®v) = 21k (T Q) = 25k (T @ V) = 2 (T ®V) = 25 (T®v) =0
because each of the terms in the summations above already act as zero. More-
over z1(T @ v) = 3 gepary cont(A) (T ® v), 25 (T ®v) = 3 4eppr) cont(A) (T ® v),
and zx (T ® v) = —td(7 ® v). The first two equalities follow because z; and
zy are the sums of all transpositions in >,_; and Xs_;, respectively, and it
is well known (e.g. as a consequence of Young’s orthogonal form or by the

Murnaghan-Nakayama rule) that these act on S(AY) and S(AR) by the scalars
indicated. O

Refined induction and restriction functors. There are embeddings
Y B (8) < By s(6), ST Brg(8) < Brgy1(6) (2.11)

8 8
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defined by inserting a vertical strand immediately to the left or right of the
wall, respectively. Thus L;js_l’s(n) = T Tri1Tr, L;::;H_l(Tr) = Tpy17rTry1, and
both L;ngs and (775 Sl map 7o = 7o for 1 < a < r—1and 7, — 741 for
soar+l.s r+1,s s oar,s+1 r,s+1

r+1<b<r+s—1 Let (md,,,S ,T€Sr s ) and (mdr:s ,Tesys ) be the
adjoint pairs of induction and restriction functors attached to the embeddings
r+1,s r,5+1 .
tr,s -~ and ¢, respectively.

We want to define refined versions of these functors. Fix ¢ € C. Let

2Tl = 2y — U (2) = 2: (a74+1) € Bry1s(6),  (2.12)
1<a<r+s+1
a#r+1

= s — 0 (5 = Y (@rdD) €Bn(d).  (213)

1<a<r+4s+1
aF#r+1

The elements x5 and 275" centralise o §"*(B,.4(6)) and 257 (B,.4(0)), re-

spectively. In the finite dimensional commutative subalgebra of B, () gen-

r+1 s r+1 s

erated by ars ™, there is a unique idempotent 1, that acts on any module

as the prOJectlon onto the generalised - elgenspace of Ty rils, Similarly in the

subalgebra of B, 511(8) generated by x’ St there is a unique idempotent 1: itl

that acts as the projection onto the generalised (—i — §)-eigenspace of z;’ SH.

Let
r+1,s . rs+1 |
UL BL(6) = Brs(), TN B(8) = Brani () (2.14)

r,85t 7,81

be the non-unital algebra homomorphisms defined by first applying the embed-

ding «75"* then multiplying by the centralising idempotent 1:;11-’8, or by ap-
plying ¢, "5+ then multiplying by 1T i ! respectively. Let (i—ind::gl S - 1resT+1 )

and (z—md?i“ nstl)

i-res be the adjoint pairs of i-induction and i-restriction

functors attached to the homomorphisms L::;li’s and L:;ng, respectively. Thus,
i- l"eST—H ¥t Bri1,5(0)-mod — B, s(d)-mod, (2.15)
i-res;’s St By gr1(0)-mod — B, 4(6)-mod (2.16)
are the exact functors defined by multiplication by the idempotents 1:ngl % and
1 zfgl, respectively, viewing the result as a left B, s(d)-module via the homo-
morphisms (2.14). Also
i-ind t"* : B, 5(6)-mod = By41,4(6)-mod, (2.17)
i-ind25T ¢ By 4(6)-mod — B s41(8)-mod (2.18)

are the functors Br+1,s(5)1mZ ®B, (5 ¢ and By S+1(5)17,S i ®B, (57, respec-
tively, where the right B, s(6)-module structure is again defined using (2.14).
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Since Y. o 1771 = 1€ B,y ,(6) and 3, 17°1! € B,.411(8), we have that

1€C “r,s50 1€C ~r,s;51
res:fgl’s = @i—resﬁfgl’s, indifgl’s = GB i—indjifgl’s,
1€C 1€C
r,s+1 __ . r,s+1 : r,s+1 .. r,s+1
res, g = @z—resﬁs , ind; " = @ i-ind, g
i€C ieC

The following lemma realises the i-restriction and ¢-induction functors in terms
of taking certain generalised eigenspaces.

Lemma 2.4. Let M be a finite dimensional indecomposable B, s(&)-module
and A\pp € C be the unique eigenvalue of the (not necessarily diagonalisable)
endomorphism of M defined by multiplication by z, .
(1) The module z'—res:’fLsM is the generalised (Aps — i)-eigenspace of zy_1 s
on reSZ’fLsM.
(2) The module z'—res::z_lM is the generalised (Ay; + i + 9)-eigenspace of
Zrs—1 onres’s (M.
(3) The module i—ind:i;l’sM is the generalised (A +1)-eigenspace of Zp41
on indij;l’sM.
(4) The module i—indﬁ:ﬁ“M is the generalised (A\py — i — §)-eigenspace of
Zp 541 O indﬁs'l’sM.

Proof. This follows from the definitions. O

We give the set A of all bipartitions the structure of a labelled directed graph,

with a directed edge A = u labelled by i € C if u is obtained from A either by
adding a box of content i to the Young diagram of A\' or by removing a box

of content —i — ¢ from the Young diagram of AR. Equivalently, X\ <~ pu if y is
obtained from A by removing a box of content i from the Young diagram of A\
or by adding a box of content —i — ¢ to the Young diagram of AR. The following
theorem is a refinement of [CDDM, Theorem 3.3].

Theorem 2.5. The following hold for A € A5 and i € C.

(1) The module i-res;”; Cys(\) has a filtration with sections isomorphic to
{Cr_15(p) | for all p € Ay s with p N A}

(2) The module i—res::z_lCr,s()\) has a filtration with sections isomorphic to
{Crs—1(p) | for all p € Ay g1 with p & A}

(3) The module z‘—ind::gl’sCm(/\) has a filtration with sections isomorphic
to {Cri1s(p) | for all p € Apyy s with X 5N i

(4) The module i—indgzi‘HC},s()\) has a filtration with sections isomorphic
to {Crs41(p) | for all pp € Ay g1 with X & W}

In all cases, the filtration is of length at most two. When it is of length exactly
two, the sections are indexed by bipartitions ' and " such that |(u' )" < |(u")"|
and ()R] < |(1")®|, and the following hold:
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(a) for M = i-res®) Cps(N) or M = i-ress Cp (M), there is a unique
submodule M’ isomorphic to the cell module indexed by p'; the quotient

M/M’ is isomorphic to the cell module indexed by p”;
(b) for M = i—ind:;'l’sCr’s()\) or M = i—ind::ZHC’r,s()\), there is a unique
submodule M" such that M /M’ is isomorphic to the cell module indexed
by 1" ; the submodule M’ is isomorphic to the cell module indexed by .

Proof. The existence of the filtrations follows from [CDDM, Theorem 3.3] and
Lemmas 2.3-2.4. The fact that the filtrations are of length at most two follows
because A\ has at most one addable or removable box of content i and AR has
at most one addable or removable box of content —i — 4.

For the final uniqueness statements (a)—(b), we just explain the proof of
(a) for M = i-res”; Cys()), since the other cases are similar. So assume
both that A has a removable box of content i (hence r > 0) and AR has an
addable box of content —i — §. Let p' and " be obtained from A by removing
the former box from A" or by adding the latter box to AR, respectively. The
existence argument indicated in the previous paragraph actually shows that M
has a submodule M’ = C,_; 4(¢') such that M/M' = C,_1 4(p"). To get the
uniqueness, it remains to observe that

dimHomp, | (5)(Cro1,s(),ives;” (Cr (X)) =1,

r—1,s
as follows from Lemma 2.2 using the fact that i-ind*; Gy (1) = Cs(N)
and adjointness. O

Jucys-Murphy elements. The elements (2.12)(2.13) are examples of Jucys-
Murphy elements in the walled Brauer algebra. The definition of these elements
in general depends also on a fixed choice of a sequence R = RDRA) ... Rr+s)
consisting of » E’s and s F’s, i.e. an element of the set %, s from the introduc-
tion. The corresponding Jucys-Murphy elements are denoted x{z, . ,xﬁs and
are defined recursively as follows. The base case r + s = 0 is vacuous. For the

induction step, let RE and RF be the sequences obtained from R by adding

an F or an F to the end. Assuming z¥,... 2 € B, (5) have been defined
already, let i ... 2l € B,y 4(0) and ... 2R | € B, 11(5) be
defined by setting
xRE .= Lifgl’s(acaR), afE = x;‘;l’s, (2.19)
=, e = e (220

fora = 1,...,7 +s. When it is not ambiguous, we drop the superscript R,
denoting the Jucys-Murphy elements in B, 4(6) simply by z1,...,2,4s. Note
always that z; = 0.

It is clear from the definition that z1,...,z,4s generate a finite dimensional
commutative subalgebra of B, s(6). For ¢ € C"*%, define the weight idempotent
e(?) to be the unique idempotent in this commutative subalgebra with the
property that e(¢2)M = M; for any finite dimensional module M, where

xa—ia)Nv:OforN>>OifR(“):E, }

2.21
Zo +ia+06)No=0for N> 0if R@ = F (2.21)

wi={oenr] |
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The idempotents {e(¢) |2 € C""*} are mutually orthogonal, all but finitely many
of them are zero, and they sum to 1.

Remark 2.6. One can check that any symmetric polynomial in the Jucys-
Murphy elements z1,..., 2,45 belongs to the center of B, 4(4). For example,
the central element z, ¢ from (2.7) is x1 + - - - 4+ z,45. We conjecture by analogy
with a well-known result about the symmetric group that every element of the
center of B, ¢(d) can be expressed as a symmetric polynomial in x1, ..., Zyys.

3. ARC ALGEBRAS AND SPECIAL PROJECTIVE FUNCTORS

Next we review the construction and basic properties of Khovanov’s arc al-
gebras and their generalisations from [Kh], [BS1]. Actually for notational con-
venience we work only with the universal arc algebra K, which is the (infinite)
direct sum of all the indecomposable arc algebras considered in [BS1]. We
also recall the definition of projective functors following [BS2], and introduce
certain special projective functors which play a key role in all the subsequent
applications.

The universal arc algebra. Recall the definition of a weight diagram from
the introduction. There is a partial order < on the set of weight diagrams called
the Bruhat order, which is generated by the basic operation of switching a pair
of (not necessarily neighbouring) labels v A; getting bigger in the Bruhat order
means Vv’s move to the right. Also let ~ be the equivalence relation defined
by declaring that A ~ p if y can be obtained from A by permuting v’s and A’s
(and doing nothing to o’s and x’s). We refer to ~-equivalence classes of weight
diagrams as blocks.

Given any weight diagram )\, there is a general procedure to close A below
to obtain its cup diagram \; see [BS1, §2]. Briefly, to construct ), one connects
as many v A pairs of vertices as possible together by anti-clockwise cups then
adds vertical rays down to infinity at all other vertices labelled A or v, without
allowing any crossings of cups and/or rays. For example, if

A=--- o

(where all the omitted vertices to the left are labelled A and the ones to the

right are labelled v) then
)

A=

(with a ray at all other vertices). There is a similar procedure to close a weight
diagram p above to obtain its cap diagram p; it is just the mirror image of u
in the horizontal axis. We stress that the vertices in A and 7 are not labelled.

Given weight diagrams A, u ~ «, we can concatenate to obtain the labelled
diagrams Aa and ap. We say that these diagrams are consistently oriented
if each cup or cap has exactly one endpoint labelled v and one labelled A,
and moreover all the rays labelled A are to the left of all the rays labelled v.
Introduce the shorthand A C « to indicate that A ~ o and A« is consistently
oriented. By [BS1, Lemma 2.3], this implies automatically that A < « in the
Bruhat order, indeed, < is the transitive closure of the relation C. Similarly
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we write a D p if & ~ p and af is consistently oriented, which implies that
a > p. Finally if A C o D g we can draw the oriented cup diagram A« under
the oriented cap diagram o to obtain the oriented circle diagram Aojfi. Here
is an example of such a diagram:

o L Y
==

We define the degree of any consistently oriented diagram to be the total number
of clockwise cups and caps that it contains; the example above is of degree 4.

Now we follow the construction in [BS1] to define a positively graded algebra
K, which we call the universal arc algebra. As a graded vector space, K has
the homogeneous basis

{(xan) ‘ for all weight diagrams o and A C o D i}, (3.1)

and the degree of the vector (Aajz) is the degree of the underlying diagram. For
ACaDpand v C S D w, the product (Aafi)(vfw) is zero whenever p # v. If
u = v the product is computed by drawing Aap under vfSw, joining up corre-
sponding pairs of rays, then iterating a certain (generalised) surgery procedure
to contract the symmetric fiv-section of the diagram to obtain a (possibly zero)
sum of new basis vectors of the form (Ayw) with o < v > f. This surgery
procedure is explained in detail in [BS1, §6]; see especially the example [BS1,
(6.3)] and also [BS1, Corollary 4.5]. The fact that the multiplication in K is well
defined independent of the order chosen for the surgery procedures, and that it
is associative, is established in [BS1, §4] by comparing with Khovanov’s topo-
logical definition of the multiplication in terms of the two-dimensional TQFT
associated to the commutative Frobenius algebra H*(P!,C) = C[z]/(z?).

The degree zero subalgebra K has a basis consisting of mutually orthogonal
primitive idempotents

{ex | for all weight diagrams A} (3.2)
defined from ey := (AAX). For u C a D v, we have that

_ (naw) if A = p, _ (naw) if A=v,
=] = =q = 3.3
ex(pa?) { 0 otherwise, (av)ex 0 otherwise. (3:3)

The algebra K is not unital. Instead the idempotents (3.2) form a system
of local units, i.e. we have that K = @)\# exKe, summing over all weight
diagrams A and p. This is clear from (3.3).

For any block I', we let Kr := @A,uer exKe,, which is a subalgebra of K.

We then have that
K= P kK (3.4)

all blocks T"
as an algebra. Each of the subalgebras Kr is indecomposable; this follows by
[BS1, (5.9)] as C generates the partial order ~. So (3.4) is the decomposition
of the algebra K into blocks. If I is finite then KT is a finite dimensional unital
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algebra with 1 = )\ rex. If I' is infinite then KT is only locally unital, and
the idempotents {e) | A € I'} provide a system of local units.

Graded modules. Let K-mod; be the category of graded left K-modules M
such that

(1) M is locally finite dimensional, i.e. dim M; < oo for each i € Z;

(2) M is bounded below, i.e. M; = {0} for : < 0;

(3) M is locally unital in the sense that M = €, exM summing over all

weight diagrams A.

We write M (j) for the module M shifted up in degree by j, so M (j); = M;_;.
Also for M, N € K-mody we write Homy (M, N); for the space of all homoge-
neous K-module homomorphisms of degree j, that is, the ones that map M; to
Njyj for each i € Z, then define the graded vector space

Homg (M, N) = @5 Homg (M, N);.
JEZL
For a weight diagram pu, we have the projective indecomposable module P(u) :=
Ke,,, which has basis

{(QAap) | for all A C « such that o D p}. (3.5)

The vectors (Aaj) from this basis with « # p span a proper submodule of P(u),
and the corresponding quotient is the standard module V (u); see [BS1, Theorem
5.1]. Finally we have the one-dimensional module L(u) := P(u)/rad P(p) =
V(p)/rad V(p). The modules {L(u)} give a full set of pairwise non-isomorphic
irreducible K-modules (up to grading shift). For later use, let

Pt P() — L() (3.6)
denote the canonical quotient map.

Theorem 3.1 ([BS1],[BS2]). The following hold for weight diagrams X\ and p.

(1) The graded composition multiplicity dy ,(q) = >,y df\i)uqi defined from
dg\i,)u = [V (n) : L(N)(3)] is given explicitly by
deg(Ap)
_Ja if A Cp,
dula) = { 0 otherwise.

(2) The projective indecomposable module P(\) has a finite length filtration
whose sections are isomorphic to degree-shifted standard modules, with

4 )

(3) Let pxp(q) = Zi>0pf\i)uqi € Nig| be the polynomial from [BS2, (5.4)],
which is a certain Kazhdan-Lusztig polynomial for a Grassmannian (see
[BS2, Remark 5.1]) with px,(q) = 0 if X\ £ p. Then the matrices
(dau(@)apn and (pxu(—q))r are inverse to each other.

(4) The standard module V(X) has a canonical linear projective resolution
o= PL(A) = Py(A\) = V(A) =0

V(A) at the top and V(u)(j) appearing with multiplicity d
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in which Py(\) = P(A) and Pi(\) = @uzApg\i’)ﬂP(u)(i). Moreover the
irreducible modules L(X\) also have linear projective resolutions, hence
the algebra K is Koszul.

Proof. See [BS1, Theorem 5.2], [BS1, Theorem 5.1], [BS2, Corollary 5.4] and
[BS2, Theorem 5.3, Corollary 5.13], respectively. O

Geometric bimodules and projective functors. Recall from [BS2, §2]
that a crossingless matching is a diagram obtained by drawing a cap diagram
underneath a cup diagram, then joining pairs of rays according to some order-
preserving bijection between the vertices at their endpoints. This means that
t is a union of finitely many cups and caps and (possibly infinitely many) line
segments. Let cups(t) and caps(t) denote the number of cups and caps in t,
respectively, and let t* be the mirror image of ¢ in its horizontal axis. Given
blocks A and I', a AI'-matching means a crossingless matching ¢ such that the
vertices at the bottom (resp. top) of ¢ that are not at the ends of cups, caps or
line segments are in exactly the same positions as the vertices labelled o or x
in the weight diagrams from A (resp. T').

Assume we are given a Al'-matching t. For « € A and § € I', we can form
the labelled diagram atf (so « labels the bottom number line and S labels the
top). We say atf3 is consistently oriented if each cup and cap has exactly one
endpoint labelled v and one labelled A, and the endpoints of each line segment

are labelled by the same symbol. We write a t B to indicate that « € A, €T
and atf is consistently oriented. This is a slight abuse of notation: we are

assuming that ¢t remembers the blocks A and I'. For A C « t 8 DO p, we
can concatenate (in order from bottom to top as usual) to get the composite
diagram AatSm.

The geometric bimodule K1 is a certain graded (K, K )-bimodule constructed
explicitly in [BS2, §3] (extending Khovanov’s definition in a special case from
[Kh]). As a graded vector space, it has homogeneous basis

{(Aatﬂﬁ) ‘ for all A C « t 8D ,u}

where the degree of a basis vector is the degree of the diagram as above. The
bimodule structure is defined as follows. Given basis vectors (raw) € K and
(MtBr) € K4, the product (vyw)(AatBf) is zero unless w = A, in which case
it is computed by drawing vy underneath AatSn then applying the surgery
procedure to contract the symmetric wA-section of the diagram. The product
(Aatfi)(vaw) is defined similarly, this time putting vaw on top. Note in par-
ticular that all blocks from (3.4) other than KA act on the left by zero; similarly
all blocks other than Kr act on the right by zero.

Lemma 3.2 ([BS2, Corollary 4.3]). The geometric bimodule Ky is projective
both as a left Ka-module and as a right Kp-module.

Suppose in addition that we are given a block IT and a ITA-matching s. We
can glue s under ¢ to obtain the composite matching st, which has three number
lines corresponding in order from bottom to top to the blocks II, A and I'. Its
reduction red(st) is the II'-matching obtained by removing the middle number
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line and all internal circles; see [BS2, §2] for an example. Let Kl be the
graded vector space with homogeneous basis

{(Aasﬁt*yﬁ) { for all A C « fﬁify ) M}-

Mimicking the construction just before Lemma 3.2, we make K/, into a
graded (K, K)-bimodule.

Lemma 3.3 ([BS2, Theorem 3.5(iii), Theorem 3.6]). Let s be a IIA-matching,
t be a AT'-matching and u := red(st). There are canonical graded bimodule
1somorphisms

Kfin ®x Kjr = Kijar = @ Kiir(deg(aspty) — deg(auvy))
ﬁwithaiﬁt—'y

where in the direct sum « and 7y are fized weight diagrams satisfying « = v; the
sum should be interpreted as zero if no such « and =y exist.

Lemma 3.4 ([BS2, Theorem 4.7]). There is a canonical graded bimodule iso-
morphism K4 (—caps(t)) = Homg (KL, (—caps(t)), K).

Now we introduce the indecomposable projective functors

G'r = KAhp(—caps(t))®k? : K-mod;y — K-mody, (3.7)
*Gr i= Kha(—caps(t))®@x? : K-mody — K-mody . (3.8)

By Lemmas 3.2 and 3.4 (or see [BS2, Corollary 4.8]), the indecomposable projec-
tive functor Gy is isomorphic to the functor Homg (K (—caps(t)), ?), which
is right adjoint to *G\ by adjointness of tensor and hom. Hence there is
a canonical adjunction making (*G'y., G4) into an adjoint pair of functors.
Note also from the definitions that

"Glr = Gia(cups(t) — caps(t)). (3.9)

A projective functor means any endofunctor of K-mody that is isomorphic
to a direct sum of indecomposable projective functors (possibly shifted in de-
gree). Projective functors are exact thanks to Lemma 3.2. The composition of
two projective functors is again a projective functor thanks to Lemma 3.3. Fi-
nally projective functors map finite dimensional modules to finite dimensional
modules by [BS2, Corollary 4.12].

Projective functors on irreducible modules. Continue with ¢ being a AT'-
matching. For A € A and p € I', we can concatenate in order from bottom to
top as usual to obtain the composite diagrams At and tiz. The lower reduction
red(At) is the ordinary cup diagram obtained from At by removing the bottom
number line and all connected components that do not extend up to the top
number line. Similarly the upper reduction red(tf) is the ordinary cap diagram
obtained from ¢ by removing the top number line.

For p1 € T, the K-module G% - P(y) is identified with K\ e, (—caps(t)), hence
it has the diagram basis

{(AatBp) | for all A C a L B such that 8 > [} (3.10)
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Applying Gy to (3.6), we get a surjection G4 (py) : GhrP(p) - GLprL(p)
which identifies G4 L(u) with a quotient of G4 P(u). The following theorem
describes this quotient explicitly.

Theorem 3.5. Let t be a ATl-matching and p € T'. Then G\ L(u) is the
quotient of G\ P (1) by the submodule spanned by all the vectors from (3.10)
in which either red(At) # p or B # p. Hence Gy L(u) is finite dimensional
with basis given by the image of the vectors

{Aatpum) | for all X C « ¢ (o such that red(At) = p}. (3.11)

Moreover, Gy L(p) is non-zero if and only if there exists a (necessarily unique)

\ such that \ p and deg(Mtp) = 0, in which case GLL(p) is a self-dual
indecomposable module with head L(X)(—caps(t)) and socle L(\){caps(t)).

Proof. The final statement is [BS2, Theorem 4.11(ii)—(iii)]. For the other parts,
[BS2, Theorem 4.11(i)] and [BS2, Corollary 4.12] show that G\ L(x) is finite
dimensional with

[GarL(w)]) = > [L(A\){deg(Aatu) — caps(1))], (3.12)

)\Caiu

red(At)=p
equality written in the Grothendieck group of K-modj. In particular the di-
mension of G4 L(u) is exactly the number of vectors listed in (3.11). It remains
to show that (AatSn) € G4 P(p) belongs to the kernel of the canonical map
Ghr(pu) « GpP() — GLpL(p) either if 8 # p or if red(At) # p. The first
paragraph of the proof of [BS2, Theorem 4.5] shows that GV (1) is the quo-
tient of G4\ P (u) by the submodule spanned by all the vectors (AatSp) with
B # p. Hence all of these vectors lie in ker G4 (p,). Moreover (3.12) implies
exGLrL(p) = {0} for all X € A with red(At) # p, hence all the vectors (AatfSr)
with red(At) # p lie in the kernel too. O

Corollary 3.6. Let t be a AT-matching and p € T’ such that G\ L(u) is non-

zero. Let X\ be the unique weight diagram with A iu and deg(Atp) =0, and let
N be obtained from \ by reversing the orientation of all the caps in Atu. Then
G+ L(u) is a cyclic module generated by the image of the vector (ANtup), and
its irreducible socle is generated by the image of the vector (ANtum).

Proof. This follows from the descriptions of the head and socle of Gi\L(u)
in Theorem 3.5, on noting that the vectors (AMtum) and (ANtuf) in the basis
(3.11) are of degrees —caps(t) and caps(t), respectively. O

Special projective functors. For i € Z, we introduce the following special
projective functors:

E;:= P Gia, Fi:= P Ghr, (3.13)
[LA,s ATt
“Ei = @D *Gia, Fi == @ "Ghr, (3.14)

ILAs ATt
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where the direct sums are over all blocks I', A and crossingless matchings s,t
such that

(1) the labels o and x on the ith and (i + 1)th vertices of weights in I'" and
A match one of the configurations displayed in (3.15);

(2) the labels o and x on all other vertices are in the exactly same positions
in weights from I' and from A;

(3) s is the T'A-matching and ¢ is the Al-matching displayed in the strip
between the ith and (i+ 1)th vertices in (3.15), and s and ¢ have vertical
line segments connecting all other vertices not labelled o or x in weights

from I" and A.
© © A
N fj \ p
[ r
i il i il (3.15)

r
/ \ FJ t
R [ R A
So Ej;, F;,"E; and *F; are the endofunctors of Kj-mod;s defined by tensoring
with the graded (K, K )-bimodules

E; = P Ka(—caps(s)), Fy = @ Khr(—caps(t)), (3.16)
T'As At

= P Kir{—caps(s)), “Fy = P Kfa(—caps(t)), (3.17)
' As ATt

respectively, summing over the same sets as before. By the general theory of
projective functors reviewed earlier, there are canonical adjunctions making
(*Es, E;) and (*F;, F;) into adjoint pairs. All four functors are exact, they map
projectives to projectives, and they map finite dimensional modules to finite
dimensional modules.

Special projective functors on standard modules. Given weight diagrams

A and p and i € Z, we write A BN w if A and p have the same labels on all but
the ¢th and (¢ + 1)th vertices, and the ¢th and (i + 1)th vertices of A and p are
labelled as in one of the following cases:

' A VO | AO | XV | XA | xO | xO | VA | AV
PR ,u oV | oA | Vx | Ax | VA | AV | Ox | Ox (3.18)
degree | 0 | O | O | O | O |1 |-1|0

Similarly, we write A i w if A and p have the same labels on all but the ith
and (i 4+ 1)th vertices, and the ith and (i + 1)th vertices of A and p are labelled
as in one of the following cases:

, A oV | OA | VX | AX | VA | AV | Ox | Ox
PR 1 VO [ AO | XV | XA | xO | XO | VA | AV (3.19)
degree | 0 | O | O | O |—-1|01] 0|1
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Then define the edge degrees
deg(A 5 1) == #E{p < | A5 ' — N > AN Dl (3.20)
deg(A ¢ pu) = #{p' < | X'y = #{N > AN & (3.21)
The explicit values of these degrees are the numbers listed in the third rows of
(3.18) and (3.19), respectively. Note that A % p if and only if u < \; however

the degrees deg(\ = 1) and deg(ju L A) are in general different.

Theorem 3.7. The following hold for any weight diagram A and i € Z.
(1) The module EiV()\) has a filtration with sections isomorphic to the mod-

ules {V(p){deg(p = N)) | for all p such that p BN A}
(2) The module F;V () has a filtration with sections isomorphic to the mod-

ules {V (u){deg(p <= \)) | for all pu such that p & A}
(3) The module *E;V () has a filtration with sections isomorphic to the

modules {V (u){deg(\ = p)) | for all u such that A 5N W}
(4) The module *F;V (\) has a filtration with sections isomorphic to the

modules {V () (deg(\ <~ u)) | for all u such that A L [}

In all cases, the filtration is of length at most two; when it is of length exactly
two the standard module indexed by the biggest weight in the Bruhat ordering
> appears as a submodule and the other is a quotient.

Proof. Parts (1) and (2) follow from [BS2, Theorem 4.5]. Then (3) and (4)
follow from (2) and (1), respectively, using (3.9). O

Remark 3.8. To make the connection with Theorem 2.5 in the previous sec-
tion, fix § € Z, and suppose that A is the set of all bipartitions identified with a
set of weight diagrams according to the weight dictionary (1.3)—(1.5). Then A
is a connected component of the labelled directed graph just defined, and the
labelled directed edges between elements of A are exactly the same as in the
labelled directed graph introduced just before Theorem 2.5.

Special projective functors on projective modules. For a weight diagram
A\, i € Z and a symbol z € {o,A,v,x} we write A} for the weight diagram
obtained from A by relabelling the ith vertex by z. Then for i < j and symbols
z,y we set A7, := (ML)}, and so on.

Theorem 3.9. The following hold for any weight diagram A and i € 7Z.
(1) If A = NS then *B;P(A) = POLSTY).

2) If A=A ii+) then *E;P(\) = P(ALT)y.
(3) If A = A\ (’“) then *E;P(\) = PNy,
(4) If A=\ ’“) then *E;P(\) = PN,
(5) If A = X5 i) then *E;P(\) = PNV,
(6) If A = Av’“) then *E;P(\) = POALTDY (1) & POLED)y (1)
(7) If A = N then *E;P(\) =2 POXTTY),
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(8) If A= )\ﬁ,(f/ﬂ) and there is a cap connecting vertex i+1 to vertexr j > i+1
in X then *E;P(\) = P\,
(9) If A\ = )\Z‘A(XH) and there is a cap connecting vertex i to verter j < i in X
then *E;P(\) = PN,
(10) For all other \ we have that *E; P(\) = {0}.

For the analogous results with *E; replaced by *F;, interchange all occurrences
of o and x.

Proof. This can be deduced using [BS2, Theorem 4.2]. O

4. IDEMPOTENT TRUNCATIONS OF K (0)

In this section, we fix § € Z. We are going to establish some basic properties
of the algebra K, ¢(d) from Theorem 1.1, i.e. the algebra which will eventually
be shown to be Morita equivalent to the walled Brauer algebra B, s(4). In
particular we introduce counterparts for K, (J) of the walled Brauer algebras’s
i-induction and i-restriction functors, culminating in a result which is parallel
to Theorem 2.5.

Graded cellular algebras. We begin the section by recalling briefly the defi-
nition of a graded cellular algebra from [GL], [HM]. This means an associative
unital algebra H together with a cell datum (X, I,C,deg) such that

(1) X is a finite partially ordered set;

(2) I(\) is a finite set for each A € X;

(3) C: U)\GXI()\) xI(\) — H,(i,7) — Ci/\,j is an injective map whose image

is a basis for H;
(4) the map H — H, C,L-)"j — CJ/\Z is an algebra anti-automorphism;
(5) if A € X and 4,5 € I(\) then for any x € H we have that

xC’i‘j = Z rx(i',i)Ci),‘J (mod Hs))
eI\
where the scalar r,(i’,4) is independent of j and H~) denotes the sub-
space of H spanned by {C;:J | >Nk lel(pl;
(6) deg : U)\GXI()\) — Z,i — deg? is a function such that the Z-grading on
H defined by declaring each Ci):j is of degree degf‘ + degj‘ makes H into
a graded algebra.
Assuming H is a graded cellular algebra, we get for A € X an associated graded
cell module V(X) with basis {v; | € I(\)}. It is a graded left H-module with
deg(v;) := deg? and the action of z € H defined from z v; := Doiern) re (7, 0)vp.
Moreover there is a canonically defined homogeneous symmetric bilinear form
(.,.) on V(A) with radical rad V(A). The quotient L(A) := V(\)/rad V() is
either zero or an irreducible graded H-module, and the non-zero L(\)’s give

a complete set of pairwise inequivalent irreducible graded H-modules (up to
degree shift). See [GL], [HM] for details.

Graded cellular structure on K, ¢(6). Let A be the set of all bipartitions
identified with a set of weight diagrams using the weight dictionary (1.3)—(1.5).
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Let K () be the subalgebra €D, ,c5 exKey, of the universal arc algebra K from
the previous section. Note that A is a union of blocks. So the algebra K (J) is
a sum of some of the blocks of K from (3.4):

K@) = P Kr. (4.1)
FeA/~

Let K(d)-mod;s be the full subcategory of K-modys consisting of all modules
M such that M = @, exM. For A € A, the K-modules P(\), V()) and
L(X) from the previous section belong to K(§)-mod;. Moreover Theorem 3.1
specialises in an obvious way.
Let e, = Z)\EAM ex € K(0) be the idempotent from (1.6) and set
K, s(6) == erK(0)eys. (4.2)

It is immediate from (3.3) that K, ¢(6) has a basis consisting of diagrams (Aafz)
forall A\ C a D p with A\, p € Ar,s and a € A. The weight o here automatically
belongs to A, s; this follows because A, s is an upper set in the poset (A, <), i.e.
AeMA g, ne A< p= pel, Sothe basis for K, 4(J) can be denoted

{(\af|for all A C a D p with \, € A, and o € A, }.

In particular K, 4(0) is a positively graded, finite dimensional algebra with
identity e, s.
Multiplication by the idempotent e, s defines an exact functor

er,s + K(6)-mody — K, 4(0)-modyy,

where K, ;(d)-mody is the category of graded left K, ;(d)-modules that are
locally finite dimensional and bounded below.

Lemma 4.1. Let M and N be left K(§)-modules. If M is a finite direct sum
of summands of K(d)ey s then the natural map

Homp (5 (M, N) — Homg, (5 (ersM, e sN)
defined by the functor e, s is an isomorphism.
Proof. 1t is obviously an isomorphism for M = K(d)e, . O

Lemma 4.2. Let M be a right K(§)-module and N be a left K(0)-module. If
M is a direct sum of summands of e, K (0) or N is a direct sum of summands
of K(d)e, s, then the natural map

Mey s ®k, (5) er,s N = M Qf5) N, men—maen

18 an isomorphism.

Proof. Tt is obviously true if M = e, (K () or N = K(0)e, . O
For A € A, let

Pro(A) = ensP(N), (4.3)

ViaN) 1= eraV (), (4.4

Ly s(p) := ersL(p). (4.5)

Lemma 4.3. The following statements hold for any A € A.
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(1) Lys(X) # {0} if and only if X € A,..

(2) Vis(N) # {0} if and only if X € Ay 5.
Proof. (1) This is immediate from the definition of the idempotent e, 5.
(2) Suppose first that A € A\ A, 5. All composition factors of V(A) are of the
form L(p)(j) for p < A, hence p ¢ A, so we get that e, V(\) = {0} by
(1). Conversely if A € A, then V(\) has head L(\), so e, sV(A\) # {0} by
(1). Finally if A = (2,9) € A5\ A, then V()) has a composition factor
isomorphic to L(u)(1) where u = ((1),(1)) € A,.s by Theorem 3.1(1), hence
again e, sV (X) # {0}. O
Theorem 4.4. The algebra K, 4(0) is a graded cellular algebra with cell datum
(X,I,C,deg) defined by

X = A, I(a) :={Ae A |\ Ca},
C8, = (af), degs; = deg(Aa)

for oo € A g and X\, € I(cr). Moreover the following hold.

(1) The graded cell modules are the modules {V;. s(A) | A € A, s}

(2) For X € A,«,s the cell module V, s(\) has one-dimensional head Ly s(\),
and the modules {L.s(\) | X\ € Az} give a complete set of pairwise
non-isomorphic irreducible K, s(§)-modules (up to degree shift).

(3) The projective cover of Ly s(\) is Prs(\) = Ky 4(8)ex for each A € A,..

(4) For \ € Ar,s and p € A5, the graded composition multiplicity

(@) = S Vs () : Loy (0)]e’
1€Z
is given explicitly by the formula from Theorem 3.1(1).
(5) Irreducible modules Ly s(\) and Lys(u) for \,u € A, belong to the
same block if and only if A ~ p.
(6) For each A € A, 5, there is a resolution

v = e sPI(A) = e s Po(N) = Vis(A) = 0

in which e, sPi(\) = @,uGAr,S pgi)upr,s(ﬂ)@)? and px,(q) = 22‘20 P(;,)qu
is as in Theorem 3.1(3).

(7) If Aps = Ar,s; then K, ¢(6) is a graded quasi-hereditary algebra in the
sense of [CPS], and the V; s(\)’s are its graded standard modules. More-
over the resolution in (6) is a linear projective resolution, hence K, ¢(9)
is standard Koszul in the sense of [ADL].

Proof. The cellularity is deduced from [BS1, Theorem 4.4] in exactly the same
way as [BS1, Corollary 4.6].

(1) By definition, the graded cell module indexed by A € A, ¢ has a distinguished
homogeneous basis

{v,, | for all u C A with p € A, }.

Moreover the action of a basis vector (vaw) € K, 4(d) on v, is computed as
follows. First compute the product (vaw)(uAX) in the algebra K, 4(d) to get a
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(possibly zero) sum of basis vectors of the form (v3)). Then (vaw)v, is equal
to v, if (LAX) appears in this sum, and (vaw)v, = 0 otherwise. On the other
hand, using the original definition of V(\) as a quotient of P(\) given just
after (3.5), we see that V, s(\) has a basis given by the canonical images of the
vectors )

{(uA) | for all u C A with p € Ay 5},
and the action is defined by the algorithm just explained. Hence V. 4()) is
isomorphic to the graded cell module parametrised by A.
(2), (3) These are standard consequences of Lemma 4.3(1), since L(A) is the
irreducible head of both V/(\) and P(\).
(4) This follows from Theorem 3.1(1).
(5) This is a combinatorial exercise using (4) and the usual description of the
blocks of a cellular algebra in terms of its decomposition matrix.
(6) This follows by applying e, s to the resolution in Theorem 3.1(4), using also
Lemma 4.3(2).
(7) The fact that K, 4(0) is quasi-hereditary follows from the general theory of
cellular algebras since the number of isomorphism classes of irreducible modules
is equal to the number of cell modules when A, = Am. The fact that the
resolution is a linear projective resolution follows from (3). O

Idempotent truncations of special projective functors. In view of Re-
mark 3.8, the special projective functors from (3.13)-(3.14) restrict to well-
defined functors

Ei, E, *Ei7 *E : K(d)—modlf — K((S)—modlf .
By definition, these functors are defined by tensoring with the graded bimodules

from (3.16)—(3.17). Tensoring with various truncations of these bimodules gives
us the following right exact functors:

i- res’”“ Si=e, SE'eTH s Ok, 11,) 7 Kt s(0)-modyy — K, 4(0)-modys, (4.6)
iresy st = ep o Fier o1 ®r, 1 (5) 7 Krs1(8)-mody — Ko o(6)-mody, (4.7)
z'—deH’S = ertls E‘em QK, (5 )? : Ky 5(0)-modyy — Kry1,5(0)-mody, (4.8)
i-ind;’§ St— e, s+1 Fers Ok, .5 7 K r,s(0)-mody — Ky sy1(6)-modys . (4.9)

Lemma 4.5. For )\ € AnS and i € Z, *E; P()\) is isomorphic to a direct sum of
degree-shifted copies of P(u) for some i € AT+1 s- Conversely, given u € AT+1’S,
it is possible to choose A\ € AT,S and i € Z such that *E;P()\) has a summand
isomorphic (up to a degree shift) to P(u). The same two statements hold with
*E; replaced by *F; and ATJFLS replaced by Ar7s+1.

Proof. We just prove the lemma for *E;. First take A\ € Ar,s. The fact that
*E;P()\) is a sum of copies of degree-shifted copies P(u) for some p € A4y g
follows from Theorem 3.9. Conversely, take p € Ar+1,s~ We want to show there
exists A € A, and i € Z such that P(u) is isomorphic (up to a degree shift) to
a summand of *E; P()\). Some observations:
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(1) If we can find ¢ € Z such that the ¢th and (i + 1)th vertices of the
weight diagram of p are labelled oa, vx or va, then we are done by
Theorem 3.9(2), (3) or (5), respectively.

(2) If we can find ¢ € Z such that the ith and (i + 1)th vertices of u are
labelled ov, Ax or ox then we are done by Theorem 3.9(1), (4) or (6),
respectively, unless s = |u®|.

(3) If we can find i € Z such that the ith and (i + 1)th vertices of u are
labelled ox, we are done by Theorem 3.9(7) unless p = ((1),9), 6 =0
and s > 0; moreover we are done in the exceptional case by (2).

Using (1) and (3) we are reduced to the situation that every x or A in p has
either x or A immediately to its left. This implies that u“ = @, hence s > |uR|.
Hence by (2) every x must have actually x to its left, i.e. since the number
of x’s is finite there are actually no x’s at all. Then (2) once again gives that
1= (@,2) and § = 0, which contradicts the assumption that u € A, 14 O
Lemma 4.6. The following hold for allr,s > 0 and i € Z.
(1) The graded left K (8)-module *E;e,. s is isomorphic to a finite direct sum
of degree-shifted summands of K(0)ey41 5.
(2) The graded left K (8)-module *F; i€r s is isomorphic to a finite direct sum
of degree-shifted summands of K(§ )eT sl
(3) The graded right K (6)-module emEZ- is isomorphic to a finite direct sum
of degree-shifted summands of e,4+1,sK(6).
(4) The graded right K(§)-module ervsﬁi is isomorphic to a finite direct sum
of degree-shifted summands of e, 511K (9).

Proof. Parts (1) and (2) follow from Lemma 4.5. Parts (3) and (4) follow from
(1) and (2), respectively, on considering the mirror images of the diagrams in
a horizontal axis. O

Lemma 4.7. For ¢ € Z and r,s > 0, there are canonical isomorphisms of
functors

1- 1res7"+1 foerp1,s Zeps o Eyr K(0)-mody — K 5(§)-modyy,
i-res,’s st erst1 = ers 0 Fy 0 K(6)-mody — K, 4(6)-modyys .

Proof. We just construct the first isomorphism, since the second is similar. By
Lemma 4.6(3) and Lemma 4.2, the natural multiplication map is a bimodule

isomorphism e, JE; eril,s @K, p1.4(5) er+1,sK(0) = e, JE;. Tt remains to observe

that - res’”“ foept1,s and e, 5 0 By are the functors defined by tensoring with

these blmodules. O

Lemma 4.8. There are canonical adjunctions making (i 1nd’“HS ilfes”“'1 )

and (i-ind;; st g -res;’ SH) into adjoint pairs of functors. In partzcular, the func—

r+1 s T s+1

tors t-res, (md 1-res; are exact.

dr,s+1 T s+1 )

Proof. We just construct the adjunction for (i-in i-res; since the ar-
gument for (i- 11r1d7"+1 *,i-res) 1) is similar. The restriction of the isomorphism

from Lemma 3.4 gives a graded (Kys(9), Ky s41(6))-bimodule isomorphism

er,sKAr‘er,erl (—caps(t)) = eT,SHomK(6) (KIE*A<_C&pS(t)>> K(5))€7’,8+1
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for each A,T" and ¢ as in (3.17). The bimodule on the right is identified with
Hom ¢ (5) (K (—caps(t))er,s, K (8)er,s41). Summing over all AT and ¢, we get
a graded bimodule isomorphism

er,sﬁier,s-&-l = HomK(J) (*ﬁier,& K(5)€T,s+1)~

By Lemma 4.6(2) and Lemma 4.1, the functor e, 41 defines an isomorphism

HomK(é) (*ﬁier,& K(a)er,erl) 5 HOHlKT’S+1(5) (er,erl*ﬁier,& er,s+1K(5)€r,s+1)-

We have now constructed a graded (K. 4(6), Ky s+1(0))-bimodule isomorphism
er,sf‘ier,s—l-l = HomKr,s+1(5) (er,s—l—l*ﬁier,m Kfr,s—l—l(d))-

Applying Lemma 4.6(2) once more, e, 5+1*Een s is projective as a left K s11(0)-

module, so we deduce that the functor i—resﬁ;ﬁ“‘l = er,sFienSH@Kmﬂ((s)? is

isomorphic to the functor Homg, (s (er, s+1*ﬁier, s, 7). The latter is canonically
r,s+1 B
.8

right adjoint to i-ind;s"" = e s11"Fier s®k, (57 O

Lemma 4.9. For r,s > 0 such that (r,s,0) # (0,0,0), the right exact functor
Gr,s = T+1,5+1(6)67’73®K7«7s(5)? : Kr,s(é)—modlf — Kr—i—l,s—i—l (5)—m0dlf
has the following properties:

(1) GpsPrs(N) = Prj1s41(X) for each X € Am;
(2) GrsVis(A) =2 Vi1 s41(A) for each A € Ay .

Proof. (1) Take X € A, ; and recall from Theorem 4.4(3) that Py ,(\) = K, 4(d)e.
Hence Gr,sPr,s()\) = Kr+1,s+1(5)er,s®Kr,sPr,s()\) = Kr+1,s+1(5)6)\ = Pr+1,s+1()\)-
(2) We first show that G, sV} s(A) = Vigq s41(A) in the exceptional case § = 0,

r=s#0and A = (&,9). Observe that P(A) = V(A) by Theorem 3.1(2).

Let u = ((1),(1)), v = ((2),(1%)) and v = ((1%),(2)). Right multiplication

by (uA)) defines a graded K (6)-module homomorphism P(u){1) — rad V()).

It is easy to see that the kernel of this is generated by the vectors (v/up) and

(V" ). Hence there is an exact sequence

(P(V)® P(V")(2) = P(u)(1) — rad V(\) — 0. (4.10)
Multiplication defines a bimodule homorphism
eri1,s+1K(0)ers Ok, , ersK(6) = eryp1,s11K(0). (4.11)

Tensoring (4.11) and (4.10) together, noting e, s(rad V(X)) = e, sV () because
ersL(A\) = {0}, we get the following commutative diagram with exact rows:

(GT,SPT,S(V/) @ GT,SPT,S(V”))<2> —_— GT,SPT,S (,U/)<1> — GT‘,S‘/;‘,S(A) -0

! l l

(Pr+l,s+1(V/) S PT+1,s+1(V”))<2> E— PT+1,S+1(M)<1> — Vr—&-LS—i-I()‘)_) 0.

The two vertical arrows on the left are isomorphisms by the previous paragraph.
Hence the vertical arrow on the right is an isomorphism too by the five lemma.
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Finally for the general case, we may assume by the previous paragraph that
A € A, 5. By Theorem 3.1(3)—(4), there is an exact sequence

B P — PO = V(A) —0. (4.12)
HEA, s

Tensoring (4.11) and (4.12) together, we get a commutative diagram with exact
rows:

@ pg\%LGr,sPhs(M)<1> — Gr,sPr,s()\) — Gr,sw,s()\)g)o

l | |

D ALPrrsn ) — Prirsn(d) — Virena ()= 0,
,LLEAT,S

The two vertical arrows on the left are isomorphisms either by (1) or by the
previous paragraph in case u = (&,). Hence the arrow on the right is an
isomorphism too. O

The following theorem should be compared with Theorem 2.5.
Theorem 4.10. The following hold for A € A, s and i € Z.

(1) The module i-res;”; Vi s(\) has a filtration with sections isomorphic to
{Vio1,s(p)(deg(p A A) | for all p € Ay—q 5 such that p BN A}

(2) The module i-ves;; Vi s(\) has a filtration with sections isomorphic to
{Vis—1(p)(deg(p L A)) | for all € Ay s—1 such that p L A}

(3) The module i—indﬁjgl’sVr,s()\) has a filtration with sections isomorphic to
{Vig1,s(p)(deg(A AN w)) | for all p € Aryq,s such that A AN ph.

(4) The module i—ind::§+1w,s()\) has a filtration with sections isomorphic to
{Vis4+1 (1) (deg(A L w)) | for all p € Ay s41 such that L wh.

In all cases, the filtration is of length at most two; when it is of length exactly
two the module indexed by the biggest weight in the Bruhat ordering > appears
as a submodule and the other is a quotient.

Proof. We just explain in the first and last cases. For the first case, we have by
Lemma 4.7 that i-res”; Vi s(\) = i-res.”; (eqsV(N)) = er—1,5(EiV(N)). Now
apply Theorem 3.7(1). Instead consider i—indiziHVns()\). The case (r,s,0) =
(0,0,0) can be checked directly using the observation that i—ind?:§+1%78()\) =
eo,l*ﬁieop. Assuming (r,s,d) # (0,0,0), we can use Lemma 4.9 to get that

.. s+1 _ g

-indys Ve s (V) = ersi1 Fiers @k, 5) Vis (V)
= er,s—i-l*Fier—i-l,s-i—l ®KT-+1,5+1(5) Kr—i—l,s-{—l(é)er,s ®KT,S(6) V;“,s()\)
e st1 Fieri1,5+1 Ok, 11(5) Vit 1,s+1(A)-

Up to a grading shift, this is the same as i—res::gi’lsHVrH,sﬂ()\), which has the

appropriate filtration by the first case. O
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5. DIAGRAM BASES FOR SPECIAL ENDOMORPHISM ALGEBRAS

We return once again to the general setting of §3, so K is the universal
arc algebra. We are going to construct diagram bases for the endomorphism
algebras of the modules obtained by applying sequences of special projective
functors either to projective indecomposable modules or to irreducible modules.

Good homomorphisms. Suppose we are given blocks A, Il and I'. Let s
be a All-matching and ¢t be a Al-matching. Also fix A € Il and u € T.
In this subsection, we construct bases for Homp (G4 P(N), GipP (1)) and

Homp (G L(A), GarL(w)).
Given o = 88 t ~ such that A\ C a and v D p, define a homomorphism
fapy 1 GanP(\) = GarP(n) (5.1)
by declaring for (vwsk)) € G P(A) that fog,(vwsk)) is the (possibly zero)
sum of basis vectors of G'» obtained by drawing the diagram Aas*3tyz on top

of gws&} then applying the following extended surgery procedure to contract
the wskA|Aas*B-part of the diagram.

(1) First consider all the mirror image pairs of closed circles from the dia-
grams wsk and Aas*3. If the circles from at least one of these pairs
are oriented in the same way (both anti-clockwise or both clockwise),
the extended surgery procedure gives 0.

(2) Assuming all the mirror image pairs of circles are oppositely oriented,
we replace skA by red(s\) and Mas* by red(As*), join corresponding
pairs of rays, then apply the usual surgery procedure to contract the
symmetric red(s\) red(\s*)-section of the resulting diagram.

Theorem 5.1. The homomorphisms
{fag,y ‘ for all o < B Z’y such that A C o« and v D u} (5.2)
give a basis for Homg (G P(N), GApP(1)). Moreover fop, is of degree
deg(Aas™Btyi) + caps(s) — 2cups(s) — caps(t).

Proof. Using (3.9), Lemma 3.3 and the canonical adjunction, we get graded
vector space isomorphisms

Homg (GAgP(A), Gar P(1))
=~ Homg (*Giia P(N), Gar P(1)
= Homp (P(A), GHAG P(u))

=~ Homy (Key, Kijkre,)(caps(s
(

(caps(s) — cups(s))

caps(s) — cups(s))

cups(s) — caps(s*) — caps(t))
caps(t)).

)
{

~

) —
= e\ Ki hreu{caps(s) — 2cups(s) —
The space e,\KﬁXFeM has basis given by all (Aas*ftyn) for a 2B t ~ with
A C o and v D p. It remains to trace these basis vectors through the explicit
definitions of above isomorphisms to see that they correspond exactly to the
homomorphisms fq3-. O
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Remark 5.2. One can also work with the adjoint projective functors from
(3.8). In those terms, Theorem 5.1 shows that the homomorphisms (5.2) give
a basis for Homg (*GiAP()\),"GEAP(p)). Moreover now f,p, is of degree
deg(Aas*ftym) — caps(s*) — cups(t); this follows from (3.9).

A good homomorphism is a map f : GApP(A\) — GA\pP(u) that factors
through the canonical quotient maps to induce f : Gy L(\) = G4 L(p) mak-
ing the following diagram commute:

s f
SpP(\) —— GLP(p)
Gan(e) | | Ao

s i
AnL(A) —— GirL(p).
Theorem 5.3. Let u := red(s*t). The space Homp (G L(N), GhrL(w)) is

non-zero if and only if X - w and deg(Aup) = 0. Assuming this condition holds,
let X be obtained from X by reversing the orientation of all the caps in \up.

(1) The homomorphisms

{faﬂ forallasjﬂtf’y such that)\Ca,’yDu,}
"1 and either a = N or v # u

give a basis for the subspace of Homp (G P(N), GipP (1)) consisting
of all good homomorphisms.
(2) The induced homomorphisms fapy : GgL(A) — GY\pL(p) are zero for

allaSj B Ev such that A C a,y D p and v # p.
(3) The induced homomorphisms fyp, : GigL(\) — G4rL(p) for all B

such that ' * B tf,u give a basis for Homp (G L(N), G L(1)).

Proof. We will ignore grading shifts throughout the proof. Also we’ll often
use Lemma 3.3 without explicit reference to identify the composite functor
f-f A © GtAF with the functor KEXF(X) k! hence with a direct sum of copies of
G- This allows us to apply Theorem 3.5 and Corollary 3.6 to Gf;AGtAFL(u).
For the opening statement, Homg (GigL(N), GApL(p)) # {0} if and only
if L()\) appears in the socle of G${AGhrL(1). Now write G GArL(1) as a
direct sum of copies of G}, L(11) and apply the last part of Theorem 3.5.

For the rest of the proof, we assume that A ¢ w and deg(Aup) = 0. Let X be
defined as in the statement of the theorem. Note the assumption on A implies
automatically that A C X and red(Au) = u. Let Q := eAKﬁ*AtFeu and R, S be
the subspaces spanned by the vectors N

{(A/\’s*ﬂtuﬁ) ‘ for all 3 such that \ ¢ B t ,u,}, (5.3)

{Qas*Btvm) | for all a % I6] t v such that A C o, y D pand v # p},  (5.4)

respectively. Let p: Q — Q/S be the quotient and i : (R+5)/S < Q/S be the
inclusion. Adopting the shorthand H := Homg, let ¢,r,j and k be the other
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vertical maps indicated in the following diagram:

H(GAnP(\), GarP(1)) —;d—J+ H(P(X), GiaGArP(m) —— Q

lr:fHGtAF(p”)of J{q:f’_)GlS'[*AGtAF(p#)Of lp
H(GAnP(A), GarL(w)) *a_;.—) H(P(\), GiaGhrL(p)) __:__> Q/S

Tk:fooGzn(m) Tj:foopA T
H(GAnL(N), G L(p)) ’a—;ﬁ H(L(X), GiAGArL(1)) *—:°$ (R+8)/S.

Horizontal isomorphisms making the diagram commute are defined as follows.

adj: The three maps adj are the isomorphisms coming from the canonical
adjunction. The two squares on the left commute by naturality.

a: We can identify G§j\GLpP(u) with K{{re,. Then evaluation at e
gives the isomorphism a.

b: The vertical map ¢ in the diagram is surjective by projectivity. Its kernel
is the set of all homomorphisms P(A) — GA G P(p) which map ey
to ker G§j G4 (py). The first statement of Theorem 3.5 explains how
to identify ker fo AG4r(py) with an explicit subspace of Kgipe,. It
follows that a(ker ¢) = S. Hence the isomorphism a factors uniquely to
induce the isomorphism b making the top right square commute.

c: The vertical map j in the diagram is obviously injective. Its image
is the set of all homomorphisms P(\) — G§AG4pL(p) which map
ex to soc GHAGArL(p). Using the explicit description of this socle
from Corollary 3.6, it follows that b(imj) = (R + S)/S. Hence the
isomorphism b restricts to an isomorphism ¢ making the bottom right
square commute.

Recall also from the proof of Theorem 5.1 that the composite a o adj of the
maps at the top of our commuting diagram sends fo3, to (Aas*Bty).

To complete the proof of the theorem, we have that p~!(imi) = R+S. By def-
inition, the space of good homomorphisms is 7 ~!(im k). Hence by the commuta-
tivity of the diagram, the space of good homomorphisms is (a o adj) "' (R + 9).
The union of the vectors (5.3)-(5.4) gives a basis for R + S, and applying
(acadj)~! gives the basis in (1). To deduce (2), we need to show that 7(fag,) = 0

for all « s I5; * ~ such that A\ C a,,y¥ D p and v # p. This follows because

(boadjor)(fasy) = (poaocadj)(fapy) = (Aas™ftym) +5 =0
by the definition of S. Finally for (3), the image of the vectors (5.3) gives a

basis for (R + S)/S. Now apply (coadj)~! and use the commutativity of the
diagram once again. O

Remark 5.4. Suppose we are given « - I3 t v such that A C o and v D p.
Then f,5, is a good homomorphism inducing a non-zero f,s, as in Theo-
rem 5.3(3) if and only if Aas*ftyn satisfies the following properties.
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(1) Each connected component in the diagram crosses the top number line
at most twice. If it crosses the top number line exactly twice then it is
an anti-clockwise circle.

(2) Each connected component crosses the bottom number line at most
twice. If it crosses the bottom number line exactly twice and does not
cross the top number line then it is a clockwise circle.

This follows because the properties (1) and (2) are equivalent to the assertions
A, deg(Mup) = 0, v = g and o = X, where u and X are as in Theorem 5.3.

Assume finally that we are given another block €2, a AQ-matching u, and
v € Q). We want to explain an algorithm to compose the homomorphisms

faﬁﬂ/ : GSAHP()‘) - GtAFP(ﬂ) féecp : GtAFP(:u) - GZQP(V) (5'5)

for A C i B t YyOpuCd T o D v. To do this, draw the diagram Aas* Bty
underneath the diagram pudt*eupr, then apply the extended surgery procedure
as above to contract the [tyi|udt*e-part of the diagram. This produces a
(possibly zero) sum of diagrams of the form Aps*ourv. The composition fse, o
fapy is the sum of the corresponding fpor € Hompg (GAgP(N), GRoP(V)).

If fopy and fse, are both good homomorphisms with fag,y #0+# féesm so that
the induced maps fa/g,y and ﬁ?eso are basis vectors like in Theorem 5.3(3), then
we can modify the algorithm in the previous paragraph to compute féw o faﬁ,y
too. We may as well assume for this that Homg (G L(N), GRoL(v)) # {0}.
First write fse, © fagy as a sum of maps fpor € Homg (GAGP(N), GRoP(V)).
Since the composition of two good homomorphisms is automatically good, The-
orem 5.3(1) implies that the resulting sum only involves f,,,’s that are them-
selves good homomorphisms. Then descend to Homg (G L(N), GRgL(v)) by
replacing each f,,- in the sum in which 7 = v by fpm, and discarding all other
foor since these induce zero by Theorem 5.3(2). This produces the required
linear combination of basis vectors.

Special endomorphism algebras. Recall from the introduction that %,
denotes the set of all sequences consisting of 7 E’s and s F’s shufied together
in some way. For R = RWR®A) ... RU+5) ¢ 2, . let *R := *RU+9) .. .*R2)*R(1)
which is a sequence consisting of r *E’s and s *F’s. We interpret R and *R as
compositions of the functors

E:=E, F:=PF, ‘E:=E;, F=F. (56
ic? ic?, ic?, icZ

So R and "R are both endofunctors of K-mod, and there is a canonical ad-

junction making (*R, R) into an adjoint pair. Moreover we have the natural

decompositions
R= @ R, "R= P R (5.7)
icZrts i€Zrts

where R; := R\VRY - RU'") and *R; == *R{'"Y .. *RPR{.
Given M € K-mody and R € %, , we can consider the endomorphism

algebra End g (*R M )°P. However this might not have finite (or even countable)
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dimension in general, so instead we work with the subalgebra
End'CRM)® = @ Homg(*RiM,*R;M) (5.8)
i,jELT S
of Endg (*R M )°P consisting of locally finite endomorphisms of *R M. In this

subalgebra, we have an obvious system {e(¢) |2 € Z"*} of mutually orthogonal
idempotents such that

e(3)End" ("R M)°Pe(j) = Homg (“RiM, *"R; M). (5.9)

In all the applications we will meet later in the article, End{én(*R M)°P will actu-
ally be finite dimensional. In that case, we have simply that Endﬁ"(*R M)°P =
Endg (*R M)°P, all but finitely many of the e(2)’s are zero, and they sum to 1.

We have that *(RE) = *E*R and (RF') = *F*R. The functors *E; and *F;
define algebra homomorphisms

(BB End}" ("R M) — End}"((RE)M)®, = *Ei(f), (5.10)
RE Endf" ("R M) — Endj"((RF)M)*P,  f = *Ey(f). (5.11)
These maps send the idempotent e(z) to e(¢:) where ¢i denotes (i1, ..., %ts,1).

In particular if Endﬁ"(*R M) is finite dimensional, then Lg;]‘f and ng map 1 to
the idempotents

137 := 3" e(i) € Endl"((RE)M)°?, (5.12)
iezr+s+l
lr4s+1=1

158 = 3" e(i) € End" ((RF) M), (5.13)
jezr+stl
lr4s+1=1

respectively.

Generalised tableauxr. Fix R = RVR® ... Rlr+s) ¢ Fyr.s and a weight di-
agram 7. In the rest of the section, we are going to construct bases for the
algebras Endﬁ”(*R P(n))°P and Endﬁn(*R L(n))°P. We must first develop some
combinatorics of paths in the labelled directed graph from (3.18)—(3.19).

An R-tableau of typen is a chain T = (MO XD A+9)) of weight diagrams
such that n € A and the following hold for each a = 1,...,7 + s.

(1) If R@ = E then Ale~1) 4 A\@ for some i, € Z.
(2) If R = F then A(¢=1 & X9 for some i, € Z.
Let Jr(n) denote the set of all R-tableaux of type n. The shape sh(T) of T

is the final weight diagram A" in the chain, and the content is the tuple
it = (i1,...,ir4s) € Z'® arising from the labels on the edges in (1)-(2). For
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example if

(and all other vertices are labelled o) then T = (A, AW X2 AG) A\®)) is an
EF E?-tableau of type 1 and content (1,3,5,3).

We need several other combinatorial notions related to R-tableaux, all of
which depend implicitly on 7. Suppose T = (A, ... X09)) € Fi(n). First we
associate two more diagrams denoted T and T. The former is defined as follows.

(1) Draw the weight diagrams of the bipartitions A(®), ... A+%) in order
from bottom to top, leaving some vertical space between them.

(2) For each a = 1,...,r + s, connect the weight diagrams A(¢~1 and A(@)
together by inserting into the space between them the unique crossing-
less matching from (3.15) that is consistent with their labels.

(3) Finally glue n onto the bottom of the diagram.

The definition of T is similar: draw the bipartitions A(9), ... A(""$) in order from
top to bottom, connect pairs of weight diagrams using the unique crossingless
matching from (3.15) that fits, then glue 77 onto the top of the diagram. For
the above example, these diagrams are as follows:

~ Vs \

N\

=
I
=
I

ARY

N ~

We let red(T) be the labelled cup diagram obtained from T by removing all of
the number lines except for the top one, together with all connected components
that do not cross the top number line. In the running example, we have that

red(T) = J u T

Similarly we define red(T), which is a labelled cap diagram. Finally the degree
of T is

deg(T) := deg(T) — caps(T) = deg(T) — cups(T), (5.14)
where caps(T) and cups(T) are the total numbers of caps and cups in the dia-
grams, respectively. For the running example, deg(T) = 2.
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Remark 5.5. Using (3.18)—(3.19), one can check that

deg(T) = deg(ﬁ)\(o)) + Z deg(A@~ 1) Iy A@)y 4 Z deg(A(@71) {= \(@)
1<a<r+s 1<a<r+s
R@=F R@=F

for T € Tr(n) with 47 = (i1,...,drts).

Diagram bases for Endﬁ"’(*RP(n))Op and Endﬁn(*RL(n))"p. Con-
tinue with R and 7 fixed as in the previous subsection.

Lemma 5.6. The left K-module *R P(n) has a distinguished basis
{(W) | for all U € Tr(n) and v C sh(U)}. (5.15)

The action of (Aam) € K on (VU) € *RP(n) is as follows. It acts as zero
unless = v. Assuming u = v, draw Ao underneath the diagram vU, connect
corresponding pairs of rays, then apply the surgery procedure to contract the
symmetric py-section of the diagram.

Proof. This is constructed in the same way as the basis (3.10), using the iterated
version of the first isomorphism in Lemma 3.3 (see [BS2, Theorem 3.5(iii)]). O

Given S,T € Jr(n) with sh(S) = sh(T), we can concatenate to obtain the
composite diagram ST. We associate the homomorphism

fst : "R P(n) — "R P(n) (5.16)

defined on a basis vector (vU) from (5.15) as follows. If 3" # i° then we set
fsr(¥U) := 0. If 4V = 4°, the diagrams U and S are mirror images of each other
(but the labels on their number lines can be different). We compute fsr(2U) by
drawing ST on top of U, then applying the following extended surgery procedure
to contract the U|S-part of the diagram.

(1) First consider all the mirror image pairs of closed circles from the dia-
grams U and S. If the circles from at least one of these pairs are oriented
in the same way (both anti-clockwise or both clockwise), the extended
surgery procedure gives 0.

(2) Assuming all the mirror image pairs of circles are oppositely oriented,
we replace U by red(U) and S by red(8), join corresponding pairs of
rays, then apply the usual surgery procedure to contract the symmetric
section of the resulting diagram.

This should be compared with the definition of f,g from (5.1).
Note that the vector (vU) from (5.15) lies in the summand *R;v P(n). So fsr

belongs to Homg (*R;s P(n), *R;r P(n)). We deduce that

e(i) fst = {fST if i =4, fsre(d) = {fST if 4 =1, (5.17)

0 otherwise, 0 otherwise.

Theorem 5.7. The homomorphisms
{fst | for all S, T € Tr(n) with sh(S) = sh(T)} (5.18)
give a basis for Endﬁn(*R P(n))°P. Moreover fsr is of degree deg(S) + deg(T).
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Proof. Using the iterated version of Lemma 3.3 (see [BS2, Theorem 3.6] for
the precise formulation), we decompose the functor *R into a direct sum of
indecomposable projective functors, then apply Theorem 5.1. Actually Re-
mark 5.2 is slightly more convenient since it gives directly that fsr is of degree
deg(ST) — caps(8) — cups(T) = deg(S) + deg(T). O

Now we pass from EndJ" (*R P(1))°P to EndJ™ (*R L(n))°P. A good pair (S,T)
of R-tableaux of type 1 means a pair of tableaux 8, T € Jr(n) of the same shape
such that the following hold.

(1) Each connected component in the diagram ST crosses the top number
line at most twice. If it crosses the top number line exactly twice then
it is an anti-clockwise circle.

(2) Each connected component in ST crosses the bottom number line at
most twice. If it crosses exactly twice and it does not cross the top
number line then it is a clockwise circle.

These are the same conditions as in Remark 5.4.

Theorem 5.8. If (S,T) is a good pair of R-tableauz of type n, then the homo-
morphism fsr from (5.16) factors through the quotients to induce a non-zero
map fsr: *RL(n) — *R L(n). The homomorphisms

{fst | for all good pairs (S,T) of R-tableauz of type n} (5.19)
give a basis for End{é"(*R L(n))°P. Moreover fsr is of degree deg(S) 4 deg(T).

Proof. This is deduced from Theorem 5.3 (and Remark 5.4) in the same way
that Theorem 5.7 was deduced from Theorem 5.1 above. O

Algorithms to compute with the diagram bases. We conclude the section
by explaining various algorithms to compute with the bases (5.18) and (5.19).
We will give some concrete examples in a special case in the next section.

Products. We first explain how to compute products. For this, we adapt the al-
gorithms for composing homomorphisms explained after Remark 5.4. To com-
pute products in Endﬁ"(*R P(n))°P, take two basis vectors fyy and fsr from
(5.18). We have that fsrfyy = 0 unless ¢' = ¢’. Assuming i’ = 3°, we draw
ST underneath UV, then apply the extended surgery procedure from (5.16) to
contract the T|U-part of the diagram. This produces a (possibly zero) sum of
diagrams of the form (XY) such that * = 4° and i* = i"; the product fsr fyy is
the corresponding sum of homomorphisms fxy € Endﬁ"(*R P(n))°P. B

Now suppose that (U, V) and (8, T) are both good pairs, so that fyy and fsr are
basis vectors from (5.19). To compute the product fyy fsr in Endﬁ"(*R L(n))°P,
we expand fyy fst as a sum of fxy using the algorithm in the previous paragraph.
Then we replace all fxy in which (X,Y) is not a good pair by zero, and all
remaining fxy by fxy. This giVGS fuvfs'r.

Homomorphisms. Next we explain how to compute the maps (5.10)—(5.11)
in terms of our diagram bases. Take S,T € Jgr(n) of the same shape. To
compute Lg{f (fst) (resp. ng (fst)), the rough idea is to insert two new levels
at the middle number line of the diagram ST containing the unique composite
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matching displayed in (5.20) (resp. (5.21)) that is consistent with the labels on
the number line; if none of the configurations match we set (2 (fsr) := 0 (resp.

Lg;};(fST) = 0).

iR ;:i {:>\ ;:) (:i (5.20)
7 i+1 ) i+1 % i+1 ) i+1
Lgf : i O > < (5.21)

Here, we display only the strip between the ith and (i + 1)th vertices, and there
are only vertical line segments joining the vertices labelled A or v outside of
this strip. For the second, third and fourth of these configurations, it is quite
clear how to do this: insert the new levels into ST, complete the labels on the
new middle number line in the only possible way to get a consistently oriented
diagram, and this produces the desired basis vector in Endﬁ"(*(RE)P(n))OP

(resp. Endﬁn(*(RF )P(n))°P). The first configuration is a little more subtle and
involves applying one iteration of the surgery procedure. We refer to [BS3,
(6.34)] where this is explained in more detail in an analogous situation. The
proof that this is correct follows the same argument as [BS3, Theorem 6.11].

Finally we assume in addition that (S,T) is a good pair and modify the
algorithm in the previous paragraph to compute ng (fst) (vesp. Lg;}; (fst)). First
one computes ¢t (fst) (vesp. 1] (fs)) exactly as in the previous paragraph to
obtain a sum of basis vectors for the form fyy. The result is automatically a
good homomorphism, so it remains to replace all fxy in which (X,Y) is not a
good pair by zero, and the remaining ones by fy.

6. THE GRADED WALLED BRAUER ALGEBRA

In this section § € Z and R = RW ... R(r+s) ¢ s are fixed. We are ready
to define the graded version Br(6) of the walled Brauer algebra B, ¢(d) and to
show that it is graded Morita equivalent to the basic algebra K, ¢(d) from §4.
The proof that Br(6) is isomorphic to B, ¢(d) is deferred to §8.

Definition of the algebra Br(d). According to the weight dictionary (1.3)—
(1.5), the empty bipartition (&, @) is identified with the weight diagram

L . i8>0
n:i= { 0 (6.1)

. o o o if5<0




WALLED BRAUER ALGEBRAS 37

(where there are infinitely many vertices labelled A to the left and v to the
right). In this section we refer to the generalised R-tableaux of type n as
defined in the previous section simply as R-tableauz, and denote the set of
all such R-tableaux by Jz(d). As n is maximal in the Bruhat order, any
T = (A0, ... A0+9)) € FR(6) necessarily has A®) = 5. For 8,T € Fx(6)
with sh(S) = sh(T), we often talk about boundary cups in the diagrams 8, T or
ST, meaning connected components that intersect the top number line twice.
Similarly we define boundary caps to be components that intersect the bottom
number line twice.

It is often convenient to represent elements of 7r(6) as chains of bipartitions
in the graph defined just before Theorem 2.5 rather than as chains of weight
diagrams; this is justified by Remark 3.8. Let

rq :=#{b=1,...,a| R® = E}, s,:=#{b=1,...,a| R® = F}.

Then elements of JR(d) are paths T = (MO AW . A0+9)) in the Bratelli
diagram that describes the branching of cell modules of B, ¢(6) with respect
to the chain of subalgebras By o(8) < By, s,(0) < Brys,(d) < -+ < Byg(6); in
particular A©) = (@, ) and AU+) € A,,. Note also for T € J(6) that the
alternative formula for deg(T) from Remark 5.5 can be written as

deg(T) = Y deg(A* DAy 3" deg(Al*D &AW (6.2)
1<a<r+s 1<a<lr+s
R =F R@=F
for i* = (i1,...,4ir4+5). Combined with (3.20)-(3.21), this formula allows the
degree of an R-tableau to be computed directly from the underlying chain of
bipartitions (and the value of §). We will give some examples in the next
subsection.
Since the set JR(0) is finite for any R € %, s, Theorem 5.7 implies that the
graded algebra

Bp(8) := End{5 ("R P(n))*? (6.3)

is finite dimensional. This means we can drop the “fin” in our notation here.
We call Br(§) the graded walled Brauer algebra of type R. This name will be
justified later in the article, when we show (on forgetting the grading) that
Bpr(6) is isomorphic to the walled Brauer algebra B, ((d). By Theorem 5.7,
Bpr(0) has a homogeneous basis

{fsr | for all S, T € Fr(J) with sh(S) = sh(T)} (6.4)

such that fsr is of degree deg(S) + deg(T). Products can be computed in this
basis using the algorithm explained at the end of §5. Recall also that there is
system {e(2) | i € Z"*} of mutually orthogonal idempotents in Bg(d) charac-
terised by (5.17). All but finitely many of the e(¢)’s are zero and their sum is
1. In fact e(i) # 0 if and only if there exists an R-tableau T with ' = 4. Again
we refer the reader to the next subsection for some examples.

The non-unital homomorphisms

Lgf : BR(5) — BRE(5)7 Lg}; : BR((S) — BRF(é) (65)
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from (5.10)—(5.11) map 1 to 1%5 € Brp(d) and 1%5 € Brr(0), respectively.
The effect of these maps on the basis elements (6.4) can be computed explicitly
by the algorithm explained at the end of §5. Associated to these maps, we

have adjoint pairs (i-indR¥, i-res®¥) and (i-ind®", i-res®") of induction and

restriction functors defined exactly like in (2.15)—(2.18). Thus
i-resi? : Bpp(d)-mod;; — Br(d)-modyy, (6.6)
i-resft : Bpp(6)-mody — Br(d)-mody (6.7)

are the exact functors defined by multiplication by the idempotents 1% R ; and

1%{ , respectively, and

i—ind%E : BR((S)—mOdlf — BRE(5)—mOdlf, (68)
i—indgF : BR(5)-mOdlf — BRF((S)—mOdlf (6.9)

are the right exact functors BRE(5)1§§®BR(5)?, and BRF(5)13F®BR( )7, re-
spectively. Later in the article we will also relate these graded i-induction and
i-restriction functors to the ungraded ones defined earlier.

Examples. In this subsection we give some examples to illustrate the definition
of Br(6), taking ¢ := 0 throughout.
We first describe B2 (0). Here are all the E2F-tableaux:

= (2, (1), ) F((1%), ) S ((1),2)),
(1),2) = ((2),2) < (1), 2)),

(2, (1), ) P ((17), ) & ((1%), (1)),
(

= ((@

=(
V=((2,2) > ((1),2) = ((2),2) < ((2),(1))).
The algebra Bg2(0) has basis { fss, fr1, fst, frs JU{ fou }U{ fuv}. These elements
are represented by the diagrams

)% (1
2) % (1
)% (1
O

\J

\J

A

\J

\J

o X o X o X o X o X o X
) X O O X O>\ X X o X
@] X @] X (¢] X [e] X
o X o X o X o X o X o X

~

~

-

~

~

~

Using the explicit multiplication rule, it follows easily that
BEQF(O) = MQ(C) @ (C @ C,

and the diagram basis consists of matrix units; in particular the idempotents
fss and frr give the diagonal matrix units in Ms(C). Moreover, recalling that
the degree of fsr is the total number of clockwise cups and caps in ST minus the
number of caps in 8 minus the number of cups in T, the grading on Bg2p(0) is
trivial (concentrated in degree zero).
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Consider instead the algebra Brp2(0). There are also four F'E2-tableaux:

= ((2,2) & (2,(1)) > (1), (1) > (1), 2)),

(2,2) & (2.(1) > (2,2) > ((1),9)),
(2,2) ¢ (2,(1) > (1), (1) = ((1%), (1)),
(2,2) & (2,(1) > (1), (1) > ((2). (1)).

The algebra Bpp2(0) has basis { fsr, frs, fos, frr} U{fow} U {fuv}:

\J \J \J \J \J

X 0O X O X O X 0O X O

0110 14+0 S2ERIAS

£y Y £Y Y ALY

This is also a semisimple algebra isomorphic to My (C)®CaC, with the idempo-
tents fgrp and frg giving the diagonal matrix units in My (C). But the grading
is no longer trivial as the off-diagonal matrix units fgrg and fr in the copy of
M5(C) are of degrees —2 and 2, respectively. Comparing with the preceding ex-
ample, we see that Bp2p(0) and Bpg2(0) are isomorphic as ungraded algebras
but not as graded algebras.

Finally we give a less trivial example which is not semisimple. Consider
R = E?F?. There are ten R-tableaux, namely, the paths in the following
Bratelli diagram.

5
5 (
S (
5

C

X
[¢]

QIO

X
O
X
o

»
»

T ((12),(12)

The algebra Bg22(0) is of dimension 24, and the diagrams representing its basis
are displayed in Figure 1. Using the multiplication rule, one can check directly
in this example that the Jacobson radical is of dimension 16 and is spanned by
all the basis vectors { fst} such that either S has a clockwise boundary cup or T
has a clockwise boundary cap; cf. Corollary 6.8 below. Moreover the quotient
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of Bpzp2(0) by its Jacobson radical is isomorphic to Ma(C) @ C e C @ C @ C;
cf. Theorem 6.7 below.

Graded Morita equivalence. In this subsection we prove that Bpr(d) is
graded Morita equivalent to K, ¢(6). Let n be as in (6.1) and recall that Bg(J)
is the endomorphism algebra of the K(d)-module *R P(n), while K, (§) =
ersK(0)er s according to (4.2).

Lemma 6.1. Every indecomposable summand of *R P(n) is isomorphic (up to
grading shift) to one of the projective indecomposable modules {P(\)| X € A, ¢}.
Moreover every such P(\) appears as a summand.

Proof. Proceed by induction on r + s, the case r + s = 0 being trivial. For
the induction step, suppose we have shown already that the indecomposable
summands of *R P(n) are the modules {P(\) |\ € A,.;}. We need to show that
the indecomposable summands of *E*R P(n) and *F*R P(n) are the modules
{PO) | A € Apyr s} and {P(A) | X € Aygy1}, respectively. This follows from
Lemma 4.5. U

Now we can construct the Morita equivalence. Set
Pr(d) :== e, s"R P(n), (6.10)
which is a graded (K, 5(0), Br(0))-bimodule spanned by the vectors (vU) from

(5.15) with U € Jg(d) and v € A, s such that v C sh(U). Recall also the functors
(4.6)—(4.9) and (6.6)—(6.9).

Theorem 6.2. The functor
fR = HOmKT’S((;)(PR((S), ?) : Km(é)—modlf — BR((S)—HlOdlf (6.11)

is an equivalence of categories commuting with i-restriction and i-induction,
i.e. there are isomorphisms of functors

:;1’5 o~ i—resﬁE ofrp : Kyq1,5(6)-modyy — Bp

fro i—res:::iﬂ o i-resﬁF ofrr : Ky st1
K,

fre o i—ind::gl’s ~ i—indﬁE ofp: K, 4(6
frp o i-indﬁ:i“ =~ i-indgF ofp: K,
Proof. By Lemma 6.1 and Theorem 4.4(3), Pr(0) = e, s*R P(n) is a graded pro-
jective generator for the category K, (0)-mod;. Moreover the endomorphism
algebra Endg, (5)(Pr(0))° is identified with Br(d) = Endgs) ("R P(n))°P by
Lemma 4.1 (and Lemma 6.1 again). Hence fg is an equivalence of categories
by general principles.

For the four isomorphisms of functors, it is enough to prove the ones involving
restriction, since the ones for induction then follow by unicity of adjoints. We
just explain the argument for the first isomorphism of functors, since the second

fr oi-res (6)-modyy,
(0)-modjy — Br(d)-modyy,
)—modlf — BRE((S)—HlOdlf,

(5) modlf — BRF((S) modlf.
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is similar. For this, we use the following chain of graded (Bgr(6), Kr+1,5(0))-
bimodule isomorphisms.

fR(i'reS;:gLsKr—&-l,S((s)) = HomKr,s(é)(er,s*R P(n), er,sEier+1,S)

= Hom (5 ("R P(n), Ei€r11,5)
= Hompg (5 ("R P(n), Ei K (6)€r+1,s)
= Homp () ("E;"R P(n), K(d)er+1,5)
= i-resyy” (Homp(5) ("E"R P(n), K (8)er1,5))
= i'reng(HomKrH,s(&)(er—l—l,s*(RE) P(n), Krt1,5(6)))
= i—resﬁE(fREKHLs(é)).

The second and the penultimate isomorphisms here follow from Lemmas 4.1

and 6.1. 0

In the rest of the subsection, we give an alternative description of the Morita
equivalence fi from Theorem 6.2 which is sometimes easier for explicit compu-
tations. As well as the left K (0)-module *R P(n) = *R K (0)e,, we can consider
the right K(6)-module e, R K(6). Just like in Lemma 5.6, e, R K(6) has a dis-
tinguished basis

{(UP) | for all U € T (5) and v C sh(v)}. (6.12)

The right action of K (d) on elements of this basis can be computed similarly to
the left action in Lemma 5.6. We make e, R K (0) into a left Br(d)-module by
defining fsr(UP) to be zero if i* # 47, while if i7 = 4" it is computed by drawing
ST underneath Uv and applying the extended surgery procedure as usual. Set
Qr(0) :=e,RK(0)ers, (6.13)
which is a graded (Bgr(9), K s(d))-bimodule spanned by the vectors (Ur) from

(6.12) in which v € A, 5. Recalling also the bimodule Pr(J) from (6.10), there
are bimodule homomorphisms

PR((S) ®BR(5) QR(d) — Kr,s<5)7 QR((S) ®Kr,s(5) PR((S) — BR((S), (614)
defined by the (by now) obvious multiplication maps; the first involves the

extended surgery procedure once again.

Lemma 6.3. There is a canonical isomorphism of graded (Br(6), K, s(0))-
bimodules Qr(6) = Homg, (5 (Pr(0), Krs(0)). Hence the functor fr from
(6.11) is isomorphic to the functor Qr(6)®k, ,(5)?- Moreover the bimodule
homomorphisms in (6.14) are both isomorphisms.

Proof. Lemmas 3.3 and 3.4 give us a canonical graded (Bg(d), K(6))-bimodule
isomorphism Hom g5 ("R P(n), K(0)) = e, R K(5). It restricts to an isomor-
phism of (Br(0), K, s(J))-bimodules

Homp 5)("R P(n), K(0)ers) = enR K(d)ers = Qr(9).
To establish the first statement, it remains to observe using Lemma 4.1 that

HomK(a)(*RP(n), K((s)er,S) = HomKr,s(ﬁ)(PR(é)’ KT,S(‘S))-
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The rest of the lemma now follows from Theorem 6.2 and standard Morita
theory. One needs to use the explicit form of the isomorphism in Lemma 3.4
to check that the first map in (6.14) corresponds to the natural map Pr(d) ®
Homp, (5)(Pr(6), Kr5(5)) — K s(0). O

Graded cell modules. Using Theorem 6.2, one can deduce a great deal of
information about the graded representation theory of the algebras Br(d) from
Theorems 4.4 and 4.10. Still it is desirable to give intrinsic descriptions of
the Bgr(d)-modules fr(V; s(\)) and fr(D;s()\)). We do this in the next two
subsections using the theory of graded cellular algebras once again.

Theorem 6.4. The algebra Bgr(d) is a graded cellular algebra with cell datum
(X,1,C,deg) defined by

XA, I(A) = {T € Fp(6) | sh(T) = A},
Cé\,T = fs1, deg% := deg(T)
for N € Ay s and S, T € I(\).

Proof. This follows from the algorithm for multiplication by arguments similar
to the proof of [BS1, Corollary 3.3]. d

We denote the graded cell modules attached to this graded cellular structure
by {Cr(M\) | A € Ay s}. The general construction gives easily that Cr()) has a
homogeneous basis

{vr | for all T € F(5) with sh(T) = A} (6.15)

with vr of degree deg(T). We have that fyyvr = 0 if ¥ # ¢*. Assuming i’ = 4",
fuvvr is computed as follows. Draw UV underneath TA. Then use the extended
surgery procedure to contract the V|T-part of the diagram. This produces a
(possibly zero) sum of diagrams (S)) for various S. Then we discard all the
ones in which S is not of shape ), and replace the remaining (S)\)’s with the
corresponding vectors vg € Cr(\).

Lemma 6.5. For any A\ € A, s we have that fr(V, (X)) = Cr(X\) as graded
Bpr(6)-modules.

Proof. By definition, V; 4(\) is the quotient of K, (d)ex by the submodule
S; spanned by all vectors (ko) for Ar,s 35Kk CaDAwitha# A We
claim that S; is equal to the submodule So generated by the images of the
homomorphisms K, ¢(0) — K, s(d)ey defined by right multiplication by the
elements {(BB)\) | B8 D X\, 8 # A}. To see that Sy C S, it suffices to observe
that (ka3)(BBA) is a linear combination of vectors (kyA) for v > 8 by [BSI,
Theorem 4.4(i)]. Conversely to see that S; C Sz, we take (ka)) € S; and
compare with the product (ka@)(aal) € Sy. By [BS1, Theorem 4.4(iii)], this
product is equal to (ka\) plus higher terms of the form (k8\) for 8 > a.
We may assume that these higher terms belong to S2 by induction. Hence
(ka)) € Sa, as required.
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Using the description of the equivalence fr as the functor Qgr(§)® Ko (8)!
given by Lemma 6.3, we deduce that fr(V; s())) is isomorphic to the quotient
of Qr(0) ®, ,(5) Krs(d)ex = Qr(d)ex by the submodule

Si= > Qr(5)(BHN.
BOXB#N
In terms of the basis (6.12), Qr()ey has basis
{(TX) | for all T € Fr(5) with sh(T) D A}.
Moreover by similar arguments to the previous paragraph, the submodule S
is the span of all the vectors in this basis in which sh(T) # A. Now it is

clear the map Qgr(d)ex/S — Cr(N), (TA) + S = ovr is a graded Bgr(d)-module
isomorphism. 0

Characters of graded irreducible modules. We say that T € J(0) is
restricted if all the boundary cups in the diagram T are anti-clockwise. Recall
by the general theory of graded cellular algebras that the graded cell module
CRr(A) is equipped with a homogeneous symmetric bilinear form (.,.).

Lemma 6.6. Let A € A, ;. For S, T € Ir(d) with sh(S) = sh(T) = A, the inner
product (vs,vr) is equal to 1 if all of the following hold:
(1) S and T are both restricted;
(2) 3% =47, i.e. the connected components in the diagrams S and T are in
exactly the same positions;
(3) all matching pairs of circles in 8 and T are oriented in opposite ways.

For all other 8 and T we have that (vs,vr) = 0.

Proof. This follows from the explicit definition of the bilinear form on Cr(\).
See [BS3, Lemma 9.7] where this is explained in an analogous situation. O

Let Dr(A) denote the quotient Cr(A)/ rad Cr() by the radical of the bilinear
form (.,.). The non-zero Dg(\)’s give a complete set of pairwise non-isomorphic
irreducible Bgr(d)-modules (up to degree shift). The following theorem gives
complete information about the Dg(\)’s from a combinatorial viewpoint.

Theorem 6.7. For A € A, 5, let o € Dr(X\) be the image of v € Cr(\).
The vectors {vr | for all restricted T € Tr(6) with sh(T) = A} give a basis for

Dgr(N). Moreover Dr()\) is non-zero if and only if A € A, in which case we
have that Dr(X) = fr(Lys(N)).

Proof. The opening statement is a consequence of Lemma 6.6 and the definition
of Dg(\). In particular it is clear from this that Dg(\) = {0} if A ¢ A, i.e.
when 7 = s > 0,6 =0 and X\ = (&,9). If A € A, 4 then Dp(\) = fr(L,s()\))
by Lemma 6.5 and Theorem 4.4(2), in particular, Dr(\) is non-zero in view of
Theorem 6.2. O

Corollary 6.8. The Jacobson radical of Br(9) is spanned by all the basis vec-
tors fst from (6.4) such that either S or T is not restricted.
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Proof. Let I be the span of all the basis vectors fgr in which either S or T is
not restricted. If S is not restricted, i.e. S has a clockwise boundary cup, it
is clear from Theorem 6.7 and the multiplication rule that fsr annihilates all
irreducible left Br(d)-modules, hence it lies in the Jacobson radical J(Bg(9)).
By symmetry this implies also that fsr € J(Bg(9)) if T is not restricted. Hence
I C J(Bg(0)). Moreover Theorem 6.7 implies that dim Bgr(9)/J(Br(d)) is
equal to the number of pairs (S, T) of restricted R-tableaux of the same shape,
which is the same as dim Br(4)/1. O

Primitive idempotents. For a restricted R-tableau T € Jr(6), we let
er == frr+ € Br(9) (6.16)

where T* is the unique R-tableau such that T* is obtained from T by reversing
the orientation of all its circles.

Lemma 6.9. Suppose T € Tr(9) is restricted and set \ := sh(T). Then er is
a homogeneous primitive idempotent. Moreover the projective indecomposable
module Br(d)er has irreducible head isomorphic to Dr(\){— deg(T)).

Proof. It is clear from the multiplication rule that er is an idempotent. For
everything else, it suffices to show for u € A, that

Homgp, (5)(Br(0)er, Dr(p)) = erDr(p)

is one-dimensional concentrated in degree deg(T) if 4 = A and it is zero for all
other p. For this we consider the basis for Dr(p) from Theorem 6.7. If p = A
the only basis vector on which er is non-zero is the vector vy, which is of degree
deg(T). If u # X all the basis vectors are annihilated by er. O

Now we look again at the idempotents e(¢) for ¢ € Z" 5.

Lemma 6.10. Given © € Z"5, the idempotent e(i) decomposes into a sum of
mutually orthogonal primitive idempotents as e(i) = ) per summing over all
restricted T € Tr(8) with i* = i. Moreover all the tableauz T appearing in this
sum are of the same shape.

Proof. By the algorithm for multiplication, the given sum ) . er satisfies the
defining property (5.17) of the idempotent e(z). Hence e(2) = > ;er. It is clear
that the er’s for different T are orthogonal, and all the T’s appearing in the sum
have the same shape. Finally the er’s are primitive by Lemma 6.9. U

Remark 6.11. Lemmas 6.9 and 6.10 together show that the idempotents e(%)
are isotypic in the sense that Br(d)e(2) is isomorphic to a direct sum of degree-
shifted copies of a single projective indecomposable module, namely, the pro-
jective cover of Dr(\) where A is the shape of any restricted R-tableau T with
il =1.

The quotient algebra Br(d)/Br(6)>k. In this subsection we investigate
certain quotients of Br(d). Given A € A, 5, we let def(\) be the defect of A,
that is, the number of caps in the cap diagram A. Also let rk()\) be the number
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of o’s or the number of x’s in A, whichever is smaller; it is the number of o’s if
6 > 0 and the number of x’s if § < 0. Then set

k(N) = def()) + k(). (6.17)

Lemma 6.12. Suppose we are given S,T € Tr(J) of the same shape A.

(1) In the diagram S, the number of boundary caps is equal to k() plus
the number of boundary cups. Similarly in the diagram T, the number
of boundary cups is equal to rk(\) plus the number of boundary caps.

(2) In the diagram ST, the number of boundary cups is equal to the number
of boundary caps.

Proof. (1) In S, the number of boundary cups minus the number of boundary
caps is equal to the total number of cups minus the total number of caps.
Arguing by induction on r + s using (3.15), this is equal to rk(\).

(2) Suppose there are a boundary caps and b boundary cups in S. Suppose
there are ¢ boundary caps and d boundary cups in T. Finally suppose that e
of the boundary cups in S belong to circles in ST. This is also the number of
boundary caps in T that belong to circles in ST. The total number of boundary
cups in ST is b+ d — e. The total number of boundary caps in ST is a + ¢ — e.
These are equal as a = b+ rk(\) and d = ¢+ rk(\) by (1). O

Now we introduce various other “k-values.” For S,T € Jr(d) of the same
shape, let k(S,T) be the number of boundary cups in the diagram ST; in view
of Lemma 6.12(2) this is the same thing as the number of boundary caps in ST.
We write simply k(T) for k(T,T); this is just the number of boundary cups in T
or the number of boundary caps in T. Finally for ¢ € Z""* with e(z) # 0, let
k(i) := k(T) for any T € Jr(d) with i* = i; if e(3) = 0 we set k(i) := oo.

Let Br(6)x be the span of all the basis vectors fsy € Br(d) in which k(S,T) =
k. Thus we have the vector space decomposition

Br(5) = @ Br(d).

k>0

For example, in Figure 1, the vector spaces Bg(0); and Bg(0)s are of dimensions
20 and 4, respectively, and all other Br(d); are zero. Note also when non-zero
that the idempotent e() belongs to Br(d)y(s)-

For k > 0, let

k
Br(6)<k == EP Br(5);,  Br(8)>k := €D Br(6);. (6.18)
j=0 J>k

Lemma 6.13. For any k,l > 0, we have that Br(0)xBr(0); € BR(6)max(k,l)-

Proof. Take basis vectors fst € Br(d)r and fyv € Br(6); such that ¥ = i’. By
symmetry, we may as well assume that k£ < [ and need to show that fsrfyv €
Br(6);. Of the I boundary cups in UV, some of them, say !’ of them, do not cross
the middle number line. These I’ boundary cups clearly remain as boundary
cups in all the diagrams produced when fst fyy is computed using the extended
surgery procedure. The remaining {” := [ — I’ boundary cups cross the middle
number line. During the extended surgery procedure, these {” boundary cups
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either remain as boundary cups in the product (when they are joined with anti-
clockwise circles) or we get zero (when anything else happens). In this way we
see there are at least [ = I’ +[” boundary cups in all the diagrams produced
in the product. The only way we could get more than [ boundary cups in the
product fsrfyy is when some boundary cup from ST gets joined to a pair of
vertical line segments in UV. If this happens, there must be [ boundary caps in
between these vertical line segments in the diagram ST, so that ST has at least
(I + 1) boundary cups. This contradicts the initial assumption that £ <. O

Lemma 6.13 implies that Br(d)>k is a two-sided ideal and Bgr(d)<k is a
subalgebra of Br(d). Moreover the canonical quotient map gives an algebra
isomorphism

Br(8)<kx = Br(6)/Br(0) k. (6.19)
The identity element in Bg(d)<y is the sum of the idempotents e(2) for ¢ € Z"**
with k(7) < k. Lemma 6.10 gives a canonical way to decompose each such e(z)
into mutually orthogonal primitive idempotents in Br(d)<x. In particular the
identity element of Br(d)< decomposes as y ., er summing over all restricted T
with k£(T) < k. Using (6.19), we get an analogous decomposition of the identity

Br(0)/BRr(6)>k-

Theorem 6.14. For A € A, , with k(\) < k, the ideal Br(0)sy acts as zero on
Dpg(X), hence Dr(\) can be viewed as an irreducible Br(0)/Br(d)sk-module.
The modules .

(DR X € A k() < £}
give a complete set of pairwise non-isomorphic irreducible Br(0)/Br(0)>k-
modules.

Proof. The remarks just made show that

Br(8)/Br(0)sr = @D Br(5)er/Br(d)sker

summing over all restricted T € Jr(6) with k(T) < k. Moreover each of the sum-
mands on the right hand side is a non-zero projective indecomposable module.
Now suppose that T is a restricted R-tableau with k(T) < k, and set A := sh(T).
Lemma 6.9 implies that the head of Bgr(d)er/Br(d)sker is isomorphic (up to
degree shift) to Dr(\). Moreover Lemma 6.12(1) implies that k(T) = k(A),
hence k(M) < k. The theorem follows from these observations. g

We end with a couple more results about Br(d)/Br(d)sx which will be
needed later. The following lemma implies that the maps LE? and L%ﬁ from
(6.5) factor to induce well-defined maps

i Br(6)/Br(8)sk — Bre(8)/Bre(8)>k, (
v« Br(6)/Br(8)sk = Brr(8)/Brr(6)sk- (

Lemma 6.15. We have that L%E(BR(5)>]€) C Bre(0)sk and L§5(33(5)>k) -
Brp(0)>k-
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Proof. We just consider ng . Take fst € Br()sk, i.e. ST has more than k

boundary cups. To apply the map Lgf , we use the algorithm explained at the
end of the previous section, and need to show that the number of boundary cups
does not get smaller. This is immediate for all except the first configuration
in (5.20). For the first configuration it follows from the explicit form of the
surgery procedure in [BS2, (6.2)]. O

Lemma 6.16. We have that Br(6)so = (e(2) | for all © € Z"5 with k(i) > 0).

Proof. All the e(¢)’s with k(¢) > 0 belong to Br(d)>o. Conversely if fsr €
Bpr(d)s0, then there is at least one boundary cup in the diagram ST. This
means either that T has a boundary cup or S has a boundary cup. In the
former case, i := 4’ has k(i) > 0 and fst € Bg(6)e(i). In the latter case we

deduce from Lemma 6.12(1) that S also has a boundary cap, so i := i° has
k() > 0 and fst € e(i) Br(9). O

Remark 6.17. For k > 0, the ideal Br(d)s> need not be generated by idem-
potents. See Figure 1 taking k = 1 for an example in which it is not.

7. MIXED SCHUR-WEYL DUALITY FOR gl,,,(C)

Fix integers m,n > 0 and set § := m — n. In order to identify the walled
Brauer algebra B, s(6) with the graded walled Brauer algebra Bp(d), we first
need to establish a Schur-Weyl duality connecting B, s(J) to the general linear
Lie superalgebra g[m‘n(C). Our approach to this follows the same strategy as
the proof of [N, Theorem 3.4] (which treats gl,,(C) rather than gl,,,,(C)). The
results in this section have also been obtained independently by Comes and
Wilson [CW] by a similar trick; actually their exposition is slicker since they
exploit fully the tensor category formalism. We also note a partial result along
the same lines was obtained earlier in [SM].

The general linear Lie superalgebra. As a general convention, for a ho-
mogeneous vector v in a vector superspace, we will write |v| € Zy for its par-
ity. Let V' be the vector superspace with homogeneous basis vy, ..., Uy4+y and
|vi| :=|i| € Zg, where |i| :=0if 1 <i<mandli]:=1ifm+1<i<m+n.
The Lie superalgebra g := gl,,,,(C) is the vector superspace End(V) of all
(not necessarily homogeneous) linear endomorphisms of V', with superbracket
[z,9] == xy — (—1)I*¥lyz for homogeneous z,5 € End(V). Let U(g) be the
universal enveloping superalgebra of g, which is a Hopf superalgebra with co-
multiplication A and antipode S defined on z € g by A(z) =2z ®1+ 1®x and
S(z) = —z. We recall in particular that the multiplication on U(g) ® U(g) is
by (a®b)(c®d) = (—1)IPlllac ® bd for homogeneous a, b, ¢, d € U(g).

Let W := V* be the dual of the tautological g-supermodule V', with basis
Wi, ..., Wmin that is dual to the given basis for V', so w;(v;) = d; ;. It is a g-
supermodule via the usual rule (zw)(v) := (—1)#*lw(S(x)v) for homogeneous
z € g,v e V,we W. In particular, the standard basis elements of g consisting
of matrix units act on the bases of V' and W by the formulae

ei,jvk = 5j,kvi7 ei,jwk = —5¢’k(—1)(‘i|+‘j‘)|i|wj (7.1)
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for all 1 < 4,5,k < m +n. If M and N are g-supermodules, we write
Homg(M, N) for the vector superspace of all g-supermodule homomorphisms
from M to N. By definition, this is the set of all (not necessarily homogeneous)
linear maps f € Hom(M, N) annihilated by all = € g, where the linear action of
g on Hom(M, N) is by (zf)(m) = z(f(m)) — (=1)#I/1 f(zm) for homogeneous
x €g,f € Hom(M,N) and m € M.
An important role is played by the even element
m+n
Q= Z(—l)‘]‘ei,j@)ej,i S U(g)@U(g). (72)
ij=1
This corresponds to the (invariant) supertrace form on g, so 2 commutes with
Alz) =2z®1+1®x for all z € g. Left multiplication by Q defines a g-
supermodule endomorphism of the tensor product M ® N of g-supermodules
M and N. More generally, for 1 < a < b <r+ s, we let
m4n
Qup = Z(_1)|j|1®(a—1) Re;® 1®(b—a—1) ®ej; ® = U(g)®(r+s)7 (7.3)
ij=1
which defines a g-supermodule endomorphism of M; ® -+ ® M, s given any
g-supermodules My, ..., M, .

Lemma 7.1. For M,N € {V,W}, the endomorphism Q of M @ N satisfies
Qv; @ v;) = (=1l @ v,
Q(wi & wj) = (—1)““]"20]‘ & w;,

m—+n

Qv @ wy) = =63, (=1I D~ vy @ wy,
k=1

m-+n
Qw; ® ’Uj) = —0;,j Z (—1)|k|wk X vg,
k=1
forall1 <1i,7 <m+n.

Proof. Use (7.1), the definition of €2 from (7.2), and recall that the action is by
(a®b)(v@w) = (—1)Mlay @ bw. O

Actions on tensor space. The next goal is to define right actions of the
algebras CY,.;  and B, (d) on the spaces VE+9) and V& @ W respectively.
One way to do this is to write down the actions of generators and then verify
relations. For our purposes, it is better to take a different approach which gives
explicit closed formulae for the actions of arbitrary basis elements, not just

generators. We need some multi-index notation. Let I := {1,...,m +n}. For
any t > 0, the symmetric group ¥; acts naturally on the right on the set I
by place permutation, so -0 = (iy(1);---,le@)) for @ = (i1,...,4) € I' and
o €Y. Foriell, welet

=l i p@) = Y il (7.4

1<a<b<t
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Given i = (i1,...,ip45) € I we let 4% := (i1,...,i;) € I" and % =
(g1, .., irps) € I%, so that i = %" where the product on the right is by
concatenation of tuples. The g-supermodules V& and W®?* have the obvious
bases {v; |4 € I"} and {w;|j € I°}, respectively, writing v; := v;, ®---®v;, and
wj = wj; ® - @wj,. Similarly V®(r+s) has basis {vi =L QUR [T E I”"+5}
and V" @ W®* has basis {v;e @ w;r |4 € I"T},

Now suppose we are given a diagram o, which could either be a permutation
diagram from X, or a walled Brauer diagram in B, 4(d). For 4,5 € I Ts et
i0j be the labelled diagram obtained by colouring the vertices at the bottom of
o by i1,...,i4+s and the vertices at the top of o by ji,...,jr+s (in order from
left to right as usual). We say ;o is consistently coloured if the vertices at the
ends of each strand are coloured in the same way, in which case we get induced
a well-defined colouring of the strands themselves. In a consistently coloured
permutation diagram ;o; we of course have that j = i - o, so the colouring %
at the bottom uniquely determines the colouring 7 at the top; this is not in
general true for walled Brauer diagrams.

For a permutation diagram or a walled Brauer diagram o, and 4,5 € I""5,
we introduce the weight

wh(30;) = [L.(=D)-TT, (=) if ;o; is consistently coloured,
10 otherwise,

where

(7.5)

(1) the first product is over all proper coloured crossings c in ;o;, i.e. the
crossings that involve two different strands rather than self-intersections;
(2) the second product is over all coloured horizontal strands A in ;o; whose
endpoints are on the bottom edge (if o is a permutation diagram this
product is empty so can be omitted);
(3) the parity |c| of a coloured crossing ¢ = ?<J of strands of colours i and j
is 2[5
(4) the parity |h| of a coloured horizontal strand i = [ ) of colour k is |k|.
For example, for ¢ = (2,2,1,2) and 7 = (3,2,3,1), the following consistently
coloured diagram has wt(;0;) =1 either if m =1,n=2orif m=2,n=1:

3 2 3 1 3 2 3 1
*— —« Py Py * —a Py Py
| |
l
l l
05 = | ~ |
] \
| |
l
2 2 1 2 2 2 1 2

Lemma 7.2. The weight wt(;0;5) depends only on the isotopy class of o.

Proof. Check that wt(;0;) does not change when any of the three Reidemeister
moves are applied to o. O

In the following two lemmas, we construct the required actions of CX, 4
and B, 4(0) on VU9 and V& @ W3, respectively. The first of these is well
known; see e.g. [BR, Corollary 1.6]. We include the proof only to prepare the
reader for the more complicated walled Brauer case in the second lemma.
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Lemma 7.3. There is a well-defined right CY,,s-module structure on V®(+s)

such that
vio = Z wt(;05) vj (7.6)
je[?"JrS
foralli € I""* and o € ¥, 5. Moreover for 1 < a < b < r+ s the transposition
(ab) acts in the same way as the operator Qqy from (7.3). Hence the action of
CXpys commutes with the action of g.

Proof. Once the first statement is proved, the second statement is an easy
consequence using also Lemma 7.1. Then the final statement follows because
1, acts as a g-supermodule endomorphism and the transpositions generate
Yr4s. To prove the first statement, take o, 7 € ¥, 15 and set 7 := o7. We need
to check that (7.6) is consistent with the associativity equation (v;-0) -7 = v; 7
for all 2 € I""%, i.e.

Z Wt(in)Wt<ka)Uk: Z Wt(ﬂrk)vk.

j,kEIT+S k61r+s

Equating coefficients, we therefore need to see that

Z Wt(iO'j)Wt(jO'k) = Wt(iﬂ’k)

jerrs

for all 4,k € I""5. Both sides are zero unless ;7 is consistently coloured, so
we can assume k = ¢ - w. Then the sum on the left involves just one non-zero
term, so we can also assume that j := % -0, and are reduced to checking for this
J and k that wt(;05)wt(;7%) = wt(;7m,). This is clear from Lemma 7.2. O

Lemma 7.4. There is a well-defined right By s(6)-module structure on V" @
W®S such that

VL QWR -0 = Z Wt(iaj) v;L & WR (7.7)
jel'r+5

for all ¢ € I"** and all walled Brauer diagrams o € By s(6). Moreover for

1 <a<b<r+s the “transposition” (a b) acts in the same way as the operator
Qqp from (7.8). Hence the action of By s(0) commutes with the action of g.

Proof. We just check the first statement. Let 0,7 and m be walled Brauer
diagrams such that o7 = &'m for ¢ > 0. Proceeding exactly as in the proof of
Lemma 7.3, one reduces to checking the identity

Z wt(iaj)wt(ka) = 5tWt(i7Tk) (7.8)
jerrts

for all i,k € I""%. Both sides are zero unless ;7 is consistently coloured, so
assume this is the case from now on. It is convenient to think in terms of
the composite diagram o|7 that is o drawn under 7 separated by a horizontal
boundary line on which the vertices at the top of o are identified with the
vertices at the bottom of 7. Let ;0;7% be the coloured diagram obtained by
colouring the vertices of o|7 on the bottom edge by %, the vertices on the middle
boundary line by 7, and the vertices on the top edge by k.
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The diagram 7 is obtained from o|7 by removing the middle boundary line
together with ¢ closed circles from the interior of the diagram. Enumerate these

circles by 1,...,t in some order. Given j = (j1,...,7:) € I', there is a unique
J € I"™* such that ;05 and ;7 are consistently coloured and the ath circle in
1057k is of colour j, for each a = 1,...,¢. In this notation, the identity we are
trying to prove is equivalent to
Z Wt(iO'j)Wt(ka) = 5tWt(i7Tk,), (79)
jert

since all other summands on the left hand side of (7.8) are zero. To prove (7.9),
we claim for a fixed j € I that

wt(0,)wt(578) = (=1)Flwt (), (7.10)

which implies (7.9) since Zjep(—l)'j‘ = 6t. To prove (7.10), we compute the
contribution to wt(;o, )wt(37%)Wt(;7x) coming from each connected component
of o|7 in turn, showing for 1 < a <t that the ath circle contributes a factor of
(—1)bal and that all other components contribute the factor 1.

To start with, consider the ath circle for some 1 < a < ¢, which of course is
a connected component of o|r which does not appear at all in 7. This circle
is the concatenation «|f of two diagrams « and 3, the first consisting of z
horizontal strands from the top of o and the second consisting of z horizontal
strands from the bottom of 7 for some z > 1. Proceeding by induction on
z, one checks that the number of proper crossings in « plus the number of
proper crossings in [ is equal to (z — 1). Each of these (z — 1) proper crossings
contributes a factor of (—1)Val to wt(;0,)wt(57 )Wt (;Tk), as does each of the z
horizontal strands in . Since all other connected components of o|r cross the
circle a8 an even number of times, we conclude that the total contribution to
wt(;0; )Wt(57% )Wt (; g ) coming from all crossings or horizontal strands involving

at least one strand of a or 3 is equal to (—1)lel, which is what we wanted.
There are two more types of connected component to consider, corresponding
to the horizontal and vertical strands in 7. The argument for these is quite
similar, so let us just explain in the case of a horizontal strand v whose endpoints
lie on the bottom edge of m. The corresponding connected component of o|r
is of the form a8, where « consists of one or more strands from o and [
consists of zero or more strands from 7. Like in the previous paragraph, the
number of proper crossings in « plus the number of proper crossings in 3 is one
less than the total number of horizontal strands in 5. These proper crossings
become self-intersections in -y, and there is exactly one horizontal strand in -y
by definition, so all the contributions from these crossings and strands cancel
out in the product wt(;o,)wt(;7%)wt(;7x). Combined with Lemma 7.2 this is
enough to complete the proof. O
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Mixed Schur-Weyl duality. The right actions constructed in Lemmas 7.3—
7.4 induce algebra homomorphisms

O CSyps — Endg(VEUT))op, (7.11)
U™ 2 Bys(8) = Endg (VE" @ WE#)oP. (7.12)

The first of these homomorphisms has been extensively studied in the literature
starting from the works of Sergeev [S] and Berele-Regev [BR]. In particular,
we have the following well-known result.

Theorem 7.5 (Sergeev, Berele-Regev). The map
QL Cyp s — Endg(VErT))op
from (7.11) is surjective. It is injective if and only if r +s < (m+ 1)(n+ 1).

Proof. The surjectivity follows from [BR, Remark 4.15]. For the injectivity,
[BR, Theorem 3.20] implies that ®, " is injective if and only if all partitions of
(r+ s) are (m, n)-hook partitions in the sense of [BR, Definition 2.3], i.e. their
Young diagrams do not contain the box in row (m + 1) and column (n + 1).
This is easily seen to be equivalent to the condition r+s < (m+1)(n+1). (All
the results just cited from [BR] were also established independently in [S].) O

We now want to prove that the analogue of Theorem 7.5 holds for the walled
Brauer algebra (with ®} replaced by ¥,5"). We begin by recalling some
standard facts about the tensor category of finite dimensional g-supermodules.
Let K, L, M and N be finite dimensional vector superspaces. We identify M ®
N = N ® M so that m ® n = (—1)™lI"ln @ m for homogeneous m € M,n € N
(and ® always means ®c). Similarly, we identify

Hom(M, N) ® Hom(K, L) = Hom(M ® K, N ® L) (7.13)
so that f ® g € Hom(M, N) ® Hom(K, L) is identified with the homomorphism
in Hom(M ® K, N ® L) defined from (f ® g)(m ® k) := (=1)9l"l f(m) @ g(k)
for homogeneous g and m. Finally we identify M with M**, so a homogeneous
vector m € M is identified with the function m € M** defined from m(u) =
(—=1)™llely(m) for all homogeneous p € M*. As usual, for homogeneous f €
Hom (M, N), we have the dual map f* € Hom(N*, M*) defined from f(v)(m) =
(=)Wl (f(m)) for homogeneous v € N*,m € M, and f** = f.

The canonical isomorphism N ® L* = Hom(L,N), f ~ f defined from

n® A(l) = A(l)n for n € N, A € L*,1 € L induces the isomorphism
adj : Hom(M, N ® L*) 5 Hom(M ® L,N),  f— [ (7.14)

~

such that f(m ® 1) = f(m)(l) for m € M,l € L. If M,N and L are all
g-supermodules then this is a g-supermodule isomorphism, so it restricts to
an isomorphism Homg(M, N ® L*) = Homg(M ® L, N). This is the canonical
adjunction making (?® L, ?7® L*) into an adjoint pair of functors on the category
of finite dimensional g-supermodules.
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Lemma 7.6. Let K,L,M and N be finite dimensional g-supermodules. The
map flip defined by the following commutative diagram is a g-supermodule iso-
morphism:

Hom(M @ K,N®L)  —2,  Hom(M®L*,N®K*)

Hom(M, N) ® Hom(K, L) 1297799, Hom(M, N) ® Hom(L*, K*).

Proof. Let us instead define flip so that the following diagram commutes:

Hom(M © K,N ® L) —2, Hom(M ® L*,N @ K*)

| [

Hom(M ® K, N ® L**) Hom(M ® L* ® K, N)
] |

Recalling (7.14), all of the other maps in this diagram are g-supermodule iso-
morphisms, hence flip is one too. To complete the proof of the lemma, it remains
to take f € Hom(M, N) and g € Hom(K, L) and check that flip(f®g) = f®g*,

which is a routine calculation. O
Like in (7.13), it is natural to identify W®$ with (V®$)* so that
wi(vj) = (~1)PDs; ; (7.15)

for all 4,7 € I°, recalling (7.4). If we apply Lemma 7.6 to M = N = V®" and
K = L = V%3 we see that the map flip, ; defined by the following commutative
diagram is a g-supermodule isomorphism:

flip,. 4
End(V&0+9) e, End(VE" @ W®*)

H H (7.16)

End(VE") ® End(V®s) L297799 prqver) @ End(We).
The main point now is to see that this map is consistent with the linear iso-
morphism flip, ; : CX,1 s — By 5(d) from (2.1) in the following sense.
Lemma 7.7. The following diagram commutes:

flip,.
Czr—&-s BT,S(d)

w7 | [ (7.17)
ﬂ. 8
End(VEU+)) 202 End(VEr @ Wes).
Proof. This is just a direct calculation but the signs are tricky so we go through
the details carefully. For 4,5 € I", let ¢; ; € End(V®") be the matrix unit de-
fined from e; j(vg) = d; kv;. Similarly for ¢,5 € I®, let f; ; € End(W®*) be the



WALLED BRAUER ALGEBRAS 55

matrix unit defined from f; j(wg) = d; pw;. Using (7.15), it is straightforward
to check for ¢, € I° that
(i) = (—1 1) (ElFlaDle+p(i)+ f i (7.18)
Now take o € ¥,;s and let 7 := flip, ;(0) € By s(0). Using (7.6) and the
identification of End(V®(*9)) with End(V®") ® End(V®%), we see that
.R R\ <L
@::_Z( ): Z (—1)(|Z I+l ™ DIé |Wt(i0’j)€jL’iL ®€jR7iR. (7.19)
i,jelrts
Similarly using (7.7) we have that
.R R\ <L
vrr(r)y = > (=D Wt () e @ fir e, (7.20)
ijelrts
Reindex the summation on the right hand side of (7.19) to switch the roles of
R and 5%, then apply the map flip,. ; from (7.16) and use (7.18) to deduce that
flip, ,(O]1(0)) = Y (~1) T G (11 m) €11 @ fm an.
ijelrts
Comparing with (7.20) the proof of the lemma is now reduced to verifying the
combinatorial identity

(_1)(|iR|+‘jR‘)|iR'|+p(iR’)+p(j )wt( 1RO LR ) = WH(;75) (7.21)

for any 4,5 € I"*5. It is clear that both sides of (7.21) are zero unless ;7; is
consistently coloured. Assume this is the case from now on.
Partition the set {r +1,...,7+s} as {a1 < --- < ap}U{by <--- < b} so

that the vertices ag,...,a; on the bottom edge are at the ends of Horizontal
strands of 7 and the vertices by, ...,b; on the bottom edge are at the ends of
Vertical strands of 7. Let % := (iq,,...,iq,) and i% := (iy,,...,ip,). So the

tuple 47! lists the colours of all the horizontal segments in iTj whose endpoints
lie on the bottom edge and we have that

N = [ ] () = p( ) + [+ pe™). (7.22)
RH o 1k RV o gl

K3

Similarly we define j and j so that 5% lists the colours of all
the horizontal line segments in ;7; whose endpoints lie on the top edge and

3 =L p@) =G + 1 4 e, (7.23)
The assumption that ;7; is consistently coloured implies that

i) = 5. (7.24)

Finally let us assume the diagrams representing o and 7 are reduced in the

sense that the total number of crossings is as small as possible and each strand
crosses the wall at most once. Then by the definition (7.5) we have that

wt(grosige) = [J(=D (7.25)

C
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where the product is over all coloured crossings ¢ in the diagram ,. JROGLR
Similarly we have that

,L-RH| /‘

(=) hwt(iry) = [T (-1 (7.26)

C/

where the product is over all coloured crossings ¢’ in the diagram ;7;. When
flipping from o to 7, any strand of ¢ which does not cross the wall transforms
into a vertical strand in 7 which has exactly the same crossings with other
strands after the flip as it did before. However given two strands in ¢ which
both cross the wall (transforming to two horizontal strands in 7), they cross
after the flip if and only if they did not cross before the flip, and vice versa.
Combined with (7.25)—(7.26), this is enough to see that
Wh(gagnogn) = (=1 I ()l ().

Comparing with (7.21), it remains to observe that

(185 + DI + (%) + p(3™) = p(E™) + [+ p(i7) + [
in Zs, which follows formally from the identities (7.22)—(7.24). O
Theorem 7.8. The map
UM 2 Bro(8) — Endg(VE" @ W®®)°P
from (7.12) is surjective. It is injective if and only if r +s < (m + 1)(n + 1).
Proof. We know from Lemma 7.6 that the bottom map in the diagram (7.17)
is a g-supermodule isomorphism, hence it maps the subspace Endg(V®(’”+3) )

isomorphically onto the subspace Endg(V®" @ W®?). The theorem follows from
this observation combined with Lemma 7.7 and Theorem 7.5. ]

8. ISOMORPHISM THEOREM AND APPLICATIONS

In order to prove the main results of the article, we still need to show that
the graded walled Brauer algebra Br(6) is isomorphic to By 4(d). Throughout
the section we fix integers m,n > 0, and set § := m — n, k := min(m, n). This
is equivalent to fixing § € Z, k > 0, and letting m := k,n:=k -6 if 6 <0 or
m:=k+9dn:=kif 6 > 0.

The main isomorphism theorem. Recall the algebra Bgr(d)/Br(d)>k from
(6.18), and the maps (2.14) and (6.20)—(6.21).

Theorem 8.1. For each R € %, , there is a surjective algebra homomorphism
O : Brs(6) = Br(3)/Br(d)s» (8.1)

with the same kernel as the map ;3" from Theorem 7.8. Moreover the follow-
ing diagrams commudte.
r+1,s

B,.4(6) AL Byy1.5(6)

)

(k) (k)
Ok l leRE
RE

Br(8)/Br(6)sk — Brp(6)/Bre(6)sk
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r,s+1

Br,8(5) . ” Br,s+1(5)

(k) (k)
| ot
JRF

Br(6)/Br(8)sk —=— Brr(3)/Brr(8)=k

Proof. We assume some notation and results still to be formulated; see the next
three subsections. The homomorphism @g) is the composite Tgf) o Hg) o \1:%“)

of certain maps

' . B, (6) - Endy(*RC)°P, (8.2)
%) : Endg(*RC)* 5 End g (yujm) (R L)), (8.3)
T3 End ujny (R L) = Bro(8)/ Br,s (6) - (84)

constructed in Theorems 8.5, 8.7 and 8.9 below. The maps Tg) and Hg;) are

isomorphisms and \I/S%) is surjective, hence @S%) is surjective. Moreover it is

clear from its explicit definition below that ‘IJ%C) has the same kernel as U;3",

hence @g;) has this as its kernel too. Finally the commutativity of the diagrams
follows immediately from the commutativity of the diagrams in the statements
of Theorems 8.5, 8.7 and 8.9. O

Corollary 8.2. For any R € %, s we have that dim Bg(6)~x = dimker ¥;3".

So Br(0)sk is zero if and only if r +s < (m+1)(n+ 1), in which case @gf) is
an isomorphism

W . B,.(6) = Br(6). (8.5)

Proof. 1t is clear from the definition that Br(d)sx = {0} if k is sufficiently
large. In that case m and n are large too, so W;'3" is injective by Theorem 7.8.

We deduce that Ggf) is an isomorphism B, s(§) = Bg(d) for k > 0. This shows
that dim B, () = dim Br(0). Combined with Theorem 8.1 we deduce for any
k that dim B, 4(8)s = dim ker ;" O

Remark 8.3. There are some implicit choices involved in the definition of

@%); these come from the isomorphism (8.3) which we will deduce from re-
sults in [BS4]. We conjecture that these choices can be made so that the
homomorphisms @g) stabilise as k — oco. More precisely, we expect there are
isomorphisms

Or : B,s(8) = Br(9)
for all R such that @Sg) is the composition of © g and the quotient map Bgr(d) —

Br(9)/Br(d)>k for each k > 0. The arguments in [BS4] are not well-suited to
allowing k to vary, so we are not able to see this using the present approach.

The epimorphism \Ilgc). In this subsection we construct the first map (8.2)
needed in the proof of Theorem 8.1. Let g := gl,,;,,(C) as in §7. We begin by
recalling the definition of the special projective functors on a certain category
of finite dimensional g-supermodules. Let t be the Cartan subalgebra of g
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consisting of diagonal matrices. Let €1,...,em+n be the usual basis for t*,
i.e. &, picks out the rth diagonal entry of a diagonal matrix. Let (.,.) be
the symmetric bilinear form on t* defined by (e;,¢;) = (—1)""l8; ;, and set X :=
@" Ze; C t*. As in the introduction of [BS4], we let . (m|n) be the category
of all g-supermodules M such that

(1) M is finite dimensional;
(2) M decomposes as M = @,.x My, where M) denotes the A\-weight
space of M with respect to t;
(3) the Zs-grading on M), is concentrated in degree (A, epmt1 + - + Emin)
(mod 2) for each A € X.
The morphisms in .% (m|n) are all (necessarily even) g-supermodule homomor-
phisms. Note further that .#(m|n) is an abelian category closed under tensor
product, and it contains both the natural supermodule V' and its dual W. We
refer to #(m|n) as the category of rational g-supermodules.

Let *E :=?7®V and *F :=7®@ W, viewed as endofunctors of .% (m|n). Observe
that multiplication by the element €2 from (7.2) defines natural endomorphisms
of both *EM and *FM for every M € #(m|n). Let *E; and *F; be the sub-
functors of *E and *F, respectively, defined on M € % (m|n) by declaring that

(1) *E; M is the generalised i-eigenspace of Q2 on *EM;
(2) *F;M is the generalised (—i — §)-eigenspace of Q on *F'M.
By [BS4, Corollary 2.9, Lemma 2.10], we have that

‘E=(PE;, F=PF. (8.6)

1€L 1€Z
Let
b VET e WE e V 5 Vet @ wes, (8.7)
bt VE QW e WS VT @ ekt (8.8)

be the canonical isomorphisms defined by supercommuting W®# past the right-
most copy of V or W, respectively. We stress bys™' is not the identity (un-
less s = 0). The following lemma connects the special projective functors on
Z(mn) to the i-restriction functors from (2.15)—(2.16).

br—i—l,s br,s+1
.5 T,

Lemma 8.4. For each i € Z, the restrictions of the maps and

defined give (U(g), By s(6))-bimodule isomorphisms

jJust

~

b:;l,s : *EZ-(V®7" Q W®s> ~ (V®(r+1) ® W®S)1T+1’S

T80 0

b:zz‘H . *FZ.(V®T ® W®5) ~ (V®r ® W®(3+1))1r,s+1‘

7,831

Proof. We just explain for b;i;l’s; the other case is similar. It is clear that the

map (8.7) is a (U(g), By s(9))-module homomorphism, where the B, ;(§)-module
structure on the the left hand side is obtained by applying the functor *E =7®@V
to its action on V¥ @ W®s and on the right hand side it is the restriction of
the Byy1,4(6)-module structure via the homomorphism ¢§"* from (2.11). By
definition, *E; (V& @ W®9) is the generalised i-eigenspace of the endomorphism
of V" @ W® @V defined by multiplication by > i<a<rts Qarts+1. This maps
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under bﬁl’s to the generalised i-eigenspace of the endomorphism of V1) &
W®$ defined by multiplication by Zlgagr Qo r+1 + Zr+2§b§r+s+1 Q41 The
latter is the same as the endomorphism defined by a:;:gl’s € By41,4(0) from
(2.12); this follows by the second statement of Lemma 7.4. Hence bj.;"* maps
*B; (VO™ @ W) isomorphically onto the generalised i-eigenspace of x5 on

Ver+l) @ W®s which is exactly the subspace (VEr+) @ (y®s)17tls, O

7,851

For R = RW...RU*9) ¢ &, . we can interpret *R = *R+5) ... *R(1) a5
an endofunctor of #(m|n). Let C be the trivial g-supermodule. Mimicking
the definitions (5.10)—(5.11), the functors *E; and *F; induce non-unital algebra
homomorphisms

i Endg("RC)® — Endy((RE)C)*,  f = *Ei(f), (8.9)

Lﬁﬁ :Endy("RC)°? — Endy(*(RF) C)°P, fe=E(f). (8.10)
We recursively define a g-supermodule isomorphism
Yr:*RC 5 VO @ W&s

as follows. If r = s = 0 then we take ¥r to be the identity map C — C. For
the induction step, assume g : *RC = V& @ W®* has been defined already,
then set

Yrp =5 0 "E(pr) : (RE)C — VOt @ e,
Vrp =00 0 *F(yR) : (RF)C 5 VO @ WoEHD,
Theorem 8.5. For R € %, s, there is a surjective algebra homomorphism
U B, ((6) » Endg("RC)®, 0 5! o W (0) o Pg.

Moreover the following diagrams commute for each i € Z.

r+1,s

B,.(6) /s By11.(0)

k (k)
v | [

RE

Endg("RC)® —%s Endy(*(RE)C)°P

r,s+1

B.s(0) Bro11(0)

k k
o) | [ w2

RF
Endg(*RC)® —%*s Endy(*(RF)C)°
Proof. The first part follows from Theorem 7.8. The commutative diagrams

follow from Lemma 8.4 and the definitions. O

The isomorphism ch). To construct the second map (8.3) needed in the
proof of Theorem 8.1, we apply the main results of [BS4]. Recall that the
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dominance ordering on X is defined by A < p if g — A is a sum of the positive
roots {e; —¢; |1 <i < j<m+n}. Also let

m n

p = Z(l —r)er + Z(m — $)Emts-

r=1 s=1
It is well known that the isomorphism classes of irreducible supermodules in
the category .#(m|n) from the previous subsection are parametrised by their
highest weights with respect to the dominance ordering by the set

A+p,e1) > > (A+p,em), }
()‘ + p75m+1) <. < ()‘ + p75m+n)
of dominant integral weights. We denote the irreducible corresponding to A € =
by L()).

There is another weight dictionary which allows us to identify = with a set
of weight diagrams. Given \ € Z, let

IyA) ={(A+p,e1),...,(A+p,em)}, (8.12)
I/\()‘) = Z\ {()‘ + 0, €m+1)7 SRR (A + p75m+n)}' (813>

Then identify A with the weight diagram associated to these sets via (1.5);
the finiteness condition for weight diagrams stipulated in the introduction is
automatically satisfied as there are only finitely many vertices labelled v. For
example, the zero weight (which parametrises the trivial g-supermodule) is
identified with the diagram

E:{AGX (8.11)

n d=m—n
. cee if6>0
p:{ 0 (8.14)
—— T,_/

(where there are infinitely many vertices labelled A to the left and the right).

Let K(m|n) be the subalgebra €D, ,c=exKe, of the universal arc algebra
from §3. As Z is a union of blocks, the algebra K(m|n) is just the sum of
some blocks of K from (3.4). Let K(m|n)-modj be the full subcategory of
K-modys consisting of all modules M such that M = @, .z exM. Up to grading
shift, the irreducible objects in this category are the one-dimensional modules
{L(\) | X € E}.

The set = is a connected component in the labelled directed graph defined by
(3.18)—(3.19). It follows that the special projective functors *E; and *F; from
(3.14) restrict to well-defined endofunctors of K(m|n)-mod;. These functors
are defined by tensoring with certain bimodules. Forgetting the gradings on
these bimodules, we can view them instead as endofunctors of the category
K (m|n)-mod of locally unital, finite dimensional left K (m|n)-modules. The
main result of [BS4] can now be formulated as follows.

Theorem 8.6 ([BS4, Theorem 5.11, Theorem 5.12]). There is an equivalence
of categories
e: Z#(m|n) — K(m|n)-mod.
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Under the equivalence, the irreducible g-supermodule L(\) of highest weight A €
E corresponds to the irreducible K (m|n)-module with the same name. Moreover
for each i € Z there are canonical isomorphisms of functors

*Eioe=eo”E; : #(m|n) — K(m|n)-mod, (8.15)
*Fyoe = eo”F;: F(m|n) — K(m|n)-mod. (8.16)

Now recall for R € %, s that *R can be viewed either as an endofunctor of
#(m|n) as in the previous section, as an endofunctor of K (m|n)-mod; as in
(5.6), or even as an endofunctor of K(m|n)-mod on forgetting the gradings.
Using (8.15)—(8.16) repeatedly, we get an isomorphism of functors *Roe = e o
*R: % (m|n) = K(m|n)-mod. Fixing also a (unique up to scalars) isomorphism
L(¢) 2 eC, we get from this an isomorphism

7R *RL(C) = e*RC.
Note although we made a choice of scalar here, the isomorphism Hg) in the
following theorem is independent of this choice. For the statement, recall also
the maps (8.9)-(8.10) and (5.10)—(5.11).

Theorem 8.7. For any R € %, s, there is an algebra isomorphism

%) : Endg("RC)% 5 End gy CRL(C)P, 0= 75" 0 e(0) o 7.

Moreover the following diagrams commute.
RE
LR;'L

Endy(“R C)°P Endy(*(RE) C)°P

(k) (k)
u | [

RE

End g (mjny ("R L(())°P L Endg (mn) ("(RE) L(¢))°P

JBF
End,(*R C)°P & End,(*(RF) C)°P
n | |
JBF
Endg (mjn) "R L(¢))? —— Endgnn) ((RF) L(C))°P
Proof. This follows from Theorem 8.6. U

The isomorphism T\¥). Let R € %, , be fixed, and 1 and ¢ be the weights
from (6.1) and (8.14), respectively. We can now complete the proof of The-
orem 8.1 by constructing the third map (8.4). Here there is an interesting
diagrammatic trick. Recall Theorem 5.8. It gives us a basis { fsr} for the spe-
cial endomorphism algebra End g () ("R L(())°P indexed by good pairs (S, T)
of R-tableaux of type (. We are going to compare this with the basis { fsr} for
the graded walled Brauer algebra Br(d) from (6.4), which is indexed by pairs
(8,T) of R-tableaux of type n with sh(S) = sh(T).
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Lemma 8.8. There is a bijection

{ Good pairs (S,T) of } ~ { Pairs (8',T') of R-tableauz of type n }
R-tableaux of type ¢ with sh(8") = sh(T’) and k(8',T) <k [~
It maps (S,T) to (S',T') defined as follows.
(1) Starting from the cup diagram ST, replace the cap diagram ¢ on the top
by m and the cup diagram  on the bottom by n.
(2) Next adjust the labels of all the vertices lying on connected components
passing through the top or bottom number lines so that the weight dia-
grams at the top and bottom are both equal to .
(3) Then (S',T') is the unique pair of R-tableauz of type n such that the
resulting diagram is equal to 8’ T.

Proof. Construct a two-sided inverse. O

Here are a couple of examples illustrating the definition in Lemma 8.8; ac-
tually we display the diagrams ST ~ S'T assuming (S,T) — (S',T') under the
bijection defined in the lemma. In the first example, m =n =1 (so k = 1 and
9 = 0) and in the second example m =n =2 (so k =2 and 6 = 0).

Theorem 8.9. There is an algebra isomorphism
T+ Endpg ujo) ("R L(Q)*P 5 Br(0)/Br(6) >

mapping fsg for a good pair (S,T) of R-tableauz of type ¢ to the canonical image
in Br(0)/Br(0)sk of fs.r € Br(0), where (8',T') is the image of (S,T) under
the bijection from Lemma 8.8. Moreover the following diagrams commute.

RE

End g () ("R L(Q)*® —= End g (pupm) ((RE) L(C))°P

(k) (k)
v v

RE

Br(6)/Br(6)sk —2  Brp(0)/Bre(d)sk



WALLED BRAUER ALGEBRAS 63

RF

End g () (*B L(O)P —2 End g (ujm) ((RF) L(C))°P

(k) (k)
x| |

JBF

Br(0)/Br(8)sr ——  Bgrr(6)/Brr(5)sk-
Proof. The map Tg) is a vector space isomorphism by Lemma 8.8 and (6.19).
It is multiplicative by the algorithmic descriptions of the multiplications in
End g (pn) ("R L(¢))°P) and Br(6)/Br(d)>k- Finally, the commutativity of the

dlagrams follows by considering the algorithmic description of the maps LRE

and LRﬂ- from the end of §5 and (6.20)—(6.21). 0

Morita equivalence. The following proves Theorem 1.1 from the introduc-
tion.

Theorem 8.10. Fizx R € %, and k > 0. Then there is an equivalence of
categories

R K, s(0)-mod — B, 4(6)-mod
defined by applying (the ungraded analogue of) the functor fr from (6.11) fol-
lowed by pull-back through the isomorphism Gg). Moreover the following hold.

(1) The equivalence commutes with i-restriction and i-induction, i.e. there
are isomorphisms of functors

)

o,

gR O - 1resT+1 =) 1res’qu1 *ogrE : Kyy1,5(6)-mod — B, 4(§)-mod,
gR O i-Tes,’; A=) -res,’; STl ogpp K, s+1(6)-mod — B, 4(6)-mod,
(6)-mod

)

(
'r+1 S ~ r+1,s .
grE o i-ind; ¢ ° 2 i-ind; (" o gr ¢ K s(d)-mod — By 5(0
)-

gRF © i—indizi“ = i—indizi“ ogp: K, s(d)-mod — By s41(d)-mo

(2) Forany A € A, 5, we have that gr(Vy s(N)) = Cy 5(N) as By s(0)-modules.

Proof. The opening statement follows from Theorem 6.2. Also (1) follows on
combining the isomorphisms of functors in Theorem 6.2 with the commutativity
of the diagrams in Theorem 8.1.

To prove (2) we proceed by induction on r + s, the base case r + s = 0 being
trivial. For the induction step, suppose we know already that gr(V,s(\)) =
Crs(A) for all A € A, 5. We need to show that grp(Viq1,s(1)) = Criq,s(p) for
all p € Ay s and that grr(Vist1(p)) = Crsra(p) for all g€ Ay s1q1. We just
verify the first of these statements, since the proof of the second is similar. For
this we proceed by another induction, this time on s — |u®|.

First consider the base case when s — |u®| = 0. Then p is minimal in A, ¢
with respect to the Bruhat order. So V41 ¢(u) is irreducible by Theorem 4.4(4).
Let A be obtained from p by removing a box of content i from u“. We claim
that i—ind::gl’s Vi.s(A) has irreducible head isomorphic to V41 s(p). By Theo-
rem 4.10(3), we either have that i-ind:fgl’svm()\) = Vi41,5(p), when the claim
is trivially true, or AR has a removable box of content —i —§. In the latter case,
let v € Ay41,s be obtained from A by removing this box. Then i—ind:fgl’s‘/',«7s()\)
has a two-step filtration with V.4 s(v)(1) at the bottom and V,; s(p) at the
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top. It follows that the head of z'-ind::gl’swﬁ(/\) contains V;.41 (1) and possibly
some other constituents which are also constituents of L := head V41 +(v)(1).
We need to show that there are actually no extra constituents. Suppose first
that v € Ar+1,5a in which case L = L,;1,4(v)(1). The weight diagram of v has
ith and (i + 1)th vertices labelled A and v, respectively, so by the last part of
Theorem 3.5 we have that E;L(v) = {0}. This implies using also Lemma 4.7
that i-res] 110,11 o(v) = i-res) [V (e, s L(v)) = €, s(E;L(v)) = {0}, hence

r,S

dim Homyp, |, (5 (i-ind £V, o(A), Ly s(v) =

dim Homg, _(5)(Vr,s(A), i—resﬁl’erH,s(y)) =0.

This proves that L does not appear in this case. It remains to treat the ex-
ceptional situation in which v = (&,2), § =0, r = 0 and s = 1. In this case
Theorem 4.4(4) implies that L = Vi1 4(1)(2). As i-res; 11V, o (1) = Vi o(N)
by Theorem 4.10(1), we have that

dim Homg, ,, () (-ind; £V, (V) Vig,s(1) =
dim HomKT,s(lg)(Vw()\), i—resﬁj’s'l’SVTH’s(u)) =1,

which is good enough to complete the proof of the claim. Now to show that
8rE(Vit1,s(1)) = Cri1,6(1t), we note by the definition (2.8) that Cpi1 () is
irreducible too. Hence using the claim just established, it suffices to show that
Cri1,5(1) appears in the head of gRE(i—indl’ng’SW7s()\)). By (1) and induction,
gRE(i—ind;fgl’SW,S(A)) = i—indigl’sCr’s(/\), which has Cy41 5(p) in its head by
Theorem 2.5(3). This verifies the base case of the second induction.

For the induction step, we take u € Ajy15 with s — |u®| > 0. Let A be
obtained from p by adding a box of content —i — ¢ to u®. By induction we
know that gr(V;s(\)) = C, s(X). Now apply the functor i—indfgl’s. If 42" has no
removable box of content ¢ then we have that i—ind:fgl’s‘/}ﬁ()\) = V,y1,s(p) and
i—ind:,‘gl’SCr’s()\) = Cpy1,5(p) by Theorems 4.10(3) and 2.5(3), respectively. Us-
ing also (1), this implies that grp(Vyy1.5(1)) = Cri1,5(11) as required. If uv has
a removable box of content i, let v be obtained from A by adding this box to AL.
Then Theorem 2.5(3) asserts that M := i—ind::gl’s C',s(A) has a unique submod-
ule M’ such that M/M' = C,4; s(v), and this submodule M’ is isomorphic to
Cri1,5(p). Also Theorem 4.10(3) and (1) show that gRE(i—ind::gl’SWﬁ()\)) =M
has a submodule M" = gpp(V;41,s(1)) such that M/M" = grp(V,41,5(v)). By
the induction on s — |u®| we know already that grp(Vii1s(v)) = Crprs(v).
Hence by the unicity of M’ we deduce that M"” = M’. This shows that
CrJrl,s(#) = gRE(‘/r‘+1,s(N))‘ D

Corollary 8.11. For A € A, 5, the graded cell module Cr(\) is isomorphic to
the ordinary cell module Cy.s(\) on forgetting the grading and viewing it as a

B, s(6)-module via the isomorphism @%) from (8.5).
Proof. Immediate from Theorem 8.10(2) and Lemma 6.5. O
Corollary 8.12. For A\ € A,,, Dp()\) is isomorphic to D, 4()\) on forgetting

the grading and viewing it as a By s(6)-module via the isomorphism @g).
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Weight idempotents. Recall the Jucys-Murphy elements from (2.19)—(2.20)
and the corresponding weight idempotents e(Z) € B, s(d); these depend im-
plicitly on R. Recall also the idempotents e(i) € Bpg(d). We observed in
Remark 6.11 that these are isotypic, hence so are their canonical images é(2) €

BR(6)/Br(6)>k-

Lemma 8.13. For i € Z""° and any k > 0, the map @SEI;) from (8.1) sends
e(@) € Bys(9) to &(i) € Br(0)/Br(0)>k-

Proof. We proceed by induction on r 4+ s, the lemma being vacuous in the
case 7 + s = 0. For the induction step assume we have already proved that
@%)(e(i)) = ¢€(¢). We need to show that @g% : Br115(0) = Brr(9)/Bre(0)sk
and @g}m : Brs+1(0) = Brp(0)/Brr(0)skr map e(éi) to e(¢i) for ¢ € Z. We
just explain the former. By the definition (2.19) we have in B,y 4(d) that
it (e(d)) = >_jeze(2j). Recalling the idempotent 1::;11-’3 € By41,5(0) defined
just after (2.13), it follows in B, 4(d) that

6(%) r+1,5(€(i)>lr+1,s _ LT+1’S(€(’I:)).

- Lr,s r,S;% 7,851
Also by the observations after (5.10)-(5.11), we know that Lgf(é(i)) = e(11)
in Brg(0)/Bre(0)sk. Now we are done by the induction hypothesis and the

commutativity of the first square in Theorem 8.1. g
Lemma 8.14. Fiz R € %, . For any @ € Z""*, the idempotent e(t) € By 5(9)
is non-zero if and only if there exists a restricted R-tableau T with i° = 1.

Assuming this is the case, let X := sh(T) € A,.,. Then e(3) is isotypic in the
sense that the projective module B, s(0)e(i) is a direct sum of copies of the
projective cover of Dy g(X).

Proof. Assuming k > 0 so that @g) is an isomorphism, this follows from Lem-
mas 6.9-6.10 together with Lemma 8.13 and Corollary 8.12. g

Theorem 8.15. If either m = 0 or n = 0, i.e. k = 0, then ker ¥,5" is
generated by the idempotents e(z) for all i € Z"° with k() > 0.

Proof. We know by Lemma 6.15 that the two-sided ideal of Br(d) generated
by the idempotents e(z) with k(¢) > 0 is of the same dimension as Br(d)so.
Applying Lemma 8.13 with k£ > 0, we deduce that the two-sided ideal of B, 4(9)
generated by these idempotents has the same dimension as Br(4)so.

Now assume that k£ = 0 as in the statement of the theorem. Combining
the observation made in the previous paragraph with the opening statement of
Corollary 8.2, we deduce that the two-sided ideal of B, s(d) generated by the
idempotents e(z) with k(z) > 0 has the same dimension as ker ¥;';". Tt remains

to show that all these idempotents belong to ker Uy2". Since ker U;'3" = ker @g)

this amounts to showing that @g)(e(i)) = 0 when k(2) > 0. This follows from
Lemmas 8.13 and 6.15 O

Cross bipartitions and irreducible representations. Following [CW], a
bipartition A € A is an (m,n)-cross bipartition if there exists some 1 < i <
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m + 1 with )\% + \R 41o_; <n+ 1. If we represent A by its picture obtained by

m
rotating AR through 180° as in the following example, then \ is an (m, n)-cross
bipartition if and only if its picture can be fitted into a cross of height m and
width n.

A=((3,2),(212) o m{

Recall the number k(\) defined from the weight diagram A by (6.17), and recall
that £ = min(m,n).

Lemma 8.16. Given A € A, we have that k(\) < k if and only if X is an
(m,n)-cross bipartition.

Proof. We say A is (m,n)-minimal if A is not an (m,n)-cross bipartition but
every bipartition p obtained from A by removing a box is an (m, n)-cross bipar-
tition. We say that A is k-minimal if k(\) > k but every bipartition p obtained
from A\ by removing a box satisfies k(u) < k.

Suppose that p is obtained from A by removing a box. In terms of weight
diagrams, this means that u is obtained from A by relabelling the ith and
(i + 1)th vertices according to one of the entries in the following table.

A|OA VO XA VX VA VA Ox XxO
| A0 OV AX XV Ox XO AV AV

In all cases in this table, it is clear from (6.17) either that k(u) = k(\) or that
k(n) = k(M) — 1; the latter can hold only for the rightmost two entries in the
table. In particular, we always have that k(u) < k(\). Hence if k(A) < k then
k() < k. Also it is also obvious that if A is an (m, n)-cross bipartition then so
is p. The last two observations reduce the proof of the lemma to showing that
A is (m,n)-minimal if and only if A is k-minimal.

By the definition, A is (m, n)-minimal if and only if Al + AR ., . =n+1 for
cachi=1,...,m+1and Ay = A}t =0 for each j > m + 2.

Finally suppose that A\ is k-minimal. Considering the cases in the above
table, k-minimality implies that k(\) = k + 1. Moreover the weight diagram
A has infinitely many A’s to the left, infinitely many v’s to the right, and in
between there are only o’s and x’s. More precisely, there are exactly (n + 1)
vertices labelled o and (m + 1) vertices labelled x. Now it follows from the
weight dictionary that )\% + )‘51+2—z‘ =n+1foreach i = 1,...,m+ 1 and
)\? = /\fL = 0 for each 7 > m + 2 just like in the previous paragraph. O

Theorem 8.17. If A € A, is an (m,n)-cross bipartition then ker WI's™ acts as

zero on Dy 5(X\), hence D, s()\) induces an irreducible By s(8)/ ker W,'" -module.
The modules

{Dy.s(\) | for all (m,n)-cross bipartitions X € A}
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give a complete set of pairwise non-isomorphic irreducible By 4(8)/ker ¥,3" -
modules.

Proof. The surjection @gj) induces an isomorphism between B, 4(8)/ker ;3"

and Bgr(0)/Bgr(d)sk. The pull-backs through this isomorphism of the irre-
ducible Bgr(9)/Br(d)>k-modules classified in Theorem 6.14 give us a complete
set of pairwise non-isomorphic irreducible B, s(d)/ker 73" -modules. We do
not know a priori that the labellings match up correctly, i.e. that the pull-
back of Dr(A) is the same as the push-forward of D, s(\), but this follows from
Lemmas 8.13-8.14. Finally the resulting irreducible modules are indexed by
the (m,n)-cross bipartitions in A, s thanks to Lemma 8.16. O

Indecomposable summands of mired tensor space. In the final sub-
section we explain how to deduce the classification of indecomposable sum-
mands of the mixed tensor spaces V& ® W®$ obtained recently by Comes and
Wilson [CW]. Recall by Theorem 8.6 that the category % (m|n) of rational
g-supermodules is equivalent to the category of finite dimensional K(m|n)-
modules, and that the irreducible objects in either of these categories are in-
dexed by the set = from (8.11).

We begin by defining a map

{(m, n)-cross bipartitions} — Z, X+ Al (8.17)

Let A € A be an (m, n)-cross bipartition and define k() according to (6.17). Let
a be the weight diagram obtained from the diagram 7 from (6.1) by switching
the rightmost k(\) A’s with the leftmost k(\) v’s. Let t be the crossingless
matching obtained by drawing the cap diagram A underneath the cup diagram
a, then joining rays according to the unique order-preserving bijection that is
the identity outside of some finite interval. Then take the oriented crossingless
matching Ata, replace a with the weight diagram ¢ from (8.14), and finally
adjust the labels of A that are at the bottoms of line segments, to obtain A\ € =
such that ATt¢ is consistently oriented. Here is an example, takingm =4,n =5
and A = ((5,3,2),(5,4,1%)), so k = 4 and k()\) = 3:

T S

A= o) V) A ) | =yt

In general the map (8.17) is neither injective nor surjective.
Continuing with A\, AT and ¢ as in the previous paragraph, let I be the block
containing ¢, let A be the block containing ', and define

R(X) := GApL(¢) € K(m|n)-modyy, (8.18)

where G- is the indecomposable projective functor from (3.7). This is a finite
dimensional graded K (m|n)-module. Theorem 3.5 (and also [BS2, Theorem
4.11]) gives detailed information about the structure of this module. In partic-
ular the last part of Theorem 3.5 implies the following lemma, recalling that
the defect def()\) is the number of caps in \.




68 JONATHAN BRUNDAN AND CATHARINA STROPPEL

Lemma 8.18. For an (m,n)-cross bipartition X\, the graded K(m|n)-module
R(\) is indecomposable with irreducible head isomorphic to L(AD)(— def(\)) and
irreducible socle isomorphic to L(AT)(def()\)).

For the final theorem, we transport the K(m|n)-module R(\) through the
equivalence of categories from Theorem 8.6 to obtain a finite dimensional g-
supermodule, which we also denote by R(\).

Theorem 8.19. Up to isomorphism, the indecomposable summands of the
mized tensor space VO @ W are the g-supermodules

{R(\) | for all (m,n)-cross bipartitions A € Ar,s}.

More precisely, given any primitive idempotent e € By 4(0), let X € Ar,s be the
bipartition labelling the irreducible head of the projective indecomposable module
B, s(8)e. Then e is non-zero on VE" @ WS if and only if X is an (m,n)-cross
bipartition, in which case (V& @ W®%)e = R(\) as g-supermodules.

Proof. The endomorphism algebra Endg(V®" ® W®)°P is identified with the
quotient algebra B, 4(8)/ker ¥,s" thanks to Theorem 7.8. Hence the isomor-
phism classes of indecomposable summands of V& @ W®® are parametrised
by the isomorphism classes of irreducible B, s(8)/ker ¥y s"-modules, which we
determined in Theorem 8.17. We deduce for a primitive idempotent e € B,. 4(6)
of type A € A, ¢ as in the statement of the theorem that (V& @ W®%)e = {0}
unless \ is an (m, n)-cross-bipartition, in which case (V& ® W®%)e is a repre-
sentative for the class of indecomposable summands parametrised by .

It remains to show that (V& ® W®%)e =2 R(A). Pick any R € %, and
let e(i) € B, s(d) denote the corresponding weight idempotents. Replacing e
by a conjugate if necessary, we may assume that e is contained in e(z) for
some ¢ € Z'5 ie. e(1) = e + f for some idempotent f orthogonal to e. By
Lemma 8.14, we know that e(2) is isotypic of type X\. Now we need to show that
(VO @ W®%)e(4) is isomorphic to a direct sum of copies of R(\). For this we
observe from Theorem 8.5 that (V" @ W®%)e(i) = *R;C as g-supermodules.
Transporting to K (m|n) using Theorem 8.6 we are reduced to showing that
all indecomposable summands of *R; L(() are isomorphic to R(\) (up to degree
shift). Finally observe using Lemma 3.3 that *R; is a direct sum of copies of the
indecomposable projective functor GtAF appearing in the definition (8.18). O

In particular Theorem 8.19 implies that the indecomposable summands of
the mixed tensor spaces V& @ W®$ for all r,s > 0 are parametrised by the
(m,n)-cross bipartitions, exactly as in [CW].
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